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ABSTRACT - We give a self consistent and simplified proof of the
(asymptotic) vanishing of the Beta function in d = 1 interacting Fermi
systems as a consequence of a few properties deduced from the exact so-
lution of the Luttinger model. Moreover, since the vanishing of the Beta
function is usually “proved” in the physical literature through heuristic
arguments based on Ward identities, we briefly discuss here also the pos-
sibility of exploiting this idea in a Tigorous approach, by using a suitable
Dyson equation. We show that there are serious difficulties, related to
the presence of corrections (for which we get careful bounds), which are

usually neglected.
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1. Introduction

Inspired by a previous deep analysis by Tomonaga, forty years ago Luttinger [L] intro-
duced his model, describing two kinds of d = 1 fermions with linear dispersion relation
and interacting via a short range potential, as a model for d = 1 metals. The solution of
the model given in [L] was however incorrect and a true solution was given a bit later by
Mattis and Lieb [ML]. They showed that the model can be exactly reexpressed in terms
of a free bosonic model; this implies that all the correlation functions of the model can be

computed (an explicit expression can be found in [BGM]). However the solution given in
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[ML] seems to depend crucially from the details of the Luttinger model Hamiltonian, and
even apparently harmless and physically irrelevant modifications of it completely destroy
the possibility of an exact mapping into a free bosonic model. This is unlucky, because a
large number of important models, for which an exact solution is lacking (at least for the
correlation functions), can be reexpressed in terms of interacting fermionic models and it
is physically very reasonable to assume that they are in the same class of universality of
the Luttinger model (or of its massive version, which is however not solvable). We mention
the Heisemberg models for spin % quantum spin chains, like the X X Z or the XY Z chain,
see [LP] or [A], or classical bidimensional spin lattice models, like the Eight vertez or the
Ashkin-Teller models, see [LP] or [N1]. More recent examples are models of vicinal surfaces
[Sp| or the domain wall theory of commensurate-incommensurate phase transitions in two
dimension [N2]. In all such cases the mapping into a fermionic theory, and the subsequent
assumption that it belongs to the same class of universality of the massless or massive Lut-
tinger model, seems a very powerful method (sometimes the only one) to get information

about the asymptotic behavior of the correlations.

In the last decade, starting from [BG], a perturbative approach based on Renormalization
Group methods has indeed achieved the goal of using the Luttinger model exact solution to
get the asymptotic behavior of the correlations for many of such models at low temperature
(for a recent review, see [GM]). Among recent achievements is the computation in [BM1],
[BM2] of the spin-spin correlation along the third axis of the XY Z model (with a possible
inclusion of next nearest neighbor interaction) in a magnetic field; and the computation in
[M1], [M2] of the energy-energy correlation and the specific heat near the critical point of
many classical spin models coupled by quartic interactions, including the Eight-vertex and
the Ashkin-Teller model. Such results convert (at least partially) into rigorous proofs the
deep physical intuitions in [LP], [A] or [N1].

The analysis starts by writing the generating function of the correlations as a Grassmann
integral, and by expressing the Grassmanian integration as the product of many independent
integrations, each of them describing the theory at a certain momentum scale. This allows
us to perform the overall functional integration by iteratively integrating the Grassmanian
variables of decreasing momentum scale. After each integration step one gets an effective
theory similar to the initial one, the main differences being that the remaining Grassmanian
integration is renormalized (the renormalization being defined in terms of a few parameters,
renormalization constants, related to the critical indices of the model) and the relevant
part of the interaction (which is described in terms of a few other parameters, the running
coupling constants) (RCC in the following) is modified. The method works if the RCC
remain small at each step; in fact, in this case, the correlations and the critical indices can

be written as convergent power series in the RCC.

The RCC obey a complicated set of recursive equations, whose right hand side will be
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called, as usual, the Beta function. In order to prove that they do not grow as the momentum
scale goes to zero, the Beta function is decomposed into two terms; the first term is common
to all such models and is essentially equal to the Luttinger model Beta function, while the
other one is model dependent. It turns out that the first term is asymptotically vanishing,
even if the dimensional bounds following from the multiscale analysis do not support this
result; we call this property “vanishing of Luttinger model Beta function”. On the contrary,
the dimensional bounds are sufficient to control the effect of the second term on the flow of
the RCC in all the models we can successfully analyze, so that, by using a suitable iterative
procedure, it is possible to show that the RCC stay indeed small on all scales. The details on
the bound of the second term and on its (of course essential) role in explaining the physical
properties of the different models, are given in the papers referenced before. The point is
that a property valid for the Luttinger model (the vanishing of the Beta function) is used
to prove that the RCC remain small (and so the expansion for the correlation function is

convergent) in a number of not solvable models.

The main result of this paper is the proof of the vanishing of the Luttinger model Beta
function (see Theorem 3.1), which is at the core of the above results. Although a proof
of this crucial point is already sketched in the literature, see [BGPS], [BoM], it is in some
point unnecessarily complicated and not all the details are published. We present here a
new proof, which is based on the same ideas but which is much simpler. We shall give all
the details, except those which can be taken from [BM1] without any further discussion, as

the bound (2.43) and Lemma 3.2.

The main technical difficulty in proving this result is that the Beta function is written
by a convergent expansion and each order is obtained by summing up a certain number of
terms; the vanishing of the Beta function is a consequence of certain complicated cancella-
tions occurring at every order. While one can easily check by direct computation that such
cancellations occur at lowest orders, to prove that they occur at every order looks to us
essentially impossible. Our proof is instead based on the analyticity properties of the corre-
lation functions of the Luttinger model as functions of the interaction A and of a parameter
0 describing the difference between the Fermi velocity and an arbitrary fixed value, say 1;

such properties are deduced by the Luttinger model exact solution in [ML] and [BGM].

The proof is in §2 and §3. In particular in §2 we present our Renormalization Group
analysis of the Luttinger model with a local interaction, a fixed ultraviolet cutoff and an
arbitrary infrared cutoff. Note that the interaction locality for the model with ultraviolet
cutoff is chosen only for convenience, as any short range interaction would produce similar
results. The outcome of the RG analysis is that the Schwinger functions are represented as
expansions in terms of two sequences of RCC, one related with the interaction strength at
different momentum scale, the other with the Fermi velocity (there is no renormalization

of the Fermi momentum in the Luttinger model); if the RCC are small the expansions are
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convergent, and by them very careful bounds on the large distance asymptotic behavior are
obtained. A similar analysis can be repeated for the Luttinger model with no cut-offs, due

to the results in [GS] and [BM1], as explained in §3.2

In §3 we prove that indeed the RCC are bounded. First of all, we remark that, if the
RCC of the Luttinger model are small, the same is true for the RCC of the Luttinger model
with cut-off. This is due to the fact that the Beta functions of the Luttinger model with or
without cut-off differ by terms which go to zero exponentially, if the momentum scale go to
zero. We consider then the RCC of the Luttinger model in a finite volume L and we show,
as a consequence of the analysis in §2, that there is a quantity, depending only on two and
four points Schwinger functions computed at distances of order L, which is proportional to
the running coupling constant which measures the effective interaction strength on scales
of order L™, up to small corrections, see see Lemma 3.3. The crucial point is that such
quantity can be also computed by the explicit expression of the Luttinger model Schwinger
functions, obtained from the exact solution (which is valid also at a finite volume L), and it
turns out that such quantity is of order A, see (3.12). This, togheter with the fact that the
RCC for the model in a volume L are close to the one in the infinite volume (see (3.33)),
implies that the RCC of the infinite volume Luttinger model are well defined and of order A
on all scales, see Lemma 3.4. In this proof an important role is played by a Ward identity,
see (3.40), which allows us to control the Fermi velocity renormalization in terms of the
interaction strength renormalization. Finally, there is a simple argument, explained at the
end of §3, proving the vanishing of the Beta function for the Luttinger model (and so for
the model with infrared and ultraviolet cut-off) as a consequences of the above results on

the RCC; this completes our proof.

In §4 we discuss the interesting question if the vanishing of the Beta function can be proved
without any use of the Luttinger model exact solution, but directly in the framework of a
functional integral analysis. The interest of such problem is in the possibility that the meth-
ods used to get this result could be extended to other problems, where an exact solution is
missing, like in d > 1. A positive answer to this question was given in the physical literature,
by a clever combination of Ward identities and Dyson equations in a Renormalization Group
scheme, see [DL], [S] and in particular [MCD], [MD]. However the presence of cutoffs in all
the models one is interested in (the lattice or a non linear dispersion relation) breaks neces-
sarily the gauge invariance by adding corrections to the Ward identities, which are neglected
in the physical literature (they correspond to next to leading corrections), but should be
taken into account in a rigorous approach. We have recently set up a formalism, see [BM1],
[BM2], which allows us to derive Ward identities rigorously and to obtain careful bounds on
the corrections; we used them to prove the vanishing of the density-density critical index in

the XYZ model, so proving also a conjecture in [Sp].
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Encouraged by this result, we try to mimic the heuristic proof of the vanishing of the Beta
function, by taking into account the corrections due to the cutoffs. We are indeed able to
write a Dyson equation which takes into account the effect of the ultraviolet cutoff, and we
get careful (essentially optimal) bounds on all the terms appearing in our Ward identity;
a brief description of these attempts is given in §4. It turns out that, if one neglects the
corrections due to the ultraviolet cutoffs, our Dyson equation reduces to the one in [MD],
used to deduce the vanishing of the Beta function from dimensional arguments, that our
analysis make rigorous. Hence, if we could prove that such corrections are indeed negligible
in a suitable sense, we would get the expected result for our question.

However, this is not the case; we perform a rather detailed analysis of the corrections
and we conclude that they are not negligible, in the sense that their presence prevents the
possibility of proving the vanishing of the Beta function. The only open possibility, as
we think that our estimates for the corrections can not be improved, is that it would be
possible to make the corrections negligible, by moving the ultraviolet cutoff to infinity and
by renormalizing the model, so that the effective interaction on momentum scale 1 stays
bounded. This conjecture is based on the remark that the Ward identities are formally
ezact in the limiting theory (here the interaction locality is essential) and on the fact that
the conjecture has been proved, at level of perturbation theory, in a similar problem [H].
To prove this conjecture is not a simple task, as it is equivalent to study the ultraviolet
problem in a relativistic quantum field theory (the Thirring model) and we did not yet face
it seriously, but the analysis of §4 would certainly be an essential step. This is why we

decided to publish here at least a sketch of our actual results.

We now give a brief outline of the following sections. In §2.1 we define precisely the
Luttinger model with cutoff. In §2.2 we describe the corresponding RG expansion for the
Schwinger functions and the definition of the Beta function; the main point in this section
is equation (2.42) and the corresponding bound (2.43). The vanishing of Luttinger Beta
function is proved in §3, using the arguments discussed before. The gauge transformation
and the corresponding Ward identities are discussed in §4.1, while the Dyson equation is
described in §4.2. The consequences of Ward identities and Dyson equation and their relation
with the main problem of this paper are briefly discussed in §4.3. Some bounds used in this

discussion are proved in the Appendix Al.

2. Renormalization Group analysis

2.1 The model.
We consider a one dimensional system of two kinds of fermions with linear dispersion

relation and interacting with a local potential. The presence of an ultraviolet and infrared
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cutoff makes the model not solvable; if the cutoffs are removed and the local potential is
replaced by a short-ranged one the model coincides with the Luttinger model.

Given the interval [0, L], the inverse temperature 3 and the (large) integer N, we introduce
in A = [0, L] x [0, 8] alattice A, whose sites are given by the space-time points x = (x,xq) =
(na,ngag),a=L/N,ag=F/N,n,ng=0,1,..., N—1. We also consider the set D of space-
time momenta k = (k, ko), with k = 2% (n+ ) and ko = 27r(no—&— ), n,ng=0,1,...,N—1.

[h0e 5w e {+,—}, where his a

With each k € D we associate four Grassmanian variables ¢
negative integer related with the infrared cutoff, see below. The lattice A is introduced only
for technical reasons, so that the number of Grassmann variables is finite, and eventually
the limit N — oo is taken (and it is trivial, see [BM1]). Then we define the functional
integration | Dy™0 as the linear functional on the Grassmann algebra generated by the
variables 1[)1[:‘;?]0, such that, given a monomial Q(?/A)) in the variables w[h Ol , its value is 0,
except in the case Q(v ) erD et w plh OH, up to a permutation of the variables.
In this case the value of the functional is determlned, by using the anticommuting properties
of the variables, by [ DYOQ(1)) = 1. We also define the Grassmanian field on the lattice

Ay as

hO]U — Z iockx [hO x €Ay . (21)
Lﬂ keD

Note that w,[!f;? 17 i antiperiodic both in time and space variables.
The Schwinger functions are defined by

fP(dw[“) “”Hzl Ll
fP e—V (o) ’

S(X1,017w1;~-~;xs,0s,ws) =

where
V) = A [ dx gl gl I g0 (23

and

P(dpm0) = N1Dylh0) exp{ ST S Cholk)(—iko + wh)d" AL’ff]‘} , (24)

w=+1keD

with NV = [T e pl(LB) "2 (—k§ —k?)Ch,0(k)?] and [ dx is a shorthand for “a ag ) 7. The

xEAN

function Cj, o(k) acts as an ultraviolet and infrared cutoff and it is defined in the following

way. We introduce a positive number v > 1 and a positive function yo(t) € C*°(R,) such

that
1 ifo<t<t,
XO“)_{O ift>v, 1<yw<7v, (2:5)
and we define, for any integer j < 0,
Fi(k) = xo(y 7 |k]) = xo(v T |K]) - (2.6)

Finally we define

0
Xno(k) = [Chol Z : (2.7)
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so that [Ch0(k)] ™! is a smooth function with support in the interval {y"~1 < |k| < 4},
equal to 1 in the interval {y" < |k| < 1}. In the following the ultraviolet cutoff is supposed
fixed, while the infrared cutoff is supposed to vary and at the end we are interested in the

limit h — —o0.

2.2  The tree expansion.

We call "% simply ¢ and we introduce the generating functional

W(g,J) = log/P(dw)e—V@ﬂ)"rZwfdx[Jx,wwi,ww;,w"‘d’;ww;,w"‘w:{,wqﬁ';,w] ) (2.8)

The variables ¢ ,, are antiperiodic in zyp and z and anticommuting with themselves and
while the variables Jx ,, are periodic and commuting with themselves and all the other

x ,w?

variables. The Schwinger functions can be obtained by functional derivatives of (2.8); for

instance
2 xya) = =0 W o (29)
w IBA) aJx,w 3¢;",w8¢;w ) )
G? = > W(o, J 2.10
L(y,z) = m (¢, J)|p=0=0 » (2.10)
62 82
G (x1,%2,X3,%X4) = WA, )| g s—o - (2.11)

O3, w0z 0 O0%, 00, _u
The functional integration of the generating functional (2.8) can be performed iteratively
in the following way. We prove by induction that, for any negative j, there are a constant
E;, a positive function Z;(k) and functionals V) and BY) such that

(depP eV 2wl D +BD (2 0.0) (2.12)

J7 hJ

V(6.T) _ ,~LBE, /

where:
1) Py cn, (dyp!™1) is the effective Grassmanian measure at scale j, equal to, if Z; =

maxy Z;(k),

[h D+
| agf? dwk
PZ;,C;L,]- (d¢[h,J]) — H H

K:Cy,; (K)>0 w==1

(2.13)
: exp{—LiﬁZ Ch (k) Z; (%) Y 9+ D, (k >«/3L*f;3‘]} :
k w1l
Nj(k) = (LB) ™ Chy (&) Z; (k)| —k2 — K22, (2.14)
Ch] Z fr = Xh ] ) s Dw(k) = —iko + wk ; (215)

2) the effective potential on scale j, V9 (1)), is a sum of monomial of Grassman variables

multiplied by suitable kernels. i.e. it is of the form

2n
Z H’(/} WQ(’fL)UJ kl; 7k2n71>6 (Z O'zkz> 3 (216)
i=1

n=1 ki, kop i=1
Wlseens wW2an

o0

V() =
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where o, =+ fori=1,...,n,0, =—fori=n+1,...,2n and w = (wy,...,wap);
3) the effective source term at scale 5, BY) /Z ), ¢,J), is a sum of monomials of grassman

variables and ¢T, J field, with at least one ¢* or one J field; we shall write it in the form

D Zjb, 6, 0) = BY (VZi) + BY (VZj) + W (VZj, 6,7 (2.17)

where Bg )(w) and By)(w) denote the sums over the terms containing only one ¢ or J field,
respectively.

Of course (2.12) is true for j = 0, with

Zok) =1, Bo=0, VOw=vw), W =0

- Z/dx[ totew TVt BYW) = Z/dxjww;w - (2.18)

Let us now assume that (2.12) is satisfied for a certain j < 0 and let us show that it holds
also with j — 1 in place of j.

In order to perform the integration corresponding to ¥7), we write the effective potential
and the effective source as sum of two terms, according to the following rules.

We split the effective potential V) as £V + RV where R = 1 — £ and £, the
localization operator, is a linear operator on functions of the form (2.16), defined in the

following way by its action on the kernels VAVQ(ZL)ﬂ

1) If 2n = 4, then
EW(J)(khkz, k3) = W(j)(k++v ki, kyiy), (2.19)
where k,,,, = (pmL~1,n/73~1). Note that £W(])(k1,k2,k3) =0, if Z?:l w; # 0, by simple

symmetry considerations.

2) If 2n = 2 (in this case there is a non zero contribution only if w; = wa)

A [ 1 P L /8
£W2(,Z(k):Z Z Wéﬁz(knn,){1+n;+n/;ko}, (2.20)

3) In all the other cases
L:W(J)

2n,w

(ki,... Kon 1) =0. (2.21)

These definitions are such that £2 = £, a property which plays an important role in the

analysis of [BM1]. Moreover, by using the symmetries of the model, it is easy to see that
Ly (@lhaly = 2, 7 4 g mIY 4 1, ) (2.22)
where z;, a; and [; are real numbers and

FM =Y 2y iﬂ/}“"] jpral- Zw/dxw[“ foli= | (2.23)

w (Lﬁ) k:Ch, j(k)>
S R G S RS o) P R LNEEY
w ( ﬁ) k:Cs J(k)
. 1 N
F =g Y TR T G 0 — ko ks — k) (2.25)

ki,..., k4:Ch,j(ki)>0
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0, and Jp are defined in an obvious way, so that the second equality in (2.23) and (2.24) is
satisfied; if N = oo they are simply the partial derivative with respect to z and xy. Note
that £V© = VO hence Iy = \, ag = 29 = 0.

Analogously we write BY) = £BU) 4+ RBUW, R = 1 — L, according to the following
definition. First of all, we put EWI(g) = Wl(g). Let us consider now BS”(JZT-M}). It is easy
to see that the field J is equivalent, from the point of view of dimensional considerations,
to two v fields. Hence, the only terms which need a renormalized are those of second order

in v, which are indeed marginal. We shall use for them the definition

BL(]]*Q)(\/Z@[J Z/dXddewa X,V,Z xw \/>,(/) \/Z"/J;@) _
dp dk . ) N
553 G Besl 0 TNV Zr ) (Vi)

(2.26)

We regularize Bf,j’Z)(,/ij), in analogy to what we did for the effective potential, by
decomposing it as the sum of 689’2) (v/Z;v) and RB?’Q) (\/Z;1), where L is defined through

its action on B, (p,k) in the following way:

cBw,&; (p, k) = Bw,@ (15777 ]_fn,n’) s (227)

1
4 !
n,n'==*1

where k,,» was defined above and p, = (0,27n’/3). In the limit L = 8 = oo it reduces
simply to EBW’;,(p, k) = B?w’;,(O, 0).

This definition apparently implies that we have to introduce two new renormalization
constants. However, one can easily show that, in the limit L, — oo, Bw,_w(0,0) =0,
while, at finite L and 8, LB,, _,, behaves as an irrelevant term, see [BM1].

The previous considerations imply that we can write

(2)

EB(JZ \/_w Z

— [ VW) . 2)

which defines the renormalization constant Z J(-Q).
Finally we have to define £ for Bfﬁj )(\ /Z1); we want to show that, by a suitable choice

of the localization procedure, if 7 < —1, it can be written in the form

BO(VZ50) = Y Z / dxdy -

w =741

: [ £ L00(x - a o VW) + 5 VO Zu)g2 Oty )¢xw]+ (2.29)

dk - : 1=
+Z/ W ”“”*Q““)( >¢k,w+¢;wczﬁf+”<k>¢£,3] E

where 93’(i)(k) = gg)(k)Qj)( k) and Q(])( k) is defined inductively by the relations

0
QY1) = QUM (k) = 22;Du(k) 3 30, QP =1.  (230)
i=j+1
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The L operation for Bg) is defined by decomposing VU) in the r.h.s. of (2.29) as LVU) +
RVU), LVU) being defined by (2.22).

After writing V&) = LV +RVU) and BY) = £BU+RBY) | the next step is to renormalize
the free measure PZ,v,Ch,]v (dip!™31), by adding to it part of the r.h.s. of (2.22). We get

/PZ c (Cw[hﬂ)efw‘)(\/z_ﬂp[h,ﬂHB(j)(\/Z—m[h,ﬂ)
3:Ch.j

= et / Py ¢, (dyplhdly eV WERED (/20 20

where
Zj—l(k) = Zj(K)[1 + xn;(K)z] (2.32)
VO(VZylh) = VO (JZh)) — 225 [F8) + FMT (2.33)

and the factor exp(—Lft;) in (2.31) takes into account the different normalization of the

two measures. Moreover
BO (/27 = BY (V20" ) + B (20" + W (2:34)

where lg'éf ) is obtained from Bg ) by inserting (2.33) in the second line of (2.29) and by
absorbing the terms proportional to z; in the terms in the third line of (2.29).
If j > h, the r.h.s of (2.31) can be written as

e_mtj/PZj,l,Ch,j_l(dqﬁ[h’j_l])/sz_l,fjfl(dw(j))

o0 (VI 400]) 159 (Tl ) (2:35)

)

where PZj L (dip9)) is the integration with propagator
i-1J;

1 fi(k)
Zj—1 Dy(k)’

99 (k) = (236)

with f;(k) = f;j(k)Z;_1[Z;_1(k)]~'. Note that g(])( k) does not depend on the infrared cutoff
for j > h and that (even for j = h) §U) (k) is of size Z; 1,y77. Moreover the propagator
9 ’(i)(k) is equivalent to §& )(k), as concerns the dimensional bounds.

We now rescale the field so that

VO Zyelh ) = VO (T B9 (T = BT 20
it follows that
LYD (pldly = 5,7l 4 FII) (2.38)
where §; = (Zij__11)(aj —z;) and A\; = (Zij__ll)Qlj. If we now define
e~ VYUTDZ () BY (\/Z5 ) LB E; _

D (o1 4] ) 489 (/Z 9 40 (2.30)
:/Pz Ljo(dpW)e OB )])JFB( H(VZ5 19— 0)) ;
J— 1 j
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it is easy to see that VU~1 and BU—1) are of the same form of V) and BY) and that the
procedure can be iterated. We call the set ¥; = ()A;,6;) the running coupling constants on
scale j. Note that the above procedure allows, in particular, to write the running coupling

constants v, 0 < j < h, in terms of ¥;, 0 > j' > j + 1:

" Z(h) (= . N
Uj = ﬁj( )(Uj+1, . ,1}0) 3 Vo = (/\, O) . (240)
The function ﬁ_;(-h)(ﬁj+1,...,'170) is called the Beta function. By the remark above on the

independence of scale j propagators of h for j > h, it is independent of h, for j > h.

At the end of the iterative integration procedure, we get

W(p,J)=—LBELs+ Y. Sy, (6.]), (2.41)

m®+n’>1

where Ej, 5 is the free energy and Str

omé na (@, J) are suitable functional, which can be ex-

panded, as well as Ey, 3, the effective potentials and the various terms in the r.h.s. of (2.17)
and (2.16), in terms of trees (for an updated introduction to trees formalism see also [GM]).
This expansion, which is indeed a finite sum for finite values of N, L, (3, is explained in detail
in [BGPS] and [BM1], which we shall refer to often in the following.

Let us consider the family of all trees which can be constructed by joining a point r, the
root, with an ordered set of n > 1 points, the endpoints of the unlabeled tree, so that r is
not a branching point. Two unlabeled trees are identified if they can be superposed by a
suitable continuous deformation, so that the endpoints with the same index coincide.

n will be called the order of the unlabeled tree and the branching points will be called the
non trivial vertices. The unlabeled trees are partially ordered from the root to the endpoints
in the natural way; we shall use the symbol < to denote the partial order.

We shall consider also the labelled trees (to be called simply trees in the following), see

Fig. 1; they are defined by associating some labels with the unlabeled trees, as explained in

U<//< :
" ) T Fig. 1

<

| ™~

the following items.

Jj J+1 Py -1 0 +1
1) We associate a label j < 0 with the root and we denote 7, the corresponding set of

labelled trees with n endpoints. Moreover, we introduce a family of vertical lines, labelled
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by an integer taking values in [j,1], and we represent any tree 7 € 7;, so that, if v is an
endpoint or a non trivial vertex, it is contained in a vertical line with index h, > j, to be
called the scale of v, while the root is on the line with index j. There is the constraint that,
if v is an endpoint, h, > j + 1.

The tree will intersect in general the vertical lines in set of points different from the root,
the endpoints and the non trivial vertices; these points will be called trivial vertices. The
set of the wvertices of 7 will be the union of the endpoints, the trivial vertices and the non
trivial vertices. The definition of h, is extended in an obvious way to the trivial vertices
and the endpoints.

Note that, if v; and vy are two vertices and v1 < vg, then h,, < h,,. Moreover, there is
only one vertex immediately following the root, which will be denoted vy and can not be an
endpoint; its scale is j + 1.

2) There are two kind of endpoints, normal and special.

With each normal endpoint v of scale h, we associate one of the two local terms con-
tributing to £V) (1" =11) in the r.h.s. of (2.38) and one space-time point x,,. We shall
say that the endpoint is of type § or A, with an obvious correspondence with the two terms.
Note that there is no endpoint of type 4, if h, = +1.

There are two types of special endpoints, to be called of type ¢ and J; the first one is
associated with the terms in the third line of (2.29), the second one with the terms in the
r.h.s. of (2.28). Given v € 7, we shall call n¢ and n the number of endpoints of type ¢ and
J following v in the tree, while n, will denote the number of normal endpoints following v.
Analogously, given 7, we shall call n¢ and n the number of endpoint of type ¢ and J, while
n, will denote the number of normal endpoints. Finally, 7}, ¢, will denote the set of
trees belonging to 7;,, with n normal endpoints, n® endpoints of type ¢ and n”’ endpoints
of type J. Given a vertex v, which is not an endpoint, x, will denote the family of all
space-time points associated with one of the endpoints following v.

3) There is an important constraint on the scale indices of the endpoints. In fact, if v is
an endpoint normal or of type J, h, = h, + 1, if v/ is the non trivial vertex immediately
preceding v. This constraint takes into account the fact that at least one of the 1 fields
associated with an endpoint normal or of type J has to be contracted in a propagator of
scale h,, as a consequence of our definitions.

On the contrary, if v is an endpoint of type ¢, we shall only impose the condition that
hy > hy 4 1. In this case the only v field associated with v is contracted in a propagator of
scale h, — 1, instead of h,,.

4) If v is not an endpoint, the cluster L, with frequency h, is the set of endpoints
following the vertex v; if v is an endpoint, it is itself a (¢rivial) cluster. The tree provides an
organization of endpoints into a hierarchy of clusters.

5) We associate with any vertex v of the tree a set P,, the external fields of v. The set P,
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includes both the field variables of type 1 which belong to one of the endpoints following v
and are not yet contracted at scale h, (in the iterative integration procedure), to be called
normal external fields, and those which belong to an endpoint normal or of type J and are
contracted with a field variable belonging to an endpoint v of type ¢ through a propagator
g2 (=1 to be called special external fields of v.

These subsets must satisfy various constraints. First of all, if v is not an endpoint and

v1,...,Vs, are the s, vertices immediately following it, then P, C U;FP,,. We shall denote

(v, the intersection of P, and P,,; this definition implies that P, = U;Q,,. The subsets
P, \Qy,, whose union will be made, by definition, of the internal fields of v, have to be non
empty, if s, > 1, that is if v is a non trivial vertex.

Moreover, if the set P,, contains only special external fields, that is if |P,,| = n®, and o

is the vertex immediately following vg, then |P,,| < |Pg,|.

We can write

Sé}:,zd) nJ (QS» J) =

2m?® n’

_ Z Z Z Z/dx H (bx“u.zb H Jx2m¢+r7w2m¢+r52m¢ n ‘rw(X) , (242)

n=0jo=h—1 7€T;  2me nJ
lPUO' =2m¢

where w = w = {w1,...,Woméqns }, X = {X1,...,Xomeosns} and o; = + if i is odd, 0; = —
if i is even. Moreover, the kernels S0 ,,7 ;. (X) are suitable functions, whose explicit
expression can be found in [BM1] in the case m® = 0 and can be easily extended to the
general case; the case m? = 1, n/ = 0 is considered in detail in [BGPS]. We shall not report

it here, but we only remark that the kernels satisty the following dimensional bound:

m®

h.
[ 1S 00, u9] < 15 (CoPy 2*’”“””11 )’
(2.43)

where &€ = maxo>x>; |Uk|, h; is the scale of the propagator linking the i-th endpoint of type

¢ to the tree, h, is the scale of the r-th endpoint of type J and
dy = —=2+|P,|/2+n] +2(P,) , (2.44)

with

1 ifn® =0,n 1,|P] =2, (2.45)

2(P,) ifnd <1,n/=0
zZ(P,) = J =
0 otherwise

and z(P,) =1if |P,| =4, z2(P,) =2 if |P,| = 2 and zero otherwise.

From the above bound we can easily get the asymptotic behaviour of the Schwinger func-

tions we are interested in. In fact the Schwinger functions are simply related to the kernels of
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the functionals 52m¢ 2 (@, J) and (2.42) allows to get an expansion for them. For example,
G2 (x1,%2) is equal to the sum over the terms in the r.h.s. of (2.42) with m® =1, n/ =0
and w = (w,w), while G%!(x;y,z) is obtained by selecting the terms with m® = 1, n/ = 1
and w = (w,w,w). Hence, the bound (2.43) is sufficient to get a bound for the Schwinger
functions Fourier transforms, if £ is small enough, because, by translation invariance, the
Fourier transform of Sy,,6 7 ;. (x) is bounded by (LB3)™! [ dx|Same o rw(x)|. We only
have to sum over 7 the r.h.s. of (2.43) (without the LG factor), by using the techniques
described in detail in [BM1]. The main point is to control the sums over the sets P, and
the scale indices h,,, for fixed values of the external propagators scale indices h;, which are
determined up to one unit by the external momenta. Hence, if all the “vertex dimensions”

d, were greater than 0, one would get a dimensional bound of the type

)
(Ce)™ ZV_”( 2+m¢+n’>H Z H “h, (2.46)
h —

Jjo=h i=1

where 7 is the minimal order in A of the graphs contributing to the Schwinger function and
h is an upper bound on the scale of the tree lower vertex vg, which depends on the external
momenta.

However, it is not true that, given 7, d, > 0 for all non trivial v € 7; in fact d, = 0, if
|Py| =2 and n$ = n) =1 or n¢ = 2,n) = 0. This implies that the sum over the scale
indices of some special paths on the tree can produce a result different from the “trivial

ne”, leading to (2.46). Hence, in order to get the right bound, one has to analyse case by
case the constraints on the endpoint scale indices, related to the support properties of the

single scale propagators and the fact that the ¢ and J momenta are fixed.
3. Vanishing of Luttinger Beta function

3.1  Vanishing of Beta function and smallness of running coupling constants.

In the previous section we have defined, for each fixed h < 0, an expansion of the Schwinger
functions for the model with infrared cutoff 4", in terms of the running coupling constants
{¥; }n<j<o; if € = maxp<;<o |¥;| is small enough, such expansion is convergent. Moreover, it
is easy to see that all results are true even if we add to the interaction (2.3) a term 6OF [1-0]
(see (2.23)), with dp of order A. In fact, we never used the fact that oy = d9 = 0 in an
essential way and the introduction of this term has the physical meaning of a small change
in the free Fermi velocity (which we put equal to 1, for simplicity).

The fact that & = maxp<j<o |U;| can be chosen small with A is a consequence of the

following remarkable property, to be proved in §3.3.

THEOREM 3.1 There are &g > 0 and ' < 1, such that, for any j < 0, if |0] < &y:

1BiA (@, D) < ClTPA"T |85, @) < ClFPA"T , 0<y/ <1, (3.1)
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where ﬂ_; = (Bj.x, Bj,5) is defined as in (2.40), with h = —oo.

The above property is usually called “vanishing of the Beta function”, and it is an highly
non trivial statement. In fact each order of the expansion for 3;(7,...,7) is given by a sum
of Feynman graphs having a non-vanishing limit as j — —oo. What (3.1) says is that
there are cancellations among Feynman graphs so that the sum is O(’y"'j ). Of course it is
easy to check this cancellation at the second order by an explicit computation; at the third
order, to see the cancellation is already quite cumbersome and we think that it is essentially
impossible to check it at every order in the expansion. Hence we prove (3.1) by using the
exact solution of the Luttinger model, following the strategy first proposed in [BG]. As we
said in the introduction, the interest of (3.1) is that it can be used in the analysis of many
different models, like spin chain or coupled Ising models, for which an exact solution is not
available, at least for the correlation functions.

An immediate consequence of (3.1) is the following lemma, see also [BM1].

LEMMA 3.1 If (3.1) holds and X is small enough, then, for any infrared cutoff scale h and

any j > h, & = max;<i<o |;] < C|\|.

Proof. Note first that, by the compact support properties of the propagator, 5] = @h),

for any h < j. Hence, for any fixed j, by taking the infrared cutoff scale h smaller than

7 — 1, we can write

0
Vi1 =0+ B;(T5, ..., 0)+ Y D, (3.2)
k=j+1
where
ﬁj’k = ﬁj(ﬁj,.. . ,ﬁj,ﬁk,ﬁk+1, ce ,170) - ﬁh(ﬁj, RN 76j76j76]€+17 RN 7’[7()) . (33)

On the other hand, it is easy to see that Dﬂj’k admits a tree expansion similar to that of
Bj(ﬁj, ..., 1), with the property that all trees giving a non zero contribution must have an
endpoint of scale k + 1, associated with a difference Ay, — A; or 0, — J;. Moreover, it is easy
to see that our expansion has the property that the trees with root of scale j, containing an

endpoint of scale i, are damped by a factor v~ for some positive constant 7; hence
|1Dj k] < Ceyy ™" i, — ] . (3.4)
We want now to show that there exists a constant ¢y, such that, uniformly in j,
Th—1 — Tr| < co)AP2%%, j<k<1. (3.5)

with 6 = min{n/2,n’'}. In fact (3.5) is certainly verified for £ = 1 and, by using (3.1), (3.2)
and (3.5),

1 k
U1 — 0| < Cay"7 + 0005?/2 Z y1k=d) Z o0 (3.6)
k=j+1 i=j+1
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which immediately implies (3.5) with j — j — 1, together with the condition &; < ¢1|A|, for

some constant ¢, independent of j. ]

3.2 Comparison with the Luttinger model Beta function.

Let us consider the Luttinger model with hamiltonian

L
H=Hy+V , Hy= Y iw(1+5)/ dx s P 0005, ¢ s
w==1 0 (3.7)

L L
V= )\/ dx dyv(zx —y): 7,/111,177/);171 o d)i_l’yq/}:l’y .
0 0

where : : denotes the Wick ordering and v(z) is a smooth function of fast decay. Note that
we have eliminated the dependence on the Fermi momentum pr by a trivial redefinition of
the fermionic fields and we have put the Fermi velocity equal to 1 + 6. Since the Fermi
velocity has to be positive, we shall suppose that |6 < 1/2.

The crucial property of such model is that it is exactly soluble (as it was shown by Mattis
and Lieb [ML]) and its Schwinger functions can be computed [BGM], in the limit 8 = co. In
particular this is true for the two and four point Schwinger functions; from eq.(2.4) of [BGM]
(slightly modified in order to take into account that the Fermi velocity is 1+ § instead of 1)

it follows that, for any finite L and 8 = oo,

GYF(x1,%2,Xs,%4) = G717 (x1 — x2)G2F (x5 — xq) [eA X2 xaxa) 1] (3-8)
where G4 and G%1 are defined analogously to (2.11) and (2.10), respectively, and
A(Xl,X27X3,X4) = F(Xl — X4) + F(Xg — X3) — F(Xl — Xg) — F(Xg — X4) 5
Fx) = 2% SWIP) (1 _ pleol 1+5)0) ¢ | (3.9)

p>0 p

with s(p) = sinh ¢(p), c(p) = cosh ¢(p), u(p) = e=2%®), tanh 26(p) = —\i(p)[No(p) + 47 (1 +
§)]7! and p = 2mm/L, m integer. Note that (1 + 6)u(p) > a, for some constant a > 0.
We consider now Gi’L for values X;, such that |X; — X;| < L/2 for all couples (3,j); a

convenient choice is
x=(r,r) , Xo=(-m,r1) , Xz=(-1r,—1) , X4=(r,—1), (3.10)
where 0 < r < L/4. One can immediately check that

4
A%y, %, X5, %1) = % 3 S(p;f(l’) {6*2\/§PT(1+5)#(ZD) cos(2v/2pr) — efzpruw)u(m} (311
p>0

It is then very easy to show that

GiL(le 223 X37 )24)

< e (3.12)
G2l — %2)G2 (%5 —%a) |

9/gennaio/2004; 12:25 16



for some constant ¢y, independent of L and §.
On the other hand we can compute the Schwinger functions of the Luttinger model also
by a Renormalization Group expansion, by taking I << 8 (and at the end the limit 8 — oo

is taken). We start from a generating functional like (2.8), with

V() =2 [ dx ol = )6 — ) s 65Uy 0y

(3.13)
—|—Ziw5/dx RUNGC
and
P(d) = N~ '"Dipexp {ng > (ko +wk)¢;wi);w} . (3.14)
w==+1 k
We can write
P(dy) = Pr(d"™")P(dy™") (3.15)

where Pr(dy®") is given by (2.4) with h = hr, hy being the smallest h such that 7L ~! is
in the support of fy, while P;(dy*?") has the same expression, with 1 — C},, o(k) in place
of Cp,, o(k). The ultraviolet problem of the Luttinger model was discussed in [GS], with a

different choice of the cutoff function, but their results hold also with the present choice.

The analysis of [GS] implies that, if (1, ¢) = >, [ dx[of by, + Ui L% L),

/B(dw.v.)evwww,w — LoV O W HB (v 9) (3.16)

where Fj is an analytic function of A\ and §, V() (1)*") can be written as in (2.16), with
kernels analytic in A and §, and B°(3, ¢) has an expression like (2.17) (with J = 0) and
has similar analyticity properties. Moreover, all the kernels have fast decaying properties
on scale 0 (space-time distances of order 1).

Let us now observe that we can write V(9 (4*") + B%(4*", $) as the sum of a local part
plus a remainder, which contains all possible ”irrelevant” terms. Since the local part has the
same structure as the local part of the model studied in §2, with only different values of the
running coupling constants on scale 0, and the irrelevant terms are of the same type of those
produced in §2 by the first infrared integration, it is clear that we can repeat the analysis
done for the model (2.8) also for the Luttinger model (note that the analysis was done with
L, 3 finite; this will play a crucial role in the following). Moreover, the arguments used in
the proof of Lemma 4.5 of [BM1] allow us to prove, without any further subtle problem,
that adding irrelevant terms to the effective interaction on scale 0 has an exponentially small

effect on scale j, for j — —oo. Hence, if we call 17;’ = (Af,&f), 0 > j > hr, the running

coupling constants in the Luttinger model at volume L, with 4% = (X, ), and ﬁ_}(ﬁ]’;, o, TE)

the Luttinger model Beta function, the following Lemma can be proved.

LEMMA 3.2  There are eg > 0 and ' < 1 (independent of L), such that, given j < 0,

5; (17jL, ..., &) is an analytic function of his arguments in the region &1, = maxg>j>h, |17]L| <
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g0, for some small e9. Moreover, if £; = maxo>;>; |0F|

|6 (%, ... 5) — BL(F, ... 6)| < Ce2ymi (3.17)

3.3 Proof of Theorem 3.1

Lemma 3.2 implies that, if we prove (3.1) for the Luttinger model Beta function, the same
property holds for the model (2.8). In order to prove the vanishing of the Beta function in
the Luttinger model, we will use the following bound, obtained through our Renormalization

Group expansion.

LEMMA 3.3 Suppose that X;,%o,X3,%4 are chosen as in (3.10), with r such that y~" =

r < L/4 and h, — hy, =m, and that &1, < gg. Then, if A\, = max;>;>n, |)\]L|, there exists a

constant a > 0, independent of L, such that
GiL(X17 5(23 )237 5(4)

Gi’L(il — %2)G* " (%3 — %4)

— /\ﬁTaL,m < COS\LgL , (3.18)

for some constants co and ar, m, with lag | > am.

Proof. To start with, we want to prove that, if h, = h + m,

Gy (%1, %0, %3, %4) — M IRl I e (3.19)
+ (X1,X2,X3,X4 h.CL.m Z,% S COALEL Z,% s .

where cr, 7 is a suitable constant, bounded away from 0, uniformly in L, for any fixed m.
We shall use the expansion described in §2, for which the bound (2.43) was found. We have
to modify such bound by taking into account the fact that there is no integrations over the
coordinates and that all differences of the coordinates are of order v~ "r.

By using (2.42), we can write

0o -1
4Lic - - o Z Z Z e o o
GJ,. (X17X23x3ax4): G4,T(X13X2;X37X4)+
n=1jo=hr—1 7€Tjq n,4,0 (3.20)
\on\:‘l

4,L,(uwv) /(= - = =
+ G ( )(X1,X2,X37X4),

where G4 = Sy40,7 (+,4,—,—} and Gi’L’(w) is the contribution of the ultraviolet scales (it is
the kernel of a term of forth order in ¢ contributing to B°(0, ¢), see (3.16)), which gives a
negligible contribution for r — oo. We shall divide the trees contributing to the first term
in the r.h.s. of (3.20) in two families, defined in terms of some properties of the four special
endpoints of type ¢ associated with the four points X;.
Let us consider first the family Tn(l) of trees with n endpoints sharing the following prop-
erties.
1) If v;, i = 1,...,4, are the four special endpoints, there are a permutation (a,b, ¢, d) of

(1,2,3,4) and two vertices vqp and vq, such that ve, < v, vp and veg < Ve, Vg;
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2) if v < vg,vp (V< Ve, vq) then v < vgp (Vv < Veg);
3) if vap # Ved, then the subtrees with root in the vertices (possibly coinciding) immediately
preceding v, and v.q are disjoint.

These conditions essentially imply that v, is the higher vertex such that x,,, contains
both x, and x3, but does not contain x. and x4; a similar condition is valid for v.q. Moreover,
there is a vertex o, which is the higher one preceding both v, and v.4; note that, if v, = veq,
then v = vgp = Veq.

By using the notation of [BM1], §5, we call T,,, = Uvs,, T, the subtree of the tree graph
connecting the points in x,,,; recall that x, is the set of all vertices associated with the
endpoints following v and that there is a propagator of scale h, associated with any line

leT,. Proceeding as in [BM1], §5.9, we can extract from the propagators in T,., a factor

ab
smaller than nCy (1 + y"var |x, — x3|) ™%, if n is the number of endpoints, since there is in

T,

v, & Path connecting X, with Xp.

Note that here we are using the condition r < L/4, in order to be able to substitute the
distance on the torus (recall that we work with antiperiodic boundary conditions) with the
Euclidean distance.

In a similar way, we can extract from the propagators in T, . a factor smaller nCn (1 +

cd
AMved|x,. —x4]) 7. An analogous argument can be applied to the the vertex @, by choosing
any couple of special endpoints (all distances between the X; are of the same order y~"); for

Xq — Xo|)7N. If we take N = 1, the product

example, we can extract a factor nCy (1 + "
of these three factors is bounded by Cry~var =hr)y=(hveg =hr) g =(ho=hsr)

The bound of G4 (X1, X2, X3,X4) will differ from the r.h.s. of (2.43), because of this factor
and because we have to do three integration less (there are four fixed points, instead of
one). Since the integrations leading to (2.43) are done by using the decaying properties of

the propagators associated with the lines of T}, , it is easy to see that we can choose the

0

“missing integrations”, so that we gain a factor 42/ vast2hvcat2he Tt follows that, if 7 € Tn(l),

4 _h.
— — = S m\ = - 7’7 ' —d
|Gar (X1, %2, X3, %4)| < Cy*"AL(CEL)" H 1/2 H v
i=1 (Zh’) / v not e.p (3'21>
o gy 2R g+ 2ho y = (hugy —hi) A= (hugg=hi) y=(ho=hs)

where we used also the fact that Z;/Z; 1 < 1 (see [BM1]) and that there is at least an
endpoint of type A.

Note that, by (2.44), d, can be equal to 0 for all vertices belonging to the paths Cgp
and C.q, which connect ¥ with v, and v.q, respectively, while d,, > 0 in all other vertices.

However,

gy =hi) = (hugg —he) H y~dv = 2o —hr) H b (3.22)

v not e.p v not e.p
with d, > 0 for all v € 7. Moreover, if v} is the vertex immediately preceding v; (see item
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3) after Fig. 1), we have

4 ’Yﬁh. C 4 VA 1/2
2k, +2ho, ' o hg
Z e ! H (Zp,)1/2 < Z? H (Zhv,> ' (8.23)

hi>h i=1
k2

By using that Z;/Z; < 4109 if j > i (see [BM1]), it follows that

0
D Gar(R1,%2, %5, %) < D> Y |Gur (%1, %o, X3, Ry)| <

o hhs vt (3.24)
B 0  _2h,—3(h—hr) B 2h,. '
< C/\L(CéL)n_l Z % < C/\L(CEL)R_lfyZQ
h=hr hs her

A similar bound can be found for the second family Tn(z) = ’Z}L\’]}(l) of trees contributing
to the first term in the r.h.s. of (3.20). If 7 € T,?) there is a vertex vqy, which is the
first vertex v € 7 such that the two points x, and x; belong to x,,_,, and there is a vertex
Ugbe, Which is the first vertex v € 7 such that x,,,, contains x,, x; and x.. One proceeds

and in T,

Vabe

as in the previous case, by extracting from the propagators in T, a term

ab

hy—hy hy—h,

abery v, which is sufficient to get again the bound (3.24); we omit the details.

Y
Hence we get the bound (3.19), by extracting the terms of the first order in Ar; an explicit
calculation shows the constant cy, 5 is bounded away from zero, uniformly in L.

Let us now analyze the function G%%(x — y), appearing in the Lh.s. of (3.18). By using

(2.42) we find

G (x - Z Z — M (x—y)+ SEx—y) + G (x—y), (3.25)
h=hr,
2 (h) . (h) 2, L, (uv) . o
where g, (k) = go ' (k )[Qw (k)]?, see (2.30), G& (x —y) is the contribution of the

ultraviolet scales, which gives a negligible contribution for |x —y| — oo, and

Shix—y) Z Z > Srwlx-y). (3.26)

n=1jo=hr—1 7€7Tj3,n,2,0
[Pyg [=2

where S; (X —¥) = 52,07, (ww) (X, ¥)-

We shall proceed as in the proof of (3.19). Let 7, the set of trees with n endpoints
contributing to the r.h.s. of (3.26). Given 7 € 7,,, there is a vertex ¥, which is the higher
one, such that x and y both belong to x5, and we can extract from the propagators in Ty a
factor nCn(1+~"*|x —y|)~V. Hence, we can bound |5, | with an expression which differs
from the r.h.s. of (2.43) because of this factor and because we have to do an integration
less, which gives a factor v2"#. Tt follows that, if r = x —y = (0,2r), with » = 7y~ and

we choose N = 2,

[Sras(x = )| < CoToq™(Cep) 72" "'*h“H zom 1L o e

v not e.p
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Note that, by (2.44), d, can be equal to 0 for all vertices belonging to the path C connecting
v with the root. However,

7_(h17_j0) H fy_dv — H fy_jv s (328)

v not e.p v not e.p
with d, > 0 for all v € 7. Hence, if we use the analogous of bound (3.23) for summing over
the scales of the two endpoints of type ¢ associated with the points x and y, we get the
bound

0
S Swx-YI< Y. Y ISwx-y) <

TeT, . ) Z(:ﬁthTE)Tn:h5:7 (329)
- —nL

< (Ca)t Y T < (Can)

E:hL

This bound, (3.25) and an explicit calculation of the first term in the r.h.s of (3.25) imply

that, if h, = hy +m,
hy

B
G2L 0
SH(wr) —w 7

-7
< . .
<Os- (3.30)

br.m
hy

where by, ;7 is a suitable constant, bounded away from 0, uniformly in L, for any fixed m.

The bound (3.18) is a simple consequence of the bounds (3.19) and (3.30). |

We want now to show, by using Lemma 3.3, that the running coupling constants of the
infinite volume Luttinger model are well defined and of order A, up to h = —oco. Let us
5700

define 77j = ’U] 5 Ej = Mmax;<;<0 |172|, /\j = Max;<;<0 |)\z‘> (5j = mMax;<;<0 |6z‘ We shall prove

the following Lemma.

LEMMA 3.4  There are constants €1, co and c3 such that

|’L71| <e = S\j < cogr 6j <cser VJ <0. (331)

Proof. In order to prove (3.31), we shall proceed by contradiction. To begin with, we
suppose that there exists a 7 < 0 such that

)\j+1 < cger < |)\J‘ < 2c9e1 < gy , ‘SJ| <c3e1 < ¢o, (332)

€o being defined as in Lemma 3.2, and we prove that this is not possible, if €1, ¢o and c3 are
suitably chosen.

Let us consider the Luttinger model at finite volume L, such that hy, = 7 — m and m
is a fixed integer, independent of L, such that v~/ < L/4. The arguments used in the
proof of Lemma 4.5 of [BM1] and a rough bound on the difference between the infinite
and finite volume propagators allow us to prove that there is & < g( such that, if £, =

maxy,, <i<o max{|7;|, |vF|} < &, then

o wl < ChnEll . hp<i<o, (3.33)
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where A, = max,<;<o max{|\i|, M|}, & = max,<i<o max{|7;|,|7|}. We omit the details,
which can be found in [BoM], and are indeed very simple, once Lemma 4.5 of [BM1] is
understood.

Then, since |tZ | — #*| and |7;_1 — ¥;| are of order £2 and m is a fixed number, it is very
easy to prove, by an iterative argument, that the 7> for h;, <i < 0 and the @; for hy, <i < j
are well defined, if the conditions (3.32) are satisfied, with any fixed values of ¢ and ¢ and

€1 small enough; moreover
INE =] < %251 , TP < (Bea+2c3)er . hp <i<O. (3.34)
On the other hand, by using (3.18), with r = 4=/ = y~"2+™m and (3.12), we get

Li <, -1 ~L
N < [l max INFI)(, max [5F]) + 1| (3.35)

which implies, together with (3.34), that
I\ < %251 +a;} [c0(302 +2¢3)%e? + 0151] < ey, (3.36)

in contradiction with (3.32), if, for example, co = 4¢1/am and co(3ca + 2c3)%e1/c1 < 1.
Note that the previous argument is valid also if we substitute in (3.32) the condition
Sj < c3e1 with 5j+1 < czer < Sj < 2c3e1. It follows that, in order to complete the proof of

(3.31), we only have to prove that there is a contradiction in the hypothesis
A <coe1 <eg , Opg1 < czer < Op < 20381 < gp - (3.37)

This result will be achieved by comparing the v; of the Luttinger model, for h < i < 0, with

=(h)

the running coupling constants ¥;"’ the model with free measure (2.4) and interaction

)\O/dx PPy PO 0 g § zw/dw[h“a plh0l— (3.38)

w==1
In fact, the analysis of [GS] implies that |0h] < 2|t;| < 2¢4, if 1 is small enough, while the
fact that the beta functions of the two models differ only because of the irrelevant terms on
scale 0 implies that 1)( ) is well defined for h <4 <0, if the conditions (3.37) are verified
with &1 small enough, and |¥; — ﬁfh | < C)\héh /2, Hence, it is easy to see that, to find a

contradiction with (3.37), it is sufficient to prove that there is a constant cs, such that

)\Elh) <2c¢1 <¢gg , S;Sh) <e = S;Sh) <cze1/2. (3.39)

In order to prove (3.39), we shall use the approximate gauge invariance of the model
(3.38)-(2.4). In fact, by proceeding as in the proof of eq. (7.27) of [BM1], which we refer to
for definitions, it is possible to derive the following Ward identity, up to terms of the second

order in the momenta:

0= —wdop — 2A:h,w (k - p) + 2A]h,w (k) + [—ipo + W(l + 50)p]fh,w,w (p7 k) + Ah,w (pa k) . (3'40)
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Note that in [BM1], the term proportional to dg in (3.38) was included in the free measure,
hence Jy does not appear in the Ward identity, as well as the term of the second order in
the momenta, which we did not write explicitly in (3.40), since we shall use it only at zero
momenta. In any case, the arguments sketched in [BM1] and fully developed in [BM2] allow
to prove that

Ah w(P7 k) T ~(h)
— = T < e 2y 3.41
(i +wp) | = S (40
Let us define
. aihw .8ihw it .82hw
76y = w—>— — : Zn =1 — . 42
h w (9p (01 0) apo (07 0) ) h +1 8])0 (0» 0) (3 )

The analysis of [BM1] implies that

Z, ; -
@—1 <eshn 5 10— 0| < eshl (3.43)

On the other hand, if we put in (3.40) po = 0 and take the limit p — 0, we get

2 w - A w bl 7k
0= —wio + 2 82’ (k) +w(1 + 80)T0,0(0, k) + lim w , (3.44)
p—)

while, if we put in (3.40) p = 0 and take the limit pg — 0, we find

L aih w ~ . Ah w((o,p()) k)
0=7i1"22(K) —Ihww(0,k) + lim —n 2222 2 3.45
(1) - B (0.1 + i 2120 (3.45)
It follows that
~ /5 A w ) A w ) )
Zy (0, — 0p) = —w lim Sho((r,0),0) +i(14 o) lim M , (3.46)
p—0 P po—0 Do
implying, together with (3.41) and (3.43), that there exists a constant cs, such that
(h) 3
|05, 7| < 51 (3.47)
1

Lemma 3.4 implies the vanishing of the Luttinger model Beta function in the form

|@7A(5L,...,5L)|g0|q7L|2¢’j B (@ LT S Ol 0<f<1,  (3.48)

which is what we need to complete the proof of Theorem 3.1. The proof is again by contra-

diction; assume that, for some r > 2
BL@", .., 7)) = b;(TH)" + O((T))™H), (3.49)

with b; a non vanishing constant. By Lemma 3.4 and Lemma 3.2 the running coupling

constants ﬁ]L are analytic functions of oy
i
vh =04+ D@ + 0@ (3.50)
n=2
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and for any fixed j the sequence ¢ is a bounded sequence. Inserting (3.50) in the analogous

J
of (3.2) we find

r r 0 T
W@ =D D@+ D0 DA )" (3:51)

n=2 n=2 k=j+1n=3

where > . dzk(ﬁf)" represents the Taylor expansion of D; j, up to order r, and from (3.4)

47| <77 sup o) — o] (3.52)
2<m<n-—1

Hence, inserting (3.52) in (3.51) we find

0
< Cn 3 D sy () — ) (359
k=j+1 2<m<n-—1
which, if lim;_, c;j) = ¢y, easily implies (by induction) that |c£lj_1) — ¢n| < CMy/25 ) for

2 < n < r —1. This means that |d§ﬁk\ < A4 C™ so that c%*” = c%j) + b, + O(v”/‘lj) is

necessarily a diverging sequence, and this is a contradiction.

4. Ward identities and Dyson equation

4.1 Ward identities.

In the previous section we have proved the vanishing of the Beta function by using the exact
solution of the Luttinger model. A very natural question is if it is possible to derive the same
results directly in the framework of functional integration. As we said in the introduction,
(3.1) is believed in the physical literature to follow from a set of Ward identities and Dyson
equations. We derive rigorously such equations, but a consistent treatment of the cutoffs
produces corrections to them which must be taken into account.

For technical reasons, which are explained in detail in [BM2], one has to slightly modify the
model described in §2.1 by substituting the function [Cy,o(k)]~" by a function [C}; (k)] ™",
depending on a small parameter ¢, which is equivalent as far the scaling properties of the
theory are concerned, but is different from 0 for all allowed values of k. This parameter has
no essential role, since all bounds are uniform in it and one can take, at the end, the limit
€ — 0. Moreover, in this section we will only summarize our results, hence we will ignore
this problem in the following.

By performing in (2.8) the gauge transformation Yo — o=@ o and Y3 o — Y g
on the field with w = @ (only), deriving with respect to ax g and by putting ax o = 0, we

get

1
 Z(¢,J)

. exp { V@) + / dx [Tt o ¥sw + P wtiw + zﬁim;w]} )

0

/ P(d) — Do st5.0) + 6Tes — 6F b + ¥ 9] -
(4.1)
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where Z(¢, J) = exp{-W(¢, J)},

1 el -
Dw( I,ww;,w) = W ZDW(P)G_prdJIJP;;LpM ’ (42)
p.k

D, (p) = —ipo +wp and

_ 1 i(kt—k7)x + 1=\t
5Tx,w (Lﬂ)2 k;{ € Ce(k k )¢k+,w¢k—7w . (4-3)
Co(k™,k7) =[O o(k™) = Dy (k™) — [CF o (k™) — 1] D (k™) - (4.4)

In (4.2) (and always in the following) p = (p,po) is summed over momenta of the form
(2nn/L,2wm/ (), with n, m integers.
By deriving the r.h.s. of (4.1) with respect to ng;,r’w and ¢, o and then putting the external

fields equal to 0, we obtain, in Fourier space, if p # 0,

o o A
¢ (p. k) = Zolk D]z)(P) e AT (4.5)

where H2'(p, k) is the Fourier transform of

82

H>\(x:y,2) = Wa(, )| s=i=0 , 4.6
o (xy,2) D 00% 000 A, J)|p=r=0 (4.6)
with
WA(¢, J) _ log/P(dw)e*V(¢)+Zwfdx[Jx,uTx,uJF(ﬁ,tw¢;,w+wi,w¢;w] , (4.7)
1 i(kT—k 7 )x CE(k+7k_) T4 ~
Tyw = o7 > e ) mﬂjwwk,,w. (4.8)
kt#k— “

Analogously by performing fourth derivatives with respect to the ¢ fields

G5 (p, ki, ko, k3) = Dy (p) MG (ki — p, ko, k3) — G2 (ki, ko + p, k3)]+

A (4.9)
+ Hf}’l(p7 k17 k27 k3) )
where Hjl_’l(p; k1, ko, k3) is the Fourier transform of
0 0? 0?
H2 (x;%x1,%2,X3,X4) = Wa(d, J)|g=g=0 - (4.10)

B a‘]wi 8¢i1,w8¢;2,w aqs)t;;,fwagb;él,fw

The Ward identities (4.5) and (4.9) without the terms H>' and H*' (which we can prove
are non vanishing) are usually derived in the physical literature by various formal arguments,
see for example [DL], [MD], [S]. Indeed, if one removes the infrared cutoff (by putting
h = —o0) and neglects the correction terms H>! and H*?, the identities (4.5), (4.9), (4.15)
and (4.16) are the analogue, respectively, of equations (3.9), (3.39), fig.(8) and fig.(9) of [MD],
from which the vanishing of the density-density critical index and of the Beta function is

claimed to follow.

4.2  Dyson equation.
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It is possible to derive a Dyson equation which, combined with the second Ward identity,
gives a relation between G*, G? and G*'.

By (2.11), if Z = [ P(dy)exp{—V(¢)} and < - > denotes the expectation with respect
to Z71 [ P(dy) exp{-V ()},

Gi(Xl,Xg,Xg,X4) =< 1,/);17+1/)I27+1/J;37_1/Ji4,_ > *Ga_(xl,XQ)Gz_(Xg,le) s (411)

where we used the fact that < ¢ 0, >=0.
Let g.,(x) be the free propagator, whose Fourier transform is g, (k) = xn.0(k)/(—iko+wk),

see (2.4). Then, we can write the above equation as

G (x1,%2,X3,X4) = —)\/dz 9 (2 —X4) < by, L%, U, U S >+
+ A Gi(xl,xQ)/dz g-(z—x4) < Yy — ;f_ Z+¢;+ >= (4.12)
= [ dagata = xa) < W o0 i) ST

From (4.12) we get

— G (x1,%2,X3,%X4) = )\/dzg_(z —X4) <y 3 ey ST <y, UF >+
- /\/dzg—(z = X4) < Pati Uy i Vst Ui 0 >+ (4.13)
ix [ dag_(a = x0) < i iU sV 0 ST >

where

Pxw = iy X (414)

X,w 7X,w

The last addend is vanishing, since < p, ., >= 0 by the propagator parity properties. Then

we get the identity, in terms of the Fourier transforms, as

— G (K1, ko, ks) = Mg (Ky)

A A2 1 41
G? (k3)G7 (k1 — ko, ki) + 5% §ij+ (p; k1, ko, ks)|

(4.15)
where k; = k1 — ko + k3; see Fig. 2.

Fig. 2
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We shall call (4.15) the Dyson equation of our model.

By using (4.9), (4.15) can be rewritten in the following way:

R X R R 1
—G o ko k) = Ao (k) | G2 (ko) G (ke — ko, o)+ 3G (Ot ko, ko)
1 i kl pak25k3) _G+(k17k2+pak3)
M-t 7 ; D (p) (16

1
+ Ag T A Z pak17k27k3)
B p£0

4.3 Consequences of Ward Identities and Dyson equation.
By using the tree expansion described in §2, it is possible to show that, in the model with

cutoff function Cy, o (k)71 if |k| = 4" and & = maxy,<;<o |7;| is small enough,

2.1/01 i Z(Q)
S 2k k) = ———"2—=—]1 4.1
G2k K) =~ 14 0] (417)
rop 1
2 _ N =2 4.1
G20 = 5L+ O] (4.18)
Gi(f{a _R7 _R) = Z;Q‘f{|_4[_)‘h + O<‘§2)] ) (419)
1 A - - 5 Z _ -
L_ﬁ Gi71(p7k7 _k7 _k) < ‘ZQ‘ VA - 7 Sh['yo bl — 1] ) (420)
p#0 h
1 G4 (k - p, —k, —K)| L (k, k+p, —k)| y 3
S <Cle , 4.21
m§o D.s(p) Lﬂz D.(p) =z 2
1 2 2 W e ] Z —3h[.C&|h|
fﬂ Z Hw) (p7ka _ka _k) < CZ2 Zh 7 [’Y - 1} ) (422)
p#0

In appendix A1 we give a short proof of (4.20), (4.21), (4.22); the proofs of (4.17), (4.18),
(4.19) follow very easily from the bound (2.43) and are left to the reader.

Moreover, in [BM2] the following bound was proved:

2 2
k| =+" Cy~2he? 2% < |H2'(2k, -k)| < 2C g L 4.23
| ‘_’7 = Y € (Zh)2 —| w ( ’ )|— Y € (Zh)2 : ( : )

Let us now discuss the main consequences of the previous bounds.

First of all (4.5), (4.17), (4.18), (4.23), together with Theorem 3.1, imply that Zh/Z,(LQ) =
14+ O()\?). This is a very non trivial statement; in fact, limj,_ log[Z,(i)l/Z,Sz)] = 12(\)
and limp_, oo log[Zr—1/2Z3) = n(N), with n2(\) and n(A) a priori different analytic functions
of A\. However, the bound Zh/Z,(LZ) =1+ O(\?) implies that 1 = 1. Note that this result is
the same one would obtain if the correction term H?! were not present.

Let us see now if it possible to prove the vanishing of the Beta function (in the form

of Theorem 3.1) directly from the Dyson equation (4.15), as it is claimed in the physical
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literature, without any use of the Luttinger model exact solution. Indeed, if one could
neglect the term proportional to H*', as it is usually done, (4.16), (4.21), (4.17), (4.18) and
(4.19) would imply that A\, = )\Z}(Lz)/Zh + O(£?). Then, by a procedure similar to that
used in §3, one could prove at the same time that the Beta function is vanishing and that
Z,(f)/Zh =1+ O(\?). Note that this result could not be obtained, by using only the Dyson
equation (4.15), because of the factor [y“#I"l — 1] present in the bound (4.20).

On the other hand, the presence of corrections spoils the above conclusion, because of the

factor [y“eIM — 1]

even in the bound (4.22), contrary to our initial expectations. However,
the bound (4.22) cannot be improved, unless cancellations at every order are taken into
account, which is just what we want to avoid, as this would be equivalent to the original
problem of proving cancellations directly in the Beta function. In fact, we can find terms in
our expansion, which behave as £27, ?|h|y 3", whose sum has the right behavior £2Z; 25",

The conclusion is that our procedure does not allow to prove rigorously the vanishing of
the beta function through Ward identities and Dyson equation. The only hope is that one
can prove that the correction terms go to 0 as the cutoff goes to infinity; however this is not

a simple task, since it requires one is able to study the ultraviolet problem in the Thirring

model.

Appendix Al.

A1.1  Proof of (4.21).

The two sums on the Lh.s. of (4.21) can be studied in the same way. Let us consider,
for example, (LB)~! Zp;éo Gi(l_q —p, ko, k3)/D,(p), where k; are momenta satisfying the
relations

l_(l = l_(4 = —kg = —k3 = k, ‘l_{| = ’Yh . (Al].)

Moreover, we shall consider only the case L = (3 = oo, as the analysis of [BM1] implies that
the general case differs only by corrections which go to zero as L, 3 — co. Hence, from now
on, we shall substitute (L3)~" 3", with (27)~* [ dp.

The support properties of the external propagator of momentum k; — p imply that |p| <
v 4+ 7", hence |p| < 2, if ¥ is small enough, as we shall suppose (again only to simplify

the notation). Hence we can write, defining x¢(t) as in (2.5),

dp G4 (ki —p ko k) dp 5 Gi(ki —p, ko k3)
Jar n = o >2X°( P e (41.2)
dp G4 (ki — P’k2ak3 dp G4 (k1 — p, ko, k)
:/WXM(I)) . D..(p) Z / 2my 1 (P D..(p) ’

where jjs is defined so that 4% = M~" with M = ~v2/(y — 1), and xas(p) is a smooth
positive function with support in the ball |p| < 47 such that yas(p) + X[ja,0](P) = 1 for
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Ip| < 1. Note that jy is defined so that, if h, > hj,, and f,, (p) # 0, then |k, — p| €

hy=2 o t2),

[Y"»~%,y

The bound (4.21) immediately follows from the following Lemma.

LEMMA A1.1  If the momenta k; satisfy condition (A1.1), there exists a constant C such

that
dp GA%’_(Rl —p, ko, k3) " i . .
23 <o (ho=h) " if b, > A1.3
/(QW)thp(p) Dw(p) = € Z}% Y 2 Zf §4 Z JM » ( )
dp G4 (ki — p, ko, kg) T

— <C&g—5 . Al4
/ (27_(_)2 X]W(p) Dw(p) — € Z}% ( )

PROOF - By (2.42), we can write
Gk —pkaks)=> Y Y Guslki—p ke ks), (A15)

n=1jo=h—1 7€7jj,n,4,0
[P |=4

where G4, r = S4.0.7 {+,4,—,—

Look at the contribution G4,T, associated with a fixed tree 7, and suppose that f (p) # 0,
with jas < hy.The scale jg of vg has to be equal to h or h + 1, since two of the external
propagators, those with momenta ko and ks, have scale h or h + 1. Let us call by and hy
the scale indices of the other two external propagators, those with momenta k; — p and
k, — p; the definition of jj; implies that |h; — h,| < 1 for i = 1,4. These two propagators
are associated with two endpoints of type ¢ with scale h; + 1 (see item 3 after Fig. 1)); we
shall call v; the non trivial vertices of 7, of scale h; < h;, immediately preceding them and
v, the higher vertex with n$ = 2. Of course the scale j, of v, has to be smaller that h; and
hy and there is the possibility that vy = v4 = vy,

We shall consider three paths on the tree: the paths C; and Cy4, connecting v, and vy with
vp, and the path C connecting v, with vo. By (2.43), if v € C and |P,| = 4, d, = 0; in all
the other cases d, > 0. Hence, by using (2.43), the fact, proved in [BM1], that

0<1-2;/Zj—1 < C&*, (A1.6)

and the remarks that |P,| > 2,Vv € 7, and that on the path C there are at most j, — h + 2

vertices, we get, for p in the support of fy,, (p),

B —2h
|Gar (ki — p, ko, k3)| < (C&)" Zh Ly h) I -

vgCUC1UCy
—h1 y=ha Z Z
Y Y H ( hy ) —dv] [H( hay ) —1/2—dv‘|
— )y — )y < (AL7)
Zhl \/Zih‘1 veC1UCy Zhv_l vel Zh”_l

< (CF" —2h,,’7_2h L(jp—h) Zh4 —d, —1/2—d,
< (Gt 11~
h

hp vgC veC
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If we fix the scales jp, hi and hy of the vertices vp, v1 and vy, we can sum over the sets
P, and the scale indices of the other vertices by using the general procedure explained in
[BM1], since there is a factor smaller than one in each vertex of the tree, as in the effective
potential bounds. It is easy to see, by using (A1.6), that the sum over the remaining scale

indices of vzUr=M) /Z; 7, /75 [Zn, (note that j, < h; < h,+1and h < j, < h, + 1)

is bounded by C~("»~"/2 Hence we get the bound (A1.3), since the integration over p
gives a factor v2"», because of the support properties of fn,(p), and | D, (p)| 7t <y Totlif
fn,(P) # 0.

The bound (Al.4) is obtained essentially in the same way. One has only to note that, if

Mm(p) #0, hy —h and hy — h are smaller of a finite number only dependent on M, so that
the path C can contain only a finite number of vertices. It follows that the sum over the
trees with n normal endpoints of |Gy, (k1 — p, k2,ks)| can be bounded by (C&)"y~*Z,2,
which implies (A1.4) since f 27T)2 X (P)|Du(p)| 71 < O™ 1

A1.2  Proof of the bound (4.20).

We have to study the quantities G‘i’ (p,ki,ko, ks) and (2m) 72 [ dpG4 Y(p, k1, ko, k3), with
the momenta k; satisfying condition (A1.1).

The support properties of the external propagator of momentum k4 —p (see Fig. 2) imply

that |p| < v+ ~", hence we can proceed as in §A1.1, by writing

d A R d A -
/ p2 i’l(P;khkmk:&)=/ﬁXM(p)Gil(p;kqu,ks)*'

(27)
+ Z / dp V(i ko, Ks) -

hp=h;,,

(A1.8)

The bound (4.20) immediately follows from the following Lemma.

LEMMA A1.2  If the momenta k; satisfy condition (A1.1), there exists a constant C such
that, if fr,(p) #0 and h A hy, = min{h, hy}, then
)

A R 7_4" hAh
|G*1(p, k1, ko, k)| < C&% 5y~ Mw 2222 (A1.9)
Y/ Zhnh,
moreover,
,Y—Sh Z(Q)
‘/ h, (P)GH (P, ki, ko, ks)| < 02— (1 +c§)hv—hZL . ifhy > g, (A1.10)
h h
dp 4,1 27_3h Z(Q)
G* ki, ko k3)| < C Al.11
’/ QXM( ) (p7 1, K2, 3) £ Z}QL Zh ( )
PROOF - We can write
[e%e) —1
G*'(piki ko ka) = > > > Guir(p.ki ko, ks), (A1.12)
n=1 jo=h—1 7€7Tj;,n,4,1
‘PUO‘ 4
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where Gy41 = Sy 1,7 (+,+,—,— +}- As in the previous sections, we analyze the consequences

of the constraints on the scale indices, which follow from the momenta values. Let us consider
first the case fp, # 0, with hy, > jas.

First of all, we note that there are 3 endpoints of type ¢ and scale < h+1; hence jo < h+1.
Let us call hy the scale of the first non trivial vertex, say vy, immediately preceding the
fourth vertex of type ¢, whose momentum is equal to k; — p = k — p. For simplicity, we
shall suppose that this endpoint has scale hy + 1 (see item 3 after Fig. 1)); in fact the
sum over the scale index of the propagator does not change the bound, as one can easily
check. Moreover, we shall call h; the maximum between the scales of the two propagators
associated with the endpoint of type J, vy the non trivial vertex (of scale h;) immediately
preceding it, and v, the higher vertex with n¢ = n; = 1. Finally C; and C; will be the paths
on the tree 7 (possibly empty) which connect vy and vy with v,, while C will be the path
connecting v, with vg. In Fig. 3 we plot a typical tree, by using empty circles to denote the

special endpoints; the meaning of the dashed line is explained below.

<], //< <
r— e <\ D ' Fig. 3

IS ' <\

h—1 h Jp he hy +1

The constraint on h, implies that |hg —hy| < 1. On the other hand, since p = k; —ko, if kg
and ko are the momenta of the two propagators emerging from the endpoint of type J, the
definition of ks and the support properties of the functions f;(k) imply that 2yhstl > Ahp—1
It follows that hy > h, —2 —log, 2 and that the scale index j, of the vertex v, satisfies the
condition h < j, < h, + 1. By proceeding as in the proof of (A1.7) and by using also the
remark that Z,(lZJ)/ZhJ < Z](:)/th,yc’§2(h]—hp)7 we get

—3h

. o nn Y —d
‘G4,1,T(pak17k27k3| S (CE) 0 h(Zh)B/Q H v o
’U¢CUC¢,UCJ

—h (2)
Lo Zn, @ —d, —d,
VZhy Zn, UEQUC (\/K)7 11~ =< (A1.13)

veCy
(2)
—4h VA .
n? — h —d, —d,+Cé&?
S(CS) Z2,yhthp H,_Yd H,yd+C )
h

P ugC, veCy

If v eCand|P)| =2, d, =0; in all the other cases d, > 0. Moreover, if 7, < v,

is the higher vertex belonging to C, such that |P,| = 2, all the vertices v € C such that

9/gennaio/2004; 12:25 31



v < O, are trivial vertices with |P,| = 2, except vy and, possibly, the vertex immediately
following vy and belonging to C; these vertices belong to a connected subpath C of C, which
can be empty and is represented as a dashed line in Fig. 3. This claim easily follows from
the remark that, if v € C and the cluster L, has only two external v fields, one of these
fields is contracted in the external propagator of momentum k4 — p, while the other one, by
momentum conservation, has to be contracted in a propagator with scale index equal to A
or h + 1, since the J field has momentum p.

The previous considerations and the remark that the scale of the non trivial vertex vy is
essentially fixed, imply that the sum over the non trivial vertices scale indices is equivalent
to the sum over the length (difference between the scale indices of the extreme vertices) of all
paths connecting two consecutive non trivial vertices, except C. On the other hand, we can
associate with each path of this type, of length m, a factor 4y~"/2, by extracting v~ /2 from
the factor y~%, d, > 1, associated with each vertex belonging to it in the bound (A1.13).

dot1/2 are used to perform the sum over the sets P,, as in [BMI].

The remaining factors v~
Finally an easy explicit calculation shows that the trees with n = 1 cancel out exactly
under the condition (Al.1) on the momenta. It follows that the sum over 7 of the Lh.s. of

(A1.13) can be bounded as

—4h Z(z)
h
|G*(p, k1, ko, ks)| < ce] — (A1.14)
27 7,
Let us now consider (27)~2 [ dp fn, ( G4,1’T (p, k1, ks, k3); its bound differs from the r.h.s.

of (A1.13) for many reasons. First of all, there is a factor v2"» related to the integration
volume. Moreover, if |C| > 0, (27)~2 [ dpfn,(P)Ga1.-(P, ki, ko, ks) is of the form Gi(ky)
. §(h)(l_<4) - Ga(ky, ko, ks, ky), where Gy(ky) is a sum of graphs with an odd number of
propagators of scale greater or equal to ﬁp, the scale of 9,. It follows that G1(0) = 0, hence
we can freely (i.e. without introducing new running coupling constants) regularize it in the
usual way, so getting an improving factor fy*(ﬁpfh) in the bound.

The same parity argument allows us to show that, if |P,| = 2,4, we can perform all
regularizations by increasing the Taylor expansion order by one unit, without introducing
new running coupling constants; for the same reason, if | P,|+2n! = 6, we can freely perform

a first order regularization. Hence, we can improve the bound (2.43), by substituting d,, with

:{dv—i—l if nf +ny <1,|Py|+2n] <6 (A1.15)

dy
dy otherwise.
All these considerations, together with (A1.13), imply that

73h

(ca)"

H N H 776%4’6‘52 <

ho vgCyuC vely

d
‘/ p p)Ga1- (P, ki, ko, k3)| < Z2 At

,3 Z(2)

(cey?

|1 | Rl | B (A1.16)

hp vgCyUC veCy veC
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with df =0, if |P,| = 2,4, and d} > 0, if |P,| > 4.

Let us now perform the sum over the scale indices, by proceeding as in the proof of (A1.14).
The bound is dominated by the trees such that |P,| = 4, if ¥, < v < vy, since these vertices
can be non trivial. For these trees, the sum over the the scale indices associated with the
non trivial vertices belonging to C\(f, each of them carrying at least a factor C&, can be
bounded by Zﬁiaﬁ”il (hp_fp_l) (C&)". Hence, it is not hard to deduce from (A1.16), by
using also that Zi(i) /Zn, < Z}(f)/thyCéQ(hP_h) and the remark before (A1.14) about the first

order terms, the bound (A1.10).

Let us now suppose that |p| < M~". The previous analysis can be repeated, but the
constraints on the scale indices are different. There is essentially no constraint on h,
except the trivial one hy > h, but hy —h < 1+log(M + 1), since |ky — p| < (M +1)7", so
that h < h;, < h+log, (M + 1). Hence the length of the path C is bounded uniformly in 7
and h, so that we get the bound (A1.11), as well as

S RN Sy 27" Z}ELQ)
' ki, ko, k3| < C¢ . All
|G (p, 1, Ko, 3| S Ce ZEL Zh ( 7)
The bound (A1.9) immediately follows from (A1.17) and (A1.14). |

A1.3 Sketch of the proof for the bound (4.22).

In [BM2] we have shown that there is an expansion for H}! similar to that used for
G%1. The only important difference is that we have now three different special endpoints,
associated with the field J and related to the field Tk, multiplying J in (4.7). These
endpoints were called in [BM2] of type J and subtype T, ZT and Z~, respectively. Moreover,
to the endpoints of type Z* and Z~ two new renormalization constants were associated,
verifying the following bound
(3.4)

J
@
Zj

(317)
Zj

coA? < —
(2)
Zj

<2000, || <

<2lA, jelh—1]. (A1.18)

Then, we can proceed as in the proof of the bound (4.20), by first proving a Lemma similar
to Lemma A1.2. In fact, the trees with the special endpoint of subtype Z* can be treated
exactly as the trees contributing to Gi’l, as concerns the dependence on h, because the only
difference is that the scale index of the special endpoint can not have the value +1. However,

3,4) . _ . . . .. 4 - _
,s ™) is of order £2, these trees give a contribution of minimal order &% instead of £2.

since Z

Let us now consider the trees with the special endpoint of subtype Z~. The corresponding
Feynman graphs are topologically equivalent to graphs contributing to G4, if we substitute
the special endpoint with a generic graph with two external v fields of w index opposite to
that of the external field, see (153) of [BM2]. Tt easily follows, since Z,(Lg’f) is of order £, that

these trees are of minimal order &2 and satisfy the same bound as the others, as concerns

the dependence on h.
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We still have to consider the trees with the special endpoint of subtype T', whose scale

index hr (see again [BM2]) is equal to +1, h+2 or h+1. If hy = +1, by the usual arguments

we can say that the value of the tree is exponentially depressed as h — —oo with respect to

the others; moreover, it is easy to see that it is of minimal order £2. If hp # 0, the value of

the tree is depressed only by a factor Z

}(Lz)’ but it is still of minimal order &2, since there is

a cancellation between the first order contribution, as in the case of G41.
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Fig. 2
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Fig. 3



Figure captions
Fig. 1: A labelled tree.
Fig. 2: Graphical representation of Dyson equation.

Fig. 3: A typical tree contributing to G**(p; ki, ko, k3).
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