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Manufacturing Systems With a Production Dependent
Failure Rate: Structure of Optimality

Francesco Martinelli

Abstract—This technical note provides the structure of a policy mini-
mizing a long term, average, expected, backlog/inventory cost for a fluid
model, single machine, single product manufacturing system subject to a
failure/repair Markov process, where the failure rate is a piecewise con-
stant function of the production rate. This policy generalizes previous re-
sults and confirms several conjectures reported in the literature, providing
an interesting insight into the problem.

Index Terms—Markov processes, production dependent failure rates,
threshold policies, unreliable systems.

1. INTRODUCTION

A large literature deals with the problem of failure prone manu-
facturing systems. A complete analytical solution has been given in
[1] for a single machine characterized by a homogeneous Markov
failure/repair process. In such case the control minimizing a long
term average expected cost penalizing both surplus and backlog is the
hedging point policy, according to which the machine is operated at
full rate until the inventory level hits a non-negative hedging level (or
safety stock) Z.
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The problem becomes much more involved if the failure rate depends
on the production rate. In [3] it has been proved that the hedging point
policy remains optimal if and only if the dependence of the failure rate
on the production rate is affine and it was conjectured for more general
cases, e.g., when this dependence is quadratic, that as the inventory
level approaches a “hedging level,” it may be beneficial to decrease
the production rate to gain in reliability. This conjecture was actually
confirmed by the numerical results reported in [4].

An analytical increment in this direction, still confirming the con-
jecture in [3], was presented in [5], where it was considered a machine
characterized by two failure rates: one for low and one for high pro-
duction rates. In this technical note we generalize this problem by con-
sidering a machine with N different failure rates: more specifically,
the failure rate is assumed to depend on the production rate through an
increasing, piecewise constant function. This makes the proof of opti-
mality much more involved with respect to the one given in [5] since
it has not been possible in this case to derive in closed form several
parameters characterizing the optimal control.

Sufficient conditions for the existence of an optimal control are given
in this note. The optimal policy, which is a multi-level, decreasing,
piecewise constant, feedback function of the backlog/inventory level,
allows to obtain the following interesting insight: the production
rates providing the maximum expected long run buffer increment are
convenient when the backlog/inventory level is far from the safety
stock, while the production rates guaranteeing the maximum expected
up times are better when approaching the safety stock. The shape of
the optimal policy strongly depends on the convexity properties of
the failure rate function, confirming also in this case the numerical
findings of [4] and the analytical results of [3].

II. NOTATION AND PROBLEM FORMULATION

Let x(t) denote the buffer content at time ¢, with =(¢) > 0 repre-
senting an inventory surplus and x(¢) < 0 a backlog of —x(t). Let d
be the constant demand rate to be met. Then the buffer level x(¢) at
time ¢ satisfies the following dynamical equation:

T =u(t)—d €))

where the production rate u(¢) = 0 if at time ¢ the machine is in the
down state (also referred to as state 0), and u(¢) € [0, ] if at time ¢
the machine is in the up state (also referred to as state 1). We assume a
Markov failure/repair process: the repair rate g., is constant while the
failure rate g4(u) depends on the production rate u as follows:

q u<U

g2 u € (U1,Us]

qalu) = 2)

gn  u € (Un—1,Un]

where 0 < ¢1 < @2 < ... < gvand 0 < U; < Uy < ... <
Un =: p. The piecewise constant function in (2) may result from the
discrete approximation of a continuous function, for example of the
type considered in [3]

Qa(u) = au® +b 3)

with @, b and S non-negative constants. The state of the machine
at time ¢ will be denoted by s(t), hence s(¢t) € {0,1} for all
t. The scheduling problem considered in this technical note is the
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determination of the optimal control «*(¢) minimizing the long-term
average expected cost

T
1
J =limsup —F /g [x(t)] dt 4)
T—oo T P
0
where g(x) = cpx™ + cma, with 27 = max{0, -z}, 2+ =

max{0, 2}, ¢, and ¢, non-negative constants. We are interested only
in admissible control laws, i.e., in non anticipative policies such that for
allt > 0,0 < u(t) < p-s(t) (see, e.g., [7] for more details on this).
If the machine is operated at rate u € [0, ], the average production
rate at steady state is ¥ qup/(qup + ga(u)). The following feasibility
assumption will be considered, that there exists at least one U; such
that the demand may be met in the average operating the machine at
U;. If this assumption were not satisfied, any rate v € [0, 1] would be
unfeasible and the backlog, under any policy, would increase with no
bound over time.
Assumption 1: Let

Ay = Usqup — d(qup + ¢i)- ®)

Then, A; > 0 for at leastone ¢ € {1,..., N}. |

If, for some 7, A; > 0, then also U; > d. So, for each 7, the quantity
a; = Ay /d(U; — d) (used below) is positive if U; is feasible (i.e., if
A; > 0).

III. THE STRUCTURE OF THE OPTIMAL POLICY

The optimal policy for the considered problem has the following
structure:

0 x> Xo
d x =Xy
. ['7i£ € € [Xuﬂ,Xe)
wlz) = A - 6
(D=0 e Yo Xon) ©)
UiL r< X

... < i < N, the sequence of integers derived with the procedure
reported in Algorithm 1 below (the reason behind the fact that the first
element of S is denoted by ¢ and not by 1 will be explained below).
Notice that Z := X, in (6) is the hedging level, i.e., the safety stock
to be maintained by the system, while all the X;’s, for ¢ > ¢, are only
thresholds where the production rate changes.

The procedure to derive the sequence S appearing in (6), reported
below in Algorithm 1, requires the definition of the following positive
quantities:

4; — 4:
Qij = ———— 7
b= ™
forl < ¢ < j < N.Also, we need to define, forany j,! € {1,..., N}
AUj,l = (qup + Ql)Ui - (qrw + qj)Ul' (®)

Algorithm 1: Generate at first the following sequence S’ =
{ik} 4=y, 1o of indexes:

1 k=1 .
= argmin s, _, ¢i,_,; k=2,...,L ®

where L' < N is the first index for which i, = N. Then the sequence
S is given by the elements {i¢,isy1,...,4.} of S, where i¢ is the
first index such that U;, > d (under Assumption 1 it can be shown
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that such an i, is always comprised in S’) and L > { is the first index
(if any) for which it happens that AU;, ;, . > 0, while L = L' if
AU;, iy, <Oforallk =4,... L' = 1. d
When using a policy in the class reported in (6), the cost index in (4)
is a function of the levels X ’s, i.e., J = J(Xy,..., X1) and we will
denote by X, the optimal value of X, and by J* the corresponding
optimal cost, i.e.
Jr=J(X;,...,X]) = Xezn}'%gXL

J(Xeo.... X1).

The optimal value of the X’s can be numerically derived as illus-
trated in [6], where the analytical expression of J (X, ..., Xr), for
any X¢ > ... > X, is given. It must be remarked that the optimal
hedging level Z* = X can not be negative, as shown in [6].

A. General Observations and Some Particular Cases

The optimal policy in (6) operates the machine by selecting for each
buffer level the production rate providing the best trade off between
expected long run buffer increment and expected uptime, giving more
importance to the former when the inventory level is far from Z* and
to the latter when approaching the safety stock. In fact, the sequence
of the expected uptimes 1/¢;,, K = (,..., L, associated with the
production rates in S, is decreasing with & (since U;,, < U, ., for
all k) and the sequence of the expected long run buffer increments
E;, = qupUi, /(qup+ i, ) associated with the U;, is increasing with
k (indeed, for all iy, € S, AU;, i\, < 0 and, as it is straightforward
to verify, AU,; > 0 if and only if E; > E)). This aligns with the
conjecture reported in [3] where it is remarked how the optimal policy
decreases the production rate approaching the hedging level to gain in
reliability. Actually, based on the results of this technical note, we can
say that, when approaching the hedging level, the optimal policy, to
gain in reliability, decreases not simply the production rate but the ef-
fective production rate.

Another interesting observation concerns a major difference (de-
scribed also in [4] based on numerical results) arising in the optimal
policy between the case the failure rate gq(u) is a convex function
of the production rate and the case it is affine or concave. If q4(u) is

convex (i.e. ¢; iy1 < @it1,i42 foralli = 1,..., N — 2—this hap-
pens if discretizing a convex function like the one in (3) when 3 > 1),
the procedure above gives L' = N, 8" = {1,2,..., N} and in gen-

eral L < L', depending on the steepness of the function ¢4(w ). This
aligns with the numerical results of [4] where it was observed how, in
the convex case, the production rate is smoothly decreased when ap-
proaching the safety stock. If Q4(w) is affine, any discretization would
provide ¢; ;41 = diy1,i42 foralli = 1,..., N —2. The results of this
technical note align then with the analytical findings of [3] according
to which, in the affine case, the optimal policy is the hedging point
policy. In fact, in this case, we obtain L' = 2,8 = {1, N} and,
ifU; < d,f = L = 2andS = {N}, which corresponds to the
hedging point policy since the production rate is sharply reduced from
the maximum production rate U to 0. Finally, if the ¢gq(u) is con-
cave (i.e. @i i1 > Piq1,i42 foralle = 1,..., N — 2—this happens
if discretizing a Q4(u) in (3) when 3 < 1), we still obtain L' = 2,
§ ={l,N}and, if U; < d,{ = L = 2and S = {N}. This
seems to correspond, as in the affine case, to a hedging point policy.
However now the obtained policy does not satisfy the optimality con-
ditions reported below in Theorem 2 (see Remark 1). This also aligns
with the numerical findings of [4], where it was conjectured that the
optimal policy in the concave case is only asymptotic, and consists of
a hedging point policy where the safety stock is maintained through an
infinite switching of the production rate between 0 and .
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IV. PROOF OF OPTIMALITY

As in [5], we use the following result to assess the optimality of (6)
(with optimal levels X;’s). Its proof, under certain regularity and sta-
bility conditions imposed on the control (actually met, under Assump-
tion 1, by any policy in the class (6)) is essentially like the one given
in [1].

Theorem 1: (Verification Theorem) If there exist a constant J*
and two continuously differentiable functions V' (x,0) and V' (x,1),
|V (x,4)| < e12? 4 c2 for some constants ¢; and c2 (i =0, 1), such
that a control u(z) satisfies the following HIB equations:

min {(uv — d)dV(z,1)/dx + ga(u) [V(z,0) — V(z,1)]}

u€[0,u]
=J" —g(x) (10
LAV (.0)
i e V0) = Vi)
=g(z) — an
then u(x) is optimal and J* is the optimal cost. d

The following result states that, under Assumption 1, if some ad-
ditional condition is met, the policy given in (6) (with suitable levels
X,’s) is optimal.

Theorem 2: If Assumption 1 is satisfied together with one of the
following two conditions:

i) U; > d forall 7;
ii) there existi;—1,i;,i;4+1 € " suchthatU;; = d and (¢;,,, —
qij)/(UijJrl - Uf'j) = (Qi_j - qi_7'71)/(Uij - Uij71);
the optimal policy has the structure reported in (6). O

Remark 1: Condition (i) in the theorem agrees with the result re-
ported in [S] for N = 2 and also with the classical solution of the
problem with a constant failure rate function gq(u) = g4, solved in
[1]. Condition (ii) allows to explain several (analytical and numerical)
results reported in the literature. In particular Condition (ii) is met if the
considered ¢4 () comes from the discretization of an affine failure rate
function Qq(u) (if U; = d is selected in the discretization), which al-
lows to understand the optimality of the hedging point policy for affine
failure rate functions, as also proved in [3]. If Qq(u) is convex, it is
always possible to meet Condition (ii) as the discretization step goes
to zero around the value v = d. This would match with the numerical
results reported in [4]. If the continuous failure rate function Q4(u) is
concave, there is no way of satisfying Condition (ii) if U; < d, and
this would confirm the discussion in [4] where it was conjectured that
an optimal feedback control does not exist in the concave case. Con-
sidering Condition (ii), and not simply that there exists i; € S’ such
that Uij = d, allows to prove the continuity of V. («, 1) needed in the
Verification Theorem: this is identical to the reason reported in [8] for
not including d in the capacity set of the machine (Assumption A5 in
[8]). The last equality in Condition (ii) ensures in fact that d can be op-
timal only on a point and not over a finite interval (even if this interval
would be a transient set). However, in [6], it has been shown through
some numerical examples that Conditions (i) and (ii) of the theorem
are not necessary for the optimality of (6) and it seems enough in Case
(ii) the fact that d belongs to S'. O

To prove the theorem we need the following two lemmas.
Lemma 1 states that the segments (—o0, @i iy ), (Piyins Digig)s---»
(¢:,,_,i,,»00), provide a partition of the real axis. In Lemma 2, it is
proved that, if some i, € S’ is more efficient than the next element
iry1 € 8 (e, AlUiy iy ., > 0) then this holds for all subsequent
elements of S'.

Lemma I: Let gq(u) as defined in (2), ¢;; as defined in (7) and
consider the sequence 8’ = {i1,...,ir}, defined in Section ITI. Then
this sequence is such that
12)

ix = arg min (_(/bf-,ik 1)
I<tp41 +
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forallk = 1,...,L" — 1, hence
My = min (—¢j,
k41 i ( @, k+1)
= Gipipys = g@f(—% ) = My (13)
forallk = 1,...,L — 1, and the intervals
(—oc,m;/] [J[[r 1.Myr— 1] [Af{/ 2, My 2]....,[17\11,00)
provide a partition of the real axis and, for all j ¢ &'
min(—¢; ;) < max(—a;,;). (14)

1<J 1>

Proof: The proof follows directly by observing that sequence S’
defines the convex envelop of function gq(u). d

Lemma 2: Leti, € S, with k < L' — 2. Then AUy iy 20
implies AU;, | ,i .0 2> 0.
Proof: From the definition of ¢;;, it is possible to write
Qiyyo = Qipy, + ¢ik+1vikr+2 (Uik+2 - Uik+1) . (15)
Substituting in the definition of AU;, ,, i, , We obtain

Actk+1yu+z (Uu+2 _l]ik+1)[¢ik+17ik+2['rik+1 _(Qu1)+qik+1)] .
(16

Similarly, it holds
AU;

igyigg1 — (Uik+1 - Uik) [(le 7k+1L = (qup + qlk)] -

Since we have that AU, > 0, the previous equation implies

Utk
[QH i1 Ui = (qup + q,k)] > 0. (18)
Applying the definition used in (15) at k 4 1, we obtain
Giper = Qip + Girinsy Uinsr — Uiy) (19)

which, substituted in (16), gives
AU;

. — (77. 7. . . T. .
Thg1s2k42 — (L’L»+2 - L’L»+1) [@'x»+1=7’k+201k+1 — Qup — iy,

_éikik+1Uik+1 + ¢ikvik+1crik:| - (20)
Using (18), (20) becomes
A[”Y':k+1v":k+2 2 (UikJrz - Uik+1) [¢ik+1v‘ik+2 - (rbil\-vik+l] UiA-+1
21

which is non negative, being @, 1 i, 0 > iy ify-

nition, (bik;ik+1 < ¢q,,,; forall j > g, in particular

In fact, by defi-

Pikoipt1 < (rbil\-vik+2' (22)

Similarly, @i, ,ij 0 = @jipg, forall j < igyo, hence
¢ik+1vikr+2 2 (/’)ikmwz' (23)
From (22) and (23), it follows ¢;, iy n 2 Dip iy O

Proof of Theorem 2: Let v(x,0) and v(x, 1) denote the differen-
tial costs associated with the optimal policy starting from x(0) = =
with a down and with an up machine respectively (see, e.g., [10] for a
definition of these functions). Following the procedure in Appendix H
of [9], it is possible to show that V' (z,0) := v(z,0)+cand V(z,1) :=

v(x, 1) + ¢ (where ¢ is any constant) satisfy (10), (11) at least in the
viscosity sense. Take for simplicity ¢ = 0: V' (&, i) will then represent
from now on the differential costs associated with the optimal policy.
Now, V'(x,0) is continuously differentiable for all = while V (z, 1)
may be not differentiable only on the switching levels, i.e. where the
control is discontinuous (see e.g. [10], Section IV or [2], ch. 9.3). How-
ever, under Condition (i) or (ii) of the theorem, it is possible to prove
(see [6]) that V' («, 1) is differentiable also on the switching levels. This
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will imply that V (z, 0) and V' (, 1) are a classical (C*) solution to (10)
and (11). Let:

dv(z,1)

dx

Ve(a,1) := H(z):=V(x,0) — V(x,1).

The proof of the theorem is based on the following properties: a)
H(x) > 0 for all #; b) V(x,0) and V(x,1) are C' functions; c)
V(«,0) and V (x, 1) are quadratically bounded in modulus (i.e., as
requested in the Verification Theorem, |V (i, i)| < c12® + ¢2,i = 0,
1); and d) they are also bounded from below by a quadratic function
and hence go to infinity as || — co (i.e. V(2,i) > cz2® 4+ ¢a,i =0,
1, cs > 0). A detailed proof of these properties is available in [6]. For
convenience, we report here a sketch of this proof.

a) The positivity of H(z) > 0 for all = is obtained directly from
the HJB equations (10) and (11) (considered in the classical sense
between the switching levels) which allow to prove that for all =
where V' (x, 1) is differentiable H..(x) := dH/dx > —((qup +
¢4(0))/d)H (x).In addition, from (11), using the quadratic lower
bound on V'(z, 0) (property (d)), it is possible to show that there
exists a sequence xj, with x — —o0 as k — oo, where
H(x1) > 0. These two results imply that H (x) > 0 for all «.

b) To show the continuous differentiability of V' (::, 1) also on the
switching levels, we use a procedure similar to the one adopted
for the same purpose in [9], ch. 3.3, which applies under Condi-
tion (i) or (ii) of the theorem.

¢) As for the quadratic bound on |V (z,i)|, i = 0, 1, this can be
shown using a result in [8] according to which if 7 denotes the
time necessary for going from any given state (', ) to another
state (=, j) (with 2 > 2) by working at a rate Uy, > d, then 7 is
such that E[7‘] < ¢4 + cp|z — 2'|* (where £ = 1,2,...).

d) The quadratic lower bound on |V (z,7)|, 7 = 0, 1 can be proved
in a way similar (but simpler) to the one used for the quadratic
upper bound in item (c) above.

Then, the proof of Theorem 2 is concluded by showing that the policy
u(x) satisfying the HIB equations (10), (11) (in the classical sense)
with the aforementioned properties (a)—(d) of the functions V' (x,4), is
policy (6). Now, from (10), we immediately have

u*(x) = arg min [uVy(z,1) + q¢(u)H(2)].

in (24)
Since H () > 0 for all «:

o u*(z) = 0if Va(z,1) > 0;

e w*(x) = U, for some ¢ if V. (x,1) < 0;

o u(x) € [0,Uy] if Vo(x,1) = 0.
Let Z, := inf{x Valy,) < 0Vy < aVy(x,1) =
0 andthereexists ¢ > 0 : Vi(y,1) > OV y € (z,z + €)}
(this Z, exists thanks to the fact that V(x, 1) is continuously dif-
ferentiable and goes to infinity as || — o0). Based on (24), the
region {x > Z,} is transient (the optimal control is 0 over a non-zero
interval (Z,, Z4 + €) and eventually the buffer will drop below Z,).
To complete the proof that the policy in (6) is candidate to solve the
HJB equations, we need to further develop the second item above, that
is, which U; is optimal when @ < Z, (where V..(x,1) < 0). From
(24) it can be seen that a rate Uy, is optimal at ¢ < Z, if and only if

Ve(ze, WU, + H(z)qr < Vi(z, DU, + H(z)q;

for all 7, i.e. if and only if

Ve(a,1) < —H(x)¢i (25)
for all ¢ < k (where ¢;; has been defined in (7)) and
Va(e,1) > —H ()b (26)

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 55, NO. 10, OCTOBER 2010

A

@) =Uy . w@=U, ,u*@l=

2/

Fig. 1. Graphical representation of (28).

for all ¢ > k. Exploiting the fact that H («) > 0 for all z, and intro-
ducing the function

Ve(x, 1)

T(l’) = W'/

the relations above will result in the following conditions:
e U, is optimal at  if and only if

T(z) > I}lﬁ‘f{(_‘bli); (27)
e Ur,k=2,...,N — 1isoptimal at « if and only if
min(=dix) > T(x) > max(=op:); (28)
e Up is optimal at « if and only if
T(z) < min(~oin). (29)

<N

Fig. 1 helps to figure out what is happening. In the figure —¢,.x =
IIliIl;<k(—(;’),‘k) and —c/)kM = IIldXi>k(—§/)kvi). ACCOI‘ding to (28), if
min; <, (—dix) < maxisk(—¢k) for some %, Uy can never be op-
timal. It remains to show that (27)—(29) result in the sequence S defined
in Section III. This can be proved as follows: thanks to Lemma 1, we
know that the intervals [—@xar, —@mi] provide a partition of the real
axis. So, to conclude the proof, it is enough to show, for all + < Z,,
the following facts: 1) T'(«) is a continuous and negative function, with
T(Z,) = 0;2) T(x) intersects each m;, for j = 2,..., L', at most
once and, 3) the last element iz, € S is the first element in S’ such that
AUip iy, 2 0.

1) Continuity and Negativity of T (x), With T(Z,) = 0: Since
H(z)>0forallz, Vy(z,1) < Oforalle < Z, and V.(Z,,1) =0,
it immediately follows that T'(x) < 0 forall & < Zy and T'(Z,) = 0.
In addition, the continuous differentiability of V' (x, ) and V' (x, 1) im-
plies that V;;(x, 1) and H () are continuous functions for all . Hence
T(z) is continuous for all z.

2) Unique Intersection of T (x) With the m;’s: Now we show that
T(x) can intersect a given m;, j = 2,..., L', at most once. This is
done by contradiction. Assume that there are two (or more) intersec-
tions of T'(x) with a given m; and, to simplify notation, let i; = k
and ;1 = [, with m; = —¢u and Up > U, (see Fig. 2). Notice
that this is the most general case being T(Z;) = 0 and T(x) < 0 for
all z < Zg, hence T(z) is certainly increasing in a neighbor on the
left of Z,;. So the first time (starting from Z,; and going left) we would
observe the intersection of T'(x) with a level m; already met, it must
be of the type reported in Fig. 2, where T (X 1) = T(Xk2) = m;.
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Xy

u*(x) =1, u*(x) =U,

Fig. 2. Case of multiple intersections between T'(2) and a given m;.

Now, due to the continuity of V.(x,1), from the HIB equa-
tion (10) at X and at Xy (i.e. from (dV(x,1)/dz)| =

(dV(x,1)/dx)|,_x+ i = 1,2) we obtain T

H (Xqu) __ (J"—yg (ng)l) (U — Uy) 0
and

H(Xy,) = — (J" = 9 (X&) U = U1) an

By,

where Bir, = ¢ (Ui — d) — (Ui — d). Notice that By; = — By, and
that it can have any sign even if U > Uj. Also, Br; # 0 since H ()
is a continuous function, and at least one between J* — g(X},) and
J* — g(X,) must be different from 0. This depends on the fact that
Xi1 < X2 < Z4 and, as shown afterwards, J* > g(Z,). So, to be
I — g(Xey) =T — g(Xg,) = 0itmust be X1 < Xpo < 0. But
then it is not possible that —c¢,,, X1 = —¢p Xgo = J™.

Now, the fact that By; = — Bix # 0, together with (30), (31) and the
fact that H (x) > 0 forall &, implies that J* — g( X, ) and J* — g(X&, )
have the same sign, positive if Bj; > 0 and negative otherwise. Denote
by R, the set of all < Z,; where the cost g(x) is smaller than .J*.
Then we have R, = (xs,Z,), where x, < 0 is such that g(z;) =
—cmrs = J*. In fact, as mentioned above, from (10), with # = Z,,
it follows that (thanks to the positivity of H(Z,)), J* > ¢, Z,, i.e.,
J* > g(z) forall z € (0,Z,). For this reason R, ends at Z,.

Now, assume first that B;; < 0 (later we will see the other case).
This implies that X» < 2, (and X1 < «, as well). A direct compu-
tation allows to show that

1 ZV(J + [Vl H(j(kl)
H(X)P AU —d)

Thy:i= lim T'(z) =

r~>Xk_1

(32)

where No = Up(J* — g(Xx1))? and Ny = (J* — (X3 A +
cmd(Ur — d). From (32), using (30), it is possible to obtain the fol-
lowing expression for the left derivative of T'(x) as @ — Xy1:

Tt AUk + e d(Uy, — Up)
dBp

TI:-,] = T 2
(H (X))

(33)

where Ji1 := J* — g(X1) is a negative quantity, being X1 < xs.
Similarly, the left derivative of T'(x:) as & — X2 can be expressed as

! Jk2

_ Jra AUt + emd(Ur — Ur)
T H (X))l

dBy

(34)
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where Jio := J*—g(Xk2),and 0 > Jro > Ji1,being Xp1 < Xpo <
xs. It must be Ty, < 0 and T}, > 0 (see Fig. 2). Now, if AU <0,
it is clear that both 7}, and 7}, are positive, and this would exclude
the possibility of a double intersection. Assume then that AUy, > 0
(notice that AUy; can take any sign even if By; < 0). In this case,
as explained below (see Section IV-3 and Lemma 2), the last element
of the optimal sequence is some U;, with ¢ > k > [, so the function
T'(x) should intersect again mn; at some X0 < Xy1 with a positive
left derivative T}, given by

Jro  JroAUr + e d(Ur, — Uh)

Tiy = .
M H (X)) dBu

Now, Ji1 > Jro, hence we have that if T} is negative, negative must
also be T}, Hence, the possibility of a multiple intersection is excluded
also in this case.

Assume now that Br; > 0. From (30) and (31), it follows that [} :=
(X&1, Xk2) C Rs. In this case, either X371 < 0 or Xz > 0.

If Xi1 > 0 (hence also X2 > (), the expression of the left deriva-
tive of T'(x) as # — Xy2 can be expressed similarly to (34) and is
given by

Je2  JeAUw — cpd(Uy — U))

Tie = -
T HX )P dBy

(35)

To have, as required, a positive 7}, it must be AUy, > 0 (being in this
case Jxo > 0 and Bg; > 0). Since Jio < Jj1 in this case, it follows
that Jxo AUy < Ji1 AUy, that is, being

Ji1 Je1 AUkt — cpd(Ux — Uy)

Ty = -
F (X dByi

(36)

also T}, should be positive, in contrast with the behavior assumed (see
Fig. 2).

If, on the other hand, X1 < 0, from (33), to have, as required,
a negative Ty, it should be AUy, < 0. But then also T}, will be
negative, both if X2 > 0 (just consider (35)), both if X2 < 0 (being
in this case Jr1 < Jiz, hence Jpo AUk < Jrp1 AUk and comparing
(34) with (33)). Hence, also if By; > 0, the possibility of a multiple
intersection is excluded.

3) Determination of the Last Element of S: To prove that the last
element of S is the first L > ¢ in S’ such that AU, ;, ., > 0, we
compute T := lim,_._, T'(x) and show that it is a finite quantity
with T~ € [ZWL, m r,] .

As for the computation of T, we proceed as follows. Let Uy, be the
value of () on a certain interval I, := (X, , Xy2) (notice that this
corresponds to have —¢rnr < T(2) < — @i forall @ € Iy, for some
m < k < M, see Fig. 1). The solutions V' (z,0) and V («, 1) to the
HIJB equations in I, can then be obtained and an explicit expression is
available in [6]. From this explicit expression it is possible to obtain

Ve(w,1) = Ayw + Bye **U=%k2) ) 37

and

H(x) = Apx+ Bre "= %62) 4 0 (38)
where A4, By, Cy, An, B, and C}, are suitable constants. Since
|V (2,0)| and |V (x,1)| are, as mentioned, bounded by a quadratic
function for all x, it is clear that B, = 0 and B, = 0 if we are
considering the most negative interval (i.e. the one with X;; = —o0).
From this, it is possible to see that

Agz+Cy Ay

Too := lim T(x)=

r— —o0

lim

z——oc Apx + Ch - An ’
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Substituting the analytical expression of 4, and Aj; (which can be
obtained from the explicit expressions of V' (x,0) and V (x, 1) in [6])
and simplifying, allows to show that

Ay qwta

T, =29 —
An Uk

< 0.

(39)

Letir, R < L', be the last element of S’ used by the optimal policy
and let for convenience mys.; = —oc. It must be

Mmpt1 < Too < Mp

i.e., using the expression of T in (39)

Qup Tdip tdin < meg.

mp4 < —
+1 > U

'R

From the expression of mg and mpg4i (see (13)), it is possible
to show that this condition corresponds to AU;,_, i, < 0 and
AUip,ipy, 2 0. Since, according to Lemma 2, AU;, i, > 0
implies AU;, i, = 0, this means that all the elements iy, with
k < R, are such that AU;, ;, , < 0 while all the iy, with &k > R,
are such that AU;, ;, ., > 0. This allows to conclude that, when
constructing the sequence S from S’, we have to stop at L, which is
in fact the first element of §" such that AU, ;, ., > 0.

Now, if U; > d for all ¢ (Condition (i) of the theorem), the proof is
complete, with Z* := X/ = Z,. On the contrary, if U; < d for some
i (but Condition (ii) of the theorem holds), we have proved so far the
optimality of a policy which uses some U;; < d forz € (Z7,Z,).
However, if in a given region it is optimal to apply a control U; < d,
this region is transient and we have decided (for simplicity of notation

in (6)) to replace all these U; with v = (. This does not influence
the steady state average performance index considered in this technical
note but only the transient behavior. O

V. CONCLUSION

The problem of minimizing a long term average expected
backlog/inventory cost for a manufacturing system comprising a
machine characterized by a Markovian, production dependent failure
rate process has been considered in this technical note. The depen-
dence of the failure rate on the production rate has been described
through a piecewise function which can be thought of as the discrete
approximation of a continuous failure rate function. The discretization
step can be selected to obtain the desired degree of approximation.
The structure of the optimal policy has been given in the technical
note: even if under the discrete approximation considered, this policy
confirms several analytical findings and conjectures reported in the
literature.
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Delay-Independent Minimum Dwell Time for Exponential
Stability of Uncertain Switched Delay Systems

Wu-Hua Chen and Wei Xing Zheng, Senior Member, IEEE

Abstract—In this technical note, the problem of delay-independent min-
imum dwell time for exponential stability of uncertain switched delay sys-
tems is considered. Piecewise time-varying Lyapunov functionals/functions
which are decreasing at switching times by construction are introduced to
investigate exponential stability of switched delay systems with constant or
time-varying delays. This type of delicately constructed Lyapunov func-
tionals/functions can efficiently eliminate the “jump’ phenomena of adja-
cent Lyapunov functionals/functions at switching times without imposing
any restriction on the sizes of time-delays. By applying this type of Lya-
punov functionals/functions, it is shown that if each subsystem is delay-in-
dependently exponentially stable, then under some conditions there exists a
delay-independent minimum dwell time in the sense that the switched delay
system with such minimum dwell time is exponentially stable irrespective
of the sizes of the time-delays. Two numerical examples are provided to
demonstrate the efficiency of the proposed approach.

Index Terms—Delay-independent, exponential stability, minimum dwell
time, switched systems, time delay.

[. INTRODUCTION

Switched systems are a special class of hybrid systems, which
consist of a family of distinct active subsystems subject to a certain
switching rule which chooses one of them being active during a
certain time. These systems arise when modeling dynamical systems
which exhibit switching among several subsystems due to jumping
parameters or changing environmental factors. Some examples of
switched control systems can be found in [4], [5], [10].
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