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Abstract: We present a complete construction of a Quantum Field Theory for
the Massive Thirring model by following a functional integral approach. This is
done by introducing an ultraviolet and an infrared cutoff and by proving that,
if the “bare” parameters are suitable chosen, the Schwinger functions have a
well defined limit satisfying the Osterwalder-Schrader axioms, when the cutoffs
are removed. Our results, which are restricted to weak coupling, are uniform in
the value of the mass. The control of the effective coupling (which is the main
ingredient of the proof) is achieved by using the Ward Identities of the massless
model, in the approximated form they take in presence of the cutoffs. As a
byproduct, we show that, when the cutoffs are removed, the Ward Identities
have anomalies which are not linear in the bare coupling. Moreover, we find
for the interacting propagator of the massless theory a closed equation which is
different from that usually stated in the physical literature.

1. Introduction and Main result

1.1. Historical Introduction. Proposed by Thirring [T] half a century ago, the
Thirring model is a Quantum Field Theory (QFT) of a spinor field in a two
dimensional space-time, with a self interaction of the form (A\/4) [dx(¢xy"1bx)?.
The interest of such a model, witnessed by the enormous number of papers
devoted to it, is mainly due to the fact that it has a non trivial behavior, sim-
ilar to that of more realistic models, but at the same time it is simple enough
to be in principle accessible to an analytic investigation. Hence the validity of
several properties of QFT models, which in general can be verified at most by
perturbative expansions, can be checked in principle in the Thirring model at
a non-perturbative level. The Thirring model has been studied along the years
following different approaches and we will recall here briefly the main achieve-
ments.



2 G. Benfatto, P. Falco, V. Mastropietro

Johnson solution of the massless Thirring model. After a certain number of
”solutions” of the model fell into disrepute after inconsistences were encountered
(see [W] for a review of such early attempts), Johnson [J] was able to derive, in
the massless case, an exact expression for the two point function (T'(xto)). His
solution, based on operator techniques, is essentially a self-consistency argument:
a number of reasonable requirements on the correlations is assumed from which
their explicit expression can be determined. The first assumption is the validity
of Ward-Takahashi Identities (WTi) of the form

0u(T (jixiby)) = ald(z — x) — 6(z — y)Ji(T (Vxtly)) | (1.1)
0u(T (3 "xpy)) = ald(z — x) — 6(z — y)]y°i(T (¢xty))

where the current j£ and pseudocurrent j£5 are operators, formally defined
respectively as [(x¥", 5] /2 and [x 7Y%, 1bx]/2, and a, @ are introduced to take
into account possible quantum anomalies [AB] (in the naive WTi, which one
would expect from the classical conservation laws, a = @ = 1). The second
assumption was the validity of a Schwinger-Dyson equation (formally derived
from the equation of motion) for the 2-point function. Combining the WTi (1.1)
with the Schwinger-Dyson equation, after some (higly formal) manipulations a
closed equation for the 2-point function was found with solution (T (¢xt0)) =
i(39,,) () (] /lo) 7=, where

A _
:E(a—a), (1.2)

4. are the Minkowski gamma matrices and [y is an arbitrary constant with the
dimension of a length.

In order to express a,a in terms of bare coupling A, Johnson did a similar
calculation for the 4-point function and, by a self-consistency argument, found
the following explicit values:

1 A A

=1- = al=1+-—.
@ 4 @ +47T

The above expressions says that quantum anomalies are present and that n, =
2(N\/4m)2[1 — (N /4m)? L

Note also that the quantities a=' — 1 and a~! — 1, called anomalies, are lin-
ear in the bare coupling, that is no higher orders contributions are present; this
property is called anomaly non-renormalization or Adler-Bardeen theorem, and
it holds, as a statement valid at all orders in perturbation theory and with suit-
able regularizations [AB], in QEDy. The validity of (1.3) in the Thirring model
has been considered [GR] as a non-perturbative verification of the perturbative
analysis of [AB] adapted to this case (see also [AF]).

Unfortunately Johnson solution is not satisfactory from a mathematical point
of view, as it involves several formal manipulations of diverging quantities; even
the meaning of the basic equation (1.1) is unclear as the averages in the Lh.s.
and r.h.s. has to be (formally) divided by a vanishing constant, in order to be not
identically vanishing. However it contains many deep ideas and all our analysis
can be seen as a way to implement the Johnson approach in a rigorous functional
integral context.

Klaiber solution and axiomatic approach. Later on Klaiber [K] derived an explicit
formula for the n-point functions, which depends on a single parameter in terms

UE

(1.3)
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of which the critical indices are expressed; this formula reduces to the Johnson’s
one for n = 2,4 and for a suitable choice of that parameter. Klaiber’s solution
was obtained by considering the expectation of n operators given by exponentials
of bosonic operators, whose form was suggested by the solution of the motion’s
equation of the classical Thirring model. An important observation of Klaiber
was that that there is not a unique way to relate the critical indices to the bare
coupling; for example, he got a relation between the critical index 7, and the bare
coupling depending on a free parameter; this property reflects the arbitrariness
in the choice of the current regularization.

Wigthmann [W] proposed to construct the massless Thirring model following
an axiomatic approach; one can start directly from the explicit expressions of
the n-point functions at non-coinciding points derived in [K] (forgetting how
they were derived) and try to verify the axioms necessary for the reconstruction
theorem. Indeed all axioms can be easily verified from Klaiber expression except
positive definiteness, which was proved later on in [DFZ] and [CRW]; the idea
was to define certain field operators, whose expectations verify the positivity
property by construction and such that their n-point functions coincide, for a
suitable choice of the parameters, with the expressions found in [K]. In this
rigorous axiomatic approach, quadratic fermionic operators at coinciding points
cannot be considered, hence neither WTi nor Schwinger-Dyson equations can be
rigorously derived.

Massive Thirring model. The massive Thirring model is much more difficult
to study. In [C] clever heuristic arguments were given to suggest that the n-
point functions of the currents in the Massive Thirring model, considered as
perturbative expansions in the mass u, should be order by order coinciding with
the perturbative expansions of the interaction density n-point functions in the
sine-Gordon model (a massless boson field with interaction ¢ : cos(v/B¢) :),
if the identifications of parameters ( = p and (47)/8 = 1 + A\/m are done. To
rigorously prove this conjecture is a very difficult problem and indeed, in [C], the
calculations were performed only in the much simpler case where the interaction
of the sine-Gordon model and the mass term of the Thirring model are restricted
to a finite volume. This more simple problem had also a rigorous treatment in
[D] for the special case of A = 0, where the fermion model is not interacting
(hence trivial), corresponding to 8 = 4 in the sine-Gordon model (which is not
trivial even in this case).

The relation between the Massive Thirring model (with A > 0) and the sine-
Gordon theory (in the region § < 47), both defined in a fixed finite box, was
analyzed also in [SUJ, where rigorous results about the relation between the
correlation functions were proved; however the limit of infinite volume could
not be done. Another result on boson-fermion equivalence can be found in [FS],
where the massive sine-Gordon model for 8 < 47 was considered; in this case
equivalence with the massive Schwinger-Thirring model (QED2) is proved, in a
suitable range of the corresponding parameters.

A Bethe-ansatz solution for the Massive Thirring model was found in [BT],
but as usual the n-point functions cannot be obtained from it. The Massive
Thirring model has been extensively studied in the context of the integrable
quantum field theories and many remarkable properties are known; in particular
the exact S-matrix has been found in [Z] and the form factors in [S]. The Massive
Thirring model has been also analyzed by perturbative Renormalization Group
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methods in [GL], to understand if the n-point functions computed perturbatively
in the massive case pass over smoothly in the n-point functions obtained by the
exact solution in the massless limit.

All the above results provide much interesting information, but it should be

remarked that, up to now, no rigorous treatment of the Massive Thirring model
(and of the massless sine-Gordon model) has been presented.
Bosonic functional integral approach. If the coupling ) is negative (following our
definitions), the partition function and the generating functional of the massless
(Euclidean) Thirring model can be written as bosonic functional integrals [FGS]
by a Hubbard-Stratonovich transformation; one can then integrate the fermion
variables and it turns out that the partition function of the Thirring model can
be written as

det(yu[0, + A

det(7,.0,)
where A, x is a two-dimensional Gaussian field with covariance (A4, xA,y) =
€20,.,0(x—y), € = —\/2, and v, are the Euclidean gamma matrices. A similar

expression holds for the generating functional. It is well known [S] that, under
suitably regularity conditions over A, logdet(y,0, + v,A,) — logdet(y,0,) is
quadratic in A; by replacing the determinant with a quadratic exponential, one
then gets an explicitly solvable integral, from which the n-point functions can
be derived. As stressed in [FGS], in this way one gets in a very simple way the
results of the exact approach found in [J] and [K]. In particular the relation (1.2)
for the two point critical index 7, is verified and the anomalies (1.3) can be easily
computed. If a dimensional regularization is adopted, one finds a = 1 and @~ ! —
1 = A\/(27), while with a momentum regularization (1.3) holds; in both cases
the anomaly non-renormalization holds. Of course in the above derivation an
approximation is implicit; the logarithm of the fermionic determinant in (1.4) is
given by a quadratic expression only if A is sufficiently regular, but the integral is
over all possible fields A, hence one is neglecting the contributions of the irregular
fields and there is no guarantee at all that such contribution is negligible. This
approximation is usually supported by the fact that one gets in this way the
same results found in [J] and [K].

Construction of the Massive Thirring model. We write the generating functional
for the Euclidean Massive Thirring model as the following Grassmann integral
(see below for a more precise definition)

[— 2 (P by )2 Doyt L2l | B
eW(‘b’J):J%//PN(dw)efd (=2 (P Yx) "+ T xox V¥ + ZN+m] (15)

)

where N is a normalization constant, ¢, J are external fields, Z is the wave func-
tion renormalization, 1y, 1« are Grassmann variables, Py (di) is the fermionic
integration corresponding to a fermionic propagator with mass py and a (smooth)
momentum ultraviolet cut-off vV, with v > 1. Note that the average of 1/757“751/),(
can be obtained by the derivatives with respect to .J,,, using the relation P Y YO
= —igu <Y )%, with €,, = —e,, and €19 = 1. When J = ¢ = 0 and
un = 0, the r.h.s. of (1.5) coincides with (1.4) (if A is negative) in the limit
N — oco. The ultraviolet cutoff we will choose (for proving all properties except
reflection positivity, for which a different choice is more convenient) is a mo-
mentum cutoff preserving, in the massless case, the oddness of the propagator
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under momentum reflection and invariance under the global chiral transforma-

tion Y — eio‘iﬁ"fwf; on the contrary it violates the local chiral symmetry
wi - eiaxiﬁx'fwf'

We will show that, by properly choosing the bare wave function renormal-
ization Zn and the bare mass uy, the Schwinger functions at non-coinciding
points obtained from (1.5) converge, for N — oo, to a set of functions verifying
the Osterwalder-Schrader azioms [0S2] for an Euclidean QFT. These functions
are represented as convergent expansions, which depend on three parameters,
the physical mass, the physical wave function renormalization and the physical
coupling, but are independent on the way the ultraviolet cutoff is explicitly real-
ized. On the contrary, the relation between the physical and the bare parameters
depends on the details of the ultraviolet cutoff.

The analysis of the functional integral (1.5) is performed by a multiscale anal-
ysis using a (Wilsonian) Renormalization Group approach as in [G]. After each
iteration step an effective theory with new couplings, mass, wave function and
current renormalizations is obtained. The effective parameters obey to a recur-
sive equation, called Beta function, and a major technical problem is that this
iterative procedure can be controlled only by proving non trivial cancellations
in the Beta function. Such cancellations are established by suitable WTi valid
at each scale and reflecting the symmetries of the formal action; contrary to
the WTi formally valid when all cutoffs are removed, they have corrections due
to the cutoffs introduced for performing the multiscale integration. The crucial
role of WTi in the construction of the theory is a feature that the functional
integral (1.5) shares with realistic models like QED or the Electroweak theory
in d = 4, requiring WTi even to prove the perturbative renormalizability, which
is absent in the models previously rigorously constructed by functional integral
methods, like the massive Yukawa model [Le] or the massive Gross-Neveu model
[GK,FMRS].

In this way we have obtained for the first time the construction of a QFT for
the Massive Thirring model at weak coupling for any value of the (physical) mass.
Our results are uniform in the mass, but the massless case can be investigated
in more detail; so we can try to compare the representation we get for the two
point function with that obtained via the exact solution. From the functional
integral (1.5) we obtain, for N — oo and in the massless case, WTi of the same
form as those postulated in [J]:

0y (Pay" s Uxiby) = a[d(z —x) — 6(z — y)|(¥xty) (1.6)
au@ﬂ”f)iﬁz; "/Jx"/;y> = d[é(z - X) - 5(Z - }’)]’75 <"/Jx'lzy> )

where (xthy) = limy o0 %Wb (similar definitions hold for the other av-
x0Py
erages); however the coefficients in (1.6) are given by the following expressions

A A
al=1- i N2 +H0N) , at=1+ P N2 +0(0N), (1)
where c; is a non-vanishing constant, (its explicit value is calculated in Appendix
B). The anomaly coefficients are not linear in the bare coupling (the anomaly
non-renormalization is violated ), contrary to what happens for the values (1.3),
found in the exact approach of [J]. In particular, the constant c¢; not only is
different from 0, but even depends on the way the ultraviolet cutoff is realized.
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The difference of (1.7) with respect to (1.3) also implies that the approximation
in (1.4) of the determinant by a quadratic exponential does not lead to correct
results, at least if a momentum regularization is used.

Note that the presence of nonlinear terms in the anomalies depends crucially
from the fact that a local current-current interaction is assumed in the regu-
larized Grassmann integral (1.5); if one starts from a non local interaction one
gets values a=! — 1 and a=* — 1 given by (1.3), see [M], that is the anomaly
non-renormalization is verified, the same is true if the local limit is performed
after the N — oo limit.

In (1.5) a bare wave function Zy for the fermionic fields has been introduced,
to be fixed so that the ”physical” renormalization has a fixed value at the ”lab-
oratory scale”; analogously we can introduce a (finite) bare charge also for the
current, defining it as &y*¢). A physically meaningful choice for ¢ could be
¢ = o', implying that the current has no anomalies; this choice fix the renor-
malization even of the pseudocurrent (remember that ¥y y5y = i€,y Y),
which has then still anomalies.

Finally we will show that a closed equation for the 2-point function can be
indeed obtained from the functional integral (1.5); it is however different with
respect to the one postulated in [J] (which was the natural one obtained insert-
ing the WTi in the Schwinger-Dyson equation) for the presence of additional
anomalies. As a consequence, we get a relation between the critical index of the
two point function and the anomalies different with respect to (1.2), namely

0. = %(a C @)+ o)+ 00 (1.8)

with ¢y > 0 nonvanishing. This additional anomaly says that the closed equa-
tion for the 2-point function is not simply obtained by inserting the WTi in
the Schwinger-Dyson equation. In the case of local interaction, the additional
anomaly is vanishing and (1.2) holds. Note that (1.8) is not in disagreement
with [K], where it is found a one parameter family of relations between 7, and
A among which there is surely (1.8).

In the rest of this section we will define more precisely our regularized func-
tional integral and we state our main results. We will find more convenient,
from the point of view of the notation, to introduce the Weyl spinors ¢E . with

X,w?

w = %, such that ¥y = (Y5 vy ), ¥ =90 and ¥ = (¥ ,, ¢ ); the 7's
matrices are explicitly given by

o (0 1 1 (0 —i 5_ _.o0.1_ (1 0

1.2. Massive Thirring model with cutoff. We introduce in A = [—-L/2,L/2] x
[-L/2,L/2] a lattice A, whose sites are given by the space-time points x =
(x,20) = (na,npa), with L/2a integer and n,ng = —L/2a,...,L/2a — 1. We

also consider the set D, of space-time momenta k = (k, ko), with k = (m+ §)3%
and ko = (mo + 3)2% and m,mo = —L/2a,...,L/2a— 1. In order to introduce

an ultraviolet and an infrared cutoff, we fix a number v > 1, a positive integer
N and a negative integer h; then we define the function C} }V(k) in the following
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way; let xo € C°°(R ) be a non-negative, non-increasing smooth function such
that

def [1 if0<t<1
Xolt)= {0 if £, (1.9)
for a fixed choice of vy : 1 < 9 < +; then we define, for any h < j < N,
def i i
Fi(k)=xo0 (v [k]) = xo (v |K]) (1.10)

and C,;}v(k) = Zjvzh fj(k); hence C’,j}v(k) acts as a smooth cutoff for momenta

k| > 4N*! (ultraviolet region) and |k| < v"~! (infrared region). It is useful for
technical reasons to choose for xo(t) a Gevrey function, for example one of class
2, that is a function such that, for any integer n,

|d"xo(t)/dt"™| < C™(n))? (1.11)

where C' is a symbol we shall use regularly in the following to denote a generic

constant. With each k € D, we associate four Grassmann variables {1/1 (A, N]U, o,w =

£}, to be called field variables; we define DN =4 {k €Dy : C’h)N( ) # 0}. On
the finite Grassmannian algebra generated from these variables we define a lin-
ear functional dep!nN) (the Lebesgue measure), so that, given a monomial Q(v))
in the field variables, fd’(//;[h’N]Q(’(/J) = 0 except in the case Q(v) is equal to
Qo(¥) = [Txeprmm [Tost AELNF AELNH or to one of the monomials obtained
from Qu(v) by a permutation of the field variables; in these cases the value
of fd@Z[h’N]Q(z/J) is determined by the condition fdzz[h’N] Qo(¥) = 1 and the
anticommuting properties of the field variables.

We also define a Grassmann field on the lattice A, by Fourier transform,
according to the following convention:

h,N]odef 1 iokx [k, N
e R e A =/ W (1.12)
keD,
By the definition of D,, ,[c}fQ,N}a is antiperiodic both in time and in space coor-
dinate.

The Generating Functional of the Thirring model with cutoff is
Wip, ) =log [Pz (@u)exp { = WV (V/Zww) + (1.13)
+ZNZ/dx TN +Z/dx ot A+l er ] 1

where [dx is a short hand notation for a? D oxed,

def ;7 _ -1
Pz (dp)= dgpl N T [T 23 (— k> = p3)CR (k)]
keDIhN]

k h, h,N]—
exp Z 3 po Nl (1.14)

ww’ + keDlh:N] hNk
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def { Di(k def .
T () < ;fv) D”f(vk))w DL ik wh . (115)
defl Z / U)[h N+ h N] 1/} hN]—i—&)\[h ,N]— (116)

and {Jxu}xw are commuting variables, while {gpg‘()w}xwyg are anticommuting.
{Jx,w}x,w and {ga;‘()w}xywyg are the external field variables.

Remark. Tt is immediate to check that (1.13) coincides with (1.5), if the
notational conventions adopted at the end of §1.1 are used and up to the trivial
rescaling ¥ — /Z1 of the Grassmann variables. The above regularization is
essentially a continuum one, as the lattice has been introduced just to give a
meaning to the functional integral and the continuum limit is taken before the
removal of the momentum cut-off. Such a regularization is very suitable to derive
WTi and SDe ; its main disadvantage is that the positive definiteness property
is not automatically ensured. Such a property will be recovered indirectly later
on by introducing a different regularization preserving positive definiteness and
such that, by a proper choice of the bare parameters, the Schwinger functions
in the limit of removed cutoffs are coinciding.

Setting zdéf(xl, ...y Xy), and Xdif(yl, ..., ¥Ym), for any given choice of the

labels gdéf(ol ey Om),s c_udéf(wl ..., wp) and gdéf(sl ...,En), the Schwinger func-

tions are defined as

. anerW
GV ha;(min) d:f li 0,0). (1.17
oiw,E (Xv X) ngo aJyl,m 0. ym,ama%q wy 6903(71 o ( ) ) ( )

We will follow the convention that a missing label means that the corresponding

limit has been performed, for instance S,];Vfgm ) = limg_0 S(vawhga’(mm) In par-

ticular, in order to shorten the notation of the most used Schwinger functions,
let:

a def h,a,(0;
Gi;NJL (x,y) = Scivw (+(70—§) (x.y) (1.18)
o e y) < SELE T (mxy) (1.19)

We define the Fourier transforms so that, for example,

e dk - ~
G2 d:f /— —zk(x—y)G2 k 1.20
2oe) ™ [ e 20 (1.20)
e dkdp , ~
G (mx,y) < / 25D pip(a=y) —ik(x=9) G2 (p k) . (1.21)
wh,w (271')4 w',w
The presence of the cutoffs makes the Schwinger functions Sivwh (Z’)(m;") (y;x) well

defined, since the generating functional is simply a polynomial in the external
field variables, for any finite L, and the limit L. — oo gives no problem, if A is
finite. Note that the lattice is introduced just to give a meaning to the Grassmann
integral and it can be removed safely if h, N are fixed. In §2 we will prove the
following result.
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Theorem 1.1. Given A small enough and p > 0, there exist functions Zn =
ZN(A) un = pgn(N), such that

Zn =7 N (1+0(N) , pn=py V(1+0(N), (1.22)

with n, = a;A* + O(\*), n, = —auA + O(N?), as,a, > 0, and the following is
true.

1. The limit
lim SN aitmin)(yx) = §imn) (v x) (1.23)

N,—h,a=1—o0c0 —='= -

erist at non coinciding points.

2. The family of functions San ., (X), defined as equal to Sé?gn) (x), with e; = +1
fori=1,...,n ande; =—1 fori=n+1,...,2n, fulfills the OSa.

3. The two point Schwinger function verifies the following bound

G20, y)| € ——C eVt ey (1.24)

|x — y|'*n: ’

with m, = (1 +1,)"" =1 = a,X + O(X?). Moreover G2 (x,y) is singular for
x —y and it diverges as |x —y|~17"=.

4. In the massless case (u = 0) the two point Schwinger function can be written
as

|k|77z

GL0) = (L+ fQ) ==

(1.25)
with f(A) = O(X) and independent of k.

Items 1., 2., except Reflection Positivity (RP), and 3. will be proved in §2.3, see
Theorem 2.2 and the remark following it; item 4. is proved in §4. RP follows
from Theorem 1.4 below and the remark at the beginning of §1.5.

Note the nontrivial dependence on the ultraviolet cut-off of the bare wave
function and mass; the wave function is diverging when the ultraviolet cut-off
is removed while the bare mass is vanishing or diverging depending if A < 0 or
A > 0. The behavior of two point Schwinger function is deeply modified by the
presence of the interaction; at small distances we find a power law divergence
with a non trivial critical index 1 + 7., with 7, a non trivial function of .
For large distances and for small masses p (¢ is the mass at O(1) momentum
scales) one can distinguish two different regimes in the asymptotic behavior,
discriminated by an intrinsic length O(/fl_"/u), with 77; a non trivial critical
index. For distances smaller than such scale we have a power law decay while

for greater distances an exponential decay O(e™¢ "””“Hn”‘x_y') is found; in this
second regime our bound is of course not optimal.

Remark. It is an easy consequence of our proof that the Schwinger functions
do not depend on the parameter v, but are only functions of A and u.
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1.3. WTi and chiral anomalies. Once that the model is constructed and the OSa
are verified, we can compute the WTi in the massless limit. We will show that

D.(p)GLV " (pik) =

w,w’

= 0w [GEN M (k — p) — GV (k)] + A2V (pi k) (1.26)

w,w’

where AAithh(p, k) is a correction term which is formally vanishing if we re-

place C; 1,(k) by 1. The anomaly manifests itself in the fact that ﬁilwf\[h is

D (p)

k —p,w’

k —p,w’
Fig. 1.1. : Graphical representation of (1.26); the small circle in the last term represents the

function in the r.h.s. of (3.3).

nonvanishing in the limit N, —h — oo; we will prove in fact the following Theo-
rem.

Theorem 1.2. Under the same conditions of Theorem 1.1, in the massless limit,
i.e. u =0, it holds that for finite nonvanishing k. k — p, p

AZUNN(pk) = Dy (p) B2 (k) + (1.27)
25 x D (P) G (93 K) + v,y D (P)G2L 1 (i)

where all the quantities appearing in this identity admit a N,—h — oo-limit,
such that
A
vo = o(\?), vi=ci A2+ 0N, (1.28)
T

with ¢y < 0, |G>,(p:k)| satisfies the bound (2.63) below, and

R%.(pk)=0. (1.29)

It is immediate to check that the above result implies the WTi (1.6), with
al=1-v- —vtandat=14+v" —vt.

Remark. We could write Ward identities involving only the truncated current
correlations and, by using the analogue of (1.27), it is possible to prove that all
truncated correlations vanish, except that of order two, which is proportional
to the free one; this means that the current is indeed gaussian when cut-offs
are removed. We will not prove here in detail this statement which is a rather
straightforward consequence of our results.
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1.4. Closed equation and additional anomaly. It is easy to see (see for instance
[BM4]) that the Schwinger functions of (1.13) in the massless limit verify the
following SDe

~ o,k k) dp ~
G2Nh () — Jw ( _AgNh (K / - G2’1’N’h -k 1.30
w ( ) 7N Jw ( ) (27‘()2 XN(p) —w,w (p7 ) ) ( )
where gV (k) = C’,Z}\,(k)Dw(k)’1 and yn(p) is a smooth function with support

in |p| < 3yV*L equal to 1 if |p| < 29N F! (we can insert it freely in the SDe,
thanks to the support properties of the propagator).

k—p,w

Fig. 1.2. : Graphical representation of (1.30); the wiggling line represents the function ¥ n (p).

Inserting the WTi (1.26) in SDe (1.30) and using (1.27), we get

. g (k R dp _ ~
G20 = 20 g [ R s o -

_ dp _,  GENM(k —p)
_/\A+,h,Ngi,Vxh(k)/(27T)2X(P) D () + (1.31)
-~ dp ~ D w(p) D
£M00 Y Meny [ 5B R R ek
e -w(P
where
As,h,N déf M , (132)
1 1

) a’h,N:—v

ap,N =
: = ¥
L+v, Ny —Vpn

_—+
l=vy Ny —Vhn

Xn(p) is defined as yn(p), with h in place of N, and X(p) = xn(P) — Xn(pP) (so
that the support of X(p) is only for 2y"*! < |p| < 34N*1). The bound (2.63)

below implies that, if k is fixed to a non vanishing value, éiizN(p, k) diverges
more slowly that |p|_1/8, as p — 0; hence the second addend in the r.h.s. of
(1.31) is vanishing in the limit h = —ooc.

If the last term in (1.31) were vanishing for —h, N — oo (as the second
addend), one would get a closed equation for @3 which is identical to the one
postulated in [J]; it is just the formal Schwinger-Dyson equation combined with
the WTi in the limit of removed cutoffs.

However this is not what happens; despite both WTi and Schwinger-Dyson
equation are true in the limit, one cannot simply insert one in the other to
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obtain a closed equation. The last term is non vanishing and this is a additional
anomaly effect which seems to be unnoticed in the literature.

Despite the presence of the additional anomaly, a closed equation (different
with respect the one in [J]) holds, as shown from the following theorem.

Theorem 1.3. Under the same conditions of Theorem 1.1, in the massless limit
there exist functions ae p,N, pe,n,n such that, for non vanishing k,

200) [ (e PR k) =

?iiv’h(k) ~2,N,h D4,N,h
= —Q¢,n,N Zn + (a&h)N + pg)h7N)Gw’ ’ (k) + Ra) ’ (k) , (133)
with R
lim R*VM'(k)=0, (1.34)
N,—h—o0

and, in the limit of removed cutoff,

a = A0, po=edt+00),
ar=cs+ 00, py=citON). (1.35)

The above result says that, up to a vanishing term, the last addend in the r.h.s.
of (1.31) can be written in terms of g and G2, so that a closed equation still holds
in the limit, but different with respect to the one postulated in [J]; in particular
one gets a relation between the critical index 7, and the anomalies a, a, which
is different with respect to (1.2), that found in [J].

Corollary 1.1. The critical index of the massless two point Schwinger function
(1.25) verifies
A a—a

s —A> L Ac(ae +pe)
with Y. Ac(ae + pe) = coX + O(N?) with ¢ > 0.

(1.36)

1.5. Lattice fermions and positive definiteness. The regularization adopted in
(1.13), consisting in replacing the fermionic propagator T, i,(k) with a regular-
ized one Cj, v (k)T L, (k), is the closest one to the formal continuum limit and
preserves several properties valid in the formal theory. If the bare mass py is
vanishing, the regularized propagator in momentum space is odd under k — —k
and the theory is invariant under the global symmetry 1/),[3@]\[& — etow wL}f@N]i;
such properties imply that there is no generation through the interaction of a
mass and produce many simplifications in the derivation of WTi and a closed
equation for the two point Schwinger function.

On the other hand, such regularization does not preserve the Reflection Pos-
itivity (RP), which is one of the Osterwalder-Schrader axioms it is necessary
to prove, and it is very difficult to prove it directly in the limit. Therefore we
prove all the statements in Theorem 1.1 starting from (1.13), except RP; such
a property will be instead proved starting from a different regularization, which
preserves RP, and showing that in the limit of removed cutoffs the two different
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reqularizations of the Thirring model give the same Schwinger functions, if the
“bare” parameters are suitably chosen.

The problem of regularizations preserving RP is extensively studied (for a
review see [MM]), and a very good solution is the one proposed by Wilson,
consisting in approximating the continuum space-time by a lattice and adding
a suitable term in the fermionic action to avoid the fermion doubling prob-
lem. Indeed, if one simply replaces k, ko in the propagator with a~! sin(ka) and
a~'sin(koa), the well known fermion doubling problem is encountered, namely
that the massless fermion propagator has four poles instead of a single one. In
the continuum limit ¢ — 0 this means that there are four fermion states per
field component and such extra unwanted fermions influence possibly the phys-
ical behavior in a non trivial way. In the Wilson formulation a term is added to
the free action, called Wilson term, to cancel the unwanted poles. Then in the
Wilson lattice regularization the fermionic integration is given by

Pr@) el -2 S S (70) | b

Ayt diy
11 10 Whew e , (1.37)
L Nk
where the covariance 7, (k) is defined as

e 1 () —pa(k)
ot (k) e+<k>e<k>—uz<k>(—ua<k> e (k) ) (1.38)

with kg = (mo+1/2)2x/L, k= (m+1/2)2x/L, n,ng = —L/2a,1,...,L/2a—1,

e (K) def _ism(koa) n oJsm(lm) 7
a a

e 1- ki 1-—- k
1o (K) def bt coas( 0a) n cos(ka) 7 (1.39)

a

and N, is the normalization. The generating functional is given by

[ Pac@s)exp { - 0z2v () + 2N W)} (1.40)
-exp {Z{SQ) Z / dx Jx,wdfi,w‘/’;,w + Z /dx [(p;ww;w + 1/J:{)w<p;7w] } ,

where N(¢) =3 _, [dx (NN

The regularization in (1.37) has the crucial property of preserving RP [OSe];
moreover, the fermion doubling problem is solved, as the term (1 —cos(koa))/a+
(1 —cos(ka))/a has the effect that, in the massless case, only one pole is present.
On the other hand, even if the bare mass is vanishing, both the oddness of
the propagator and the global symmetry wL}f@N]i — etow 1/1,[3;)]\[& are not true,
and this leads to the generation through the interaction of a mass; to get an

interacting massless theory, a mass counterterm v, has then to be introduced.
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On the other hand the presence of the lattice and of the Wilson term poses no
serious extra difficulties to our methods, which do not need any special symmetry
and were just developed to study interacting fermions on a lattice [BM1]; in
particular the fermionic action in (1.37) is essentially the one appearing in the
fermionic representation of two interacting copies of d = 2 classical Ising models,
and it was extensively studied (at fixed lattice step) in [M] or [GiIM]. We will
prove in §5 that the continuum limit in (1.37) can be taken.

We call Sg,g(gm) the Schwinger functions (1.17) (in the limit ¢ = 0 and
h = —o0) and Su:™™ the Schwinger functions corresponding to (1.40); in §5

we shall prove the following theorem.

Theorem 1.4. Given \ small enough and p > 0, there exist functions Ay (\), va(N),
ta = 19a(N), Zo = Zo(N) verifying

Zo=a " (14002) . pa=pa™(14+0(N),  (L4)
with 0, = a;A? + O(\Y), n, = —a, A + O(A\?), az,a, > 0 such that the limit

lim ~ S&(mn) = §imn) (1.42)

erist at non coinciding points.
Moreover, given N > 0, let ay = m(4yN+1)~=1; then

lim [SN,(mm) (g: x) — 5'“?\&’)(2’”;")@; x)]=0. (1.43)

g;

The above result says that in the limit of removed cutoffs the two different
reqularizations of the Thirring model give the same Schwinger functions, if the
“bare” parameters are suitably chosen.

1.6. Contents. The rest of the paper is organized in the following way. In §2 a
multiscale analysis of the functional integral (1.13) is performed; in particular the
marginal and relevant terms of the effective interaction are identified. In this way
we find an expansion for the Schwinger functions in terms of running coupling
constants, which is convergent uniformly in the infrared and ultraviolet cut-off
and in the mass, provided that the mass and wave function renormalization
are chosen properly and that the quartic running coupling constants are small
enough for all scales; this last property follows from the asymptotic vanishing of
the Beta function proved in [BM4]. In §3 we derive the Ward Identities (1.26)
and we define a convergent expansion for the last addend in (1.26), from which
Theorem 1.2 is derived. In §4 we analyze the Schwinger-Dyson equation and we
define suitable convergent expansions for the last addend in (1.31), from which
we derive Theorem 1.3 and Corollary 1.1. Finally in §5 the lattice construction is
performed and the positivity property is achieved. The proof of the above results
is based on many technical arguments, some of which were already proved in
[BM1]-[BM4]; hence, in this paper we shall discuss in detail only the arguments
not discussed in those papers.
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2. Multiscale analysis for (1.13)

2.1. Renormalization Group analysis. The integration of the generating func-
tional (1.13) is done almost exactly (essentially up to a trivial rescaling) as
described in [BMl]—[BM4]; hence we briefly resume here such procedure to fix
notations. It is possible to prove by induction that, for any j : A < j < N, there
are a constant E;, two positive functions Z;(k), jij(k) and two functionals V)

and BY), such that, if Z; = maxy Z;(k),

W(p,J ,L2 h,j]\ ,— V) 7.y gl 7. [h,j]7 J
o) _ /pZ] N e N RV

(2.1)
where:
L. Py i .Cn (dip!P9)) is the effective Grassmannian measure at scale j, equal to
VIt 5J
_ dine ] die)
- [7.5] % :
PZjnajvch,j (dy™? ) H H (k) (22)
(k)>0°~’ w/==%1
1
cepd > 200 Y b T M0

C, L (k)>0 w*l

with T‘SJZ), given by (1.15) with fi;(k) replacing pun, C (k)1 = S/ _, fr(k)
and N (k) a suitable normalization constant.

2. The effective potential on scale j, V) (1), is a sum of monomial of Grass-
mannian variables multiplied by suitable kernels. i.e. it is of the form

V(j)(l/J) — Z % Z lH 1/}k1,w1‘| (kl, oy kop_1)d (Z O’iki> )

n=1 ki kon Li=1
Wlseewan
(2.3)
where 0; = + for i = 1,...,n, 0, = — fori = n+1,...,2n and w =

(Wi, ... wap);

3. The effective source term at scale j, B(j)(\ /Zi, @, J), is a sum of monomials
of Grassmannian variables and ¢, J field, with at least one ¢* or one .J
field; we shall write it in the form

B Zjp,0,0) = BO(VZ) + BY (VZ0) + W (VZih, 0, T) . (24)

where Bg )(w) and B(Jj)(z/J) denote the sums over the terms containing only
one ¢ or J field, respectively. B(j)(w /Zi,p,J) can be written as sum over

monomials of v, ¢, J multiplied by kernels W )

2n,ne,ng,w’
Of course (2.1) is true for j = N, with Zy(k) = Zy, W = 0, and
VN (4), BQE,N), BSN) given implicitly by (1.13). The kernels in WO, Y@ and
BY, j < N, are functions of uy, Zi, and the effective couplings Ay (to be

defined later), with k > j; the iterative construction below will inductively
implies that the dependence on these variables is well defined.
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We now begin to describe the iterative construction leading to (2.1). We

introduce two operators P,, r = 0, 1, acting on the kernels W) in the following
way

oW (@)
I (k)

i uN=0

PoW ) = W) , P — Z fi (k)

N . (2.5)
Hjs--HN= kzj,k

We introduce also two operators £, = 0, 1, acting on the kernels W in the
following way:

1. Ifn=1,

Sy of 1 -
EOW?(,Z(k) = 4 Z W2(]g) (knn/) )

n,n'==+1
=507 def 1 ==(7) = koL kL
W00 = 1 Y Wl +0' 1. (26)
n,m'==%1
where ky,y = (n%, 7' F).
2. Ifn =2, LWy, 0 and
@) def15(9) (1 o e
£0W4,£(k17k27k3) - W4,£(k++vk++a k++) . (27)

3. 1 n > 2, LoWy)) el o,

)

Given L;,P;, j = 0,1 as above, we define the action of £ on the kernels /WQ(fzw

as follows.
4. If n =1, then

LW (Lo + L1)PW) L+ LoPIWY) (2.8)

5. If n =2, then E/I/Z(Zdéfﬁopowzfz.
6. If n > 2, then LW —o.

2n,w

Note that EOPOWQ(QM = 0, because of the parity properties (in the exchange

k — —k) of the diagonal propagators, whose number is surely odd in each
Feynmann graph contributing to Wé{gw, LoPy WQ({?W = 0, because there are no
contributions of first order in py; PO/W(j )

2w
contribution to Wz(]u)sz is to use at least one antidiagonal propagator. Therefore
(2.8) reads

—w = 0, since the only way to get a

LWyl

=LiPWS) . LW = LoPaW) (2.9)
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Note also that £2V) = £V The effect of £ on V) is, by definition, to replace

on the r.h.s. of (2.3) W2(7.1)w with £W2(ZL)UJ7 we get
Ly (plhdly = 7 45 pa) 4 gm0 (2.10)

where z;, a; and [; are real numbers and

hg _ 1 Nhogl+ k.-
= LSS pgdt

@ kO, L (k)>0

. 1 ~thofl+ ~hoj]—
Flti) = ﬁz ST gl (2.11)
W laC, L (k)>0
. 1 i—
F) — » ) QeI G I G (ke — ke + ks — ka)

ki,..., k4:c,jj.(ki)>o

Remark. According to dimensional power counting considerations, the quar-
tic terms in the effective interaction are marginal and the quadratic terms are
relevant in the RG sense. However we can further split the kernels in a part
independent of the mass and a rest which can be proved, by an improvement of
the naive dimensional bounds, irrelevant in the RG sense; hence it is sufficient

to include in E/Wéfl)g only the part of the kernels independent from the mass.
Analogously, we write BY) = £BU) 4+ ’RB(J‘),‘ R = 1 — L, according to
the following definition. First of all, we put ﬁWI(%] ) = 0. Let us consider now

BS”(«/Zﬂ/)). It is easy to see that the field J is equivalent, from the point
of view of dimensional considerations, to two v fields. Hence, the only terms
which need to be renormalized are those of second order in v, which are indeed
marginal. We shall use for them the definition

BY?(VZ;v) = Z Z W Wit - (212)

We regularize ng’Q)(w /Z;), in analogy to what we did for the effective po-

tential, by decomposing it as the sum of LB(j’2) (v/Z;1) and RBSj’2)(\/Zj1/)),

where L is defined through its action on B( 7). 5(p, k) in the following way:

Iy 1 Iy _
EBi%(p,k) = Zéw,& Z fPOBo(JJ,?:J(kan,n’) ) (2.13)
n,m'==%1
note that ,céfj ),w = 0 because of the symmetry property
3D (k) = f;(k)Dy(k) ! = —iwgP (k*), k= (k ko), k*=(—ko k). (2.14)
We get

LB V) - Y

(2)

Zéj /dx e (VZi0tn) (VZies) . (215)
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7,

which defines the renormalization constant Z we shall extend this definition

to j = N by putting, in agreement w1th (1. 13) Z(z) ZN.

Finally we have to define £ for By, \/Z;); we want to show that, by a
suitable choice of the localization procedure, if j < N — 1, it can be written in
the form

BO(VZj) = Z /dxdy lsﬁxwgwff)(x— )a;r

w,w’ i=75+1 y,w’
\/ ) gww y—x)gD;w,] + (2.16)
Bwy w ’
+Z Z [ZZ QSI})( )Sﬁkw' +80ka5:} (k WUL’J] }
w,w’ k:C, L (k)>0

where 5% Y 0 (k) = Yo ﬁf}wu( QL) o (K), g%, is the renormalized propagator

of the field on scale j (see (2.22) below for a precise definition) and @S)w,(k) is
defined inductively by the relations

N
QY () = QU (k) - %, Z;D,(k) 3 320 (k) - 5,2, Z 329 (
1=j+1 i=j+1
QY (k) =1. (2.17)

The L operation for Bfﬁ) is defined by decomposing V9) in the r.h.s. of (2.16)
as LVYU) 4+ RYU), LV(j> being defined by (2.10).

After writing V) = £V0U) + RV and BY) = £LBU) + RBY), the next step
is to renormalize the free measure PZ s O (dip™31), by adding to it part of
the r.h.s. of (2.10). We get that (2.1) can be written as

L2t ; _p@ AL 3(3) AL
el tj/PZj,l,ﬂj,l,Cw(dw[hd])e VO (/204 B9 () Zi J)j (2.18)

where, since Z;(k) = Z; = maxy Z;(k) and jij(k) = p; = (Zj11/Z;)(wje1 +
sj1), if Cp 3(k) =1, then

~ _ _ 7 _
Zi (k) = Zi[1+ C i (K)z), fija(k) = =—2—[u; + Cy 5(K)s;],  (2.19)
Zj-1(k)
f;(j)(w[hwj]) _ V(j)(w[h’j]) _ 24F[hxj] _ st[h’j] 7 (2.20)

and the factor exp(—L?t;) in (2.18) takes into account the different normalization
of the two measures. Moreover

D(/Zjpl3) = BO (/Zip ) + BY (VZiph )y + WY . (2.21)

where Bg) is obtained from Bg) by inserting (2.21) in the second line of (2.16)
and by absorbing the terms proportional to z;,s; in the terms in the third line
of (2.16).
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If j > h, the r.h.s of (2.18) can be written as

24, . |
e~ L t]/PijI;Hj—l,Ch’jfl(dw[ \J 1])/Pijl,ujfl,f;l(dqb(])) .
el (VZ ) =RV (Z )+ B9 ((/Zyl ) (2.22)

where f]( )= fi(k)Z; [Z] (k)] _
_ The above 1ntegrat10n procedure is done till the scale h* = max{h, h*}, where
h* is the maximal j such that v/ < pj;. If h* < j < N, by using the Gevray
property (1.11) of xo, see [DR], we get
99,00 9)] < 5y VIR,
, Zj 1
(“—Jﬁ) NiemeV Iyl (2.23)
1

fy]

199, (x,y)| <

where C' and c are suitable constants; moreover,

oo -
9GP (x,y)| < AP eVt Iyl

ZE*71
h* C Hp~ h* —cy/yR* |x—
|g(< )( y)| < 7 <#> ’Yh e~V =yl (2.24)

Note that the propagator gQ (¢ )(k) is equivalent to @S} ) (k), as concerns the di-

mensional bounds, since the sum in the r.h.s. of (2.17) contains at most two
nonvanishing terms. We now rescale the field so that

l-FA (VZp!" 7 +RV(¢_ w[’”] D(Zjaytl)
BV Ziy" ) = B Zj -l (2.25)

it follows that £V (ylhdl) = AjFA[’“ﬂ where \; = (Z;Z;%,)%l;; we shall extend
this definition to j = N by putting, in agreement with (1.13), Ay = A. If we
now define

,V(J'*l)(\/ﬂw[h,jfl])+3(j*1)(\/K,Lb[h,j*l]),L?Ej _ (2 26)

—VO) (\JfZ;_q [plhi—1] (j)) B (\/Z; 1 [yplhd =1 p@)
= [ Pay gy VIS VES L )

it is easy to see that VU= and BU~Y are of the same form of V) and B
and that the procedure can be iterated. Note that the above procedure allows,
in particular, to write A;, Z;, u;, for any j such that N > j > h*, in terms of
Ajts Zijts ey 1>

At the end of the iterative integration procedure we get

W(‘Pa J) = _LQEL + Z S mw nJ (<Pa J) ) (227)

m¥+nd >1

where Ep, is the free energy and Sé:l)v, ., (@, J) are suitable functionals, which
can be expanded, as well as Ep,, the effective potentials and the various terms in
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the r.h.s. of (2.4) and (2.3), in terms of trees. We do not repeat here the analysis
leading to the tree expansion, as it is essentially identical to the one for instance

in §3 of [BM1], and we quote the results; it turns out the kernels Sé?n)g, (95 J)
can be written as in formula (102) of [BM2]:

00 N-1
Someas (&) =20 3 D N >
n=0jo=h*—1 W TET, . sme nJ ‘Pv:f:’;mq,
2m? n'
/d§ H w;‘ci,wi H Jx2m¢+mw2mvz+r‘92m‘l’,n",T,g(z) ’ (228)
i=1 r=1

where we refer to §3.4 of [BM2] for the notation. In particular,

- Tion,2me no is a family of trees (identical to the those defined in §3.2 of [BM2],
up to the (trivial) difference that the maximum scale of the vertices is N + 1
instead of +1), with root at scale jo, » normal endpoints (i.e. endpoints not
associated to ¢ or J fields), n¥ = 2m% endpoints of type ¢ and n’ endpoints
of type J.

- If v is a vertex of the tree 7, P, is a set of labels which distinguish the
external fields of v, that is the field variables of type @ which belong to one
of the endpoints following v and either are not yet contracted in the vertex
v (we shall call Pi™ the set of these variables) or are contracted with the
1 variable of an endpoint of type ¢ through a propagator ¢g@("); note that
|Py| = |Pv(")| +n?, if n¥ is the number of endpoints of type ¢ following v.

- Xy, if v is not an endpoint, is the family of all space-time points associated
with one of the endpoints following v.

2.2. Convergence of the RG expansion. In order to control the RG expansion,
it is sufficient to show that A\, = maxp<;<n |A;| stays small if A = Ay is small
enough. This property is surely true if |h — N| is at most of order A~!, but to
prove that it is true for any h, N is quite nontrivial. In §4.3, by using WTi and
SDe, we shall prove the following Theorem, essentially taken from [BM4].

Theorem 2.1. There exists a constant €1, independent of N, such that, if |A| <

€1, the constants \;, Z;, ZJ@) and p; are well defined for any j < N; moreover

there exist suitable sequences Xj, 23-, EJ@) and [ij, defined for j < 0 and inde-
pendent of N, such that \j = Xj_N, Z; = Zj_N, ZJ(-Q) = 2](2_)]\, and pj = [lj—N-
The sequence Xj converges, as j — —o00, to a function A_s(A) = X+ O(\?),
such that

A — Aoo| < CA2HI/4 (2.29)
Finally, there exist n, = —a X + O(\?) and 1, = %)\2 —i—AO()\?’), with ay, qnd
a. strictly positive, such that, for any j <0, |log.,(Z;j-1/Z;) —n.| < C\2~i/4,
|log, (2,1 /Z§") = n:| < CX/* and |log, (71 /7y) = mul < CIARY/%,
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Remark. Note that the definitions of A;, u;, Z; and ZJ@) are independent of the
p value; however, in the theory with p # 0, there appear only their values with
j>h*.

Remark. From (2.29) we see that \j = A_oo + O(A\2y~(V=9)/4) which means
that, at any fized scale j, the running coupling constant A; has no flow (it is a
constant in j) when the ultraviolet cut-off is removed (N — o). On the other
hand A; has a bounded but non trivial flow from the cut-off scale N to O(1)
scales, so that A_o, # An. Once the dressed coupling A_., is fixed to some
value, the bare coupling is a complicate function of A\_ .., quite sensitive to the
details of the regularization; this is in perfect agreement with the general QFT
philosophy, in which the bare couplings are unobservable, while the dressed one
are fixed by the experiments.

The above result implies that we can remove the cutoffs and take the limit
N, —h — oo, by choosing the normalization conditions

Zo=1, po=p. (2.30)

In fact, by usirjlvg (2.30), it is easy to prove that, if Zy = Z\¢) = MY, (Zi1/Z)) !
and pn = [[[;Z; (j—1/p;)) ", then

pi =y M E NN, Zi =T (N, 28 = AT F (N

(2.31)
where @
0 7(2) 7
ARV
«n =11 =55 (2.32)
j=—o00 Zj Zj-1
and F; ; v(X), i = 1,2, 3, satisfy the conditions
Fon\) =1, |E;n0\) =1 < CA\Py~ Wmax(z.04/4 (2.33)

Note also that the first of (2.31) implies that, in the limit N,—h — oo, if [z]
denotes the largest integer < z,

Rt — FogW “ﬂ . (2.34)
1+n,

Moreover, the proof of Theorem 2.1 implies that the critical indices 1. and n,
are given by tree expansions, such that everywhere the constants \; and Z; are
substituted with A_o, and v~"=7. In particular 7, is the solution of an equation
of the form

N, =a N AN HA o, m2) (2.35)

which allows to explicitly calculate the perturbative expansion of 7, through an

iteratively procedure.

Remark. The normalization conditions (2.30) could also include the value of Z J@)

) for j = N, by putting
it equal to Zn. A different choice would only change the value of ¢()\) by an
arbitrary finite constant.

for j = 0, but we have chosen to fix the value of ZJ(?
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2.8. The Schwinger functions. Theorem 2.1 allows us to control the expansion of
the Schwinger functions, by using the following bound for the kernels appearing
in the expansion (2.28):

/dXISzmM rw(X)] < L2C2Metns (O iy Jo-2medn)

1 ( . )mvzﬂydu, 236

Zhy—1

)

2m*%

n 2
H Zh 1/2H Z,

har v not e.p.

where h; is the scale of the propagator linking the i-th endpoint of type ¢ to the
tree, h, is the scale of the r-th endpoint of type J and

dy = =2+ |P,|/2 4+ n + 2(P,) , (2.37)
with
3/4 if |P,|=4,n¢=0,1,n) =0,
. _J)3/2 if|P]=2,n%=0,1,n/ =0
P,) = y Ty Ly Ty ) 2.38
AP =500 i |P =2 nf—0 0l S 1, (2.38)

0 otherwise.

The above bound has a simple dimensional interpretation; how to prove it
rigorously has been explained in detail in the very similar model studied in [BM1]
(see also §3 of [BM2]). We simply remark here that, had we defined £ = 0, we
would have obtained a bound similar to (2.36) with Z(P,) = 0 in (2.38). The
regularization procedure has the effect that the vertexr dimension d, gets an
extra Z(P,), whose value can be understood in the following way. If we apply
the regularizing operator 1 — Ly to the kernel associated with the vertex v, the
bound improves by a dimensional factor v"~"v if v’ is the first non trivial
vertex preceding v; if we apply 1 — L9 — L1, the bound improves by a factor
A2(hor=hv) Moreover, if to a kernel associated with the vertex v the operator
1 — Py is applied, the bound improves by a factor

e T T e A e R I O )
— vy(l_c;‘jo)(h*_hv) S ,Y%(hul—hv) ;

if 1 — Py — P is applied, the bound improves by a factor (|up, |y "*)? <
Fy%(hv’ *hv) .

By suitably modifying the analysis leading to the bound (2.36), we can derive
a bound for all the Schwinger functions and get a relatively simple tree expansion
for their removed cutoffs limit. We shall here consider in detail the Schwinger
functions with n/ = 0, at fixed non coinciding points; we shall get a bound
sufficient to prove two of the OSa, the boundedness and the cluster property.
Since relativistic invariance is obvious by construction, to complete the proof of
OSa there will remain to prove only positive definiteness.

Given a set x = {x1,...,Xx} of k (an even integer) space-time points, such
that 0 = mingyex |x —y| > 0, and a set w = {w1,...,wi} of w-indices, the k-
points Schwinger function Sy ., (x) is defined as the k-th order functional deriva-

tive of the generating function (2.28) with respect to 3, .., 9%, 5w, and
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P jasrsonsaps - Prpuwy 86 J = =0, see (1.17) and item 2) in Theorem 1.1.
By using (2.28), we can write

o0

N-—1
Sky(x) = lm S0 3 > Y Skorw®) ., (240)

m(x,w) n=0jo=h*—1 W 7€Tjj,n,k0 PP
\Puo\:k

where Eﬂ(&g) denotes the sum over the permutations of the x and w labels

associated with the k/2 endpoints of type ¢, as well as those associated with
the k/2 endpoints of type ¢~ .

We need some extra definitions. Given a tree 7 contributing to the r.h.s. of
(2.40), we call 7* the tree which is obtained from 7 by erasing all the vertices
which are not needed to connect the k special endpoints (all of type ¢). The end-
points of 7* are the k special endpoints of 7, which we denote v}, i =1,...,k;
with each of them a space-time point x; is associated. Given a vertex v € 7%,
we shall call x7 the subset of x made of all points associated with the endpoints
following v in 7*; we shall use also the definition D, = maxx yex: |Xx — y|. More-
over, we shall call s} the number of branches following v in 7*, si! the number
of branches containing only one endpoint and s}? = s* —s*1. Note that x} C x,
and s} < s,.

The bound of Sk, 0,4 (X) can be obtained by slightly modifying the procedure
described in detail in §3 of [BM1], which allowed us to prove the integral esti-
mate (2.36), in order to take into account the fact that the points in x are not

integrated. First of all, we note that it is possible to extract a factor e~V Dy
for each non trivial (that is with s > 2, n.t. in the following) vertex v € 7, by

partially using the decaying factors e ¢V *=¥| appearing in the bounds (2.23),
which are used for the propagators of the spanning tree T, = (J, T, of 7 (see
(3.81) of [BM1]); we can indeed use the bound

, h —
eV < o= 5VATINL L ¢ 2 VI L=t (241)
2Ej:o 773/2

and the remark that, given a n.t. v € 7%, there is a subtree T}’ of T, connecting
the points in x} (together with a subset of the internal points in x,,), made of
propagators of scale j > h,. It follows that, given two points x,y € xJ, such
that D, = |x —y|, there is a path connecting x and y, made of propagators in
T, whose length is at least D,; the decomposition of the decaying factors in

the r.h.s. of (2.41) allows us to extract, for each of these propagators, a factor
e~ V"Xl and the product of these factors can be bounded by e~V Dy,

Note that, after this operation, there will remain a factor e~ (¢/2VY [x=¥l for
each propagator of T, to be used for the integration over the internal vertices.
Moreover, there will be 1+ . (s} —1) = k integrations less to do; by suitably
choosing them, the lacking integrations produce in the bound an extra factor
[Toer 2o (o= 1,=2 50 that we get

|Sk,0,7,£(§>| < Ck(c/_\jo)n,yfjo(72+k/2) H ,_Y2hv(szfl)efc’, /~ho D,

n.t.ver*
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yh Zn, \IPV2
T - : —dv 2.42
Heye I (75) - e

=1 N v not e.p.

Let E; be the family of trivial vertices belonging to the branch of 7* which
connects v} with the higher non trivial vertex of 7* precedlng it; the definition
of si1 and the fact that, by assumption, 1/2;,, < v™", with n < c)\ , imply
that if E=U;E;,

H ; iz = H7 =z H O (2.43)
hs)

z:l veEFR n.t.veT*

Let v the first vertex following vg (the vertex immediately following the root
of 7, of scale jo + 1) with s} > 2; then we have, if k, denotes the number of
elements in x} (hence k, =k, if vog < v < vf),

g0 (=2+k/2) H ,_Y—duzfyfhv[’;(*wrkv;/?) H v"i”, (2.44)
vo<v<ug vo Sv<vg

where we used the definition,

~ ky |P,| — Ky
dy=4d < + > (2.45)

note that d, > 1/2, for any v € 7*.
By inserting (2.43) and (2.44) in the r.h.s. of (2.42), we get

S Zn \IPI72
S ”“ll ()"

n.t.ver* v not e.p.

H T [HW_du—l+n/21 H v | LR (2.46)

vgT* veE vo<v<vs

v not e.p.

where

FTZV—hvg(—%kvg/?) H 7hu[2(5,’;—1)—(1—77/2)5;3’1] H ,y—du . (247)

n.t.ver* v;SU€T*
vgE
Given a n.t. vertex v € 7%, let s = 5%, 51 = si}, §=5— 51 and v1,...,vs the

n.t. vertices immediately following v in 7. Note that k, = s1 + Zle ky,; hence,
given € > 0, we can write

—(—24e+ky/2)+ 2(s—1)— (1 —n/2)s1] =
=2—c—k,/24+e(s—1)+(2—-¢e)(s1+5—-1)—(1—n/2)s1 =

—% <81+§:/€W> +e(s—1)+2—-¢)s+s512—-e—-14n/2)=

i=1

—e(s— 1) +s1(1/2—e+n/2) =S (=24 + ko, /2) . (2.48)

M=

=1
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This identity, applied to the vertex v§, implies that, if vi,...,v5, § = ST)S — szél,
are the n.t. vertices immediately following v in 7%, then
* _ _ *,1
—hos (2K /2)7%; [Q(SU;; -1 n/2)svg ] _
3
_ ’YEhvE; ’7(1”3 hv[’; H ,yfhui(72+s+kvi/2) . H ,772+5+ku/2 7 (249)

i=1 veC;

where C; is the path connecting v§ with v; in 7* (not including v;) and we used
the definition
a, =e(sk —1)+s1(1/2 —e+1/2) . (2.50)

The presence of the factor = /wi(=2+e+kv:/2) for each vertex v; in the r.h.s. of
(2.49) implies that an identity similar to (2.49) can be used for each n.t. vertex
v € 7", It is then easy to show that

Ff—vsh”(’;[ 11 ”Ya”hv] T % . (2.51)

n.t.ver* vET* W E
By inserting this equation in (2.46), we get
n h., b —c v
|Sk07’w( )| < C (C)‘Jo : [ H '7 7Dy
n.t.ver*
Zh, 7
[0 ]
v not e.p. hy—1
where B
dy if vg < v < v§
dy={ dv—c¢ ifver vg<vé¢E (2.53)
dy+1-n/2 ifvekE
dy otherwise

Note that d, > 0 for any v € 7, if ¢ < 1/2; moreover, if this condition is
satisfied, a, > € > 0, for any n.t. vertex v € 7%, uniformly in Aj;,. Moreover,
since by hypothesis D, > & > 0, there is ¢¢ such that

yol =V Dy < gup 20w e ¢EV < (C_O) CaZe (2.54)
x>0 0
Note that
> av— k(1+n)—e< k(l—i—n) (2.55)
n.t.ver*

Hence, by using (2.52) and (2.55), we get

1Sk 0.r(X)] < CHENH(CON,, s~ FIFI 2o

1 (L)'va—dv]’ 256

Zh, —
v not e.p. hy—1

By

.,y(aug +8)h’v(’§ 6_0/ v 0 Dx
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where Dy denotes the diameter of the set x.

Let us now observe that, since the vertex dimensions d, are all strictly pos-
itive, if we insert the bound (2.56) in the r.h.s of (2.40), we can easily perform
all the sums (by using the arguments explained, for instance, in [BM1]), once we
have fixed the scale of the vertex v§ and the values of Sy and szol (so that the
value of a; is fixed) and we can take the limit —h, N — co. By using Theorem
2.1 and the remark that the bound (2.56) implies that the trees giving the main
contribution to Sk (x) are those with *yh“g Dy of order 1, it is easy to prove
that the limit can be expressed as an expansion similar to (2.40), with the sum
over jo going from —oo to +00, the sum over 7 including trees with endpoints
of arbitrary scale (satisfying the usual constraints) and the values of Sj 0.7 . (X)
modified in the following way: -

1) in every endpoint there is the same constant A_, in place of A, ;

2) the constants Z;, and u; are substituted everywhere by v~/ and py "7,
respectively, see (2.31);

3) in the expansion which defines the constants z; and s; needed, respectively,
in the definition of Z;_; (k) and p1;_1(k), see (2.19), one has to make the same
substitutions of items 1) and 2).

The bound (2.56) also implies the following one (valid for C.|A\| < 1, with
C. v o0ase—1/2):

k s
|Sk w(§)| < Ck(C€|)\|)k/2_1(k!)2+"5_[k(1+77)/2_€] Z Z 55(5—1)-‘,—51(1—25-{-77)/2 .
B s=2s51=0
+oo
. Z ,Y[ss+sl(172s+n)/2]hefc’,/'yh'Di <
h=—o00

k s S es+s1(1—2e+n)/2
( ) . (257)

< Ck(Ca|)\|)k/2_1(k!)3+2775_k(1+n)/2Z Z D_

s=2s1=0
Since §/Dx < 1, the sum over s and s; is bounded by Ck?(5/Dx)*; hence we
get the bound

_ _ a1
|Skw ()] < CF(CA)F/27T (k13 H2ng—IMtm)/2=2 ]W ; (2.58)

which proves both the boundedness and the cluster property, see Appendix A.

In conclusion,we have proved the following result.

Theorem 2.2. If ¢1 is defined as in Theorem 2.1, there exists €2 < €1 such
that,if the normalization conditions (2.30) are satisfied and |\| < eo, then the
Schwinger functions Sy ., (x) are well defined at non coinciding points and verify
all the OS axioms, possibly except RP.

The Reflection Positivity is a consequence of Theorem 1.4, to be proved in
§5. Moreover, it is easy to derive from the previous bounds and (2.34) (see for
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instance [BM4] for the case g = 0) the bound for the two point Schwinger
functions (1.24). The previous arguments can be extended to prove that also
the Schwinger functions with ny > 0 are well defined in the limit of removed
cutoffs, so completing the proof of Theorem 1.1, except for eq. (1.25), which will
be proved in §2.5 below. Finally, note that our results are uniform in the mass y;
the radius of convergence of the expansion as function of the running coupling
constants can be chosen independent of the mass and the running coupling
constants are independent of the mass by construction.

2.4. Bounds for the Fourier transform of the Schwinger functions. The main
bound (2.36) can be also used to get bounds on the Fourier transform of the
Schwinger functions at non zero external momenta; these bounds are uniform in
the cutoffs and allow, in particular, to prove (by some obvious technicality, that
we shall skip) that the removed cutoffs limit is well defined. Here we shall only

2LND (5. K) in the massless case.

w,w’

consider, as an example, the function G
By using (2.28), we can write

o0

N-1
GLME=Y Y Y Y ek, @)

n=0jo=h—17€Tjy,n,2,1 FEP
| Pyg =2

with an obvious definition of G2!(p,k). Let us define, for any k # 0, hy =
min{j : f;(k) # 0} and suppose that p, k, p — k are all different from 0. It
follows that, given 7, if h_ and hy are the scale indices of the 1 fields belonging
to the endpoints associated with o1 and ¢~, while h; denotes the scale of the
endpoint of type J, G2!(p,k) can be different from 0 only if h_ = hy, by + 1,
hy = hx—p,hk—p + 1 and h; > hp —log, 2. Moreover, if Tjo,n,p.k denotes the

set of trees satisfying the previous conditions and 7 € T, n,p k; |@3*1(p, k)| can
be bounded by [ dzdx|G2'(z;x,y)|. Hence, by using (2.36) and (2.31), we get

|62,1,N7h(p;k)| S O,.Y*hk(lfnz/z),y*hk—p(lfnz/2) .

oo7w/N—1
DIIDDEED DR DRIV | B (2.60)
n=0jo=h—17€T;y,npx FEP v not e.p.

| Pug =2

The bound of the r.h.s. of (2.60) could be easily performed by using the
procedure described in §3 of [BM1], if d,, were greater than 0 for any v; however,
by looking at (2.37), one sees that this is not true. Given 7 € T}, 5 p k, let vg the
higher vertex preceding all three special endpoints and v > v the higher vertex
preceding either the two endpoints of type ¢ (to be called v, 4 and v, —) or one
endpoint of type ¢ and the endpoint of type J (to be called vy). It turns out
that d, > 0, except for the vertices belonging to the path C* connecting v with
vy, where, if |P,| = 4 and nJ = 0 or |P,| = 2 and n; = 1, d, = 0. Hence, we can
perform as in §3 of [BM1] the sums over the scale and P, labels of 7, only if we
fix the scale indices h(; and h} of v; and v{, after multiplying by 4 ~9(hi=ho) the
r.h.s. of (2.60), ¢ being any positive number. Of course, we have also to perform
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the sum over h{, h] of A9(hi=h5) “which is divergent, if we proceed exactly in
this way:.

In order to solve this problem, we note that, if v ¢ C*, d, — 1/4 > 0. Hence,
before performing the sums over the scale and P, labels, we can extract from
each vy~ % factor associated with the vertices belonging to the paths connecting
the three special endpoints with v§ or v}, a ~~1/4 piece, to be used to perform
safely the sums over hf, h] in the following way.

Let us consider first the family ’T( n.px Of trees such that the two special

endpoints following v} are v, 4 and v, — and let us suppose that |k| > |k — p|.
In this case, before doing the sums over the the scale and P, labels, we fix also
the scale h; of vy. We get, if b’y = max{hp +2,h{ + 1}:

fﬁZ oo > e I < (2.61)

n=0 jo=h—1 (1) PeP v not e.p.
Jo=h=LreT i) 1Pyl

hx—p 1

<C Z Z Z ~? 6(hi—hg o)y~ #[(he=hy)+(hi—p—h])+(hs—hg o)l

j=—0cohf=—oco0h;= h*

and it is easy to prove that the r.h.s. of (2.61) is bounded by Cro(c=he) if
§ <1/8.1If |k — p| > |k|, we get a similar result, with hx_p in place of hy.
Let us consider now the family ’T( ’+) bk of trees such that the two special

endpoints following v] are vy and vy, 4. We get, if A% = max{hp+2,h+1} and
ho = min{hk_p, hi}:

fﬁZ oo > e I < (2.62)

n=0 jo=h—1 (1,+) PeP v not e.
Jo=h=LreT ) 1Pyl P

ho
SC Z Z Z ’y 5(hi—hg ),7 4[(hk hi)+(hk—p—hy)+(hs—h7 )]

=—00 hj=—o00 hy=h7

and it is easy to prove that, if 6 < 1/8, the r.h.s. of (2.62) is bounded by

C~Oh—li—p) "if |k| > |k — p|, by a constant, otherwise. The family 7.(2" I)) « of
trees such that the two special endpoints following v} are v; and v, _ can be
treated in a similar way and one obtains a bound C~?(k—p=h) if |k —p| > K|,
or a constant, otherwise.

By putting together all these bounds, we get, for any positive 6 < 1/8:

_ Cs
G2LN (D <
(G N = g —piw

G§y+(m@mf+(m@my+(m®mY],

with Cs — oo as § — 0.

(2.63)
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2.5. Calculation of éi(k) in the massless case. We want now to discuss the
structure of the limit —h, N — oo of the interacting propagator G%™:(k) for
w=0.

By using (2.28), we can write

o0

N—-1
EAED DD DI DI S8 (2.64)

n=0jo=h—171€Tjy,n,2,0 FEP
|Pog =2

with an obvious definition of G2 (k).

Let us define hx as in §2.4 and suppose that k # 0. It follows that, given
7, if h_ and hy are the scale indices of the v fields belonging to the endpoints
associated with ¢+ and ¢, G2 (k) can be different from 0 only if by = i, hic+1.
Moreover, if T;, » .k denotes the set of trees satisfying the previous conditions and
7 € Tjomi |G2(K)| can be bounded by [ dx|G2(x,y)|. Hence, by using (2.36)
and (2.31), we get

—h
G2V 19| < Oy w0

Ly
oo N-1
> Y Y ey I (2.65)
n=0 jo=h—1T7€Tj; nx \PI:;ET:Q v not e.p.

where d,, > 0, except for the vertices belonging to the path connecting the root
with v*, the higher vertex preceding both the two special endpoints, where d,
can be equal to 0. These vertices can be regularized by using the factor v~ (x—Jo)
in the r.h.s. of (2.65); hence, by proceeding as in §2.4, we can easily perform the
sum over the trees with a fixed value of the scale label h* of v* and we get the
bound

GV (k)| < 2 ~me-nyjz < g2 2.66
(G S < e
k h*=—00 k

By using Theorem 2.1, it is not hard to argue, as in §2.3, that the removed
cutoffs limit @3 (k) is well defined and is given by an expansion similar to (2.64),
with the sum over jy going from —oo to +oco and the quantity éf(k) modified by
substituting, in every endpoint, A\; with A_, and, in every propagator, Z; with
~~™_ n = n,; this property easily implies that éi (vk) = vnfléi(k). On the
other hand, the symmetries of the model imply that there is a function g(x, \),
defined for z > 0 and A small enough, such that G2 (k) = D5 (k)g(|k|,\);
by the previous scaling property, g(vx, \) = v"g(x, \). We want to show that
glx,\) = 2" f(A\), with f()) independent of .

To prove this claim, first of all note that éiN h(k) is independent of +,
since the cutoff function Ch_}v(k) only depends on 79 and v > 7, see §1.2.
This property is then valid also for éi(k), hence for g(z, A). However, since the
expansion heavily depends on -y, the value of 1 is apparently a function of v; we
want to show that this is not true.
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Note that, for any v and any integer j, g(77,\) = 477 g(1,\); it follows
that, if there exist, given 7; and 72, two integers ji,j2, such that ' = 732,
then n(v1) = n(72). Hence, given an interval I = [y9,7] and v € I, the set
{Y €I:n()=n(v)}is dense in I, as the set of rational numbers is dense in
the interval [log, 70, log, 7]. Since 7(7) is obviously continuous in 7, it follows
that it is constant.

Let us now put g(z,\) = 2"f(z,\); we see immediately that f(yz,\) =
f(z,\). Hence, by varying v in the interval [2,4] and by choosing x = 1/, we
see that f(1,\) = f(z,\), if € [1/4,1/2]. By using this equation, by varying =
in the interval [1/4,1/2] and by choosing v = 2, we get also f(1,\) = f(x, A), if
x € [1/2,1]. By proceeding in this way, it is easy to show that f(1, ) = f(z, \),
for any = > 0.

The previous discussion and the fact that, in the expansion (2.65), d, > 1/4
for any v > v*, imply also that

[K["

~2,N,h _
G = D

[F(N) + O(lkly =) (2.67)

3. Ward—Takahashi Identities

3.1. Proof of Theorem 1.2. In order to derive WTi in the massless case = 0
from the generating functional (1.13) (in the continuum limit a = 0), it is conve-
nient to introduce a cutoff function [C}; y (k)] ™" equivalent to [Ch, n (k)] ™" as far

as the scaling features are concerned, but such that the support of [Cj, ~(k)]tis
the whole set Dy and lim.,0[C}; y(k)]™" = [Ch, v (k)] 7'; we refer to [BM2] §2.2
for its exact definition. We then substitute [Cy, x (k)| ™" with [C} y(k)]~! in the
r.h.s. of (1.13) and perform the gauge transformation wiw — eiaxv“fz/}iw (equiv-
alent to the usual phase and chiral transformations). The change in the cutoff

function has the effect that the Lebesgue measure dzz[h’N I is invariant under this
transformation and we get the WTi (1.26), where, if < . >p y denotes the ex-

pectation with respect to measure N1 Py, (dip)e 2N ZRV(¥) (see (1.14)-(1.16)

. A2,1,N,h . .
for the definitions), A ;""" (p, k) is the Fourier transform of
2,1,N,h/_. def, — . .

Aw,w’ (X7 Y, Z) - <¢y,w’7 Q/J:,w” 6Tx7w>h,N ) (31)
where (—; —; —) n.n denotes the truncated expectation with respect to the mea-
sure (1.14),

defZN (kT —k— N ~_
5TX;W = F Z eZ( )XCZ,N;w(k—i_?k )wlj+7wwk*,w ’ (32)
kt k—
kt#£k—
and

Chnw(k k) =[Cf n(k7) = 1Du(k™) — [CF n(kT) = 1]Du(k™) . (3.3)

Let us now suppose that p is fixed independently of h and N, as well as k, and
that p, k and k — p are all different from 0. This implies, in particular, that the
condition X(p) = 1 is satisfied if |h| and N are large enough and %(p) is the
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function appearing in (1.31). Hence we can prove Theorem 1.2 by substituting
in (1.27) RZVN"(p, k) with Y(p)R>>N"(p, k), which is the Fourier transform

of . 5 ;;
Walj=p=0 , 3.4
DT 0] 00, ali=e=0 (34)
where
a0 & [apthy) exp{ — oV (VZwo) +
+ / dx (o8 Wsw + U wPrw) } (3.5)
€xp {Z [To,w - V+,NT+,(—U - V—,NT—,UJ] (J7 V ZNQ/J)} ’
with
7 1 ~ CZ,N;w (ka k — p) -~ ~_ 1
Tow (1¥) = 17 > JpwX(P) Do(p) Ve pw = 5 > Jpwdppw -
k,p wiP p#0
7 1 ~ Dy, (p) ~ o
Tew(49) = 13 kZI;Jp,wx(p) Do) Vi toVipotw - (3.6)

The coeflicients v4 y will be fixed by the requirement that (1.29) holds. A crucial
role in the analysis is played by the function

CI&;,N;w (k+7 k_)

ALD(kt k™) =
o T k) Dy, (k+ —k-)

387 (kMg (k) (3.7)

where @(Jj) = Zi\w% By proceeding as in §(4.2.) of [BM2] (where only the case
N = 0 is considered), one can show that, if p = k™ —k~ # 0 and |p| > 2y"*!

(which is true since X(p) = 1):
L if h <i,j < N, since [Cf y (k)71 =1,

AULD(kt k) =0; (3.8)

2. ifh<j <N,
AN (k+ k) = %@Sy(kﬂk*) : (3.9)
where S (k*+, k)™ (SU) (k*, k), S (k*, k™)) is a vector of smooth func-

tions such that
*N(1+m+)7*j(1+m—)

m m_ ] — Y
O O S0 )] < Coy - L (310)
o
3.ifh<i<N,
) ) —h—1
|AGR) (k+ k)| < Oy~ L (3.11)

Zi1ZN ;
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4. ifi=j=h,
APkt k) =0. (3.12)

Note that, in the r.h.s. of (3.11), there is apparently a Zx/Z,_; factor miss-
ing, but the bound can not be improved; this is a consequence of the fact that
Zn—1(k) =0 for [k| <"1 see eq. (63) of [BM2].

Remark. Equations (3.1) and (3.4) say that the correction to the formal WI can

be written as a functional integral very similar to the one for G%1NV:" except
that the corresponding generating function is replaced by the more complicated
expression appearing in (3.5). Hence, we can evaluate (3.1) via a multiscale in-
tegration similar to the one for GZH™" but we have to discuss the effect of
the new term appearing in (3.5). The idea is that the operator Tp,, can gener-
ate, during the multiscale integration, dimensionally marginal terms of the form
Jptap~, whose flow can be controlled by choosing properly the counterterms
vy v and v_ n. As regards the dimensionally irrelevant terms, by (3.8) they
contain at least a nontrivial integration at the ultraviolet or infrared scale and
this implies, as we will see, that such contributions vanish when the cutoffs are
removed.

The multiscale integration of Wa has been described in detail in §4 of [BM2]
(of course the scale 0 has to be replaced with the scale N). After the integration
of pV) we get an expression like (2.1) and the terms linear in J and quadratic

in ¥ 1n the exponent will be denoted by K \/ _pleN= 1 ); we write
K(]N K(a N=1) —I—K(b N Where K(a N 1) was obtamed by the 1ntegrat10n
of Ty and K(b N=1) from the integration of T.. We can write Kga N-D

KD (T = Yz | dex,w{fo,wu, o)+ (3.13
+Z/dydz Dxy.z) + FY TV (xy,2)0, }W, (O ]}

swe and F(N Y are the analogous of eq. (132) of [BM2]; they represent
the terms in wh1ch both or only one of the fields in dpp 4+, respectively, are

contracted. Both contributions to the r.h.s. of (3.13) are dimensionally marginal;
-1)

where F(

however, the regularization of Fl(ﬁ is trivial, as it is of the form

[Chon (k) = 1Dy (k) Zngs”) (kH) — un (kt)
D, (kt — k™)

FN Dkt k) = G® (k)

(3.14)
or the similar one, obtained exchanging k* with k—; ux(k) = 0 if [k|] < vV
and uy (k) = 1 — fx(k) for |k| > v¥. By the oddness of the propagator in the

momentum, G (0) = 0, hence we can regularize such term without introducing
any local term, by simply rewriting it as

FN Yt k) = [P (kt) - aP(0)] -

[Chov (k™) = 1D (k) Zx 35" (k) — un(kt)
Dy (kT — k™) '

(3.15)
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FN-1)

2w can be written as

By using the symmetry property (2.14),

_ 1
Fz(ﬁ,a;l)(kﬂkj = Do) [PoAowaek™ k) +p1diws(kt k7)), (3.16)

where 4; ., »(kT, k™) are functions such that, if we define

_ 1
ﬁFz(Z,ajl) = Dulp) [P0A0,0,(0,0) + p1A1,6,5(0,0)] , (3.17)
then Dop)
EF(JZZ}) _ Zg’ir 7 EF(]I,T“), _Pow p 3,: 7
2,0, N—1 2,w, Do(p) “N-1

(3.18)

where Zi,’fl and ZJ?(,’:l are suitable real constants. Hence the local part of the
marginal term in the second line of (3.13) is, by definition, equal to

Z[ZNZJ%/)-EIT-F,W(J? w[hyNil]) + ZNZJ%/):IT—,w(Jaw[hﬁNil])] : (319)

w

The terms linear in J and quadratic in v obtained by the integration of Ty have
the form

b,N—1 1 ~ ~
Ky Zna) = Zn g 30 X0 e D oV pa
kt,p

w,w

D_,,
—V+,NG£J],\2 (k" k" —p) - V—,NT(;)))G(—AQ,@(kJrakJF - P)] -(3:20)

By using the symmetry property of the propagators, it is easy to show that
GS)V_)W(O,O) = 0. Hence, if we regularize (3.20) by subtracting GSE(0,0) to

G&Ng (kT, kT —p), we still get a local term of the form (3.19). Finally by collecting

all the local term linear in .J we can write

LEN Y/ Zy V1) = Z {ZNTO,M (J,w[h,N—1]> _ (3.21)

where Zn_ovy N—1 = Zn_1[Ve,N — Zzg\fl + Vi7NG§EJXJ)7iw(O, 0)] (our definitions
imply that Zy_1 = Zx). The above integration procedure can be iterated with
no important differences up to scale h + 1. In particular, for all the marginal
terms such that one of the fields in Tp, in (3.13) is contracted at scale j, we put
R = 1; in fact the second field has to be contracted at scale h and, by (3.11), the
extra factor v*~7 has the effect of automatically regularizing such contributions.

The above analysis implies that v ; gets no contributions from trees with an
endpoint of type v_ j, k > j, and viceversa; moreover, if a tree has an endpoint
corresponding to To,w, this endpoint has scale index N + 1. Hence we can write,
forh+1<j<N-1,

Vi j—1 = V45 +ﬁiﬁy()\j7yj"7)\N7VN) 5 (322)
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with

N
th,u(/\jv Vj.os AN, VN) = ﬂzt,u()\j’ ) )\N) + Z Viqj'ﬂzth,]u()\j’ ) )\N) (323)

J'=j
and, given a positive ¥ < 1/4,
8%, (A, An)| < CAjy =20V =D) Jﬂif}i(/\j, W AN)| S OXBy 72T (3.24)
We fix v4 n so that

N
ven=— Y B,V AN on) (3.25)
j=h+1

By a fixed point argument (see §4.6 of [BM4]), one can show that, if A is small
enough, it is possible to choose v+ y so that

Vil < coj\;ﬁ_ﬁ(N_j) , 3.26
\J

forany h4+1 <7 < N.

The convergence of vy y as |h|, N — oo is an easy consequence of the previous
considerations. Moreover, from an explicit computation of (3.22), we get v_ =
2 +0(N\?) and vy = ¢4 A% + O(X3) with ¢y < 0.

Fig. 3.1. : Graphical representation of the lowest order contribution to v~ and to v1; the
small circle represent the function in the r.h.s. of (3.3).

The convergence of éilwf\[h(p, k) was discussed in §2.4. Hence, to complete
the proof of Theorem 1.2, we have to prove that )Z(p)fiz’l’N’h(p,k) — 0, if p,

k and k — p are all different from 0. In fact, since x(p) =1 for p # 0 and ||, N
large enough, this implies (1.29).

This result can be obtained by a simple extension of the arguments given
in §2.4 to prove that @2"1’N’h(p;k) is bounded uniformly in A and N. In fact,

w,w’
)?(p)Ri’bfv’h(p, k) can be written by a sum of trees essentially identical to the

ones for @ityh, with the only important difference that there are three different

special endpoints associated to the field J, corresponding to the three different
terms in (3.21); we call these endpoints of type Ty, Ty, T— respectively.

The sum over the trees such that the endpoint is of type T+ can be bounded
as in (2.60), the only difference being that, thanks to the bound (3.26), one has

to multiply the r.h.s. by a factor |)\|7_19(N_’”), which has to be inserted also
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in the r.h.s. of the bounds (2.61) and (2.62). Hence, it is easy to see that the
contributions of these trees vanishes as N — oco.

Let us now consider the trees with an endpoint of type Ty. In this case there
are two possibilities. The first is that the fields of the Tj endpoint are contracted
at scale j, NV; this implies that the sum over h; is missing in the r.h.s. of the
bounds (2.61) and (2.62) and h; = N. Hence it is easy to see that the sum over
such trees goes to 0 as N — oco. The second possibility is that the fields of the Tj
endpoint are contracted at scale j, h; this implies that the sum over jg is missing
in the r.h.s. of (2.60) and jo = h. Since d,, — 1/4 > 0 for all vertices belonging to
the path connecting the root to the vertex v, we can add a factor y—(Go=h))/4
to the r.h.s. of the bounds (2.61) and (2.62), which then go to 0 as h — —oo.

4. Schwinger-Dyson equations and new anomalies

4.1. Proof of Theorem 1.3. In this section we study the last addend of the
Schwinger-Dyson equation (1.31), so proving Theorem 1.3; the analysis rests
heavily on §4 of [BM4].

Let us consider a fixed finite k and let us define its scale hy as in §2.4; then,
if —h and N are large enough, gY-"(k) = g.,(k). We start by putting (see §4.1
of [BM4)):

G2 005,09 [ B wp) = B R 1 = S ()

X wiw - /\7/\ )
2m)?2 —w(p) 0By 01

where € = £ and Wr is defined (in the infinite volume limit) by the equation:

e [apy, () exp{ ~wZV) [ix [l +

+¢,[:f;dN]+cp;7w} + 2N {Tfs) —vp NI — I/—,NTE:| (¢, J) } , (4.2)
with
ef [dpdk _  ~ _  C. (kK k' —p)
1 (wv ) (27T)4 X(p) k,wY ( ) D_w(p)
.w;‘r*pvww;{r/ﬁwwlzfp,sw ? (43)
def [dpdk’ _, =~ __ ~ ~ ~
Ty (¢, J) = /—(2ﬂ)4 X(P) JicwGo (K)o U oo s
def [dpdk’ _, .~ _ Dy,(p) ~ ~
T J) = — Ji wOw k - . . 7
(wv ) / (27‘()4 X(p) k,wd ( )wa(p)wk p,wwk ,wwk pP,w

and vy n are defined as in (3.25).

Remark. Equation (4.1) essentially says that the last term in the Schwinger-
Dyson equation (1.31) can be written as a functional integral very similar to the
one for GZN'" (proceeding as in the derivation of the Schwinger-Dyson equation
in the opposite direction), except that the corresponding generating functional
is replaced by the more complicated expression appearing in (4.2). We can then
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evaluate G2)"(k) via a multiscale integration similar to the one for GZ:",
and in the new expansions additional running coupling constants will appear.
The expansion is convergent if such new running coupling constants will remain
small uniformly in the cut-offs, and this will be proved by showing that they are
close to the ones appearing in the expansion for G%N:".

The calculation of Gg:g " (k) is done again via a multiscale expansion, very
similar to the one described in §4 of [BM4]. The main differences are that here
we are considering a quantity with two external lines, instead of four, and that
the external momenta are on the scale hy, instead of the infrared cutoff scale
h. However, the last remark implies that the integration of the fields of scale
j > hx +1 differs from that discussed in [BM4] only for trivial scaling factors; in
particular, there is no contribution to G2:J"(k) associated with a tree, whose
root has scale higher than hy.

Let us call VV=D(["-N=1) the sum over the terms linear in J, obtained
after the integration of the field ¥(N); we put:

9(1\/71)(1/}[;1,1\/71]) _ 9(1\{—1)(1/}[h,N71]) + f}é{\zf—l)(w[h,Nfl]) +

a‘1

(N — — (N — —
L R P R (44)

where 17(5]\1,71) + f{%il) is the sum of the terms in which the field @pryw ap-

)

pearing in the definition of Tl(g)(w) or T4 (1) is contracted, 1_/(5{\1]_1) and 17(5{\2]_1)
denoting the sum over the terms of this type containing a 77 or a T4 vertex,
respectively; ]7;];]_1) + f)lgj;f_l) is the sum of the other terms, that is those where
the field @Zl'(tp’w is an external field, the index ¢ = 1,2 having the same meaning
as before.

Let us consider first f)é{\l[_l); we shall still distinguish different group of terms,
those where both fields 1;;{/ 0w and @;,ﬂ)y <., are contracted, those where only one
among them is contracted and those where no one is contracted. If no one of the
fields 1/);:, and ¥, _
four external lines; for the properties of A% (see (3.7)), at least one of the
fields 1/1:, and ¥y, _ must be contracted at scale h. If one of these terms

JEW P,ew
has four external lines, hence it is marginal, it has the following form

is contracted, we can only have terms with at least

JEW pP,ew

dpdk’ ~ ~
ZN/W I,k_pGgN) (k —p)gh"(k—p) -
Caw (klu k' — p) .

TG (K)X(P) Do) Vs eV —pew o (4.5)

where GéN)(k) is a suitable function which can be expressed as a sum of graphs
with an odd number of propagators, hence it vanishes at k = 0. This implies
that GéN)(O) = 0, so that we can regularize it without introducing any running
coupling.
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Fig. 4.1. : Graphical representation of (4.5).

If both 121\:, ., and 121\1:,_10 o N Tl(a)(w) are contracted, we get terms of the
form (up to an integral over the external momenta)

Tewgo W (ki ) (V200" [ 95 (4.6)
=1

where n is an odd integer. We want to define an R operation for such terms.
There is apparently a problem, as the R operation involves derivatives and any
term contributing to Wﬁ:; Y contains the AL™) and the cutoff function X(p)-
Hence one can worry about the derivatives of the factor X(p)pD—_.(p)~'. How-
ever, as k is fixed independently from N (and far enough from vV) and k — p is
fixed at scale IV, then |p| > vV ~1/2, so that we can freely multiply by a smooth
cutoff function y(p) restricting p to the allowed region; this allows us to pass
to coordinate space and shows that the R operation can be defined in the usual
way. We define

LN V(K Ky, ko ks) = W0, .,0) (4.7)

LNV k) = WV 0) + koW (0) (4.8)

Note that by parity the first term in (4.8) is vanishing; this means that there
are only marginal terms.

Fig. 4.2. : Graphical representation of Wiil) and Wéil).

If only one among the fields ilf, ., and 121\1:,_10 . in T1(v) is contracted, we
get terms with four external lines of the form (up to an integral over the external
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momenta):

IV el T s [ AR ROE — )

GV -kt + k)G (K k+ k- — k) -

,{[Ch,N(k)—l]Dw(k )i (k) un(k') }
D_,(kt —k) Dkt —k)[’

(4.9)

or the similar one with the roles of k™ and k™ exchanged. Note that the indices
w1 and we must satisfy the constraint wiws = €.

—

k™, ew
Fig. 4.3. : Graphical representation of a single addend in (4.9).

The two terms in (4.9) must be treated differently, as concerns the regulariza-
tion procedure. The first term is such that one of the external lines is associated
with the operator [Ch n (k™) — 1]Dew(k™)D—,(p) L. We define R = 1 for such
terms; in fact, when such external line is contracted (and this can happen only
at scale h), the factor D, (k~)D_,(p)~! produces an extra factor 4"~ in the
bound, with respect to the dimensional one. The second term in (4.9) can be
regularized as above, by subtracting the value of the kernel computed at zero
external momenta, i.e. for k— = k = k; = 0. Note that such quantity vanishes,
if the four w-indices are all equal, otherwise it is given by the product of the field
variables times

UN(k+)

UOR (4.10)

— 7N G0 (K) T / a3 (kH)ghr MY (k) 0,0)
and there is no singularity associated with the factor D_, (k™)™ thanks to the
support on scale N of the propagator g:"(k*). The terms with two external
lines can be produced only if ¢ = +1 and can be treated in a similar way; they
have the form

A / dk* 7kt - KGN (k) -
(G5 nv(K) — 1D (K)3SV (KY)  un(kt)
. { N P =10 _D,jld—k) , (4.11)

where GgN) (k4) is a smooth function of order 0 in A. However, the first term in
the braces is equal to 0, since we keep k fixed and far from the cutoffs, hence
Ci, (k) —1 =0, and the second term can be regularized as above.

A similar (but simpler) analysis holds for the terms contributing to V(N 1),
which contain a vertex of type T or T_ and are of order Avy. Now, the only
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thing to analyze carefully is the possible singularities associated with the factors
X(p) and pD_,(p)~!. However, since in these terms the field wf{;pw is con-
tracted, |p| > vV ~1/2; hence the regularization procedure can not produce bad

dimensional bounds. _
We will define 2](5)_1 and )\5\5,)_1, so that (recall that Zy_1 = Zn)

)

_ 72 _
L[ é]\lf 1) V(N 1)](1/}[hN 1) )\(5 gJ;QF)[\th_l](w[h»Nflh(])_

Z
—EN T D95 0 T (4.12)

where we used the definition
- _ dk;dk ~ ~ ~
Fy (g1, ) = / R LR AP R CRE)

N-1)

Let us consider now the terms contributing to f/lgi , that is those where

0
k—p,w
it turns out that

is not contracted. Such terms can be analyzed exactly as in §4.3 of [BM4];

LV Vi NN ) = v v Zy o T (N ) -
v N Zy T (PN ) (4.14)
v1 N—1 being exactly the same constants appearing in (3.21).
The integration over subsequent scales is performed in a similar way; as de-
scribed in more details in §4.4 of [BM4], it turns out that, if j > hy, the local

part of the terms linear in J has the form (coinciding with eq. (131) of [BM4]
for Zy =1landw=¢=—1):

LY@ (phdly = Zy O @l gy — vy 7 T () ) —

) N/ I )
_V_JZJ‘_lTE((Q/][hJ],J) —)\E_E)ZJ_NIF)[\h,J](w[h,J],J) B
Z;
_ Z a> w[hJ]JrD (K) G (K) i - (4.15)

If j < hy, £V has the same structure, but there is indeed no term with two

]+

external legs, since &Lhw = 0; for a similar reason the term with four external

legs is different from 0 only if 377 ~! > 4™, However, the constants A& and z(s)
are defined for any j > h and their value is independent of k. Note also that, as
in the expansion of a normal Schwinger function, we do not localize the terms
with four external legs, containing both a J vertex and a ¢ vertex.

It follows that we can write G22""(k) as a sum of trees with two special
endpoints, similar to those described in detail in §4.5 of [BM4]; they differ from
those present in the expansion of the function @fuN h(k), see §2.5, since one of
the special endpoints corresponds to one of the addenda in (4.15), to be called

of type T, Ty, T, X(E), z(e). By construction the constants v4 ; coincide with
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those introduced in §3.1, hence they verify (3.26). Moreover, it was shown in
§4.6) of [BM4], by a fixed point argument, that, if A, is small enough, it is
possible to choose a_ , v = c1A + O(N\?) and a4,y = c3 + O(A) so that there
exist two positive constant, C' and 1, independent of h and NN, such that, if
h+1<j<N-1,

|zi en,N — EZ-(E)| < Cﬂhv_ﬂw—i) . N aen N — Xl(-s)| < Cj\;ﬂ_ﬁ(N_i) . (4.16)

w
— —w—
—w
——
w
—w

Fig. 4.4. : Graphical representation of the leading terms contributing to ciA; other four
graphs contributing to c1 A, as well as the graph contributing to c3, are vanishing in the limit
of short tail (7o — 1) of the cutoff function (see definition (1.9)). The two graphs giving the
0-th order expansion in A of a_ j n cancel each other by symmetry.

Then we can write
GENh ()" AXNB () 4 AZNR () 4 ATEN R () 4 ATN () (417)

where AQ“],V o+, Agi}f h Aanu’N’h and AET‘ﬁv " contain respectively one endpoint of
type X(E), Ze, Ty, T.

In order to bound AZ)", we repeat the analysis in §4.8 in [BM4]. It follows
that it is bounded by an expression similar to the r.h.s. of (2.65), with the
following differences. Given a tree 7 contributing to AET‘ﬁv " the dimensional

bound differs from that of a tree contributing to éiN (k) for the following
reasons:

1) there is an extra factor Z;,_/Zn, because one external propagator is substi-
K g
tuted by the free one, Zy'g, (k) (see the definition of Tl(a));
(2) since there is no external field renormalization for Tl(s) (which is dimension-

ally equivalent to a term with four external fields), there is an extra factor
(Zn/Zj)?%, if jr is the scale of the endpoint of type T}

(3) if at least one of fields in Tls)) is contracted on scale h, there is an extra
factor Zp,/Z N, because of the bound (3.11);
(4) because of (3.8), either jo = N + 1 or the root of 7 has scale h — 1.

Hence, Agjvvh can be bounded by an expression equal to the r.h.s. of (2.65),
multiplied by a factor Z,Zp, /Z3, < AON[Gr =M +lir=hill which takes into ac-

count the items (1)-(3) above. This factor can be absorbed in the sum over the
scale labels, since all vertices have an ”effective” positive dimension (see remark
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before (2.66)). Then, by taking into account the remark in item (4) above, it is
easy to show that

hi

|ATNR (1) < 0 (7-<N—hk>/4 +7—<hk-h>/4) . (4.18)
£,w = th
Let us now consider AETﬁ)’N’h. We still have some extra factors with respect

to the bound (2.65), the same factor of item (1) above and a factor (Zn/Z;;),
due to the partial field renormalization of Ty ; the product of these factors can
be treated as before. We do not have anymore a condition like item (4) above,
but we have to take into account that the running constant associated with the
special vertex of type Ty satisfies the bound (3.26). It follows that

h

Ty ,N,h Y —(N—hi)/4
Ao (k) =C 77 : (4.19)
k

Let us now consider AZ)"" and let us suppose that [k| = 7", so that (see (2.19)
and (2.23)) 39 (k) = [Du(k)Zn, 1], if j = h, while g2 (k) = 0, if j # hi.
This condition, which greatly simplifies the following discussion, is not really
restrictive. In fact, since the external momentum k is fixed in this discussion, one
could modify the definition (1.24) of the cutoff functions f;(p), by substituting
it with f;(p/po), po being a fixed positive number < «, to be chosen so that
Do Yk| = 4", for some integer hy. Since our bounds would be clearly uniform in
this new parameter and the removed cutoffs limit is independent of v (see §2.5),
this procedure can not produce any trouble.
By using (4.15), we can write

A;N h(k) Al ZN h(k) gw (k) 1 = “’(E)Z (4 20)
34V — 1254V, _ E 2 il .
g,w g,w ZN th_l s K3

1=hxk

where A% contains the contributions to AZ)"" coming from trees with at
least one A endpoint. Since Z;_1 = Z;(1 + z;) and Zy_1 = Zn,

N-1
Zne1— Y Zizj=Zn, (4.21)
Jj=hx
hence we can write
N—1 (¢) N-1
z, 2y (&) Z; Zhy—1
Zh: v T Zh (zl — zia&h,N) Zn + Qe p,N Zn -1 . (4.22)
1=hnKk =Nk

The first term in the r.h.s. of (4.22) can be written as

N-1 P 7.
Zh) (29 - oes,h,Nzi)Z—;[ = ;I(%E) - as,h,sz)Z—;[ - (4.23)
1=nyx =

hr—1

Z; de
- Z (%E) - aa,h,NZj)ﬁ - pepn + REN (k)
j=h
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where p. p n is independent of k and satisfies, by (4.16), the bound

N
|penv] < CIALY A~ O=AIN=) < ¢ (4.24)
j=h

implying that there exists the limit p. = lim_j N—00 pe,n,N- By an explicit com-
putation one can show that p_ = coA + O(A?) and p;, = ¢4 + O(N), with ¢
and ¢, strictly positive constants. On the contrary, R>":"(k) is vanishing for
—h, N — oo; in fact

hk B
|R§,N,h(k)| < C|)\| Z,.Y—(ﬂ—d\i)(]v_j) < O|,\|~Y_(19/2)(N_hk) . (4.25)
i=h
w,
w w
- @ E SO\ WY SO\
w w w w
- - - -
i v_

Fig. 4.5. : The first two graphs are the graphical representation of cgA; the last is the graph
for c4.

By collecting all terms we get

- N -k
AZIMk) = ALY (k) — e e 2B | (4.26)

(e, + e N, BT (k) — REN (k)G (k) |

with [RZN(k)GS") (k)| < CIAy ez, = ? =),

We now consider AL#N:h together to A*N:" We proceed as in [BM3], for-
mulas (161)—(165); to summarize, given a tree 7 € Ty », n > 1, we can associate

to it a tree 7/ € T, 41, substituting the endpoint v*, on scale j*, of type X with
an endpoint of type A, and linking the endpoint v* to an endpoint of type z. If
we define

G2 ()% 5o (k) Z A BENM (k) | (4.27)
j*=hy

then it is easy to check that
~ Z N—-1
Aé\:j;\])h( hk 1 Z )\(5 BQ N, h )
jr=hi

N-1 N—1 ~(e)

=~ Z i—hy i Z;

ALV (1) = — 2 Z Aj- <7Z—Zhh : )Bi’_éi’h(k). (4.28)
_hk k—



Functional Integral Construction of the Massive Thirring model 43

Using (4.21) and the definitions of p.  y and RV (k), we get:

N—-1 ~(¢)
<) P e
A7 — Aj*ﬁ =\ —ache) +
- Z_N (e n,N + pepn — R2ZVM(K)] (4.29)
hk—l

By the usual arguments, one can see that [B2" (k)| < Cw_th,;kl (v~ 01" Py,

w,j*
hence, by summing the two equations in (4.28), we get:

AR+ ALEVM ) = (e pen) [G5V () — %) ()] + RV
(4.30)

where

N
def Lp, — ~ 7
RENM () ot 3T B () [(Ai-?—aa,h,w) -~z Aj*RE’N’%k)}

ZN Prurd) Zhy—1
(4.31)
is bounded by C|A|y~"kZ, 1y~ (/2N =),
Finally, the summation of all terms in the r.h.s. of (4.17) gives
- Lk
G0 = ~aen 0+ (e + pen )G9 + VAR (432
with
—h
|RENI ()| < Owu (77(19/2)(hk7h) +77(19/2)(th1<)) . (4.33)
- Z

k

This ends the proof of Theorem 1.3.

4.2. Proof of Corollary 1.1. If we insert the identity (4.32) in the r.h.s. of (1.31)
and we take the limit h — —oo, we get

G2V (k — p)
D_.(p)
where x y(p) is the function appearing in (1.30), By = (1-An >, Ac nae,n)[1—

AN D Ac N(ae n+pen)] T Oy = ANAL N[I=AN Y. Ao N(ae v+ pe,n)] Tt and
Hy (k) is a function satisfying the bound

GEY 1D = 22— b [ B xvp) + Hyo(l), (134)

Zn (2m)2 N

|Hy (k)| < C|A|Z,, 1y~ /2N =) (4.35)

On the other hand, by (2.67), there is a function f(A), independent of k, such
that

B |k|77z

G = o

Fy(k) , FEn(k)=f(A)+00"" k)" (4.36)
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hence, we can rewrite (4.34) as

By dp _ Fn(p)
k|"*Fy(k)=—+b — k)|p|" Hy . (k
7Pl = 2 by [ S8 + Rl s + ol

(4.37)
and, subtracting the equation with k = 0, we obtain
dp |p|™ xnk+p)  xn(P)
k|*Fn(k) =b F - +
| | N( ) N/ (27‘()2 Dw(p) N(p) wa(k—i-p) wa(p)
+Hyw(k) = Hyw(0) . (4.38)
The integral can be written as the sum of two terms
dp |p|™ . —w(k)
F k+p)———F"F""——
dp |p|" . _
- | —+——=F k — 4.39

and the second addend is vanishing in the N — oo limit, as it can be written as

o [ 'ﬁ’)" Ey ()% "k+p) - %o(p)] (4.40)

and Yo(7 Nk + p) — xo(p) is O(y Y |k|) and with compact support. On the
other hand, by (4.36), the integral we obtain, if we substitute Fx (p) with f(\),
is vanishing as N — oo. Hence, in the limit N — oo we get the identity:

K[ = b / dp |p" D_y(k)  bu /°° dp /%dﬁ k|
~ ( 0 0

2m)? |p|? D_n(k+p) T or pl—n= 2 [k| + pei?
(4.41)
that is
boo [ d a1 beo [* d b
SRy T S Ny TR
2w Jo  pt7= Jo o 27w 14 pet? 2 Jo ptn= 27,

which proves (1.36).

4.3. Proof of Theorem 2.1. The Beta function equations for the running coupling
or renormalization constants are

/\j—l = )\j + Bi(/\], ...,)\N) R

7. _
L= 14 89 (O M)
J
272 ()
) :1+ﬂ22 (Ajv'-'aAN)a (443)
J

Rl — 1 3 BE 00 (g, )
Hi K2y 1
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with Bij), §;’>,ﬂﬁ"’“> independent from p and, if a,, a., a,, are suitable positive
constants,

BIF(Nj, - Aj) = auXidin + O(XF)
B (N, Aj) = az A3+ O(N)) (4.44)

z

BD(Njs ) = az,AF + O(X]) . (4.45)

z2

Moreover, these functions do not depend directly of Zx, but only depend on the
ratios Z;_1/Z;, 7 < N; hence the value of \; is a function of Ay = X and the
number of RG steps needed to reach scale j starting from scale N. It follows
that, if we call A;, j < 0, the constants we get for NV = 0, then, for any N > 0
and j < N, \; = A;_n. The problem with N = 0 was studied in detail in [BM4],
where it has been proved (see Theorem 2 of that paper) that there exist constants
¢1,€1 (independent of N, h), such that, if |A\| < &1, then |A;| < ¢1e1 for any j.
The proof of this statement is based on the analogue of SDe equation (1.31) for
the four point function; if the momenta are calculated at the infrared cut-off
scale 47, a relation is obtained between ); and A implying that \; = A + O(A?).
This properties implies, see (3.48) of [BM3], that

1BL(A g ooy Aj)| < C|Aj [Py~ W=/ (4.46)

From (4.43) and (4.46) one gets immediately, see §4.10 of [BM1], the bound (2.29)
with A_s (A) = A+ O(A?) together with |log. (Z;_1/Z;) — n.| < CA2y~(N=3)/4]
[ 1og., (11j—1/15) — nul < CIAy~N=9/4; finally by the WTi (1.26) with momenta
calculated at the infrared cut-off scale v7 one gets, see [BM2], |Z J@) /Z; — 1] <
CIA.

5. Lattice Wilson fermions

We prove now Theorem 1.4 for the lattice model (1.37); in this model the mo-
mentum k belongs to the two-dimensional torus D, of size 27/a and we shall
denote by |k — k’| the corresponding distance.

To begin with, we define f(k) so that

Oy'(k) + f(k) =1, (5.1)

where C' (k) = Z;V:foo fi(k), with f;(k) as in (1.10); since Cy'(k) = 0 for
k| > vN*+! = 7/(4a), the support of the function f(k) is given by the set

{k: |k — 7/a| < 3m/4a}. Therefore, it is possible to decompose the propagator
Tww (k), defined in (1.38), as

P (K) = 75N (k) + 7D () (5.2)

w,w’ w,w’

with 750 (k) = Oyt (K)Fu,wr (k) and 707 (k) = f(k)7,.r (). Note that

w,w’

|r(N+1)(x)| < CyNe— VXl (5.3)

w,w’
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since the function f(k) is a Gevrais function of class 2, with a compact support
of size a2, and [1 — cos(koa) + 1 — cos(ka)]/a > Ca~! = Cy¥ on its support.
We can therefore write the Generating function (1.40) as

~ (£N) - (day(NHL)Y |
/PZN+11#N+LCN(dQ/J )PZN+17#N+lvf(dw )

GXP{ —AN+1 231V () + VN+12N+1N(¢)} : (5.4)

exp{Z0 Y / dx Je ke + ) / ax [ Ve + Vi) }

where Zny1 = Za, Zh1 = 25, ANs1 = Aay U1 = Vay v (k) = 1o (k) and

W = P(EN) 4 p(N+1)
The integration in (5.4) is performed iteratively in a way very similar to that
used for the integration in (1.13); the only difference is that we have one more

step to do, associated with the measure PZN+1 it f(dz/J(NH)). However, thanks

to the bound (5.3), this step gives no trouble, in the sense that the effective
potential following from it differs from the local one of (1.13) only for small
irrelevant terms, so that the subsequent integration steps are essentially identical,
except for the presence in the effective potential of a term proportional to N ()
and in the renormalized free measure of a non diagonal term proportional to
[1 — cos(kpa) + 1 — cos(ka)]/a. Hence, after the fields of scale N + 1, N,..,j+1
are integrated, (5.4) can be written as

_I2F. P _ypl G 3(5) oy (S3)
. LEJ/ij@ycj(w(sJ))e VO (VZ D) HBD (TS 0.0) (5.5)

),

where [ PZ]- 7 is the integration with propagator given by Z;(k) !

,Cj
whose expression is obtained from that of Zgl?(SN) (k) by replacing Z,, 14 (k),

On (k) with Z;(k), fij(k), C;(k); V), BU) very similar to the analogous quanti-
ties in §2, up to some obvious modifications that we now discuss.

The function fi;(k), as we shall explain better below, is the sum of a term
proportional to [1 — cos(koa) + 1 — cos(ka)]/a and another one proportional to
w, that we shall call fi;(k), as it will play the same role of the function with
the same name in the continuum model. This allows us to define all localization
operators as in §2, except L1, which is defined as

—~(h 1 —(h _ sin kga sin ka
L0 = 1 X W) [ T (50
n,n'=%1 L L

in order to take into account the lattice structure of the space coordinates; hence
the localization procedure is essentially unchanged. However, since the operator
Py does not cancel the non diagonal part of the propagator, which is even in
the momentum (while the diagonal one is odd), extra terms are produced by the
action of the £ operator with respect to the ones in (2.10). It follows that
LW = LiPoW) L, LW

2,w,w? 2,w,—w

= EOIPOWé;](B),—w + EOPlW;i}I,—w 3 (5.7)
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and this implies that we can write
LV (@l = 2, B 4 (55 + 49 ) FII) 4 1m0 (5.8)

while s; = LoPyWy?) . as in (2.9)-(2.10). The

proof of (5.7) follows by induction from the remark that WQ({?W
sum of graphs with

where yin; = LoPoWy)

2,w,—w?

is given by the

1. either an even number of v vertices, an even number of non diagonal propa-
gators and an odd number of diagonal propagators;
2. or an odd number of v vertices, an odd number of non diagonal propagators
and an odd number of diagonal propagators.
)

Moreover Wy, _,

is given by the sum of graphs with

3. either an even number of v vertices, an odd number of non diagonal propa-
gators and an even number of diagonal propagators;

4. or an odd number of v vertices, an even number of non diagonal propagators
and an even number of diagonal propagators.

The renormalization of the free measure is done exactly as in §2, see (2.19), that
is we do not put the term proportional to n; in the free measure, but we define
a new running coupling constant v; = n;(Z;/Z;_1). It follows that the rescaled
potential V1) (4(<9)) differs from that of (2.26) because its local part contains
the term /v FSD that is it is equal to A F/{h’j] +v7 quégj) One then performs
the integration with respect to 1/), whose propagator is of the form

L (0 L 09 S
Zj(k) T (K) = Z;(k) e+ (k)e_ (k) — p2(k) <—ﬁj(k) ey (k) >w)w/ . (5.9)

with 7i; (k) = ji;(k) + [Zn+y1/Z; (k)][1 — cos(koa) +1 — cos(ka)]/a, fi;(k) being a
function equal to p for j = N+1; Z;(k) and fi;(k) satisfy the recursion relations
(2.19). -

In order to control the RG expansion we have to prove that A\, = maxp<j<ny41
|Aj] and 7}, = maxp<j<n41 |vj] stay small, if A, is small enough and v, is suitably
chosen. This can be proved by noting that the propagator (5.9) can be written
as

Z;(00) 7L, (k) = 520,00 + 350 (1) (5.10)
where @Ef 1), (k) has ezactly the same form as the single scale propagator appearing

in the multiscale integration of (1.22), see (2.22). We shall prove below that the
flow of the running couplings and the free measure can be controlled as in §2,
if the value of v, is suitable chosen. This implies that there is minimal A*, such
that, as far as j > h*, |i1;(k)| <7, so that, as it is easy to check,

950 (x,y)| < Oy~ N=9)nde=evr7 kvl (5.11)
By (5.10) and (5.11) we see that the single scale propagators of the lattice model

are equal to those of the continuum model, of course with different Z;(k) and
fi; (k) functions, up to a correction which is vanishing in the limit N — occ.
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By using the above decomposition, the flow equation for A; can be written,
for j < N+1, as

/\j,1 = /\j + Bi(/\N, ey /\J) + Tg\()\a; AN, ...,)\j)

+ZVkB§\1k(Aa7Va7)\N;VN7'-'7)\j7Vj) ) (512)
k>j

where the functions in the r.h.s. can be represented as sums over trees similar
to those of (2.28); in particular, we have included the sum over all trees with
at least one v-endpoint in the last term in the r.h.s. of (5.12) and we have split

the sum of all trees with no v-endpoint as Bﬁ\ + 13, where ﬁNi contains the trees

with propagator g(j ) j < N (the decomposition (5.10) is used), while all other

w,w’? /
terms are included in 7. The fact that the contribution of a single tree satisfies
a bound similar to that of (2.36), with d,, > 0 for any v, easily implies that, if
|vj| < C|Aa| for any j,

B < Xy B < ORI (5-13)

On the other hand the only difference between Bg\(/\ N,-y Aj) and the function
BA(AN, .y Aj) in (4.43) comes from the fact that in the continuum model the
delta function of conservation of momenta is L6y 00k,,0, while in the lattice
model is L2 Zn,m€Z2 Ok,27n/a0ke,27m/a- However, the difference between the two
delta functions has no effect on the local part LVV, because of the compact
support of %<V and only slightly affects the non local terms. To see that, let us
consider a particular tree 7 and a vertex v € T of scale h, with 2n external fields
of space momenta k;; the conservation of momentum implies that Zl ek =
m%”, with m an arbitrary integer. On the other hand, k; is of order 7+ for any
i, hence m can be different from 0 only if n is of order vV ~"+. Since the number
of endpoints following a vertex with 2n external fields is greater or equal to n—1
and there is a small factor (of order \;) associated with each endpoint, we get
an improvement, in the bound of the terms with |m| > 0, with respect to the
others, of a factor exp(—C~y~~"+). Hence, by using the remark preceding (5.13),
it is easy to show that

Bg\()‘—’\“ ) )‘j) = ﬁi()\N, a X))+ B\Z\(AN, e Aj) (5.14)

where |ﬁ§ AN X)) < 05\?7’(1\’7”/4 for a suitable constant C and ﬁi (AN, s A
is the beta function for the continuum model, verifying the crucial bound (4.46).
In the same way the flow equation for v;

j)

Vic1 =i + B (Na, Vas AN, UNG -3 Aj, 1j) (5.15)
can be written, for j < N 41, as

Vi1 :’}/Vj—l—ﬁl(,l’j)()\a,)\]v,...,)\j)—f— (516)
+ZVkB,gj’k) ()‘aayaa)‘N7VN7 ceey )‘]71/])

k>j
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where B,S"l) is a sum over trees with no endpoints of type v. By using the de-
©)

w,w’

composition (5.10), the parity properties of g
(5.13), we get the bounds

18D < Oy~ N=D/4 13U < C|A [y~ R4 (5.17)

From the above properties we can show that it is possible to choose v, = vy 41 s0
that v; = O(Ngy~W=9)/8) and A; stays close to Aq; the proof is quite standard
and it is essentially identical to the one in [BM1] or [GiM], so we just sketch it
below.

(x,y) and the remark preceding

Lemma 5.1. For any given An4+1 small enough, it is always possible to fix vy
so that, for any j < N +1,

il < CAGy™NVTDE A = A S CAZ. (5.18)

Proof. We consider the Banach space M¢ of sequences v = {v;}j<n41 such
that

lylle = _EERIV(N’J')/SIWI <€Al (5.19)
1>

with £ to be fixed later. From (5.12), (5.13) and (4.46) it follows, see §4 of [BM1]
or Appendix 5 of [GiM] for details, that there exists €9 such that, if both |A,|
and £|\q| are smaller than eo, then, for any v, v’ € Mg,

V@) = Xal SONT L IN() = M) < Calllz = L]l - (5.20)

We want to show that it is possible to choose vx 41 so that v € M. Note that
v verifies the equation (5.15) and, if ¥ € Mg, lim;_,_ v; = 0; by some simple
algebra, this implies that

vj = —Z’ykij*lﬂ,gk) (/\a,ua;/\N,uN; ...;)\j,uj) . (5.21)
k<j

Hence, we look for a fixed point of the operator T : M¢ — M¢ defined as

de i
T(w); = 37780 (Nasva @) v, s (@), 35) - (5:22)
k<j
By (5.15) and (5.17) we find
T <3 by~ U0y (V08 < goa |y (V05 (5.23)
k<j

Hence the operator T : Mg — M, leaves M invariant, if £ > ¢o and A, is
sufficiently small, and it is also a contraction since |T(v); — T(¢);| < C|Aa]||lv —
V'||e. Tt follows that there is a unique fixed point in Mg, satisfying the flow
equation (5.15).1

An important consequence of the bound (4.46) is that, if we construct as in
§2 the Schwinger functions, by imposing the normalization conditions (2.30), we
get, as N — oo, exactly the same expansion in terms of trees, containing only
A endpoints with a fixed coupling constant A_oo(A) = lim,;_,_o A;; in fact, the
trees containing at least one v vertex vanish in this limit. ~

By a fixed point argument, one can show that we can fix A\, so that A_(\s)
has the same value as A_o(A) in the continuum model; this remark completes
the proof of Theorem 1.4.
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A. Osterwalder-Schrader axioms

Osterwalder-Schrader axioms were partially stated in [OS1] and completed in
[OS2] by the “linear growth property”. We show here that they are satisfied by
the Schwinger functions of our model.

A.1. Linear growth condition and Clustering. In order to verify the linear growth
property, see the bound (4.1) of [0S2], for s = 3, let us consider the space

So (R%) of the test functions such that, for any m € N,

1™ sup |1+ 1x2)7/2 (D21) ()] < o0 (A1)

xeR
laf<m

and which vanish, together with all their partial derivatives, if at least two among
the points in the set x = {x1,...,Xy} are coinciding. By (2.58)

f(x)
‘(Sk,ga f)‘ < Ok(kj!)3+277 Z /dxl - dxy |Xi — X|j|k(1+|77)/225 . (AZ)

1<

On the other hand, by (A.1), [f(x)| < || f|lar+1(1+|z|*T1) =1 and, for any i # j,
[F ()] < 2%[(28)!] i — x;[** ]| f||2k; hence, since || fllax < [|/]lar+1,

|f(x)] < |\f|\4k+1\/(1 + Izl‘”““)’l\/2k[(2k)!]’1lxz' —x;[% . (A.3)
It follows that
| (St £)| < CFEDZ2)| fllas - (A.4)

In order to prove the “cluster property”, fixed any integer p € [1,k — 1],
yeR? and f € SO(R%), we first prove that (Skw, fp.y) goes to 0 as |y| — oo,
if fpy(x)=f(xX1,...Xp,Xpt1—Y,...,Xk —Y). Let us consider the characteristic
functions xy(x) and xj (x) of the set

s {5 e R* . max x| <|y|/4, max |x;—y|< |Y|/4} (A.5)

<i<p p+1<j<k

and of its complementary, respectively. Since Dy > |y|/2 in M, by using (2.58)
and (A.3), we see that | (S fryxy) | < [1+ (Iy1/2)2] 7 CE )21 flLakr, s0
that (Skw, fpyyxy) is uniformly bounded and vanishes as |y| — co. On the other
hand, by (A.3), |(Sk.ws foyXy)| < CHED?T2| fllager [ dxy/(1+ [x[FF) =Ty (),
so that even (Skw, fp,yX;z) is uniformly bounded and vanishes in the limit
ly| = oo, as well as (Sk.w fry)-

The cluster property EO, defined in §3 of [OS1], now simply follows, by de-
composing the connected Schwinger functions as finite linear combinations of
the truncated Schwinger functions, .
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A.2. Symmetry, Fuclidean invariance and Reflection Positivity. From the ex-
plicit definition of the generating functional, (1.13), two properties immediately
follow. First, since the fields anticommute, the Schwinger functions are antisym-
metric in the exchange of their arguments. Moreover, the generating functional
(1.13) is Euclidean invariant by construction.

Finally the Reflection Positivity E2, defined in §6 of [OS1], is verified in
the lattice regularization (1.40), as proved in [OSe], hence it holds even in the
removed cutoffs limit of the regularized model (1.13), which we have shown to
be equivalent to the a = 0 limit of the lattice model, see Theorem 1.4.

B. Lowest order computation of v_ and v

B.1. Lowest order computation of v_. Calling g . (k)déf@u (k) and uo(t)défl —
Xo(t), the lowest order contibution to the v_ y, appearing in (3.5), is obtained,
from (3.17) and (3.18), by taking the p — 0 limit of the following expression
(see the first graph in Fig. 3.1), whose value is independent of the infrared cutoff
for any fixed p and |h| large enough:

dk  Chnviw(® K = P) (<n) (<N (e oy —
A / 2n)? Do) e (k)g~" (k—p)
Dw(p)/ dk uo(7 "Nk — p|)xo(v VK|
D_, (p) (277)2 Dy, (k — p)Dw (k)

dk xo(vNk|) = xo(v "Nk — pl)
+A/fmﬂ2 Dulk — p)D_o(p)

where we have used (3.3) and rearranged the terms. In the limit |p| — 0, the first
contribution in the r.h.s. of (B.1) vanishes by the symmetry g, (k) = —iwg.(k*),
k* = (—ko,k). As regards the second term, if we write the first order Taylor
expansion in p of the numerator as a linear combination of D_(p) and D,,(p),
the term proportional to D, (p) also vanishes, again for the symmetry k — k*,

o that A dk  xp(k|) A [ A
= —— XO = —— / = —
-7 /(271')2 k| 47T/1 dp xo(p) Am (B2)

= -

(B.1)

B.2. Lowest order computation of vo. If we define

_ dk’ N
L) = [ A5 K 1) (B.3)

then the lowest order contribution to the anomaly coeflicient v, y, appearing
in (3.5), is is obtained, from (3.17) and (3.18), by taking the p — 0 limit and,
after that, the h — —oo limit of the following expression (see the second graph
in Fig. 3.1):

dk C ,N:iw k;k_p _
_AQ/ (2n)? ) (p) Lol 000 e = ) (37K =

_ /\2/ dk uo(yv Nk —pl)xo(v NIk
(2m)2 D, (k —p)D. (k)

I, (v Vk) -
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2 dk  Xo (77N|k|) — X0 (’y’N|k — p|) N
g / (2m)? Do (k —p)D,,(p) Lo (v k) (B.4)

In the limit |p| — 0 and h — —o0, we get

where we are using the symbol I_, (k) to denote even its h = —oo limit, which
is finite. Note that the term in square brackets is nonnegative; moreover, it is
different from 0 only for 1 < |k| < 7o (defined in (1.9)). We now fix w = + for
definiteness (the result is w-independent); then if iky + k = ye'® and ik} + k' =

ze'™ we get:
Y dxd?d xo(lze™™ +y|) _; —i
I_(k)=e ’ ¢/ (27T)2X0($) lze=1 + y|2 € ﬂ(xe Y+ Y) (B.6)
so that
dadd xo(Jze™ +y|)

D2 (K)I_ (k) = ¢> / G0 ) (zcos29 +ycosd) . (B.7)

fze=7 + P

The integral (B.5) is easily shown to be strictly negative in the limit v — 1;
hence by continuity in g, v4 < 0 for 79 — 1 small enough. Indeed in the limit
v — 1 (B.5) becomes

2 27 2o,
1
ﬂ-/\ / / dd X(|)x|:—€“9 +_|1_|2 D (x cos2¥ + cos¥) ; (B.8)

on the other hand, since |ze~" +1| < 1, cos? < 0 if # > 0 and x cos 29 +cos ¥ =
cosV(1 4+ zcos) — xsin?0 < 0 if 0 < x < 1; it follows that the integrand of
(B.8) is < 0 for = # 0, 1.

A numerical calculation also shows that |v4| is not constant as a function of
Yo, but is a strictly decreasing function near vy = 1.

Acknowledgement. We are indebted with G.Gallavotti and K. Gawedzki for enlightening dis-
cussions on the Thirring model. P. F. gratefully acknowledges the hospitality and the financial
support of the Erwin Schrédinger Institute for Mathematical Physics (Vienna) during the
preparation of this work.

References

[AB] Adler S. L., Bardeen W.A.: Absence of higher order corrections in the anomalous
axial vector divergence equation. Phys. Rev. 182, 1517-1536, 1969.

[AF] Akiyama A., Futami Y.: Two-fermion-loop contribution to the axial anomaly in the
massive Thirring model. Phys. Rev. D 46, 798-805, 1992.

[BM1] Benfatto G., Mastropietro V.: Renormalization group, hidden symmetries and ap-
proximate Ward identities in the XY Z model. Rev. Math. Phys. 13, 1323-1435,
2001.

[BM2] Benfatto G., Mastropietro V.: On the density—density critical indices in interacting
Fermi systems. Comm. Math. Phys. 231, 97-134, 2002.

[BM3] Benfatto G., Mastropietro V.: Ward identities and vanishing of the Beta function for
d = 1 interacting Fermi systems. J. Stat. Phys. 115, 143184, 2004.



Functional Integral Construction of the Massive Thirring model 53

[BM4]
(BT]
(€]
[CR]
[CRW]
(D]
[DFZ]
[DR]
[FGS]

[FMRS]

[FS]
[G]
[GK]
[GL]
[GR]
[GiM]
[J]
(K]
[Le]

[M]
[MM]

[0s1]
[0S2]
[OSe]

[S]
[Sm]

[SUl

[T]
(Wi

(W]
(2]

Benfatto G., Mastropietro V.: Ward identities and chiral anomaly in the Luttinger
liquid. Comm. Math. Phys. 258, 609655, 2005.

Bergknoff H., Thacker H.: Structure and solution of the massive Thirring model. Phys.
Rev. D 19, 3666-3679, 1979.

Coleman S.: Quantum sine-Gordon equation as the massive Thirring model. Phys.
Rev. D 11, 2088-2097, 1975.

Cooper A., Rosen L. The weakly coupled Yukawa2 field theory: cluster expansion and
Wightman axioms. Trans. Am. Math. Soc. 234, 1, 1977.

Carey A.L., Ruijsenaars S.N.M., Wrigth J.D.: The massless Thirring model: Positivity
of Klaiber’s n-point functions. Comm. Math. Phys. 99, 347-364, 1985.

Dimock J.: Bosonization of Massive Fermions. Comm. Math. Phys. 198, 247-281,
1998.

Dell’Antonio G., Frishman Y., Zwanziger D.: Thirring Model in Terms of Currents:
Solution and Ligth—Cone Expansions. Phys. Rev. D 6, 988-1007, 1972.

Disertori M., Rivasseau, V.: Interacting Fermi Liquid in Two Dimensions at Finite
Temperature. Comm. Math. Phys. 215, 251-290, 2000.

Furuya K., Gamboa Saravi S., Schaposnik F. A. : Path integral formulation of chiral
invariant fermion models in two dimensions. Nucl. Phys. B 208, 159-181, 1982.
Feldman J., Magnen J., Rivasseau V, Sénéor R.: Massive Gross—Neveu Model:
A renormalizable field theory: the massive Gross-Neveu model in two dimensions.
Comm. Math. Phys. 103, 67-103, 1986.

Frohlich J., Seiler E.: The massive Thirring-Schwinger model (QED?2): convergence of
perturbation theory and particle structure. Helv. Phys. Acta 49, 889-924, (1976).
Gallavotti G.: Renormalization theory and ultraviolet stability for scalar fields via
renormalization group methods. Rev.Mod.Phys. 57, 471-562, 1985.

Gawedzki K., Kupiainen A.: Gross—Neveu model through convergent perturbation
expansions. Comm.Math.Phys. 102, 1-30, 1985.

Gomes M., Lowenstein J.H.: Asymptotic scale invariance in a massive Thirring model.
Nucl. Phys. B 45, 252-266, 1972.

Georgi H., Rawls J.M.: Anomalies of the Axial-Vector Current in Two dimensions.
Phys. Rev.D 3, 874-879, 1971.

Giuliani A., Mastropietro V.: Anomalous Universality in the Ashkin-Teller model.
Comm. Math. Phys. 2003.

Johnson K.: Solution of the Equations for the Green’s Functions of a two Dimensional
Relativistic Field Theory. Nuovo Cimento 20, 773790, 1961.

Klaiber B.: The Thirring model. In: Quantum theory and statistical physics, Vol X
A, Barut A.O. and Brittin. W.F. editors. Gordon and Breach, 1968.

Lesniewski A.: Effective action for the Yukawas quantum field theory. Comm. Math.
Phys. 108, 437-467, 1987.

Mastropietro V.: preprint. hep-th/0607043

Montvay 1., Miinster G.: Quantum Fields on a Lattice. Cambridge University Press,
1994.

Osterwalder K., Schrader R.: Axioms for Euclidean Green’s Functions. Comm. Math.
Phys. 31, 83-112, 1973.

Osterwalder K., Schrader R.: Axioms for Euclidean Green’s Functions II. Comm.
Math. Phys. 42, 281-305, 1975.

Osterwalder K., Seiler E.: Gauge Field Theories on a Lattice. Ann.Phys. 110, 440—
471, 1978.

Seiler E: Phys. Rev. D 22, 2412-2418, 1980.

Smirnov F.A.: ”Form factors in completely integrable models of quantum field theory”
, World Sci., 1992

Seiler R., Uhlenbrock D.A.: On the massive Thirring model. Ann. Physics 105, 81—
110, 1977.

Thirring W.: A soluble relativistic field theory. Ann.Phys. 3, 91-112, 1958.

Wilson K.G.: Non—Lagrangian Models of Current Algebra. Phys. Rev. 179, 1499—
1512, 1969.

Wightman W.: Cargese lectures, 1964.

Zamolodchikov Alexander B., Zamolodchikov Alexey B.: Factorized S-matrices in two
dimensions as the exact solutions of certain relativistic quantum field theory models.
Ann. Physics 120, 253-291, 1979.



