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ABSTRACT. We consider a mathematical model describing population dynam-
ics of normal and abnormal cell densities with contact inhibition of cell growth
from a theoretical point of view. In the first part of this paper, we discuss the
global existence of a solution satisfying the segregation property in one space
dimension for general initial data. Here, the term segregation property means
that the different types of cells keep spatially segregated when the initial den-
sities are segregated. The second part is devoted to singular limit problems for
solutions of the PDE system and traveling wave solutions, respectively. Ac-
tually, the contact inhibition model considered in this paper possesses quite
similar properties to those of the Fisher-KPP equation. In particular, the
limit problems reveal a relation between the contact inhibition model and the
Fisher-KPP equation.
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1. Introduction. In natural cell growth processes, contact inhibition of cells may
occur when two different types of cells come into contact with each other (cf. [1]). A
number of mathematical models (see for instance [13][19][20]) have been proposed
for the theoretical understanding of the mechanism of contact inhibition. In [3],
we have introduced a simple partial differential equation model, which describes
contact inhibition between normal and abnormal cells with densities v and v. It
includes the effect of pushing cells away from overcrowded regions so that each cell
moves in the direction of lower cell density. In the case of one space dimension, the
resulting model is given by

ur = (u(u+v)z)s + u(l —u — av) in R x (0, 00),

ve=(W(u+v)z)z +y0(1 — Pu—v/k) inR x (0,00), (1)

u(+,0) = up and v(-,0) = vg in R.
Here a, 8, v and k are positive constants, and the initial functions are bounded and
nonnegative: ug, vy € L>°(R) and ug,vo > 0 in R.

In mathematical ecology, the growth terms are regarded as of Lotka-Volterra
competition type. For an introduction to the biological context we refer to [13] and
the references therein.

In [3] we have shown that problem (1) has a solution (u,v) if the initial total
density, wo := wup + vg, is smooth and bounded away from zero (in [4] we have

generalized this result to the case of higher spatial dimension). The solution satisfies
the following segregation property:

upvp = 0 a.e. in R = wu(-,t)v(-,t) =0 a.e. in R for all ¢t > 0. (2)

The segregation property is a consequence of the parabolic-hyperbolic character of
problem (1), which becomes clear if we introduce w := u + v as a new dependent
variable:

w = (wwg )z + f(w,v) + g(w,v) inR x (0,00),

vy = (Vwg), + g(w, v) in R x (0, c0),

w(-,0) = wo and v(-,0) = vy a.e. in R,

where
flwv)=(w=v)A-w+ (1 -a), gwwv)=(l-pw+(B-1/kv).
Since u and v are nonnegative, we remark that the following inequalities hold
(w—v)(1 —max{l,a}w) < f(w,v) < (w—v)(1 — min{1, a}w),
v(y — max{y8,v/k}w) < g(w,v) < v(y — min{y, v/k}w).
Therefore, observe that
w(C™ = Dw) < (f + g)(w,v) < w(C" — D~ w), (3)

where C* = max{1,7}, C~ = min{l,~}, D* = max{1,a,v3,v/k} and D~ =
mln{17 a? ,Yﬁ7 ,Y/k}'

For several reasons the condition that wq is bounded away from zero is rather
restrictive. First of all numerical tests are utterly important to understand the rich
structure of the possible qualitative behavior of solutions, but often the simulations
concern solutions with compactly supported initial data ug and vy. (See Figure 1
and also [6] for some examples.) Our first main result is Theorem 2.2, which estab-
lishes the existence of solutions if merely wg > 0. Very recently, and independently
similar results for the Neumann boundary value problem in 1D were obtained by
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FIGURE 1. Snapshots of dynamics in (1) with compactly supported
initial data. The parameter values are « = 4, § = 3, v = 1 and
k = 0.5. The solid and dashed curves indicate v and v, respectively.

Carrillo et al([12]). The proofs in [12] are quite different from ours and are based
on ideas from optimal transport theory.

The remaining results mainly concern the singular limit & — 0. As k — 0, the
solution (ug,vy) of problem (1) converges to (u,0), where u is the unique weak
solution of the degenerate Fisher-KPP equation (see Theorem 2.3):

ur = (uty)y +u(l —u) in R x (0,00),
u(+,0) = ug in R.

(4)

Probably the most interesting aspect of the limit k¥ — 0 concerns traveling wave
solutions, i.e. solutions of the form (U(z — ct), V(x — ct)). Traveling wave solutions
are natural candidates to describe the transient and/or large time behavior of classes
of general solutions. In [6] we have shown that for all parameter values there
exists a unique wave velocity for which there exists a unique (up to translation)
segregated traveling wave solution, i.e. U(2)V(z) = 0 for all z € R. Observe that
segregated traveling wave solutions do not depend on the specific values of o and
5, the coefficients related to the interaction terms uv. For example, if « =1, k = 2
and 8 = 1/k = 1/2, the segregated traveling wave solutions seems to be a global
attractor for a large class of solutions (see [6]).

Let (U}, V;¥, ci) be the unique segregated traveling wave solution which satisfies

UU'Y +eU' +UQ1-U)=0 and V=0  ifz<0,
(VVY +cV' +~4V(1—-V/k)=0 and U =0 ifz>0,
U-) = (0+) U'(07) =V'(0F) = —c,

U(—o0) = V(oo) = k.

(5)

In Figure 2 we plotted the numerical values of the wave velocity c¢; when the value
of k is varied (it is easy to see that ¢ > 0 & 0 < k < 1, see also [6]). In
view of the equation for V', it is not surprising that V;' — 0 as k¥ — 0. We shall
show (see Theorem 2.4 for a more general statement) that (U}, cy) converges to
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FI1GURE 2. The relation between the parameter k and the wave
velocity ¢, where the horizontal and vertical axes indicate k and
¢y, respectively. The other parameter values are a = 4, 8 = 3 and

v=1.
Ug, ) == <(1 — ez/ﬁ) ,1/\/§> as k — 0, which solves
+

U(-0) =1, U(oco)=0. (©)
(See Figure 2: ¢y = 1/3/2 = 0.7071...)

It is well-known ([9]) that ¢ is a minimal wave velocity: the degenerate Fisher-
KPP equation has a traveling wave solution if and only if ¢ > ¢j, and if ¢ > ¢ the
traveling wave solution is strictly positive for all z. A similar property as that of
the degenerate Fisher-KPP equation holds for our system. If a =1 and g = 1/k,
it turns out ([5]) that our system has a non-segregated or overlapping traveling wave
solution for all wave velocities ¢ > ¢j > 0 (here we assume that 0 < k < 1), i.e. a
solution (U, V, ¢) of the problem

UU+V)Y+cU +U1-U-V)=0 inR,

VU4V +cV'+4V(1 - (U+V)/k)=0 inR,

U>0, V>0 inR,

U(-0)=1, U(x)=0, V(-00)=0, V(co)=k.
Numerical evidence also suggests that c; is a minimal wave velocity. Moreover, we
numerically discussed in [5] that the exponential decay rate of an initial function
ug is important for the large time behavior. Actually, a pair of initial functions
(ug,vo) satisfying (u,v) — (1,0) as x — —oo and (u,v) — (0, k) with ug(z) = e~*
as x — oo evolves to the traveling wave solution with velocity
{1?’9 if € < 425,

% . 1—k
ch if¢€> o

{(UU/)’ +cU'+U(L-U)=0 iR,

(7)

o) =

Roughly speaking, for an initial function ug with a large &, the solution in (1)
converges to the segregated traveling wave solution, while for a moderate £, the
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solution converges to an overlapping one as time evolves. When we consider the
evolution problem (1), the initial exponential decay rate of wy decides the large
time behavior. So, at least if « =1 and 8 = 1/k, the analogy with the degenerate
Fisher-KPP equation is striking. We shall make this more precise by showing that,
if « =1 and 8 = 1/k, for all ¢ > ¢ the corresponding overlapping traveling wave
solutions converge to the one with velocity c of the degenerate Fisher-KPP equation
as k — 0 (see Theorem 2.4(i7)).

The paper concludes with two minor observations: we shall see that the case
k — 0 gives some insight in the case k — oo (see Section 5), and we shall quantify
the slope of the tangent line at k& = 1, indicated in Figure 2 (see Theorem 2.4(i4i)):

i SN vl as k — 1. (8)
E—1 1+~

Finally we shall list some open problems for our system, mainly motivated by the

analogy with the degenerate Fisher-KPP equation.

2. Main results. We first define what we mean by a weak solution of problem (1):

Definition 2.1. A pair (u,v) is a solution of problem (1) if
(1) u,v € L>®(R x (0,00)) and u,v > 0 a.e. in R x (0, 00);
(i1) w:=u+v € Li,([0,00); Hy (R));

(ii7) for all test functions ¢ € C1(R x [0,00)) such that ¢ = 0 for large |z| and ¢

//RX]R+ (Vwepr —upr —u(l —u — av)p) = /RUOQP(.’ 0)
d

//Rxw (vwgpr — vy — yu(l — Pu—v/k)p) = /R”O@(',U).

In this article, we will prove the following results. Problem (1) possesses a solu-
tion which satisfies the segregation property:

an

Theorem 2.2. Let o, 8,7,k > 0 and let ug,vg € C(R) be such that ug,vg > 0 in
R. Setting wo := ug + vo, let either wy € L (RT) or

lim inf wo(z) > 0 and wy € W (M, 00) for some M > 0, (9)
T—>00
and let either wy € LY(R™) or
liminf wo(z) > 0 and wy € W (—o00, —M) for some M > 0. (10)
Tr—r—00

Then problem (1) has a solution which satisfies property (2).

As k — 0, the behavior of the solution is determined by the degenerate Fisher-
KPP equation:

Theorem 2.3. Let ug,vg € C(R), and ug,vg > 0 in R. Let (uk,vy) be the corre-
sponding solution defined by Theorem 2.2. Then

ug = u, vp — 0 in L3 (R x [0,00)) ask — 0,
where u is the unique weak solution of problem (4).

Observe that the definition of solution of problem (4) is similar to Definition 2.1.
Also traveling wave solutions of our system converge to the corresponding ones
of the degenerate Fisher-KPP equation:
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Theorem 2.4. Lety > 0.
(i) Let (U§,ch) = <(1 —ez/\/i> ,1/\/§> be a traveling wave solution of the
+

degenerate Fisher-KPP equation with minimal wave velocity cf (see prob-
lem (6)). Let, for k >0, (U;, Vi, cr) be the unique segregated traveling wave

solution solving problem (5). Then

Uy = Ug, Vi = 0 uniformly in R, ¢ — ¢ ask —0.

(19) Let a =1, B =1/k. Let ¢ > ¢ and let Uéc) be the unique traveling wave so-
lution with wave velocity ¢ solving problem (6) and the condition U(EC)(O) =1
Let 0 < k < 1 be so small that ¢ > ¢} and let (U,EC),Vk(C)) be an overlap-
ping traveling wave solution of wave velocity ¢ satisfying problem (7) and the

conditions Uéc) (0)=3 and Uy + Vi, <1 in R (see [5]). Then
Ukc) — Uéc), Vk(c) — 0 uniformly im R as k — 0.

(i13) ¢} satisfies the convergence property (8).

3. The PDE system: Existence of solutions. In this section, we prove Theo-
rem 2.2. We consider the sequence of smooth problems

ur = (u(u +v)z)s +u(l —u — av) in (—n,n) x (0,00)
(P) ve = W(u+v)z)s +y0(1 — pu—v/k) in (—n,n) x (0,00)

(u+v)z(£n,t) =0 in (0, 00)

u(+,0) = uon, v(-,0) = vg, in (—n,n),

where (uon, von) is a sequence of smooth, nonnegative and uniformly bounded initial
data, defined on R, such that

Ugn — Ug, Von — Vo uniformly in R as n — oo,
1/n% < wop := uon +von < B in R,
{won} are locally equicontinuous in R.

‘We will use the notations

Ay = / Wondr — a := / wodx as n — oo,
0 0
n ~ (11)
by, = / wopdx — b= / wodx as n — oo.
0 0

and remark that the constants ¢ and b can be finite or infinite.
If lim inf wo(z) > 0 and wo € W1>°(M, o), we assume that for some C1,C > 0

and M, > M
|(w0n)x‘ <Cy, wo,>Cs in (Ml,n), (12)
and make similar assumptions for x — —oo.
It follows as in [4] that Problem (P,) possesses a smooth solution (u,,v,) such
that w,, := u, + v,, satisfies

(1 min{1,~} max{1l,7}
i {nQ’ maX{l,amBm/k}} < wn(@,1) < max {B’ min{Laﬁﬁﬁ/k}} - (13)

for all (x,t) € [-n,n] x [0, 00]. Next we prove the following result.
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Lemma 3.1. Forall R,,T >0,0<pu<landn>R+1
wn " Pwagl L2 R, R)) < (0.7)) < CRTops (14)
where the constant Cr r,,, does not depend on n.
Proof. We multiply the equation for w,,,
wy = (Wwg )z +u(l —u—av) + y(1 — fu—v/k),

by (% (x)w,*(z,t) and integrate by parts over (—n,n) x (0,7'), where (g € C'(R)
is a cut-off function satisfying:

1 ifjz| <R
0<(g<1land|Cr| <2inR, T) = 15
Sér= ICrl < Cr(®) {o if 2] > R+ 1. (15)
Hence
1 n t=T
) (WG 2, — 2wl )
1- HJ—n t=0 (=n,n)x(0,T)

] Gl (“"(1 = avg) 472 (1 = By — vn/m) ,
(=n,n)x(0,T) Wn, Wn,

and (14) follows from the uniform boundedness of u,, /w, v,/w, and w, when we
handle the term ff(fn,n)x(O,T) 2(pw; "M pwn, in a suitable way. Indeed, in order

= Gzt
2 JJ(=nm)x0,1)

2
=y Wi,
K (=n,n)x(0,T)

so that there exists a positive constant C'(R, T, i) such that

/] Gwtu?, < C(R,T,p),
(=n,n)x(0,T)

which in turn implies (14).

By [15], the functions w,, are locally equicontinuous in R X [0, 00). Hence there
exist nonnegative functions w € C(R x [0,00)) N L=(R x [0,00)) and v € L=°(R x
[0,00)) and a subsequence (wy,,, vy, ) such that w!=#/2 € L2 ([0,00); H} (R)) and,
as j — oo,

to obtain (14), we use the inequality

2 // CRw}f“C}gwm
(—=n,n)x(0,T)

=

Wy, = w in Clec(R x [0,00))
w2 = w2 i LR ([0, 00); Hige (R) - (1< 1)
Up, = v in L2 (R x [0,00)).

Setting u := w — v, we shall show that (u,v) is a solution of Problem (1). Let
Ty 1= I (—n,n) x [0,00).
Wy,
Since r, is bounded, it converges locally and weakly along a subsequence. To pass
to the limit in the equations for u,, and v,, we have to prove strong convergence,

at least in the set where w > 0. Observe that r,, satisfies the equation

Tnt = WngTnz + Tn(l - Tn>G(Tn7wn>7 (16)
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where
Grw)=01—-rw—a(l-rw)—y(1-L0rw—(1-r)w/k).
We introduce the characteristics associated to the velocity field —w,,,. Below we
list some of their properties.

Lemma 3.2. Let X,,(y,0) € [-n,n] be defined by

Xn(y,0)
Y= / won(8)ds  for a, <y < by,
0

where a,, = fo_" won(8)ds and b, = fon won (8)ds. For all a, <y < by, there exists
X, (y,-) € CH([0,00)) such that
Xnt(y,t) = —wne (Xn(y,t),t) fort >0,

and X, has the following properties: for all T > 0 there exist positive constants
cr,Cr,ar, Ar, By which do not depend on n, such that

(i) 0< e < wn(Xn(ys 1), )Xy (y:£) < Cr in (an,ba) x (0,7);

(17) Xy > ar >0 in (an,by) x (0,T);
(iii) X, is uniformly bounded in L°°((0,T); BVipe(an, bn))NH((0,T); L2 (an,bn)).

loc

We will present the proof of Lemma 3.2 at the end of this section.
Next we use the notation

Xn(ya O) = XOn(y)r AS [ana bn}y

and remark that X, is the unique solution of the initial value problem

X)) = ———
0 (y) wOn(XOn(y))
Xon(0) = 0.

By Lemma 3.2(#47), Lemma A.1 in [16], and Aubin-Lions Lemma (cf. [10], The-
orem I1.5.16) there exist a subsequence {X,,}, which we denote again by {X,},
and a function X € L{® ([0, 00); BVioc(a, b)) N HE ([0, 00); L2 .(a, b)), such that, as
J = 09,

y € (0,b,) and y € (ay,0)

X, — X in C([0,T); L} .(a,b)) and a.e. in (a,b) x (0, 00). (17)

loc

Here we remark that a and b are either finite or infinite.
By Lemma 3.2(i%), for all ¢ > 0, the inverse function Y,,(+,t) of y — X, (y,t) is
well-defined for |z| < n and ¢ > 0, and it satisfies

Yoz(z,t) = 1/ Xy (Yo(z,t),t) and Yy = Vipwng.

By Lemma 3.2, 0 < Y,,, < 1/ar and |Yy| < e w,|wae|. By (13) and (14), Yy, is
bounded in L (R x [0,00)), uniformly in n. Next, we prove that Y, is locally and
uniformly Holder continuous in R x [0, 00) and that

Y, =Y in Cic(R x [0,00)) asn — oo,

where Y is the inverse function of y — X (y,t) for each ¢t > 0. We first remark that
Y,, is uniformly Lipschitz continuous with respect to x, and that Y,,; is bounded in
L% (R x [0,00)). We need to prove the uniform continuity with respect to ¢ (at

least locally).
Fix e > 0, 2o in a bounded interval [—[,]] and 0 < t3 < t; < T. Let 6 > 0 and o >

0 to be chosen below and let |t; —t3| < §. Since fz°+6a fOT Y2 dxdt < Cy = C1(1,T),

To—0%

so there exists n € (xg — 0%, 29 + 6%) such that fOT Y2 (n,t)dt < C1/(25%). Since
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{Y,,(n,-)} is bounded in H'(0,T) uniformly in n and since H*(0,T) c C*/2([0,TY)),
it follows that Y;,(n, t) is Holder continuous with respect to ¢, uniformly in n; more
precisely, there holds Yy, (n,t1) — Yn(n,t2)| < Cilt1 — ta|*/?/6%/2 = C161/2=2/2,
Choosing o = 1/3, and z such that |z — n| < §%, we deduce that
|Yn(l‘7 tl) - Yn(x7 t2)|

<Yo(z,t1) = Ya(n, 1) + [Ya (0, t1) = Ya(n, t2)| + [Ya(n, t2) — Y (2, t2)|

<C6* + 0154272 4 05~

=(2C+ C1)é“ <e
if we choose 4 sufficiently small. Therefore, since Y, is locally uniformly Hélder
continuous in Rx [0, 00), we deduce that there exists a function Y and a subsequence
of {Y,,}, which we denote again by {Y,,} such that Y,, — Y uniformly on compact

sets of R x [0, 00) as n — co. Next we show that Y(-,¢) is the inverse of y — X (y,t)
for all t > 0. Indeed

ly = Y(X(y, 1), )] = [Ya(Xn(y, 1), ) = Y (X (y,1),8)] <
Y (Xn(y, 1), t) = Y (X (y,0), )] + |Ya(Xn(y, 1),1) = Y (Xn(y, 1), 1)1,
which tends to zero as n — 00, so that Y =Y.

Set Wi (y,t) := wn(Xn(y,t),t) and W(y,t) := w(X(y,t),t). Since w, — w in
Cloc(R x [0,00)) and X,, — X in C([0,T]; L2 .(a,b)) and a.e. in (a,b) x [0, 00),
W, — W a.e. in (a,b) x [0,00) and in L. .((a,b) x [0,00)).
Indeed, for each t > 0,
|wn(Xn(y7 t)7 t) - w(Xn(y? t)a t)|7
where the first term on the right-hand-side tends to zero as n — oo by (17) and the
second one converges to zero since w,, converges to w locally uniformly in R x [0, 00).

We may assume that wy is not identically equal to 0 (otherwise the solution is
trivial: (u,v) = (0,0)). Consider, for ¢ > 0, the sets

P (1) = {z € Rsw(a,t) =0}, P(1) = {Y (&, 1); € P™ (1))
By (3) and standard theory on the porous media equation ([18]),
P D PP () if0<t <t
and, for all R > 0,
P N[-R,R =0 ift>Tg
for some T > 0.

By construction, the set Péy) (0) = {y € (a,b); wo(X(y,0)) = 0} is closed, and
either finite or countable: for some N € {1,2,...,00}

PY(0) = {y;:1 <i < N}.

We claim that in the (y,¢) plane, the set where W = 0 is the union of at most
countable vertical segments: for all y; € Péy) (0) there exists 7; > 0 such that

{(y,1) € (a,b) x [0,00);y € P (£),t > 0} = {(yi, 1); 1 <i < N,0 <t <7}. (18)

This is an immediate consequence of the following result.
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Lemma 3.3. Y (z,t) is constant (= y;) in each connected component Py of the set
{(z,t) : w(z,t) = 0}.

We postpone the proof to the end of this section.
By local regularity results (Ch. V Theorem 3.1 in [17]), (wp, )e — Wz € Cioc(Py)
as j — oo in the set

Pi = {(z,t) € R x [0,00); w(x,t) > 0},
and hence it follows from (18) that
(Wn; )z (Xn; (y,1),t) = we (X (y,t),t) a.e. in (a,b) x (0,T).

This implies that X represents a regular Lagrangian flow in the sense of [2] and
[14]: the equation X; = —w, (X, t) is satisfied in the sense of distributions and, for
all ¢ € L*°(R x [0, 00)) with bounded support,

I/ VX0 Oyt = [[ (e )Yilet)dadt
(a,b)x(0,00) Rx (0,00)
We set

R, (y,t) :=rn(Xn(y,t),t) fora, <y <b,, t>0.
Then, by (16),
{Rnt = Ro(1 = Ry)G(Rn, W) in (an,bn) x (0,00),
Ru(y,0) = Ron(y) := uon(Xn(y,0))/won(Xn(y,0)) in (an,by).
Let R(y,t) be defined by

{Rt = R(1 - R)G(R,W) in (a,b) x (0,00) 19)
R(y,0) = Ro(y) = uo(X(y,0))/wo(X(y,0)) in (a,b).
Observe that

Ron — Ry in Li ((a,b)) and a.e. in (a,b) asn — oo.

Indeed by construction, the convergence is locally uniform (and hence pointwise) in
the set of the points y € (a,b) where wo(X(y,0)) > 0, and wo(X(y,0)) > 0 for a.e.
y € (a,b). Arguing as in section 4.5 of [4], it follows that

R,, = R in L ((a,b) x [0,00)) as j — oo.

We set r(z,t) := R(Y(x,t),t). Since X is a regular Lagrangian flow, it fol-
lows from Proposition 4.9 in [4], which extends Proposition 3.5 in [14], that r is a
distributional solution of the transport equation

(Yyr)e = (rYywg)e + Yor(1 — r)G(r,w) ?n R x (0, 00), (20)
[Yar](-,0) = ug in R.

Observe that this is not surprising, since the product Y,,,r, satisfies
(Ynxrn)t - (Tnyna,wnl)m + Ynlrn(l - ’I“n)G(’I"n,’U)n) in (_nvn) X (07 00)7
[Ynxrn]('a 0) = TonWon = Uon in (771, TL)

Arguing as in section 4.6 of [4], we prove the strong convergence of 7, to r. First
we show that for any test function ¢ € C*°(R x [0, 00)) with bounded support

// Yo,2(rn;, — 7’)24,0 dxdt -0 as j — oco.
Rx[0,00)
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To this end, we prove that
Tn; Yn,o converges weakly to rY, as j — oo

and
Yo, zCn,; converges weakly to Y;c as j — oo,

where ¢, := 7,(1 — 1) G(rn, wy,) and ¢ :=r(1 — 7)G(r, w).
Let ¢(x,t) be a smooth test function with bounded support. Then, by the strong
convergence of R,,; and X,,; as j — oo,

/ / R, (49, 0)0(X, (. ), ) dydt — / Ry, t)p(X (4, 1), £)dydt
(a,b) xR+ (a,b) xR+

_ / /R el s, et

On the other hand, let £ be the weak limit of r,,,Y},.. (up to subsequences). Then

/ / R, (5, )p(Xon, (4, 1), )yt = / / P, (@ ) (@ 1) Yo, o (2, €) izt
(a,b) xR+ RxR+

—>// E(z, t)p(z, t)dxdt
RxR+
and hence £ =Y.

Next, let x be the weak limit of Yi,zCn;. Taking the limit in
(Yo 2Tn; )t = ("n; Y 2Wn;2)z + Yn,zCn, (in the sense of distributions),
we find that
(Yyr)e = (rYawg). + x (in the sense of distributions).
But we already know that
(Yyr)e = (rYywg ), + Yyc (in the sense of distributions),

so that x = Y,c.

We repeat this procedure, replacing 7y, by rij. Since the strong convergence of

2

R,,; implies the strong convergence of R;.,

/ / B2 (4, 0)0(Xo, (1), )yt — / R2(y, 0)p(X (4, 1), t)dydt
(a,b) xR+ (a,b) xR+

_ / /R g Yz e e

On the other hand, let € be the weak limit of r%j Yy,2- Then,

// Ri_(y,t)go(Xn]. (y,t),t)dydt :// Tﬁ,(x,t)go(m,t)Ynﬂ(x,t)dxdt
(a,b)xR+ RxR+

S [ éwvptaiinar
RxR+
Therefore, £ = r2Y, and

7",2” Yy« converges weakly to r?Y, as j — oo.
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Finally we consider Y, (r,, — )% = Ynjmr%,j + Yo, or? — 2V, o7, 7. We deduce

from the weak convergences above that, for any test function p € C°(R xR™) with
bounded support,

// Yo,e(rn, — r)odrdt = // (Ynjmri, + Ynjggr2 — 2V, 0T, ) pdadt
RxR+ RxR+ ’

— // (Yor? + Yyr? — 2Y,r?)pdzdt = 0
RxR+t

as j — oo.
We deduce from Lemma 3.2(7) that
wy,
— < Ynzv
Cr —

which, together with the inequaliy above and the locally uniform convergence of
Wy, implies that

// w(rn; — 2o drdt — 0 as j — oo,
RxR+

and hence we have that r,, — r in L (R x [0,00)) as j — co. Combining this
result and wy,; — w in Cloc(R x [0, 00)), we obtain that

Un, = U, Uy, >0 in L, (Rx[0,00)) asj— oc.

This permits to pass to the limit in the equations for u,; and v,; and we have found
a solution of Problem (1).

Arguing as in section 4.7 in [4], the segregation property (2) follows immediately
from the equation for R(y,t) (see (19)). That is, R(1 — R) satisfies

{(R(l —R)), = R(1— R)(1 —2R)G(R, W) in (a,b) x (0,00),
(R(1-R))(y,0)=0 in (a,b).

Since R and W are uniformly bounded, it follows from Gronwall’s inequality that
R(y,t)(1—R(y,t)) = 0for all t > 0 and a.e. in (a,b). Hence we have u(x,t)v(z,t) =
0 for all ¢t > 0 and a.e. in R.

To complete the proof of Theorem 2.2 we prove the two Lemmata in this section.

Proof of Lemma 3.2. Before proving the existence of X,,(y,t), we prove the prop-
erties (i) — (i41) as a priori estimates.

(¢): The function ¢, (y,t) = w, (X, (y,t),t) X,y (y, t) satisfies ¢,(y,0) = 1 and ¢,y =
F,qn, where F, is the uniformly bounded function

)

Fn(yvt): (url(l_un_avn)"’—Z;)n(]-_ﬂun_vn/k)) )
=X, (y,t

Wn, n

and the result follows from Gronwall’s Lemma (see also (5) in [4]).
(1) follows at once from (i) and the uniform boundedness of w,.
(ii7): First we consider the case that wy € L*(R). Then (see (14))

2
w.
X2 .Cr(X,)dydt = / / — e _(pdrdt
//(ambn)x(O,T) ! (—nn)x (0,1) Xny(Yn(z,1),1)

<C / / wpw?, Crdrdt < C,
(=n,n)x(0,T)
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similarly,

2
X2en(X,)dydt = [ S ———
//(an,bn)x(o,T) (=nm)x(0,7) Xny(Yn(z,1),1)

< C// wnchCRd:Bdt <,
(=n,m)x(0,T)

whence X,, is uniformly bounded in H'((0,7); L2 .(an,b,)) (observe that in this

case a, — a > —oo and b, — b < oo; see (11)). Hence, for all 6 > 0 and large
enough n, there exist ys,, € (a+d,a +26) and y(S . € (b—20,b—0) such that

C
/ y(;n, )dt < 5 (21)

This implies that X, is uniformly bounded in L*((0,T); BVioc(a,b)): for all 0 <
t<Tand d >0

b—26 b—26
a+26 a+26

Next we consider the case that (9) and (10) are satisfied. If (12) is satisfied, it
follows from the maximum principle and the gradient estimate ([17] Ch. V, Th. 3.1)
that for all T > 0 there exist positive constants M7, Ci7 and Cor such that

\wm| < OlT, wy, > Cor  in (MlT,n) X (O,T) (22)
By (22) and the similar property in (—oo, —Mir),
| Xnt(y, )| < Cir if [ X (y, )| > Mip, 0<t<T. (23)

Hence there exist yr such that X, (—yr,t) < —Mir and X, (yr,t) > Myr for
0 <t <T, and therefore

| Xn(y,t) = Xn(y,0)| < C foryr <|yl<n, 0<t<T.

This implies the uniform boundedness of X,, in L*>((0,T); BVioc(R)). By (23)
and part (¢) of this lemma, uniform boundedness of Xm(y, t) in L2 (R x [0,T]) is
equivalent with uniform boundedness of \/w,wy,, in LE (R x [0,T7]), and hence, by
(14), X,, is uniformly bounded in H'((0,T); L .(R)).

To complete the proof of (iii) we have to consider the cases that wo € L!(R™)
satisfies (10), and, respectively, that wy € L'(R™) satisfies (9). It is enough to
combine the ingredients of the proofs in the previous cases, and we leave the details
to the interested reader.

Finally we observe that for all y the function t — X,,(y,t) is well-defined since,

by part (¢i7), it is a priori bounded in [0, 7.

Proof of Lemma 3.53. By Lemma 3.2, 0 <Y, < Cw and hence Y does not depend
on x in Pi. Let t; = max{t > 0; (z, t) € Pi} and let (z;,t;) € Pi. Without loss of
generality we may assume that ¢; > 0 and z; = 0.

Let 21 > 0 and let o < g < 1. For all 7 € (0,¢;],

/ Y(s,r)ds—/ ¥ (s,0)ds g// vl gc// wlws|
0 0 (0,21)x(0,7) (0,21)x(0,7)
1/2
<o) U] -
(0,21)%(0,7) (0,21)%x(0,7)
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Since w'~#0/2 € L2([0,T]; H'(-R, R)) C L?([0,T]); C*/?(-R, R)),

27
// w27p,0 _ // w MO((E,t)ZE
(0,21)%(0,7) (0,21) % (0,7) €
T T
< o [ It Oy < Ot

On the other hand, since pg < 3 <l and sup w=o0(1) as ;1 — 0,
(0,z1)x(0,7)

// wHow? < o(1 // w M w? =o(1) asx; — 0.
(0,z1)%x(0,7) 0,z1)%(0,7)

Hence
—/ Y(s,T)ds—/ Y (s,0)ds
0 0

=o(1 0
o o(l) asxz; — 0,
and, since Y is continuous, Y(0,7) = Y (0,0) for all 0 < 7 < ¢5.

4. Singular limits: The degenerate KPP equation. In this section we prove
Theorems 2.3 and 2.4. First we consider the singular limit problem of the PDE-
system (1).

Proof of Theorem 2.3. Let T' > 0. In view of Lemma 3.1, it follows that
0 <ug,vr <wp <C inRx(0,7+1) for all &,

where C' is independent of k. Let R > 0 and let (g be a cut-off function which
satisfies (15).

Lemma 4.1. Let p > 0. We have

// Crwhwi, < Crrp (24)
Rx(0,T+1)

// Chvp < Cr. (25)
Rx(0,7+1)

Proof. Multiplying the equation for wy, formally, by (3w} with u > 0 and inte-
grating by parts over R x (0,7 + 1), we obtain that

1 t=T+1

2 1 1 2 2
[ =2 Gttt [ Gt
p+1 /e =0 Rx (0,T+1) Rx (0,T+1)

+ // (:12311)2‘ ((1 — up — avg)ug + (1 — Buk — %)vk) .
Rx(0,T+1)

Here, we can estimate the first term of the right hand side by Young’s inequality as

follows:
2 2 2+u :u 2, 1,2
< - CRw CRW}, Wy-
HJIRx(0,T+1) 2 Rx (0,741)

// < CRwu+1wkm
Rx(0,T+1)

Therefore, thanks to this inequality and Lemma 3.1, we obtain

o g
5 / / Crugwis + / / CGupvi < Crirps
Rx(0,7+41) Rx(0,741)

and

R
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where the constant Cr 7, does not depend on k. This implies (24). Simply, multi-
plying the equation for wy, by CIQ% and using the integration by parts over Rx (0, 7+1),

we obtain that
t=T+1
= -2 // CrRCRWEWE,
t=0 Rx(0,7+1)

/Rsz:cwk

+ // C}Qa ((1 —u — avg)ug + (1 — Pug — %)vk) .
Rx (0,T+1)

The use of (24), Lemma 3.1 and the similar estimate

_ 2
2 / / CRCRWEWEs | < g / / CRuwp "+ = / / CRwpwi,
Rx(0,T+1) Rx(0,T+1) K J JRrRx(0,T+1)

give
1 // Chup < Cror
k JJrxo.141)

This leads (25). O

In order to obtain a strong convergence of {wy}, we claim that
{wz/Z} is precompact in L (R x [0, 00)). (26)
In order to do that, we first prove the following Lemma:

Lemma 4.2. Let T,R >0, [{| <1 and 0 < 7 < 1, and set h(s) = 2532, Then
there exists a constant Crr which does not depend on k such that

/ / (h(wi(z + &, 1)) — h(wy(x,1)))? dedt < Cpp€? (27)
(—R,R)x(0,T)

and

/ / (h(wi(z,t + 7)) — h(wy(z,1)))? dedt < Cropr. (28)
(—R,R)x(0,T)

Proof. The proof of (27) is immediate:

// (h(wy(z + &, 1)) — h(wg(z,1)))? dadt
(—R,R)x(0,T)

2

//(R,R)x(o,T) </(;§(h/(wk)wkac)($ - S,t)ds> dadt

2

1
:// ( / (h’W)wm)(Hrf,t)fdr) dadt
(—R,R)x(0,T) \JO

<& /// wrwi,drdtdr < Cg €2
(0,1)x(—R—1,R+1)x(0,T)

Here we have used the estimate (24) with p = 1.
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Next we consider (28). Using (15), we have

//R (© T()h(wk(x7 t+7)) = h(w(z, t)))Q CR(JC)dedt
B //R (© T()h(wk (2.t 4+ 7)) = h(wi(, 1))Cr(2)” /OT he(we(z,t + r))drdzdt
. // (et = bl t)))CR(m)2 /T(wé (@, t + ) ((wrwra)z) (2, t +7)
Rx(0,T") .

+ f(wk(xv t+ T)a Uk(xv t+ T)) + g(wk(m, t+ 7“), 'Uk(l', t+ r))))drdxdt
In the first term of the right hand side, we integrate by parts:

| / / /()( (7)) = e, D))o o )47

2w, + 7)) — B(wk (e, £))Ca () () (wg whe) (.t +7)

+%(h(wk(x, t+71)) — h(wg(z, t)))CR(z)Q(w%wix)(z, t + r)drdxdt|

= /// (wkwim)(ivt)CI%i(l')dexdt
(0,7)xRx (0,T+1)
" C/// (Ch())?wi (z, t)drdzdt
(0,7)xRx (0,T+1)

+ C’/// (wéwix)(a:,t)drdxdt < CRrT.
(0,7)xRx(0,T+1)

The second and third terms are estimated by using (25) as follows:

| ///(O’T)XRX(O’T(;l(wk(x,t + 7)) — h(wi(, 1)) (E(2)wf (z,t +7)

X (flwg(z, t +1),v6(x, t + 7)) + glwg(x, t + 1), vp(z, t + 1)))drdzdt|
< CrrT

which completes the proof of (28) and Lemma 4.2. O

Passage to the limit. It follows from (25) that
vy, — 0 strongly in L (R x [0, 00))
as k — 0. Moreover, we deduce from the boundedness of {wy} that there exists a

function w € L>(R x [0.00)) and a subsequence {wy, } such that

wy,, — w weakly in Lj,.(R x [0, 00)) (29)

loc
as k; — 0. On the other hand, it follows from Lemma 4.2 and the Riesz-Fréchet-

3
Kolmogoroff Theorem (Theorem IV.25 and Corollary V.26 in [11]) that {w}} is

relatively compact in L (R x [0,00)). Therefore, there exists a subsequence of

{wg,} and a function W € L2 ([0, 00); HL (R)) N L®(R x [0,00)) such that
“’Ej — W strongly in Lj,.(R x [0,00)) and a.e. in R x [0, 00)

3
2

as k; — 0. Hence since the function h(s) = %s is continuous, we deduce that

2
Wy, — h_1(§W) a.e. in R x [0, 00)
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2W) so that

and it follows from (29) that w = h='(3

wy, — w a.e in R x [0, 00)

and
3
wp = w? strongly in L (R x [0,00)) and a.e. in R x [0, 00)

and weakly in LZ ([0, 00); HL.(R)).
Applying Lebesgue’s dominated convergence theorem, we also deduce that
wk%j — w? strongly in L (R x [0,00)).
Taking the difference between the equations for w and v, we deduce that
(Wi —vg)t = (Wk — Vk)Wha )z + (Wi — v1) (1 —wy + (1 — a)vy,)

so that wy — vy satisfies the weak form
// (Wr = V1) Wra Pz — (Wi =k )Pt — (W — v ) (1 —wi +(1—a)vg )p) = / uop(+,0)
RxR+ R

for all ¢ € CH(R x [0,00)) such that ¢ vanishes for large |z| and t. We deduce from
the convergence properties above and Lebesgue’s dominated convergence theorem

that
2 1 3
// W, Wk, 2Pz = // Swi (WE)ePe
RxR+ RxR+ 3 7 9
*)/\/ 7w% ’LUg )P —// WWg Py
RxR+t 3 RxR+

as k; — 0. Moreover, there also holds that

Tt = oo = (o, = 0)0 =, + (1= ), )p)
RxR+

+/] (—wpr — w(l - w)p)
RxR+
as kj — 0.

Next, we consider the remaining term.

[ s
X

1
1 Uﬁ 1

= // U Wi, Whya P

{RxRHIN{(2,t)wn; 0} 7w}
</l

RxR+

1/2
RxR+ RxR*
/2
©) (// \”kj%’)
RxR+t

Since L (R x [0,00)) C L (R x [0,00)), it follows that

11
2 2
Uk, Wi; Wiz Pa

>1/2

ok, 11— R.R)x[0,1)) < Cllvk [l L2((— R, R)x[0,7)) = 0

//]R o Uk, Wi 2Pz — 0
X

as k; — 0, so that
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as k; — 0. Setting u := w, we deduce that u satisfies the weak form

//RX]R-*— (utgpr — upr —u(l —u)p) = /Ruw(.,o)

for all ¢ € C1(R x [0,00)) such that ¢ vanishes for large |z| and large t. Thus u
coincide with the unique weak solution of the initial value problem

up = (utg)y +u(l —u)  in R x RT,
u(z,0) = up(x) inz eR,
and the whole sequence {uy} converges to u as k — 0.

Next we consider the singular limit problem for traveling wave solutions. We
begin with the case of segregated traveling wave solutions.

Proof of Theorem 2.4(i). Let 0 < k < 1 and let (U}, Vi, ¢;) be the unique segregated
traveling wave solution solving problem (5). Then W} := U} + V' satisfies

(WW') 4+ W' +Wh,(W,2) =0 inR
0<W<1inR, W(-c0)=1 W(x)=Fk,

where

(w0, 2) 1—w if z<0
M (1 —w/k) ifz>0.

We can prove from the phase plane analysis that
=t =1/V2 ask—0. (30)
The proof is given in the appendix.
Let R > 0 and let (g be a cut-off function satisfying (15). Multiplying the
equation for W} by (3W} and integrating by parts, we have
—2 [ WOV Cnchdz — [ WG

— 00
oo

+ / AW (W) Chdz + / (Wi 2 hi (Wi, 2)Cadz = 0

— 00 — 00

Using the estimates

2 / (W)X (W) CrClad

— 00

oo 1 o0
<2 [ WGPy [ WRWAG: (a1
and

oo

1 o * * * *
<3| Witz [ @rwics @

— 00

\ | awioweycas

we obtain that

/ WJ(W;,‘)’QC%dH% / (W;)3¢%dz < Ch.
e )

Here we have used that ¢; and W} are uniformly bounded (see also Appendix).
Since (W;)3/2 is uniformly bounded in H (R), there exist a function U%/? €
HL .(R) and a subsequence {k;} such that

loc
(Wi )*? — U/ weakly in Hy, (R) and Wy — U in Cioc(R) as k; — 0.
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In addition, since W} — 0 in L} ([0, 00)),
U(z)=0 ifz>0.

Since W is decreasing in R (see [6]), U is also decreasing in R.

Observe that, since Wi (W)’ + c}) is decreasing in (—oo, 0] in the equation for
W and since it vanishes at z = 0([6] and see also (35) in the appendix), —cj <
(W) <0in (—00,0). Hence

*\/ > *\/
(W];")”:,((Wk) +C*k)(Wk) +W]: -1 > —1in (700,0)'
Wy
Since W(W;)” > —1 and (W;")2 > 0 in (—00,0), we have (W;?)” > -2 in
(—00,0). On the other hand, since

WE(WE)" = (W) = Wi = W1 —Wy) < e + 1,
(W2 < e,

in (—00,0), we obtain (WgQ)” < 467;2 +2 < 4 in (—00,0). Thus, there exists a
function U € C?((—0o0,0)) such that
Wy 2 = U? in Gyl ((—00,0))
and moreover,
Wi, = U in Cloe((=00,0))
as kj — 0. It follows from the appendix and (30) that (W} )"(07) = —cj — —cj =
U'(07) <0 as kj — 0. Therefore U > 0 in a left-neighborhood of z = 0.

Finally, passing to the limit j — oo in the equation for W,jj, it follows that
U € C(R) satisfies

UU)Y +c¢U'+U(1-U)=0and 0 < U <11in (—00,0),
U =0in [0,00).
Since U is decreasing, U(—o0) = 1, and we have proved that U = U, the unique
traveling wave solution with minimal wave velocity ¢ and interface at z = 0.
Since the limit U is uniquely defined, it does not depend on the specific subse-
quence {k;}.
Next we prove the convergence of overlapping traveling wave solutions.
Proof of Theorem 2.4(ii). Let 0 < k < 1 be so small that ¢ > c;. We have shown
in [5] that there exists an overlapping traveling wave solution, (U éc), Vk(c), ¢), which
satisfies
UU+V))Y+cU4U1-U-V)=0 inR
VU+V)Y+cV' +49V1-U+V)/k)=0 inR
U>0, V>0, U+V <1 inR
U(—x) =1, U(x)=0, V(-o00)=0, V(co)=k.

By translation invariance we assume that U,EC)(O) = 1. Below we omit the super-

script (©).
The function Wy, := U + V}, satisfies
(WWY +cW +U1-W)+~4V(1—-W/k)=0 inR
0<W<1IinR, W(-o0)=1, W(c0)=Ek.
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Let R > 0. Multiplying the equation for Wy, by (%W, where (g is a cut-off function
satisfying (15), integrating by parts and using similar estimates to (31) and (32),
we obtain that

| WGz + 3 [ Viwicds <
Since Vi < Wi in R, Vi — 0 in L3 _(R). Since W/? is uniformly bounded in
H (R), there exist a function U3/'? e H} _(R) and a subsequence k; — 0 such that

We/2 = U3/ weakly in H.,.(R) as k; — 0
and hence
Wi, — U in Cioc(R) as k; — oo.
Passing to the limit in the equation for Uy, we find that U is a solution of
UU"Y +cU'+U(1-U)=0 inR

in the sense of distributions. Since HL _(R) C Cioc(R), U(0) = 1. To show that
U is the unique traveling wave solution with wave velocity ¢ solving problem (6)
which satisfies U(0) = 1, it is enough to prove that U(—oc0) = 1 and U(co) = 0.
Since Wy, is decreasing in R (see [5]), U is also decreasing in R. So, U(—o0) =1
and U(o0) = 0.

Since the limit U is uniquely defined, it does not depend on the specific subse-
quence {k;}.

Finally we prove the behavior of the wave velocity of segregated traveling wave
solutions as k — 0.

Proof of Theorem 2./4(iii). We only consider the limit k& — 1. The proof for the
limit &k — 17 is similar.

So let £ > 1 and let (U}, Vi¥, cf) be the unique segregated traveling wave with
its interface at z = 0. Let wj € (1,k) be the value of W = U} + V¥ at z = 0.
Observe that ¢ < 0if k£ > 1. We set

1 *
pr = —(Wp)-
Ck
and
Wi=1+sk—1) for0<s<1, wy, =1+ s;(k—1),

and consider p; as a function of s (this is possible since z — W} (z) is strictly
increasing if & > 1). Then

pe(0T) =pr(17) =0, pr(sp)=-1, —-1<pe(s)<0for0<s<1,

and ( ;
k—1)%s
Ww—1s i .
Pl = (k—1)(pe +1) () ?pk it 0 <s < s
T 1+ s(k—1) N2 (e
Phsth=1) ok = DA 1)y e oy,
k(ck) Pk
Observe that
(k — Dpi(s)(pr(s) +1)

-0 ask—1T.

1+s(k—1)
Hence, if 0 < s < 57,
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and, since pg(0) = 0,

*

c
k
Substitution of s = s}, yields that

2 E—1\" , +
pi(s) = s4o0(l) ask—17.

*

E—-1\> ., N
1= p (sp)*+o(l) ask—17,
k

whence, if 0 < s < s,

c . k—1
s e mle) =
Similarly, if s < s < 1 we have that

g =1 () aoor o =v (A1) 0ot ot

* *
Cr Cr,

s+o(l) ask—1T. (33)

whence

*

k—1)
lfy( o ) (1—s1)%+o0(1) ask—1T.
Therefore, as k — 1T
= (L= s} +o1), pels) = kczlﬁ(l —)+o(l). (34
By (33) and (34), si(1+7) = /7 as k — 17:

sy — vl and —k_ vl
1+ k—1 1+

5. Remarks and open problems. In this paper, we have considered the existence
of a solution with segregation property of Problem (1) for general initial data and
singular limit problems to reveal a relation between Problem (1) and the degenerate
Fisher-KPP equation. Though we considered the case k — 0, this gives some insight
in the case k — 0o. Actually, the change of variables © = u/k, @ = v/k, t = ~t,

&=/ yfke, 7 =1/v, k=1/k &= Pk and § = ak gives

{} = (@@ +8)z)z + (1 - @ — a7),
0; = (0(a+0)z)z + Y0(1 — pu— v/k),

as k — 17,

which corresponds to the system (1).

In the first part, we proved the existence of a solution with segregation property
for initial data merely wy = ug 4+ vy > 0 in one space dimension. However, for arbi-
trary space dimensions, the problem is still open. In the second part, we treated two
types of traveling wave solutions, say segregated and overlapping traveling waves.
Recently, the existence of other traveling waves for large and small gamma, namely
partially overlapping traveling wave solutions, and standing waves which possess
extremely rapid decay tails was proven in [7][8]. From these results, Problem (1)
possesses a surprising variety of mathematical structures depending on the param-
eter values even though we focus on traveling wave solutions. It appears that these
reflect the parabolic-hyperbolic nature of Problem (1), which are completely differ-
ent from those of a parabolic-parabolic system such as a reaction-diffusion system.
As argued in this paper and in [5], in a special case, the structure of traveling wave
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solutions of Problem (1) is similar to that of the degenerate Fisher-KPP equation,
noting that the first equation in Problem (1) coincides with a degenerate Fisher-
KPP equation if we set v = 0, whereas setting v = 0 in the second equation of
Problem (1) also yields a Fisher-KPP equation. We propose to study in future
work the complete structure of the set of traveling wave solutions.

Appendix.

Appendix A. Proof of (30). Let us consider
(UUz)z +cU, + (1 — U)U =0 inR_,

U(z) >0 inR_,
U(-0)=h, U.(-0) = —c, (35)
U(—o0) =1
and

(VV2), + eVt (1 - ‘2) V=0 inRy,

V(z) >0 in Ry, (36)

V(+0) =h, V.(+0)= —c,

V(+o0) =k

with 0 < k£ < 1 and v > 0. Moreover, h > 0 is given a priori.
Proposition A.1 ([6]). Assume that there exists a pair (U(z),V(2),h,c) satisfying
(35) and (36) for some v,k > 0. Then, the following properties hold true:
(i) If k=1, then (U(2),V(2),h,c) = (1,1,1,0).
(i) If k> 1, then he (1,k), U, >0, V, >0 and ¢ < 0.
(iil) If0<k <1, thenhe (k,1),U, <0, V., <0 and c > 0.
Theorem A.2. Assume 0 < k < 1. Then, for any v > 0, there exists a unique
(U,V,h,c) of (35) and (36) satisfying 0 < ¢ < 1/+/2.
Corollary A.3. Assume Theorem A.2. For given 0 < k < 1, denote ¢ by ci. Then,
e e L
Lim ¢, = co = 7
Remark A.4. The boundedness of the velocity ¢ in Theorem A.2 and the conver-
gence of ¢ in Corollary A.3 are shown in the construction of (U, V, h, c).

A.1. Proof of Theorem A.2. We introduce
n) ] U] g [ve ]
Us(2) | = a =

1

~U.(2) Va(z)
Then, the following dynamical systems for (Uy,Us) and (Vq, Va) are derived from a
usual calculation:

[ 0, ] - [ F(Uff]&,c) ] [ ZQE:Q ] = [ ; } (37)

[ “2 ]I: [ G(Vlﬂc/‘z/?akﬁ) } { %Ei;}g } B [

1V(z)

and
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where

1
G(Vl, Vo, k, ’}/) = ﬁ [’yVl(Vl — k}) — czk‘é(l + Vz)] (39)

and F'(Uy,Us,c) := G(U1,Us,c;1,1). If they satisfy the following matching condi-

tion
Ur(0) | _ | Va(0) | _ | R
U2(0) V2(0) -1 ]’
then we obtain the desired solution (U, V, h,c) of (35) and (36).
Lemma A.5. The following (i) and (ii) hold for (37):
(i) For any 0 < ¢ < 1/3/2, there exists a unique solution (Uy(z;c),Us(z;c)) of
(37) and a continuous function
hU : (Oa V 1/2) - (Oa 1) ;C h’U(C)
such that (U1(0;¢),Us(0;¢)) = (hy(c), —1).
(ii) For ¢ > 1/+/2, any local solution of (37) does not satisfy Us(z;¢c) = —1.

Remark A.6. The upper bound of the velocity of the segregated traveling wave
solution coms from Lemma A.5.

Lemma A.7. For any 0 < ¢ < 1/y/2 the function hy given in Lemma A.5 satisfies
the following (i) and (ii):

(i) hy is monotone decreasing for any ¢ > 0,
(i) limeo hu(c) =1 and lim,_,, /5 hu(c) = 0.

Lemma A.8. Assume k > 0 and v > 0. For any ¢ > 0, there exists a unique
solution (V1(z;¢), Va(z;¢)) of (38) and a continuous function

hy =hy(-;k,7):(0,400) = (k,+00); ¢ — hy(c)
such that (V1(0;¢), V2(0;¢)) = (hv(c), —1).

Lemma A.9. For any k > 0, v > 0 and ¢ > 0 the function hy given in Lemma
A.8 satisfies the following (i) and (ii):

(i) hy is monotone increasing for any ¢ > 0,
(if) lime_yo by (c) = k and lime_, 40 hy () = +o00.

Proofs of Lemmata A.5, A.7, A.8 and A.9 are essentially reduced into the study
of the dynamcal system

{ i }, B { G(%J?[}C;k,v) ] (40)

For the sake of convenience, we display the phase portrait of (40) in Figure 3.
The proofs are the same as those in [6].

Lemma A.10. Let hy(c) = hy(c;k,7) as in Lemma A.8. Then, it is satisfied that

for any k >0 and v > 0,
k
kE<hy(c)<k+c 5

Remark A.11. Lemma A.10 shows Corollary A.3.
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(0) v

(i)

FIGURE 3. (ip,1)-phase planes for (40) with k =2 and v =1: (0)
c=0, (i) c= 0.8, (i) c = 1, (iii) ¢ = 1.2.

Proof of Lemma A.10. Let (V1,V3) be the solution of (38) with ¢ > 0. Then,
dVQ G(V17%7C; kv’}/)

dT/l ) cVs
=——— [YWVi(Vi — k) — ZkVa(1 + V& 41
S AT [YVi(Vi — k) — 2kVa(1 + Va)] (41)
(Vi —k)
c2kVs
By integrating the above inequality with respect to V4 € (k, hy(c)) and combining
it with k& < hy (c), we are led to Lemma A.10. O

Proof of Theorem A.2. Assume ¢ > 1/4/2. Then, (ii) of Lemma A.5 implies that
there is no solution (U, V, h, ¢) satisfying (35) and (36).

Assume 0 < ¢ < 1/v/2. From Lemmata A.9 and A.7, we can apply the interme-
diate value theorem for continuous functions to show that the equation

hu(c) = hy (e k,7) =0
has a unique solution ¢* = ¢*(k,~) € (0,1/v/2). Set h(c*) = hy(c*). Then,
(U(2),V(2), by ) = (Ur(z;¢7), Vil "), h(e), ¢7)
is a desired unique solutions of (35) and (36). O

Proof of Corollary A.3. Fix v > 0 arbitrarily. Denote c¢*(k,~y) by cj. Since cj
is bounded above (by Lemma A.5), we can choose {k;} such that k; — 0 and
ci — o €0,1/V/2] as j — oo, respectively.
JThen,
hu(cr,) —hv(cg,ikjv) =0
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and Lemma A.10 shows us that

k.
kj<hv(czj;]€j,’y)<k}j+czj ;]

Since hy is continous with respect to ¢, we conclude by letting 7 — oo that
hU (O’) =0.

It implies that o = 1/\/5
Finally, since o is independent of the choice of the subsequence {k;}, we obtain
a desired result. Thus it complete the proof. O
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