Communications in Mathematical Physics manuscript No.
(will be inserted by the editor)

Massless Sine-Gordon and Massive Thirring
Models: proof of Coleman’s equivalence

G. Benfatto', P. Falco?, V. Mastropietro'

1 Dipartimento di Matematica, Universitd di Roma “Tor Vergata’
via della Ricerca Scientifica, I-00133, Roma

2 Mathematics Department, University of British Columbia,
Vancouver, BC Canada, V6T 172

Abstract: We prove Coleman’s conjecture on the equivalence between the mass-
less Sine-Gordon model with finite volume interaction and the Thirring model
with a finite volume mass term.

1. Introduction

1.1. Coleman’s Equivalence. One of the most fascinating aspects of QFT in
d =141 is the phenomenon of bosonization; fermionic systems can be mapped
in bosonic ones and viceversa. The simplest example is provided by the equiv-
alence between free massless Dirac fermions and free massless bosons with the
identifications (see for instance [ID]):

&x(1+0’75)¢x ~ bO:eia\/E(bx: ) @xV“iﬁx ~ _Lguyau(bx (11)
N

where 0 = £1 and by is a suitable constant, depending on the precise definition
of the Wick product. Such equivalence can be extended to interacting theories;
Coleman [C] showed the equivalence, in the zero charge sector, between the
massive Thirring model, with Lagrangian (with our conventions)

T - Ao .
L =1Zvx Pbx — Z1puhxthx — ZZQJH,x];L: (12)

where Z and Z; are (formal) renormalization constants, j, x = ¥x7"%x and the
massless Sine-Gordon model, with Lagrangian

1
L= 5(’“)Hcpx8“gox + C:cos(adx): (1.3)



2 G. Benfatto, P. Falco, V. Mastropietro

with the identifications
Zﬂ/_)x(l + 075)¢x ~ bo:eiaoqb,(: , Zd;xﬂ)ﬂud}x ~ —b Elwav(bx (14)

where by, by are two suitable constants, depending on A\ and the details of the
ultraviolet regularization. Moreover, this equivalence is valid if certain relations
between the Thirring parameters A, u and the Sine-Gordon parameters «a, ( are
assumed. The case a? = 4r is special, as it corresponds to free fermions (A = 0);
the choice ¢ = 0 (free bosons) corresponds to massless fermions (u = 0).

In order to establish such equivalence, Coleman considered a fized infrared
regularizations of the models (1.2) and (1.3), replacing p in (1.2) with pyxa(x)
and ¢ with x4 (x), with x1(x) a compact support function; this means that the
mass term in the Thirring model, and the interaction in the Sine-Gordon is con-
centrated on a finite volume A. Such regularization makes possible a perturbative
expansion, respectively in p for the Thirring model and ¢ for the Sine-Gordon
model; it turned out that the coefficients of such series expansions can be explic-
itly computed (in the case of the Thirring coefficients this was possible thanks
to the explicit formulas for the correlations of the massless Thirring model given
first in [Ha,K]) and they are order by order identical if the identification (1.4) is
done and provided that suitable relations between the parameters are imposed.

The identification of the series expansions coefficients would give a rigorous
proof of the equivalence provided that the series are convergent. The issue of
convergence, which was mentioned but not addressed in [C], is technically quite
involved and crucial; there are several physical examples in which order by order
arguments without convergence lead to incorrect predictions.

The search for a rigorous proof of Coleman equivalence was the subject of an
intense investigation in the framework of constructive QF T, leading to a number
of impressive results. The equivalence between the massive Sine-Gordon model
(with mass M large enough) at a? < 47 and a Thirring model with a large long-
range interaction was rigorously proved in [FS]; similar ideas were also used in
[SU]. The properties of the massive Sine-Gordon model for a? > 47 were later on
deeply investigated. In [BGN] and [NRS] it was proved that the model is stable
if one adds a finite number, increasing with «a, of vacuum counterterms, while
the full construction, through a cluster expansion, of the model was partially
realized in [DH]. In [DH] it was also proved that the correlation functions are
analytic in ¢, for any a? < 8. A proof of analyticity, only based on a multiscale
analysis of the perturbative expansion, was first given in [B], for o? < 47, and
then extended in [BK] up to a? < 16/3.

Using the results in [DH] for a fixed finite volume, Dimock [D] was able
finally to achieve a proof of Coleman’s equivalence, in the Euclidean version of
the models, for the case o = 4m; such a value is quite special as it corresponds
to A = 0, that is the equivalence is with a free massive fermionic system, without
current-current interaction. Such limitation was mainly due to the fact that the
constructive analysis of interacting fermionic systems was much less developed
at that time: indeed a rigorous construction of the massive Thirring model in a
functional integral approach has been achieved only quite recently [BFM].

A more physically oriented research on Coleman’s equivalence was focused in
recovering bosonization in the framework of the (formal) path-integral approach,
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[N,FGS]. The idea is to introduce a vector field A, and to use the identity

A
exp {_Z /dxju,xju,x} = /DAGXP {/dx [_Ai,x + \/XAu,xju,x)}} (1.5)

By parameterizing A, in terms of scalar fields &x, ¢«
Ay = 0uéx +€u,,000x (1.6)

it turns out that the massive Thirring model can be expressed in terms of the
boson fields & and ¢x: the first is a massless free field, while the second one
has an exponential interaction when p # 0. In the expectations of the operators
Ux(1 + 0795)1x and j, x, the & field has no role and it can be integrated out;
the resulting correlations imply the identification (1.4). Such computations are
however based on formal manipulations of functional integrals (with no cut-offs,
hence formally infinite) and it is well known that such arguments can lead to
incorrect result (see for instance the discussion in §1 in [BFM]).

In this paper we will give the first proof of Coleman’s equivalence between the
Euclidean massive Thirring model with a small interaction and the mass term
restricted to a fixed finite volume A and the Euclidean massless Sine-Gordon
model with the interaction restricted to the same volume A and a? around
47. We will follow the Coleman strategy, but an extension of the multiscale
techniques developed in [B] for the Sine-Gordon model and in [BM,BFM] for
the Thirring model allow us to achieve the convergence of the expansion.

1.2. Main results. We start from a suitable regularization of the Sine-Gordon
and Thirring models via the introduction of infrared and ultraviolet cut-offs,
which will be removed at the end, by taking fixed the volume A in the interaction
term of the Sine-Gordon model and in the mass term of the Thirring model.
Let us consider first the (Euclidean) Sine-Gordon model. Let v > 1, h be a
large negative integer (y" is the infrared cutoff) and N be a large positive integer
(v is the ultraviolet cutoff). Moreover, let @5 a 2-dimensional bosonic field and

Py, n(dp) be the Gaussian measure with covariance Cj, n(x) = Z;V:h Co(v7x),
for
def 1 dk T e (w0?] ikx

Given the two real parameters (, the coupling, and « (related with the inverse
temperature 3, in the Coulomb gas interpretation of the model, by the relation
B = a?), the Sine-Gordon model with finite volume interaction and ultraviolet
and infrared cutoffs is defined by the interacting measure P, n(dy) exp{CnV (¢)},
with

V() :/dx cos(apy) , Cn = e Conc (1.8)
A
where A is a fixed volume of size 1. Note that (yV (@) = ¢ [, dx :cos(apy):,

where
; de ; a2
"X ——f e'%xe2 Co,n(0) (1.9)



4 G. Benfatto, P. Falco, V. Mastropietro

is the Wick order exponential e?*#x, q € R, with respect to the measure with
covariance Co y(x) (for any h); hence (x has the role of the bare strength.

We consider now the Thirring model. The precise regularization of the path
integral for fermions was already described in [BFM], §1.2, therefore we only
remind the main features. We introduce in Ay, = [-L/2,L/2] x [-L/2,L/2]
a lattice A, whose sites represent the space-time points. We also consider the
lattice D, of space-time momenta k = (k, ky). We introduce a set of Grassmann
spinors Yk, Yk, k € Dg, such that Px = (Y, ¥y ), ¢ = pTy0 and ¢ =

(wlt - wlt _). The v matrices are explicitly given by

0 _ 0 1 1 _ 0 —2 5 . 0.1 _ 1 0

We also define a Grassmann field on the lattice A, by Fourier transform,
according to the following convention:

e 1 1 N o
e N el N7 xe 4, (1.10)

xX,w 2
keD,

Sometimes w[h N7 will be shorten into Y5 o+ Moreover, since the limit a — 0

is trivial [BFM], we shall consider in the following w,[:fg,N]g as defined in the
continuous box Ay,.

In order to introduce an ultraviolet and an infrared cutoff, we could use a
gaussian cut-off as in (2.4), but for technical reason, and to use the results of
[BFM], we find more convenient to use a compact support cut-off. We define the
function xp, n (k) in the following way; let x € C*°(R ) be a Gevrey function of
class 2, non-negative, non-increasing smooth function such that

1 ifo<t<1
= FREst (111)

for a fixed choice of v : 1 < 9 < ~; then we define, for any h < j < N,
£00) = x (v Ikl) = x (770 k) (112)

and xp,n (k) = Zjv:h fj(k); hence xp,n(k) acts as a smooth cutoff for momenta
k| > N+l and |k| < 4L

Given two real parameters, the bare coupling A and the bare mass u, the
Thirring model with finite volume mass term and ultraviolet and infrared cutoffs
is defined by the interacting measure Py, n(d) exp{V(¢)}, with

A - -
V($) =-32% /A dx (Uxy"0x)” + 231 /A dx Ucthx + EnvlAz] - (113)

and

Pon(dp) € ad T [L4Z3(-IkPCE x ()] "

keDlhN]

exp ZNL2 Z Z U)k w‘/)kw > (1'14)

w—t ke DIPN] XhN
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where D, (k) def _ iko + wky and Ej n is constant chosen so that, if 1 = 0,

[ Pr.n(d) exp{V(¢)} = 1. We will prove the following theorem.

Theorem 1.1. Let A be a fized volume of size 1 and assume ||, |A|,|p| small
enough, a?® < 167/3; then there exist two constants n— = aX? + O(N\3) and
Ny = b+ O(N\?), with a,b > 0, independent of p and analytic in X\, such that,
if we put

Zy=y""N . Z{) =4V (1.15)

)

then, if r =0 and ¢ > 2 or r > 1, for any choice of the non coinciding points
(X1, s Xy Y1s---,¥r), and of oy =£1,i=1,...,q, v, =0,1,j=1,...,r,

[H(—l)g”wa%yj} Y (1.16)

j=1
q ) roo
H’@[;xz‘ (#) Q/Jxl‘| lH z/])’j’yujw)’j‘| >£h
i=1 j=1

q

lim ( | |:ei‘”o‘9""i:
—h,N—o0 e}
=

Ll (boZy)) (00 Zn)'

where ( - )gh and { - >§G denote the truncated expectations in the Thirring (in
the limit L — oo) and Sine-Gordon models, respectively, by and by are bounded
functions of A\ and the following relations between the parameters of the two
models have to be verified:

o2

— =1 — =b 1.17
oL s (=bon (1.17)
If g =1 and r = 0 both the r.h.s. and the l.h.s. of (1.16) are diverging for A <0,
while the equality still holds for A > 0. A divergence also appears, for A <0, in
the pressure, but only for the second order term in ¢ or u; however, if we add a
suitable vacuum counterterm, also the pressures are equal.

This Theorem proves Coleman’s equivalence (1.4). We remark that the re-
lations between the Sine-Gordon parameters and the Thirring parameters in
(1.17) are slightly different with respect to those in [C], for A # 0; this is true in
particular for the first equation, involving only quantities which have a physical
meaning in the removed cutoff limit, if we express them in terms of A, as Cole-
man does. This is not surprising, as the relations between the physical quantities,
like the critical indices 74, and the bare coupling depend on the details of the
regularization, and in our Renormalization Group analysis the running coupling
constants have a bounded but non trivial flow from the ultraviolet to the in-
frared scales. Indeed, with a different regularization of the Thirring model (that
is starting from a non local current-current interaction and performing the local
limit after the limit N — o), as in [M1,M2], one would get a simple relation
between a and A. This new relation again is not equal to that of [C], but is in
agreement with the regularization procedure of [J], see footnote 7 of [C].

Another important remark concerns the limit A — oo. In the case of Sine-
Gordon model, one expects that, in this limit, there is exponential decrease of
correlations (implying the screening phenomenon in the Coulomb gas interpre-
tation), which is not compatible with convergence of perturbative expansion (in
this case the correlations would have a power decay as in the free theory). Up
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to now, screening has been proved only for a? << 47 [Y], by extending to di-
mension two the analogous result obtained in three dimensions by Brydges and
Federbush [BF], but screening is expected to be verified in all range of validity
of the model (a? < 87), hence even around o = 47. However, if the interaction
is restricted to a fixed finite volume, convergence is possible and we could indeed
prove it, for a? < 6m; in this paper, for simplicity, we give the proof only for
a? < 16m/3, which is sufficient to state the main result.

The situation for the massive Thirring model is slightly different, because it
has been shown [BFM] that it is well defined in the limit A — oo and that its
correlations decay at least as exp(—cy/|pu[* TP |x|). Hence, even if the power
expansion in the mass can be convergent only if we fix the volume, the proof
of Coleman’s conjecture strongly supports the related conjecture that even the
Sine-Gordon model is well defined around a? = 47 in the infinite volume limit
and has exponential decrease of correlations.

The proof is organized in the following way. In §2 we analyze the massless
Sine-Gordon model with finite volume interaction and o? < 167/3, extending
the proof of analyticity in ¢ given in [B] for the massive case in the infinite
volume limit and a? < 47. With respect to the technique used in [D], where
only the case a? = 47 was analyzed, our method has the advantage that an
explicit expression of the coefficients can be easily achieved; this is probably
possible even with the other method, but the proof was given only for a? < 47
and, as a consequence, the correlations in the model with a? = 47 were defined
as the limit a? — 47 of those with a? < 4.

In §3 we use the methods developed in [BFM,M1,M2] to prove the analyticity
in p of the Thirring model; the explicit expressions of the coefficients are obtained
in §4, by using the explicit expression of the field correlation functions given in
the Appendix (through the solution of a Schwinger-Dyson equation, based on a
rigorous implementation of Ward Identities) and by a rigorous implementation,
in a RG context, of the point spitting procedure used in theoretical physics. An
important role in the analysis is also played by the proof of the following exact
relation between critical indices

(I+n-)?=1+n2 (1.18)

which is used in order to exclude the presence of an extra massless Gaussian
field &« in the second of (1.4).

2. The Massless Sine-Gordon Model with a finite volume interaction

We want to study the measure defined in §1.2 in the limit of removed cutoff,
—h, N — oo. To this purpose, we consider the Generating functional, K, n(J, A, (),
defined by the equation

Kn.n(J, 4, ¢) = log /Ph,zv(dga) oSNV () |

- ex dxJZ:e" 7=, 4 dy Ay (0" ¢y) (2.1)
p{o—zil/ Z/ Y ’ }

v=0,1

where J7 and A{ are two-dimensional, external bosonic fields. Then, given two
non negative integers ¢ and r, as well as two sets of labels ¢ = (01,...,04)
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and v = (v1,...,V,), together with two sets of two by two distinct points z =
(21,...,2¢) and y = (y1,...,¥q), we consider the Schwinger functions, defined
by the equation

. def Q1T
Kz yion) e
) DI DI OAY AL

(0,0,¢) (2.2)

Theorem 2.1. If|(| is small enough, o® < 167/3 and ¢ > 2, if r =0, or ¢ > 0,
if r > 1, the limit
def

K(qv“o(g,y;g,z) = th\ifer K}(lq}\T[3C)(Z7y;g7z) (2.3)
A —h,N—+oco ’ -

exists and is analytic in (. In the case ¢ = r = 0 (the pressure), the limit does
exist and is analytic, up to a divergence in the second order term, present only
for o2 > 4.

For clarity’s sake, we prefer to give the proof of the above theorem in the special
cases (¢,r) = (k,0) and (q,r) = (0, k) separately; the proof in the general case is
a consequence of the very same ideas that will be discussed for the special ones,
but it needs a more involved notation, so we will not report its details.

2.1. The free measure. By the definitions given in §1.2, the regularized free mea-
sure is the two—dimensional boson Gaussian measure with covariance

N

1 dk [ _ /. —Npy2 (02T ikx .

Ch,N(X)—W/F {6 O () }ek = g Co(v'x) (2.4)
Jj=h

The two—dimensional massless boson Gaussian measure is obtained by taking
the limits h - —oco and N — oo. It is easy to prove that

Co(0) = 287 109098 Co ()] < Agy gy e (2.5)

2m Forw
where qg, g1 are non negative integers and x is an arbitrary positive constant.
Let us now consider the function

Chooo(x) = lim Ch n(x) = Cp.oo(7"x) (2.6)

N —o00
It is easy to show, by a standard calculation, that there exists a constant ¢ such

that 1
[Co,00 (%) + o~ log(elx|*)| < Clx/” (2.7)

Hence, O} oo (x) diverges for h — —oo as —(2m) ! log(v"|x|). However, if we
define

A_l

h,00

(%) = Ohoe () + 1= log(c”") (2.8)

we have, by (2.7):

AN x)E lim AL (x) = —%10g|x| (2.9)
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Then it is natural to define the Coulomb potential with ultraviolet cutoff by

_ de . _ _ de 1
A AL ApN60 ™ () + logler™)  (2.10)

Since Cp, N (X) = Ch,00(X) — CN 00 (x), by using (2.5) and (2.9), we see that
AR () + 5 log | < Ce 7™M 4N > 1 2.11)
and, by using (2.7), we see that
AV = log(e)] < NP L ANk =1 (21

We define &, n and &; to be the expectation with respect to the Gaussian mea-
sures with covariance Cj, v (x) and C;(x) = Cy(7’x), respectively; a superscript
T in the expectation will indicate a truncated expectation. Recall that, for a

generic probability measure with expectation &£, and any family of random vari-
ables (f1,...,fs), ET is defined as

EMfus s £ = S (=0 - T € [H fi] (2.13)

I Xell i€ X

where )", denotes the sum over the partitions of the set (1,...,s). Finally we

remind that :e?”%¢=: is the Wick normal ordering of e*?A%x glways taken with
respect to the measure with covariance Cy y(x) (see definitions in §1.2).

Lemma 2.1. Let 0; € {—1,+1},i=1,...,n, and a € R. If Q def >, 0r, then

n

lim &, N [H :eiaarapxrz‘| _ 5@ chéne—gﬁ ET<S oros AN (xp—%,) (2'14)

h——o0 ’
r=1

Proof. We first notice that if the Wick product had been defined with respect

to the covariance C}, y, then log &, N [H:Zl :ew“’“"xr:] would have been equal

to —a? > _, 0,0,Ch N (% — Xs). Hence, by definition (2.10), we get

n 2
log En, v [H :ew“’“"xf‘:] = Z—ﬂ_hnlogw —a? Z 0,05sCh N (Xr —Xs) =

r=1 r<s

2 2
= Z;hQ2 log~y + g—W(Q2 —n)loge —a? ;S O'TO'SA}:}N(XT — Xg)

which immediately implies the lemma. I

If € is the expectation &, y in the limit —h, N — oo, by taking the limit
N — oo in the r.h.s. of (2.14), we get, in the case Q = 0,

noo o2 o2
£ [H:em"“""r:] =dg,oc 57" H %, — x| 27 (2.15)

r=1 r<s

We are now ready to consider the interacting measure.
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2.2. The case g =1 =0 (the pressure). To begin with we analyze the pressure:

p(O) = lim mmmo,Zw@@/ﬂmwéwm (2.16)

—h,N—oc0
We proceed as in [B], by studying the multiscale expansion associated with the
following decomposition of the covariance:

N .
Crn(x) =Y Ci(x) +Cha(x) . Ci(x)E Colyix)  (217)
j=0

In comparison with [B], where the case h = 0 - the “Yukawa gas” - was consid-
ered, here we are collecting in a single integration step all scales below h = 0: as
we shall see, this is effective since the volume size is fixed to be 1. To simplify
the notation, from now on £_; will denote the expectation w.r.t. Cj, _1(x), while
&; will have the previous meaning for j > 0.

Let ’ﬁl(N), n > 2, be the family of labelled trees with the following properties:

1) there is a root r and n ordered endpoints e;, i = 1,...,n, which are connected
by the tree; the tree is ordered from the root to the endpoints;

2) each vertex v carries a frequency label h,, which is an integer taking values
between —1 and N + 1, with the condition that h, < h,, if u precedes v in
the order of the tree; moreover, the root has frequency —1 and the endpoint
e; has frequency h; + 1, if h; is the frequency of the higher vertex preceding
it.

3) The endpoint e; carries two other labels, the charge o; and the position x;.
These trees differ from those used in [BFM] for the Thirring model, because
there are no “trivial vertices” on the lines of the tree.

Since ’El(N) C 7;1(N+1)7 then 7;,(00) =limy_oeo 7;1(N) is obtained from ’El(N) by
letting the frequency indices free to vary between —1 and oc.
We shall also use the following definitions:

a) Given a tree 7, we shall call non trivial (n.t. in the following) the tree vertices
different from the root and from the endpoints. If v € 7 is a n.t. vertex, s, > 2
will denote the number of lines branching from v in the positive direction,
v’ € 7 is the higher non trivial vertex preceding v, if it does exist, or the root,
otherwise. Moreover, X, will be the set of endpoints following v along the
tree; X, will be called the cluster of v and n, will denote the number of its
elements. If v is an endpoint, X, will denote the endpoint itself. Finally we
define &(X,) = >, . . cx, TitPx; -

b) Given a n.t. vertex v and an integer j € [—1, N], we shall denote

U) = N 00mCixe —xn) = & [P2(X,)] 20 (2.18)
M er,emE€Xy

the (double of the) total energy on scale j associated with its cluster. If k'+1 <
k — 1, we shall also define

k—1
de
U i) < > i) (2.19)
j=k'+1
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¢) If X and Y are two disjoint clusters and j is an integer contained in [—1, N],
we denote

W, (X, V) 3 02 0mCi(Xr — X)) = & [B(X)B(Y)]  (2.20)

rym:e.€X, em €Y

the interaction energy on scale j between X and Y.
d) Given a n.t. vertex v, (v1,...,vs,), will denote the set of vertices following
it along the tree; moreover we define

Gj (Ulu .. ,'USU) = g]T |:eia45(Xv1); o eia@(XuSU) (221)
By proceeding as in [B], it is easy to see that

o nys(N)
Zn,N(C) = /Ph,—l(@) VT, V(@) (2.22)

where

= > 2n Z / X1 - - dxn €9 20 TV (g, %) (2.23)

TET(N) 91,

- a2y Ghv(vlu"'uvsu) - v
§>=(HW}“’> [I === e
i=1

n.t. veT vr

We note that V;(o,x) is independent of N and h.

In order to prove that the pressure, see (2.16), is well defined, the main step is
to verify that, uniformly in h and N, Z n({) = 1+ 0(¢). As we will discuss later
in this section, since the only dependence on h in (2.22) is through the measure
Py, _1(dep), which has support on smooth functions for any h, the wanted bound

for Zp n(C) is an easy consequence of a uniform C™ bound of Vn(N)(ga). Since

D Y s /ndxl dx, [Ve(e,x)] (225)

TGﬁEN) 15--90mn

and the number of trees is of order C™, we shall look for a “good” bound of b,.
The main ingredients in this task are the positivity of U;(v), see (2.18), and the
Battle-Federbush formula for the truncated expectations (see [Br]):

Gi(vr,...,v) =Y [] [-e’Wi(X.,, X0,)] /de@ e T UL (2.96)

TeT, (r,m)eT

where s = s, 7T, is the family of connected tree graphs on the set of integers
{1,...,s}, %Uj(v, t) is obtained by taking a sequence of convex linear combina-
tion, with parameters ¢, of the energies of suitable subsets of X,, = U; X,, (hence
Uj(v,t) > 0) and dpr(¢) is a probability measure.
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By using (2.24), (2.26) and (2.20), we get

|V ax|<<nyi_ )
2(sy—1)

II aT > H S IO, (xe — xo)] (2.27)

n.t. vET TET,, (rm)eT eexw
e EXunl

On the other hand, for any given £ > 0, we can use the bound

Z H Ny, Moy, < sl e 2671 ﬁ e2emv; (2.28)
r=1

TeT, (r,m)eT

Moreover, by (2.17) and (2.5), for h, > 0,

/dx |Ch, (x)] < Cy=2 . (2.29)

The trees, as defined after (2.17), satisfy the following identity: > - (s —1) =
— 1; as a consequence, if vy is the first non trivial vertex of 7,

> hu(so—1) =he(ny — 1)+ > (hy = hy)(ny — 1)

n.t. veT n.t. verT

where v’ is the n.t. vertex immediately preceding v or the root, if v = vg. This
allows us to write:

n a2
<cr <H Whei) [ oteerm < (2:30)
=1

n.t. veT

H ,_Yf(hufhuz)[D(nv)fzsnu]

n.t. veT

where the dimension D(n) is given by

042

D(n)=2(n—1)— —n. (2.31)
4n

Let us consider first the case o < 47. This condition implies that D(n) > 0 for
any n > 2; hence, the bound (2.30) implies in the usual way that |V, (o, x)| < CZ
for a constant C,, which diverges as a® — (47)~; since |A| = 1, this bound is
valid also for b,. By a little further effort, see below, one can then prove that

the pressure p({) is an analytic function of ¢, for ¢ small enough.
If 47 < a? < 167/3, D(n) > 0 only for n > 3, so that the previous bound is
divergent for all trees containing at least one vertex with n, = 2. In particular,

VQ(N)(@ diverges as N — oo; this divergence is related with the fact that the
term of order (? and o; = —o09 in the perturbative expansion of the pressure
is really divergent, as one can easily check. The only way to cure this specific
divergence is to renormalize the model by subtracting a suitable constant of
order ¢2 from the potential, as we shall see below.

However, all other terms, even those associated with a tree containing at least
one vertex with n, = 2, are indeed bounded uniformly in V; in order to prove
this claim, we need to improve the bound (2.30) by the two following lemmas.
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Lemma 2.2. If n, = 2 and v1,vy are the two endpoints following v with posi-
tions X1, Xo respectively and equal charges o1 = o2, then

a? a? h
|G, (01, v2)e ™ F Urrte O] < Oy~ (=) o= 1 =2 (2.32)
Proof. Since h,s +1 > 0, it is easy to check that

Gh, (U17U2)67%U’thw @) — [e*azchv (x1—x2) 1] e Co(0)

. 670‘2 E:i;ﬁl [Co(O)+Ck(X1*X2)} déf F(X1 _ Xz)

Hence, by using (2.5) with x > 1 and since Cp(x) < Cp(0), we get

hy—1

|F(Z)| < Ce—nvhv \z|6—2(120()(0)(}%—hv/)eia2 Ek:hv,+1 [CO(WkZ)?CO(O)] <

< = (ho=hy) 207 RO (0) o ~(n—rr)y"" 2]

where g < o?B Y02 r ", the constant B is such that |Co(x) — Co(0)| < Blx|
(it exists by (2.5) for (go,q1) = (1,0),(0,1)) and R is an arbitrary positive
integer, that we can choose so that kK — kg > 1.

Lemma 2.3. For j > 0, if the cluster X is made of two endpoints with positions
X1, X2 and opposite charges, and Y 1is another arbitrary cluster, then

1 )
Wi (X, V)] < Cyjx — x| Y / dt e~ et =)~y (2.33)
yey 0
Moreover, if also the cluster Y is made of two endpoints with opposite charge
and positions y1, Y2, then
1 .
W5 (X, Y)] < Cr¥ s — xal [y1 — v / dtds ¢~ PreHiG—x)—va—s(r1-va)|
0
(2.34)
Proof. By using the identity
1
Co(x1—y)—Coh(x2—y) = (x1—%2)a | dt (0,C0)[x2+t(x1—%2)—y] (2.35)
0
a=0,1

together with (2.5) (with x > 1), we get the bound
1 )
|Cj(x1 —y) — Cj(x2 — y)| < Cyl|x1 — X2|/ dt o= Ix2Ht(x1—%2) -y (2.36)
0

which immediately implies (2.33). The bound (2.34) is proved in a similar way,
by using the identity

Co(x1 —y1) = Co(xa — y1) = Co(x1 —¥2) + Co(x2 —y2) = Y, (X1 —Xa)a -
a,b=0,1

(y1 — yg)b/o dtds (8a8bCo)[xz +t(x1 —x2) —y2 — s(y1 — y2)] (2.37)
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Let us now consider a tree with n > 3 endpoints. By using Lemma 2.2, we can
improve the bound (2.30) by replacing D(n,) with D(n,) + o?/7 in all vertices
with n, = 2 and o1 = 3. Since D(2) +a? /7 = 2+ «a?/(27) > 0, this is sufficient
to make the corresponding sum over h, — h, convergent. It follows that the
sum over all trees with n > 3 and no vertex with n, = 2 and @ = 0 is finite,
uniformly in h, if a? < 167/3.

A similar argument can be used to control the vertices with n,, = 2 and Q = 0.
In fact, if v is a vertex with n, = 2, then v’ is certainly a n.t. vertex, otherwise n
would be equal to 2 and we are supposing n > 3. Hence, we can use Lemma 2.3
in (2.26) for the vertex v’, which allows us to improve the bound of (2.26) for the
vertex v: since 7™ [x1 — x| |G, (v1, v2)| < Cy~(hv=hu)e=7""Ix1=x21/2 if 4, and
vy are the two endpoints following v, we can modify the bound (2.30) by adding
1 to the dimension D(n,) of v; this is sufficient, since D(2) +1 = 3 — o?/(27)
is positive for a? < 6m. It follows that |V, (g, x)| < C? holds for all n > 3, with
C(a) — o0 as a® — (167/3)~. By a further effort, one could prove that C(«)

U1

Ry B ho + 1

Fig. 2.1. A subtree of 7 with n, = 2 and Q = 0. While v; and vy are endpoints, therefore
their scale has to be hy + 1, v’ is the higher non trivial vertex of 7 preceding v, hence the only
constraint is that hy — hyr < N.

can be substituted with a new constant, which is indeed finite up to 67, but we
do not need here this stronger property.
Let us now come back to the terms of order two. It is easy to see that

<—2
e =% D ) (2.38)
o=%+1
1/'2(1]:)(@) = /A2 dxdy cos|apx + UOé(py]WéN)(X -y) (2.39)

N j—
W my) = L 3548070 [ ] e SO0 oce) (40
=0

1
2
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By proceeding as in Lemma 2.2, it is easy to see that V;ﬁji)(ga) is bounded

uniformly in N for any «. This is not true for VQ()]X)(@; in fact, if we define

on = En1(V3)(9) (2.41)

one can easily check that cy diverges for N — oo and that (%cx/2 is equal

to the term of order ¢? and o; = —oy in the perturbative expansion of the
~ 2

pressure. However, if we define Zj, n(¢) = Z;LN(Qe’%CN, we can show that

the renormalized pressure (in presence of the cutoffs) pp n(¢) = log Zp n(¢) has
a power expansion uniformly convergent as —h, N — oo, for a? < 167/3 (the
result is indeed true for o? < 6m).

It is easy to see that

(@) =y £33 p (2.42)

"= e

N)

where 7~;1(N) is a family of trees defined as 7;( , with the following differences:

1) the root has scale —2;
2) there is no tree which has only two endpoint with opposite charge.

Moreover )
plh) = on Z /ndxl e dx, VI (g, x) (2.43)
o1

..... On

‘77<h,N>(g7§):<H7§<m+1>> 11 G (V1,3 Vs0) =50, (0) (2.44)

Sy!

where Gy, (v1,...,vs,) = Gp,(v1,...,vs,), if hy > 0, while, if h, = —1 and
Sy = S,

Go1(vi,.yvs) = EL 1 [F(@, Xo )i Flp, X)) (2.45)

with, given a cluster X,

~ Jeosja@(X)]—1,if | X|=2and 01 = —09
F(p,X) = {COS[O@( X)] | otherwise (2.46)
where we subtracted a —1 in the terms with |X| = 2 and 01 = —o2 (without

changing the value of the truncated expectation, since s > 2), in order to improve
the bound in the corresponding vertex, with an argument similar to that used
before. In fact, in order to bound (2.45), we shall use the definition (2.13) and
the bound

En—1 <| JI & -xPp

i X, =2

i=1

o\
~ <—) sup  Enr [0y 0y 7] (2.47)
Yy

2 1)~~~7y7n26/1
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where mo < m is the number of clusters with 2 endpoints and, for each cluster
of this type, ng) and xg) are the two endpoint positions; [Dipy |2 def (Dopy)? +
(010y)%. On the other hand, it is easy to see that there is a constant co, in-
dependent of h, such that |Ex 1 [Oa; Px10as Pxs]| < co. It follows, by using the
Wick Theorem, that £, _1 [|0py, |2+ - [0y, [?] < 29¢i(2g — 1) < Cq!, so that,
if we choose C' > 1 (which allows us to substitute mg with m) and use (2.13),
we obtain the following bound

Gorlon,..o)l < | T =2 —x912] (2.48)
it Xy, |=2
s sl k
DL D DE sl § LGRS
k=1 "u;c«»«’mel r=1
ZT:17717:

The sum in the second line is equal to 053!22:1 % (Z: }) < 2571035l s0
that
Gor(on,.. o)l <osst ] T I —x8P2 (2.49)
)X, =2

The factors |x§i) — ng‘)|2 can be used control the sum over the scale labels of
the vertices with |X,,| = 2, by the same argument used in the discussion follow-

ing (2.37). Hence, if we define the function W, , n(x) so that Zreﬁmp(rh)

fAn dxy - dx, Wy n(x), the previous arguments imply that there exist posi-
tive functions f,(x), independent of h and N, and a constant C, such that

Wonx®@ < Y 1Y Hnt . [ dxHav@ <o @50)

TE:E,EN)

Since 7~;Z(N) C 7~;1(N+1), H, n(x) is monotone in N. Hence, by the Monotone
Convergence Theorem, H, y(x) has a L' limit H,(x), as N — oo; by (2.50),
Wi h.N(x)| < Hp(x). On the other hand, by definition we have

11 ) )
Wonn(x) = o Z E,ZN [:ew“’“""lz;...;:ew“’"“"x":} (2.51)

and Lemma 2.1, (2.11) and (2.13) imply that W, , v(x) is almost everywhere
convergent as —h, N — oco. Then, by the Dominated Convergence Theorem,
(2.42) and (2.50), p(¢) = im_p, N— oo Ph,~n () does exist and is an analytic func-
tion of ¢, for ¢ small enough; moreover, p(¢) = > o2, p,¢" and, if n > 3, by
(2.15)

2
¢ 1
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S0 =0 T T xe = xol7e 5

n VeI ey
where Y ,; denotes the sum over the partitions of the set {1,...,n}. If o < 4,
the previous expression is well defined also for n = 2, and gives the coefficient of
order 2 of p(¢). We stress that the integral and the sum over the partitions can
not, be exchanged.

2.8. The case v = 0 (the charge correlation functions). Let & = (z;,0:), 1 =
., k, a family of fixed positions and charges, such that z; # z; for ¢ # j and
iyt =1,...,k, a set of real numbers. If

Lgiorolar),

Zn (G & p) = /thv] (dp)ess VT (2.53)

the charge correlation function of order k, k > 1, defined by (2.2), is given by

k
N ng):

log Zn,n (¢ € 1) (2.54)

m Oy -+~ Opg =0

By proceeding as in Sect. 2.2, one can show that

Zh,N(Caéaﬁ) _ /P[h,fl] (d(p)eVe(fJ\;)(C,«p)JrB(N)(Cv%ﬁyﬁ)JrR(N)(C,tpévﬁ) (2,55)

where Veff (Co) =CVip) + >0 2C”V(N)( ), BM(¢, <p &, 1) is the sum over
the terms of order at most 1 in each of the u,, and R (C ¢,&, 1) is the rest.
(2.54) implies that

k

K(lC C)(z o) = log Zh,N(Caéaﬁ) (2.56)

gt -+ O 0
where

Znn(C. &) = /Ph,—l(dQD) eVers (@)= Cen /24BN (o k) (2.57)

In order to describe the functional BN (C ©,€, 1), we need to introduce a
new definition. We shall call 7;le the family of labelled trees whose properties

are very similar to those of 7;1(N), with the only difference that there are n +m
endpoints, n > 0, 1 < m < k; n endpoints, to be called normal, are associated
as before to the interaction, while the others, to be called special, are associated
with m different variables &;, whose set of indices we shall denote I, while &,
will denote the set of variables itself. It is easy to see that

o0

B¢ 0,6,1) = ¢"BM (g, 1) (2.58)

n=0
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k

(N . zaagam
B 61 =0n0 D +Z;V)2n2/dx1
n+7:;>k2
' H /Lsem [Z:Zl U'warJrzselT ostpzS] V. (Q/aﬁa £) (2.59)

sel,

where V; (0, x,&;) is defined exactly as in (2.24), with (¢/,0,,x,2,) in place of
One can easily check that, if @ > 4, the terms with n = k = 1 and 0y = —64
in the r.h.s. of (2.59) have a divergent bound as N — co. This is related to the

fact that the function K, (1 ’O(z;o) is indeed divergent at the first order in (.
However, if we regularize these terms by subtracting their value at ¢ = 0, the
counterterms give no contribution to K (k ’C)(z;g), for k > 2. Hence, we can
proceed as in the bound of the pressure and we get similar results. There are
however a few differences to discuss.

Given a tree 7 (with root of scale —2) contributing to K,(ij\?) (z;0), we call 7*
the tree which is obtained from 7 by erasing all the vertices which are not needed
to connect the m < k special endpoints. The endpoints of 7% are the m special
endpoints of 7, which we denote e}, ¢ = 1,...,m. Given a vertex v € 7%, we
shall call z, the subset of the p0s1t1ons associated with the endpoints following
v in 7*; moreover, we shall call s}, the number of branches following v in 7*. The
positions in z, are connected in our bound by a spanning tree of propagators of
scales j > h,; hence, if we use the bound

h J
h h — J
6727 |x| < e x| . e CE j=o x| c

3

yTI12 (2.60)

I

Il
=)

J

and define § = mini<;<j<k |2; — z;|, it is easy to see that we can extract, for
any v € 7°, a factor e=°7""% from the propagators bound, by leaving a decaying
factor e=7'1X| for each propagator (of scale j) of the spanning tree. On the other
hand, the fact that the points in z, are not integrated implies that there are
sy — 1 less integrations to do by using propagators of scale h,, for each vertex
v € 7*. In conclusion, with respect to the pressure bound, we have to add, for
each tree 7, a factor

[T 2o Vemer™? < (e6)=2m=V(2m — 2)! (2.61)

veT*

where we used the identity > . (s5 —1) = m — 1. Since m < k, the sum over
the scale labels can be done exactly as in the pressure case, up to a C*(2k)!
overall factor.

There is another difference to analyze, related with the fact that, in the
analogue of (2.45), the function F(¢, X,) corresponding to a cluster with two
endpoints of opposite charge, one normal and one special, is bounded by |x —
z|supy, |Dpy|, rather than bounded by |x — z|*sup,, [dpy|*. The fact that the
zero in the positions is of order one has no consequence, since such a zero
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is sufficient to regularize the bound over a cluster with two endpoints of op-
posite charges. The fact that |0y, | appears, instead of its square, is also ir-
relevant, since the only consequence is that, in the bound analogue to (2.47),

one has to substitute £, _1 [|8<pyl 2. .. |8gpym2 |2] with &, _1 {|8<pyl| |0y, |} ,
2
with m) < 2mgy. However, by Schwartz inequality, &, —1[|0¢y, |- |8g0ym,2 ] <

En—1[|0py, -+ |0py., ] and we can still use the Wick Theorem to get an
2
even better bound.
The previous arguments allow us to prove that K (k<) (z;0) = lim_p, N 400
K,(ij’\f)(g, o) does exist and is an analytic function of ¢ around ¢ = 0, with a

radius of convergence independent of § (the minimum distance between two
points in z). On the other hand, it is easy to check the well known identity

(k,Q) (). <” 1
KN (z:0) = n, o Z/dxl
EL N |reiaiemy; . jrelaonen:elanien., ..;:em"%“’xn:] (2.62)

An argument similar to that used at the end of §2.2 allows us to prove that
the power expansion of K(*:¢)(z;¢) is obtained by the previous equation, by
substituting in the r.h.s EIP{,N with £T. Hence, by using (2.15), we get that

E®(z;0) = 3207 ¢"grn(2; 2), with

c—% (n+k) 1

Gkn(2;0) = ——— 5~ > /n dxi - -dx, - (2.63)

n! AL

S0 =0 [T IT fye =yl %

i YEI rsey
r<s
where y = (x,2), ¢ = (¢/,2) and ) ;; denotes the sum over the partitions of
the set (1,...,n+ k).

2.4. The case v > 0 (the Op correlation functions). Let y = (y1,...,yx) a set
of k > 1 distinct fixed positions, v = (v1,...,vx) a set of derivative indices and
p=(p1,..., ) aset of real numbers. If

k vy
Znn(Cy v p) = / Py (dip) ¥V O+ 10 () (2.64)

the Oy correlation function of order k, k > 1, is given by

k

Opr -+ - Ok T lu=o0
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We can proceed as in §2.3 and we can represent K(lC C)(X, v) as in (2.56), that
is we can substitute in (2.65) Zp, n((,y, v, p) with

Zh,N(Cy ) = /P[h)_l](d(p)eve(]{\j‘)(C)‘P)_2CQCN+B(N)(C;‘P)X)K’H) (2.66)

It is not hard to see that BN (¢, OY V) =20 o (" Br(LN)(cp,X, v, 1), with

, 1
B oy = o om0 ey + 3 g 3 [ e,
r=1 rer) O1,eeey o "
nmae
.eiazlloTsa(xT)VT(g,L&XT) H L (2.67)

where 7;1(]:) is defined exactly as in (2.59), except for the fact that the m special

endpoints (1 < m < k) are associated with the d¢ terms; moreover V-(c,X,y )
is defined in a way similar to V, (g, x, §7-)’ but, before giving its expression, we
need a few new definitions.

If v is a non trivial vertex, we shall call I, C I, the set of special endpoints
immediately following v (that is the set of d¢ endpoints which are contracted
in v), 8, the number of vertices immediately following v, which are not special
endpoints, and s} = |I,| (hence s, = 5, + s}). Moreover, we shall use X, to
denote the set of normal endpoints (instead of all endpoints) following v. Then
we can write

~ n a2 éh (1)1,...,’05 ) _22y (v)
Vierxy)=[[1F] [] e TP (2,68
(¢, v,x,y_) <i_1~y4 ) = e (2.68)

n.t. veT vr

with Gj(vi,...,vs) = ng [Fo, ();...; Fy ()], where F,(p) = 0%y, if the ver-
tex v is a special endpoint with position y and label v, otherwise F,(p) =
exp(ia®(X,)). We can always rearrange the order of the arguments so that the
first possibility happens for ¢ = 1,...,m. If m = 0, we can use the identity
(2.26), otherwise we can write

~ om
Gj(’l)l,...,’l)s) = m

m

Hi(M, . Am) (2.69)

where

H;(\) = E’J»T(ehaul“"yl om0 e (10X )i (Xe))(9.70)

is a quantity which satisfies an identity similar to (2.26), that is

=3 1] cab/de e~ 305 L) (2.71)

TeT, {a,byeT
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where
Cayb Lo ?W;(Xy,, Xo,) if a,b>m
can ™ Mt @ iada S, ex, 00 (0C)) (v %) a<m <b
AaMBas 2 = Ay (020" C) (ya — 1) if a,b<m.

(2.72)
It follows that

éj(vl,..., Z H cab/de e ~30;(v,£,0) (2.73)

TeT’ a,b)eT

where T/ is the set of T € T, such that all special endpoints are leaves of T'.
Note that U;(v,t,0) is a positive quantity, since it is a convex combination of
“interaction energies” which do not involve the special vertices; hence we can
safely bound the r.h.s. of (2.73), as in the previous sections. Let us define

-(y) = o Z/ndx |V (o,v,x, Y. )| (2.74)

The bound of b, (y) differs from the r.h.s. of (2.30) for the following reasons:

1) there is a 7" factor more, coming from the field derivative, for the i-th
special endpoint, if k; is the scale label of the higher n.t. vertex preceding it
(the vertex where it is contracted);

2) there is a factor v"*(*=1) more, which takes into account the fact that the
special endpoints positions are not integrate, for each n.t. vertex v such that
sy > 0;

3) if § = mini<;<j<k |yi —¥; |, there is a factor exp(—cyp,d) for each n.t. vertex
v such that s} > 0, coming from the same argument used in the case of the
charge correlation functions.

Hence, if m, > 1 is the number of special endpoints in 7, we get

bT(X) < ortme (Hvﬂh%) ( H 7—2}1 (s—1) zgan7 )
=1 n.t. veT
[T A2i-beers (2.75)

n.t.w:sk>0

The last product can be bounded as in (2.61), so that, by “distributing along
the tree” the other factors, we get

bo(y) < CrR@) 2 D @2m, — 2t [ 47 et D(nusme)=2m) (2 76)

n.t. ver

where n,, and m, denote the number of normal and special endpoints following
v, respectively, and

~ 2

D(n,m)=2(n—-1) — Z—n +m (2.77)

™
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Let us consider first the case a® < 4. Since n, + m, > 2, E(nv,mv) is

always positive, except if n, = 0 and m, = 2. However, no tree may have a non
trivial vertex of this type, except the trees with only two special endpoints and

no normal endpoint, that is the trees belonging to 76()]2\]), and it is very easy to
see that
B N
Z Vi(vi,ve,y1,y2) = — 272j (0"10"Co) (v (y1 — ¥2)) (2.78)
T€7—0(’];]) J=0

By (2.5), this quantity has a finite limit as N — oo, if y; # ya2, as we are
supposing. Hence there is no ultraviolet divergence in the expansion (2.67) of
BSIN)(cp,X, v, ﬁ) and we have only to check that there is no infrared problem

related with the integration over the ¢ field in (2.66). This follows as in §2.2, by
using the identity (2.13); it is sufficient to observe that

5h171 <H (8V1<Py1)> H eia@(Xuj) < 5h,71 lH |8<Py1

i=1 j=1 i=1

2] (2.79)

and then apply the arguments used in §2.2 to bound the sum over the partitions.

Let us now suppose that 47 < a? < 167/3. In this case D(n,, m,) can be non
positive only if either m, = 0 and n,, = 2 or m,, = n,, = 1. The vertices satisfying
the first condition can be regularized as before, for the others we can use the

a? 2
factor e~ T Unyrno (V) — =45 (ho=hw —1) {4 make their dimension positive; in fact

D(1,1) + a?/(4m) = 1. The integration over the ¢ field in (2.66) can now be
done by an obvious modification of the argument used for the charge correlation
functions.

It is now easy to prove, as in the previous sections, that K, (k, C)( y;v) has a
finite limit, as —h, N — oo, if § > 0, and that this limit is an analytlc function
of ¢ around ¢ = 0, with a radius of convergence independent of §. On the other
hand,

k, Cn 1
K](M\g)(z;z) n| on Z/dm

S}ZN [0 0y 30y, 1€ T Pxars e T PR (2.80)
An argument similar to that used at the end of §2.2 allows us to prove that
the power expansion of K (’“O(X; v) is obtained by the previous equation, by
substituting in the r.h.s E}F{,N with €7, Moreover, it is not hard to check that,
ifn>0 Q=50 and hin(x, y;o,v) is the limiting value of the truncated
expectation in (2.80), we have

hien (X, y50,v) = 0g,0 ¢ 57" <H W(yr x;vr,0) | - (2.81)

A2 = T bl

I7 YeIl r.sey
r<s
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where " denotes the sum over the partitions of the set (1,...,n) and

W(y,x;o,v) = iaz 0i (VA (y —x;) = la ZU'M (2.82)

i=1 i=1 y -l
while, if n =0,
hio(y,v) = Or,2ET [ (0" py,) ;5 (0™ @yﬁ} = O, 2h""2 (y1 — y2) (2.83)
with

Vi 1 vive oYY
hv2(y) = 2mIyT? {6 v -2 P ] (2.84)

Hence, we get that K®9 (y;v) =37 ("hin(y;v), with

_ 1
hin(y;v) = — = Z /dX1---dxn hin(X,y;0,v) (2.85)

Note that hi ,,(y,v) = 0 for any n, since W(y,x,g,v) is odd in ¢ and the sum
in (2.85) is restricted to the ¢ such that Q = 0; hence K9 (y,v) = 0.

3. The Thirring model with a finite volume mass term

The Generating Functional, Wi, n(J, A, p), of the Thirring model with cutoff
and with a mass term in finite volume is defined by the equation

Whw (1A ) tog [Pr(de) exp{ =23 VW) + 020 [ dx v+
A

20 [ax g Gurmi) +2x 3 [ax A (i) ) (3.)

o==+1 v=0,1

where the free measure Py, n(dt)) is defined by (1.14), Zy and Z](\}) are defined
in (1.15), J7 and AL are two-dimensional, external bosonic fields and

def 1 - o def I+ (ox 5
A 1 /A dx (Znxy"vx) + BonlAn] , 1% T” (3.2)
L

En n being the vacuum counterterm introduced in (1.13); it is chosen so that
Wi, n(0,0,0) = 0.

Given the set of non coinciding points x = (x1,...,%X,) and the set o =
(01,...,04), 0; = £1, we want to study the Schwinger functions
. . aq-i—rW
G (x,y;o) = lim il (0,0,p) . (3.3)

a1, Ls00 Q5L -+ OJRIOAY - OAY:
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Theorem 3.1. If u and X are small enough and q > 2, if r =0, or q > 0, if
r > 1, the limit
de

G0 (g, wi o, v) , Jim Gy (2. wio,w) (34)
—h,N—4o0 ’

exists and is analytic in p. In the case ¢ = r = 0 (the pressure), the limit does
erist and is analytic, up to a divergence in the second order term, present only
for A <0.

As in §2, we shall give the proof of the above theorem only in the special cases
(g,7) = (k,0) and (g,7) = (0, k) separately.

In order to prove Theorem 3.1, we note first that definition (3.3) and the
identity Yxtpx = Y., txI71px imply that

T Mp — n,r
GEﬁN“)(z,X;g,z)Z > ZH/dEXA(E)S}(fN )(zz,z;gg’,z) (3.5)

where zX = (21,...,%¢,X1,...,%Xp), a0 = (01,...,04,01,...,0,), we defined

_ def m,r def m,r;
a®) E xax)oxalts) SN (xyiow) € 6O (x,yio,p)

(3.6)
and we used the fact that GEZ\}T?O) (x,y;0,v) can be different from 0 only if
>, 0; =0, implying in particular that m is even.

In the following we shall give a bound for the functions S,(:;\}T)(g, yio,v),
uniform in the cutoffs and implying (by an argument similar to that used for the

Sine-Gordon model, that we shall skip here) that the limit exists, is integrable
and is exchangeable with the integral in (3.5). It follows that

We remark that ¥ ,(x) is not a regular test function since it is not vanishing
for coinciding points, and hence we could encounter divergences caused by the
ultraviolet problem. Indeed, as we shall see, the integration of G299 will be
finite only for A > 0 (and small in absolute value), so that the pressure G(%:0:#)
and the, if x € A, “density” G(M%)(x, o) are really divergent for A\ < 0, since
this is true for the terms with 2n = 2 and » = 0 in the r.h.s. of (3.7).

As announced in the introduction, we first consider the case ¢, = 0 then we
discuss the case ¢ > 0 and r = 0; and finally the case ¢ = 0 and r > 0.

3.1. Case ¢ = r = 0 (the pressure). Our definitions imply that S(©©9 = 0. If
m > 2 and even (otherwise it is 0 by symmetry), the m-points Schwinger function
S(m0)(x, g) is obtained as the m-th order functional derivative of the generating
function Wy, n(J,0,0) with respect to JZ!,..., JJ™ at J = 0. We can proceed as
in [BFM] and we get an expansion similar to eq. (2.28) of that paper, which we
refer to for the notation. The only difference is that the special endpoints of type
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J are assomated with the terms Z( S kP = Z(1 >, Un oy, instead
of Z; 3, i 45 ., but this does not change the structure of the expansion; we

only have to add, for each special endpoint of scale h;, a factor Z hi) /Zn,, which

can be controlled by studying the flow of Z J(l). It turns out that there are two
constants 175 (A) = bA + O(A\?), b > 0, and c; () = 1+ O()), such that, in the
limit N — oo, Z;l) = ¢4 (\)y~"™J; this result is obtained by an argument similar
to that used in [BFM] to prove that there are two constants n_(\) = aA>+O(X?),
a >0, and c_(A\) =1+ O(A), such that, in the limit N — oo, Z; = c_(A\)y~ "/
(in [BFM] c_(A) = 1, since the definition of Zy differs by a constant chosen so
to get this result). In analogy to eq. (2.40) of [BFM], we can write

co N-1

S(m,O)(X, ) m)! |h\1]1\]nl>ooz Z Z ZSOmTU ) (38)

n=0jo=—00 rc70™ PEP
Jjo,m

Given a tree 7 contributing to the r.h.s. of (3.8), we call 7* the tree which is
obtained from 7 by erasing all the vertices which are not needed to connect
the m special endpoints (all of type J). The endpoints of 7* are the m special
endpoints of 7, which we denote v}, i = 1,...,m; with each of them a space-time
point x; and a label o; are associated. Given a vertex v € 7, we shall call u,
the set of the space-time points associated with the normal endpoints of 7 that
follow v in 7 (in [BFM] they were called internal points); x, will denote the
subset of x made of all points associated with the endpoints of 7* following v.

Furthermore, we shall call s} the number of branches of 7* following verTt
551 the number of branches containing only one endpoint and s*? = s* s*’l
For each n.t. vertex or endpoint v € 7%, shortening the notation of s} into s,
we choose one point in x,, let it be called w,,, with the only constraint that, if
v1,...,0s are the n.t. vertices or endpoints following v, then w, is one among
W, ={Wy,,..., Wy, }.

The bound of S0,m,r,0(x) will be done as in [BFM], by comparing it with the
bound of its integral over x, given by eq. (2.36) of that paper. However, we shall
slightly modify the procedure, to get an estimate more convenient for our actual
needs.

Given the space-time points v = (vi,...,V,) connected by the tree T, we
shall define, if v;; and v; y denote the endpoints of the line [ € T,

def def
Dr(v) = TN >\ Ve = vigl (3.9)

leT

U

Now we want to show that, from the bounds of the propagators associated
with the lines ! of the spanning tree T, = (J, Ty, we can extract a factor

~¢'\/7" Do, (W,) for each n.t. vertex v € 7%, where C, is a chain of segments
that only depends on 7 and 7', and connects the space-time points w,,.
Indeed, given a n.t. v € 7%, there is a subtree T} of T, connecting the points
w, together with a subset of x, Uu,. Since T}y is made of lines of scale j > h,,
the decaying factors in the bounds of the propagator in T, can be written as

—e/ TR o= §VAPIR L 2 Y VI (3.10)

)
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for ¢ = ¢/ 42;’;0 =/ 2] Hence, collecting the latter factor for each of the

lines T,y we obtain e~ 2 VAT

We finally would like to replace, in the previous bound, ||T| with ||C,||, up
to a constant, for a C, which does not depend on the position of the internal
points of T;. This is possible as a consequence of the following lemma.

Lemma 3.1. Let T be a tree graph connecting the points {Wj}é—zl together with
other “internal points”, {uj}g‘:r Then there exists a chain C' connecting all and
only the points {w;}._, such that 2||T|| > ||C|| and C only depends on T

Proof. Suppose that the points {u; };1:1 are fixed in an arbitrary way and let us

consider the oriented closed path C obtained by “circumnavigating” T, for ex-
ample in the clockwise direction; this path contains twice each branch of T'; with
both possible orientations. We shall call C the oriented closed path obtained by
continuous deformation of C, as the points {u, };1:1 vary in R*. The path C al-
lows us to reorder the points wy,. .., w; into wy(y), ..., Wy, by putting t(1)=1
and by choosing t(i41), 1 <i < 1—1, so that wy(;11) is the point following wy ;)
on C. The chain C' is obtained by joining with a segment wy(;) and wy(; 1), for
i=1,...,1 —1; the condition 2||T|| > ||C]| then easily follows from the triangle
inequality for the function z — |z|*/2. n

As a consequence of the above lemma and (3.10), we can extract from the
e~ V"D, (w,) which

does not depend on the internal points positions, by leaving a factor e~ (¢/2) V¥ [x=yl
for each propagator of T’ to be used for bounding the integral over the internal
points.

The final bound of Sy - 5 (x) will be obtained by “undoing”, in the r.h.s of eq.
(2.36) of [BFM], the sum over T, for any v € 7* (note that C,, depends on T;* and
hence on T,), then adding the factors coming from the previous considerations,
together with a factor taking into account that there are 1 +3% _ .(s5y —1) =
m integrations less to do. By suitably choosing them, the lacking integrations
produce in the bound an extra factor J], . - y2ho(so=D =2 50 that we get

1 < Zn. )m/zvd”]-

v not e.p. Zh“_l

propagator bounds, for each choice of T, a factor [], ..

1S0,m,m0 (X)| < C™(C Ny )y~ 90 (=24m) [

mZy) 1 —— o
| | i I I - E o(sy,—1) g=¢"\/ 7" Do, (w,,)
( Zhi S'U! T v € ! ° (311)

i=1 n.t.ver*
where h; is the scale of the i-th endpoint of type J and

d ™ — 24 my + P2+ 2, (3.12)

with m, = |X,| and z, equal to the parameter z(P,) defined by eq. (2.38) of
[BFM].

We have now to bound the integral of S ..o (X)X 4 (X), let us call it I, - ». In
order to exploit the improvement related with the restriction of the integration
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variables to a fixed volume of size 1, we shall proceed in a way different with
respect to that followed in [BFM], that is we bound the integral before the sums
over the trees 7T,. We use the bound:

o = “2hif h>0
/dx Ya(x)e ¢ VI Iyl < C{Y ith<o (3.13)

The sum over the tree graphs is done in the usual way and we get

Imro < C™(CAjy)"™y —jo(—2+m) < H (s5 —1)> <ﬁ ~ )
hi

n.t.ver* =1
Z |P,|/2 hy>0
. v —dy 72hu(sz71) 314
[ 1:[ <Z’“‘1> ! ] ( tH . ) )
v not e.p. n.t.ver

Let us now call E; the family of trivial vertices belonging to the branch of 7*
which connects v} with the higher non trivial vertex of 7* preceding it and note

that, by the remark preceding (3.8), Z,S?/Zhi < Cy M7 with 77 = oA+ O(A3)),
co > 0. Hence, the definition of s¥! implies that, if £ = U; E;,

A () o

vek n.t.ver*

Let v§ be the first vertex with s} > 2 following vg (recall that vy is the vertex
immediately following the root of 7, of scale jo + 1); since m > 2, this vertex is
certainly present. Then, since m, = m for vg < v < v, we have the identity

yoiozm Ty =y ~hog (Z2Emag H v (3.16)
vo Sv<vg vo<v<vg
where we used the definition CA[U =dy—(—-24+m,) = |1;v| +2,; note that CA[U >1/2,
for any v € 7, v > vg.
By inserting (3.15) and (3.16) in the r.h.s. of (3.14), we get

azeenr| [

i, ber wso<;
hy>0
: Lhy_ o5} F, 317
[ (2 I 17
v not e.p. n.t.ver
where
v>vg
—how (—24m K1\ kel _
FT:’}/ huo( 2+ WO)[ H ,th[Q(sv 1)—1s, ]] H v dy . (318)
n.t.wer* ve(T*\E)
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Given a n.t. vertex v € 7%, let s = s ,51—5*1,52—5—51 andvl,.. , Vs, the

n.t. vertices immediately following v in 7*. Since m, = s1 + Z 21 My, We can
write
S2
—(=24my) +2(s = 1) = s =s1(1—7) = > _(-2+my,). (3.19)
i=1

This identity, applied to the vertex v(, implies that, if vy,...,vs,, 52 = s . —s**l,

are the n.t. vertices immediately following vj in 7%, then

_ _ h,+ |2(s",—1 —’s*;l
y g (2 [( ) ”vo} -

s2
o yx by —hy, (—24+my, —24m,
_ Hlnwhxu I 1 (3.20)
i=1

veC;

where C; is the path connecting v§ with v; in 7* (not including v;) and we used
the definition
oy =51 —17). (3.21)

The presence of the factor 4~ /+i(=2+7) for each vertex v; in the r.h.s. of

(3.20) implies that an identity similar to (3.20) can be used for each n.t. vertex
v € 7*. It is then easy to show that

v>vg _
H ,_Yo/uhv‘| H fy*dv . (322)
ve(r*

n.t.ver* \E)

By inserting this equation in (3.17), we get

hy >0
Im‘ra < Cm C)\JO ( H ’y ) ( H 7_2}%(52_1)) .

n.t.ver* n.t.ver*
|Py|/2
Z /
II < 7 ) 7 ] , (3.23)
v not e.p. hy—1
where _
) dy ifver* vp<vé¢FE
dy=3%d,+7 fvekE (3.24)
dy otherwise

and it is always strictly greater than zero, if 77 (hence \) is small enough. This
allows us to control the sum over the 7 scale labels in the usual way, by keeping
fixed h,;. However, before doing that, it is necessary to extract from the r.h.s.
of (3.23) some factors needed to control the sum over h,: too. First of all, in
order to control the sum over the negative values of h,r, we try to replace
the non-negative quantity o', with another non-negatlve one, y, S.t. apx is
strictly positive, paying a price in the dimension of the vertices; this can be
easily achieved by fixing € > 0 and using the inequality

1§78hv3< H 75(52’2—1)}%}) H 78 (325)

n.t.veT* veT* W E
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which allows us to replace (3.23) with

hy>0
Lmrg < C™(CXjy)"y % < T ) < 1T v‘”“““”) :

n.t.ver* n.t.ver*

0 ( Zn, >P”'/27dv] | 0

v not e.p. Zh”_l

with a, = o', +e(s¥?—1) and d, = d!, —¢, if v <v & F; and d,, = d,, otherwise.
Let us now deﬁne Xv = 1if hy, > 0 and x, = 0 for h, < 0. If we put w = v,
we can write

hy>0
- o b (s*—
6 [ IT ~ “’“’] < | | R ”) = (3.27)

n.t.ver* n.t.ver*
:,y[aw-i-a 2Xw (8%, —1 H v av—2xu(s —1)]
n.t.ver*
vFW

and, if |A] << |e] < 1/2, we use the two straightforward inequalities

ay=c(si—1)+stt(1l—-n—e)>¢
a—2(sh—1)=(2—¢)— (1+n)s —si?(1—e—17)
<(2-¢)—(Q+m7)s; <0 (3.28)

Hence, the two terms in square brackets in the r.h.s. of (3.27) can be bounded
by ¢™, irrespective of the sign of 7, that is the sign of A.
Thanks to these arguments, we can replace (3.26) with

[ . ]h Zh IPU‘/2 -
R A (Y L LN I | (— ) v~ (3:29)

v not e.p. Zhv71
Now the sum over the tree scale labels, as well as the sum over the trees with
a fixed value of h,, can be performed in the usual way, using the fact that d,
is always strictly positive and bounded below by a quantity proportional to d,
itself; this gives a C™ bound. We finally have to bound the sum over h,,; note
that

+
f "Y[anrE 2Xw (8h 71) 27 Qyte—2(sk 71) + 27 aw+s 3 30)
hyp=—00 h>0 h<0

The second sum is always finite since o, + € > €s, > 2e¢. Regarding the first
sum, we note that

Qpte—2(s5 —1)=2—(1+7)s, —s2(1—e—17)
<2—(1+7)s, (3.31)

Hence, the sum is always bounded, except in the case 77 < 0 (that is A < 0) with
st = s%1 = 2.1t follows, by (3.8), that

/d; YA(Z)|S(W)(Z,Q)| <mlC™ |, m>3 (3.32)
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so that, by (3.7), the pressure can be defined only by subtracting from G(%-#)
the term with m = 2. The renormalized pressure is analytic in u, for g small
enough.

3.2. Case ¢ > 2, r = 0. We have for ") (zx; ¢, ') an expansion analogous to
(3.8), but now the special endpoints are associated with two different types of
space-time points, those which have to be integrated as before (x) and those
which are fixed (z). We denote by x,, and z, the points following v of the two
types and we slightly modify the definition of the point w, to be one point in
z,, if z, # 0, or one point in x,, otherwise; we still require that w, € w,,.

We want to mimic the strategy used for the Sine-Gordon correlations func-
tions. Therefore we introduce a new tree 7°, that is obtained from 7* by erasing
all the vertices which are not needed to connect the ¢ special endpoints carrying
a space-time point of type z. (We remark that the roles of the trees 7 and 7* of
the bosonic theory here are played by 7* and 7° respectively). Correspondingly,
we define s9 the number of the branches of 7° following v € 7°; mote that the
space-time points associated with the endpoints of 7° following v € 7° are those
in z,, hence >, - (55, — 1) =[z,[ - 1.

A bound similar to (3.11) holds. In this case, anyway, we prefer to have
a separate decaying factor in the distance of the points z: for each nontrivial
vertex v of ¢

De,(w,) > 5Dz (2,0 w,) + 3 Do, (w,) (3.3

Cy

N | =

where C, denotes the ordered path connecting the points in (z, Nw,, ), made of
lines which connect a point with that following it in the ordered path C,, see
Lemma 3.1.

Therefore, in place of (3.11), we have:

|S0,m,7.0( X)| < C™(CXjy)"y 702 l

1 <ﬂ>P”/27du].

v not e.p. Zh“_l

m 1)
(HZL> H SuZVQh eXP{‘thQUDC( )}'

Zh,
i=1 hi n.t.ver*

II exp{—§72D (z, W )} (3.34)

n.t.vere

We can repeat, with no essential modification, the steps that from (3.11) have
led to (3.14). Hence, if we call I, ; ,(z) the 1ntegra1 over X of Sy .0 (2X)X 1 (X),
we get the bound:

Inrg(z) < C™(C, )"y 00 2*’”’( I ”)

n.t.ver*

m (1) |Py|/2 hy>0
Zhi Zh, ) —d —2h,(s5—1)
(H Zhi ) [V n:(!:[e.p. (Zhvl ! H * )

n.t.veT
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hy>0 /
0 — C hay
. ( H ~2ho s 1)) H exp {—57 > Dg (z, ﬁﬂv)} (3.35)

n.t.vere n.t.vere

Indeed, we observe that the chain C, is a spanning tree of propagators with root
in one of the z, points (if any, see the definition of w, ). Hence, integrating down
the position of the vertices x, from the endpoints of such a tree to the root,
in the case at hand there are, with respect to the procedure for ¢ = 0, s — 1
missing integration for each nontrivial vertex v of the tree 7°. By (3.13), this
means a factor y~2+(0=1 less, if h, > 0, and a constant factor less, if h, < 0;
this explains the last line of (3.35). Going on in parallel with §3.1, we obtain the
analogous of (3.29); recalling that w is the lowest n.t. vertex of the tree 7,

1 ( Zn, )IPU|/27dv].

v not e.p. Zh”_l

Im.zo(z) < C™(CAjy)™y [t be—2xw (s, — 1) | by [

hy>0
. < H ,YZhU(sUl))

n.t.vere®

.
11 eXp{—%FyTng(gvﬁﬂv)} (3.36)

n.t.ver°

At this point, in contrast with the pressure bound, we want to take advantage
of the exponential fall off in the diameter of z, N w, to prove the convergence
of the correlations (with ¢ > 2) for any sign of 7.

Note that our definitions imply that U, ; ,e,02,NW, = z and that Un,t,veq—oé'u
is a tree connecting all the points in z. This remark, together with the trivial
bound h, > hv;;, implies that

Cl

/
H exp {—CZW% Ds (z, N ﬂv)} < exp {_Z vh”é diam(g)} (3.37)

n.t.vere

On the other hand, since |z, N w,| > 2 for any n.t. v € 7°, if we define

def .
d = min, ; |z; — z;|, we have

o ' he C 2(sy=1) 0
y2he(e5=1) exp{—szDg (2, ﬂm)} < (5) (sp — 'Y (3.38)

so that, by using also the identity > o o(s) —1) = ¢ —1,

hy>0 /

n.t.veTe n.t.veTe

<[lg- 11 (%)() exp{ -V ) 339

Let us now remark that the quantity

—+oo
[1 + diam(g)(o‘w“)} Z ylowte=2xw sy =Dk oy {—co vhdiam(g)} (3.40)

h=—o00
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is bounded by a constant. In fact, the series is convergent also without the
exponential, as shown before, and this is sufficient, if diam(z) < 1; if diam(z) =
y~ho hg < 0, we can bound the series by 22;:3_00 ylewte)h expl—cor /7",
which is convergent, sice a,, + € > 2¢. Hence we get, by using 2¢ < a, + ¢ <
q(1 + e —7), that there is a constant Cy, such that

&

1 + diam(z)?® (341)

/dz Xa(x)[S™ (z,x,0)| < m! (1 + 5*2("*1))

3.8. Case r > 1, ¢ = 0. This case is very similar to the previous one; therefore
we limit ourself to the discussion of the differences.

Formula (3.34) still holds, with y, in place of z, (to be consistent with no-
tation in (3.7)) and with the replacement [])", (Z,(;)/Zhi) — Hle(Z,(i)/Zhi),
following from the fact that the strength renormalization of the field ty*4) is
equal to Zp,. It is easy to go along the developments of §3.2 again, up to a couple
of differences. The minor one is that in formulas (3.15) and (3.24) the set E has
to be replaced with the set E\Y, where Y is the family of trivial vertices of 7*
belonging to the branches ending up with an endpoint of type y; but this is not
a problem, since the dimensions of all the vertices remain strictly positive. The
major difference is that in (3.15), in the case at hand, there is h,7(si! — t5!)
in place of h,7s5!, if t*! is the number of branches departing from v and end-
ing up with one endpoint of type y (hence 0 < t*1 < s*1). At the end of the
developments, the latter fact generates a new «,, that we have to prove to be
positive in order to control the bound in the vertices v # w such that h, > 0
(as done in (3.28) for the old one). With simple computations we find:

ay=ce(si =D+ (s =t —f—e)+tt(1—e) >« (3.42)

Also, we need to prove that o, —2(s} — 1) is negative, in order to to control the
bound in the vertices v # w such that h, > 0; and indeed:

ay—2sy— 1) = (2— &) — 5 — (5" — 5 )0 — s3°(1 - ¢)
<(@2—2) = (1—[q)s; <0 (3.43)

Finally, the summation on the scale of w is controlled by the the exponential
fall off in the diameter of y, as in (3.40).

4. Explicit expression of the coefficients in the mass expansion and
proof of Theorem 1.1

4.1. The case r = 0. As explained in the remark preceding (3.7), in order to get
an explicit expression for the coefficients of the expansion (3.7), it is sufficient
to calculate the correlations S™% (x, o). We now show how to get this result by
computing the correlations of the v field at non coinciding points. We consider
the following generating function

h——o0

Wne(J) = lim log /PMN(dw)e*)‘ZK’V(WJFZJ(VU 2, [ dxdy 55 (x=y) Bty (4.1)
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where d.(x) is a smooth approximation of the delta function, rotational invariant,
whose support does not contain the point x = 0; for definiteness we will choose

5.(x) = e~2v(e1|x[), v(p) being a function on R' with support in [1,2], such
that [ dppv(p) = (2m)~! (so that [ dxd.(x) =1). We define

_ om
S —— J)|g= 4.2
while S](ang (x,0) will denote the analogous quantity with d.(x —y) = 0(x —y).

Note that S(m’o)(g, o) =limy_ 0 SJ(VTO) (x,0).

Lemma 4.1. If A is small enough, there exists a constant c; = 14+ O(X), such
that, if we put ZJ(\}) = 1", then, for any set x of m distinct points,

811_r}r(1) ngnoo S( Ne(X,0) = J\}E}noo SNO(X o) (4.3)
Dim. - The proof of the Lemma is based on a multiscale analysis of the func-
tional Wy ¢ (J), performed by using the techniques explained in sect. 2 of [BFM].
We shall not give here the detailed proof, but we shall stress only the relevant
differences with respect to the case studied there.
First of all, the external field ¢ is zero and the free measure has mass zero.
Moreover the terms linear in J and quadratic in % contains the monomial
:{7_0 = 1/)xF‘71/1y, instead of ¥} v.o- Lhis difference is unimportant from
the pomt of view of the dimensional analysis, so that, in the case ¢ = 0, we can
essentially repeat the analysis of [BFM] with obvious minor changes. The situ-
ation is different for € > 0, since in this case these terms (which are marginal)
are not local on the scale N, so that they need a more accurate discussion.

Let us call B(Jj) (1) the contribution to the effective potential on scale j,
which is linear in J and has as external fields w,[(h and z/Jy “, and let h. be

the largest integer such that y~"< > ¢ and let N > h.. We want to show that, if
N > j > hg, this term, which is dimensionally marginal, is indeed irrelevant, so

there is no need to localize it. This follows from the observation that B} 2 (¥) is
of the form

BY () = Z{ Z / dxdy Jg' . (x — y)el L gl + (4.4)
—l—Z/dsz/didxdyds(z—Z)Wj(z,Z,x, y)?/)ﬂfﬂj?/)yfg]_

where W;(z,2,x,y) is the kernel of the sum over all graphs containing at least
one A vertex. It is easy to see that it is of the form

W;(z,2,x,y) = Wi (z,x)W; (z,y) + W;(2,2,x,y) (4.5)

where the second term is given by the sum over the graphs which stay connected
after cutting the line ., while the first term is associated with the other graphs.

The first term do not need a localization, even for j < h., because Wj(z, x) and
W,(z,y) are sum over graphs with two external lines, one (the one contracted
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with the J vertex) of scale hy > j, the other one of scale hy < j. The momentum
conservation and the compact support properties of the single scale propagators
imply that hy = j 4+ 1, so that there is no diverging sum associated with hq, as
one could expect since the first term has a bound C|A|. On the other hand, it
easy to see that the second term satisfies the bound

[ daixdys.(a - D)Wya.2.x.)| < CA 207 (4.6)

This immediately follows by comparing this bound with the analogous one for
¢ = 0, which is C|\| for dimensional reasons. With respect to the case e = 0, we
have a new vertex z, which is linked to the graph by the line d. and a propagator
of scale 5/ > j. The bound (4.6) is obtained by using the decaying properties of
this propagator to integrate over z and by bounding . by Ce ™2

Note that this procedure is convenient only because j > h., otherwise it would
be convenient to integrate over z by using . and we should get the dimensional
bound C|A| of the case ¢ = 0. It follows that, starting from j = h., we have to

apply to Bf,j )(1/)) the localization procedure; then we define, if j > h,,
£B)(w) =32 [ darzi el (47)

and we perform the limit N — oco. In this limit, Z;l) can be represented as an

expansion in terms of trees, which have one special vertex (the J vertex) and an
arbitrary number of normal vertices, the normal vertices being associated with
the limiting value A_, of the running coupling (whose flow is independent of

the ZJ(-l) flow). Tt follows that Z,(i) = c1y "™+ [1 + O(\)] and that, if j < h.,

20, = Z{ym 4 O(|\py~henen (hemi)f2) (48)

where the first term comes from the trees with the special vertex of scale < hg;
it is exactly equal to the term one would get in the theory with ¢ = 0, in
the limit N — oo. The second term is the contribution of the trees with the
special vertex of scale > h. (these trees must have at least one normal vertex);
it is of course proportional to €+ and takes into account the “short memory
property” (exponential decrease of the irrelevant terms influence). The flow (4.8)

immediately implies that, for any fixed j and |n4| < 1/2, lima_,o(Z;i)l/Z;l)) =
A = (ZJ(l)l/Z;l)) and that ZJ(.l) = cl[l—i—O()\)]ZJ(-l). Hence, by suitably choosing

c1, we can get lim._,q ZJ(,l) = ZJ(,l). I

Note that S (x,w) is different from 0 only if m is even and Y, w; = 0; more-
over the truncated correlations can be written as sums over the non truncated
ones. Hence, in order to get an explicit formula for ™) (x,w), it is sufficient to
calculate the correlation

E®(xu) = lim  (Z3)(T] @, T ;) (Gu, I ;) ) (4.9)
j=1

—h,N—»oo
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where (-) denotes the expectation with respect to the zero mass Thirring mea-
sure. By using Lemma 4.1, we have

K™ (x,u) = ¢2" lim 2"+ . (4.10)
e—0
[ ayavl [T -6 - yi)oc s = v R ey v)
1=1
where .
Kem (x, y.u, v) = <H (ﬁyjl"‘ﬂ/;xj) (&vjf’_iﬁuj)) (4.11)
j=1

On the other hand, by using the results of [BFM], see Theorem A.1 below, one

(W - ) = M T Tt ),

H:jéX |X5 — Xt| ?LW (a—aws wr) H:jéX |ys Yt| i\m (a—aw’ w})

can prove that, if (-), is the mean value for A = 0 and +); =

24 (g Gwsw (412)
Hs,teX x5 — yi| T ( =t)

where ¢q is an arbitrary constant, to be determined by fixing, for example, the
value of the 2-points function at some value of x; — y1, while a and a are the
parameters (function of A) defined in eq. (1.6) of [BFM] and A is equal to the
expression [1— A Zs::l:l A-(ae+p:)] !, appearing in eq. (1.36) of [BFM]. Hence,

since szF“wy = Uy _ ¥y s We get
KO (x,y,u,v) =g H Yy, T ;) (v, T 00w, ) )y

s<t a—a a—a a+a
e L WL (413)

Hstex |Xs_Yt|%(a+a)|u —Yt|‘“r a=a)

.széxb’s ye| 3 D v, — vy 3 (0o 'Hstex|Ys—Vt|4”(“+“)

HsteX|uS Vt|47'r ‘1+a)|x _Vt|47'r a—a)
,

A well known identity for the free fermions correlations, equivalent to the so
called Cauchy Lemma [H] (since g, (x) = 2m(zg + iwz1)), is

(T ¥, ¥ )0 = ()" [ 9(xj = V=) =
j=1 7eP(L,...,n) j=1
n(n—1) HSJGX Yo (Xi - Xj)gojl(vi - Vj)
— (—1)™ — (4.14)
Hi,jeX o (X5 = ;)
Then
< H (1LYj FJFQ/}XJ’) (wVJF "/Juj - H d]xw"'wvw‘f‘ H d]uw yw
Jj=1
ITighx o3 o = x)g7 (vi = vy) szjex Q:I(Ui - uj)g— (i =) (4.15)

_1 -1
Hi,jex 95 (vi —x;) Hi,jex 9= (wi —yj)
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and since g ' (x—v)g~' (x—v) = (2m)?|x — v|?, we get, by some straightforward
calculations,

B A(a—a) \ 2" P u
K(2")(§,y,g,x)= <CO ) H (| (X y,u V) (4.16)
P X, —

2 ys||u5—vs|)2w(“+ %)

where F(x,y,u,v) is a continuous function such that

I x| 21 —370) )u, — uy > —3=a)

4.17
iRt I, o PO 20 (@10

By using the previous identities, together with (4.9), we get

AA(a—a) 2n n
K" (x,u) = <%> lim /dde[H 0e (xi — yi)de (u; — v4)] -
- Y

e—0
i=1
ey 0y
[1.(1xs — ysllus — VSD 1 (ata)
By using the tree expansion, one can see that the limit € — 0 is bounded and

different from zero, at least for n = 1. It follows, by taking into account the
support properties of 0. (x), that 7 = 42 (a+a); note that in [BFM] it is stated

that n_ = 32 (a — a), so that we have

(4.18)

&(a +oa) (4.19)

No = An

Hence it is easy to see that, if we put c3(n) = [ dxdo(x)[x|7,

ANA(a—a a _a
K(n) (X U.) = (n+)clcO ( ) Hs<t |Xs — xt|2(1 )|11 — ut|2(1 )
X, 1 27 Hst|u5 —Xt|2(1_F“)

(4.20)
If we compare (4.20) with (2.63) and use the remark at the beginning of this
section, we get the formal equivalence

lm  Z P 70y ~ by:e’®9x: (4.21)
—h,N—o0
with Aama)
AA(a—a
D(2
bo = c8% 03(7”)02100 (4.22)
m

if the following relation between v and A is satisfied:
M
- a=14+n_—n4 (4.23)

where we also used (4.19).
This completes the proof of Theorem 1.1 for » = 0.
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4.2. The case r > 0. Let us define
= 1/;)(7#1/}3( 9 px,w = 1/}:,0.; ;,w I HX,UJ = 1/}:,—0.; ):,w (424)

=D Ut Ui, . dr=iY wil vy, (4.25)

Hence, in order to calculate S™7)(zx, y;ww',v), it is sufficient to calculate the
correlation function

We have

Di.smlacyy)= lim (Zy) 5 (Zy)"

ki k_
(T pare) I peim) Hnyl, H v ) (4.26)
=1 =1

i=1

where < - >("N) denotes the expectation w.r.t. the massless Thirring measure.
By an obvious extension of Lemma 4.1, we know that there are two constants
¢1 and ¢z (smooth functions of A, equal to 1 for A = 0), such that

51752%0

Diy iom(a,cy,v) = lm (coen )R+ Fh=) (gl )2n / dbdd dx du -
'652 (h - 2)652 (g - b)(ssl (5 - 2)651 (u - X)'Q(ga h; <, gv Y, X, vV, u) (427)

where, if x = (x1,...,Xg), 0:(x) = Hle de(xi), with §.(x) defined as in §4.1;

moreover,
‘Q(gahvgvgvzvzvz = Hwal J,»wb + Hd} wd —

H US Vet H vE e ) (4.28)

By using the identities (4.12) and (4.14) and by doing some simple algebra, one
can see that, if z = (a,b,c,d) and w = (y, x,v, u),

Dz, w) = Ak k) Fy(z, w) .
k — k_ _
Hi;19+l(ai_b)nz 19— l(cl_d)
Falz, ) Ro(w) (429

TIE b —afr T2 i — el
where K2"(w) is defined as in (4.16), and

= Hﬁgﬁ) (aS7bS7at7bt) H,ﬁ‘(gjt)(cs7 dsu Ct, dt) :

s<t s<t

TR (s bey v, x) [T RS (eoy day e, ue) (4.30)

s,t
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FQ(Z’E) = th;)(a&b&atabt) th;)(csvdsvctvdt) :

s<t s<t
. th;)(as,bs,Vt,Xt) Hh‘(sjt)(csudsuytuut) : (431)
s,t s,t
: H hg-,’z_f) (asa bsu Ct, dt) H hg;) (asa b57 Y, ut) H hg;) (C57 d57 Vi, xt)
s,t s,t st
We defined . )
T (w N s — n bs —
R (g, by, vi, x,) = S (B = V0 (Bs = X0) (4.32)
9o (as — Xt)ge (bs — Vi)
—vi||bs — x¢ |\
h{7) (as, b, _ (2= villb. = x 4.33
s,t (a ’ 7Vt7xt) <|aS —Xt||b5—Vt| ( )

Let us first evaluate, in the r.h.s. of (4.27), the limit &1 — 0. This can be done
exactly as in §4.1 and we get

Dy i_m(a,cy,v) = lim (Czag’)(’“”’“*)/dhdgdzdu-

g0—0

'652 (h - 2)652 (g - D)QO (ga ba 27 g? X’ X) (434)
where, if we put wy = (y,v),

—a Fi(z,y,y,V,V)
AA(a—a)(k k_ 1\4,Y,), Y,
Q0(z, wy) = ¢ (a—a)(ks+k-) — e
Hi:l 9+ (ai - bi) Hi:l g_ (Ci - di)
F Z7 9 7X7X
TR+ vy ki ) K™ (wp)
[[i2) bi — |- [[;= |di — e~

- (4.35)

K™ (w,) being defined as in (4.9); its explicit expression is given by (4.20).
Let us now perform the limit e — 0. We use the identity, following from
obvious symmetry arguments,

lim [ dbdds.,(b— a)d.,(d — b) G
1m —a — .
o0 T b aif T [ds e
F(a,b,c,d) B
’ ky 14 k1,3 N\
Hi:l g+ (b; —a;) Hi:l g~ (d; — ;)
ki o n_ k— o n_

:alglgo dhdg(sw(h_g)(sm(g_b)l_[l<|bl_azl) 1_[1<|dz_cz|> '

Hfil[(bz —a;) - Op] Hf:][(di —¢i)-da,|F(a,a ¢ c) _
T g7 (b — a) [Tz 9= (ds — <)

ea(n-) kidk_ ki ko
. <i> [IDos [IPéF@acc) (4.36)
=1

4 ,
1=1

where c3(n) is defined as in §4.1 and D% = 6%0 + iwa%l.
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To complete the calculation, note that, up to terms which are of the second
order in at least one of the differences by, — a, or dy — ¢ (these terms give no
contribution in the limit 2 — 0),

1) (a,. b ~ 1 (b, —ay) - | e 437
s,t (a s ,Vt,Yt) +1n ( a ) |:|as_yt|2 |as_vt|2 ( )
bs — dg) b; —
1% (ag, by, ap,by) ~ 141, | = Lo =) (e za) |
) |as _at|2
ol —a) @l —a) @ —a)]
lag — a[* '
o b, —a,) - (d; —
hg.t)(asubsuctudt) ~1 + No | — ( a ) ( i Ct) +
, la, — cy|2
492 [(bs —as) - (as — c¢)][(d¢ — c¢) - (as — ¢1)] (4.39)
las _Ct|4 '
%) (a5, b ~1+ g, (bs - ! - ! 4.40
s,t (a57 SthJ’t)— +ga' ( s as) 1 1 ( . )
go (as —yt) go (as— Vi)
T (o _ _ 1
R (as, b, ar, by) = 1+ g5 (by — a,)g; ! (b — &) (4.41)

95 (a5 —ay)]?
In order to get the final result, we have to substitute these expression in the r.h.s

of (4.30) and (4.31), expand their product, keep the terms which are of the first
order in all the differences b; — a; and d; — ¢; and, finally, apply to them the

differential operator Hf;l Dy, Hf;l D:{i, whose effect can be easily obtained by
using the trivial identities

Dy¥g. (bs —ay) = 4 (4.42)

w (bs—a,) -z
Dbs% =279 (2) (4.43)
Dy, Dy, (bs —as) - (by —a;) =0 (4.44)
D¢ Dy¥(by —ay) - (by —ay) =2 (4.45)

Let us consider, for example, the case n = 0. Then we see immediately that
Dy, k_o(a,c) is different from 0 only if ky + k_ = 2m and that, if we put z =
(a,c) and w; = +1if z; € a, w; = —1if z; € ¢, Dy, i 0(a, c) satisfies the Wick

Theorem with covariance Cl,, ., (21 —22) = 1im,hyNﬂoo(ZJ(\?))2 < PaiwiPzjw; >

that is Z](\?) Px,w, i the removed cutoffs limit, is a Gaussian field in the massless
Thirring model. It is easy to check that

Q) 2
"1 (14+n-/2)

4.46
21,0 — 22,0) + iw(z11 — 22,1)]? (4.46)

Cuoy w2 (21 — 22) = 6wy 1w, [(
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It follows that, if we call D£+ k. n(@ ¢y, v) the truncated expectation corre-
sponding to D, r_n(a,c,y,v), we have

D, i 0(a,€) = 01.2C0, w, (21 — 22) (4.47)
Hence, by using (4.25) and the definition (2.84), we get
SOR) (71, 20301, v9) = =0k 2b? W72 (21 — ) (4.48)
with
b = %[cgﬂa-%m]?(l + %*) (4.49)

Let us now consider the case n > 0; in this case we shall give the explicit
expression of DkT%kﬂn(g, ¢,y,v). This quantity can be obtained, by expanding
K™ (w,) in terms of products of connected expectations in the usual way and
then trying to get a connected quantity by using the terms which survive to the
limit eo — 0, see discussion above. It is obvious that a connected contribution
can be obtained only by keeping the products of different first order zeros com-
ing from the functions h( )(as, bs, Vi, yt), TLg‘? (as, bs, vy, y:) and the analogous
with (cs,ds) in place of (aS7 by), together with the truncated expectation in the

expansion of K (w,), that we shall call K;") (wy). It follows that

by +k

DkT+7k77n(g,g,X V)= K(") (W) H Wz, wr, Wy, 0) (4.50)
r=1
where we defined g so that o; = +1if w; €y, 0; = —1 if w; € v and
W(z,w,wy,0) =-wc AA(a Ve 2€3 (1 + ) Zojgw - w;)  (4.51)

By using (4.25), we easily get the final result

k
SC R (w,y;0,0) = SOV (wi0) [[ W (v w. 0) (4.52)
r=1
with
=y { MA(a—a) n——7+ - EV;H(y _Wj)u
W == 1+ — = (4.53
(yaﬂmg) ﬂ_co C2C3 ( + 2 ) ;0] |y — Wj|2 ( )

It follows that (4.52) has the same structure than (2.81), so that, by comparing
(4.53) with (2.82), as well as (4.48) with (2.83), we get, in agreement with the
considerations after (1.6), the equivalence

] ( ) SV 14 M
7h71}\rfnﬁoo ZN g~ —€u,u(b10" px + D20y ) (4.54)

where £ is a free boson field of zero mass, independent of ¢, and

2 a—a -
b1 = ECSA( )0263 (1 + b= 5 77+) (4.55)
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One can check, by using the relations a= = 1 — A\/(47) + O(\?), a~ ! =1 +
A/ (4m) + O(A?) and A = 1+ O()\?), that, if b? is the constant defined in (4.49),

b2 =b% — b2 = O(|\?) (4.56)

However, one can prove that by = 0. This follows from the remark that

2

» (1 4= 2n+)

—= = 4.

o I+ —ny) (1+%) (457)
where we used (4.55), (4.49) and (4.23). Hence, in order to prove that by = 0, it
is sufficient to prove that the r.h.s. of (4.57) is equal to 1; by a simple calculation
one can check that this condition is equivalent, since n— > 0, to the condition
(1.18). Our solution of the Thirring model allows us to represent n— and 7, as
well defined power series in the physical value A_, of the running coupling (see
eq. (2.35) of [BFM] for n_). This representation is not convenient to verify the
identity (1.18); however, (1.18) is independent of the details of the ultraviolet
regularization of the model, hence it can be checked also by using the explicit
(rigorous) representations of n— and 7y in terms of the bare coupling, which
were found in [M1] and [M2] with a different ultraviolet regularization (by the
way, they are also in agreement with the heuristic procedure proposed in [J] and

[K]). In this approach, if we call A the bare constant and put z = \/(4x), one
gets
222 2z
77_:1—1172 ) 77+:1—$2
and one can check that (1.18) is indeed satisfied.
This completes the proof of Theorem 1.1 for r > 0.

(4.58)

A. The explicit formula for the field correlation functions

A.1. The Schwinger-Dyson equation. In this appendix we will derive the ex-
plicit expression of the m-point Schwinger functions (4.12), by extending the
arguments used in [BFM], to which we refer for details, to analyze the 2-
point function. Let us define W(.J, ) = log [ Py v (d) exp{V N (VZn, J, )},
where the free measure P, y(dy) is defined by (1.14), VIN) = —AV (VZn¥) +
>ou S X[ T wZNVE S + OF Uk + Ui k0] and the fields ¢F are anti-
commuting between themselves and with ¢*. We shall introduce the Fourier
transform of various fields. In doing that, we shall consider the fields p = ¥ T¢~,
¥T e T as incoming fields, while o, J, 1™ e ¢~ will be outcoming fields.

First of all, we note that the Schwinger-Dyson equations are generated by the
identity

= xn,~ (k)

5 eV 2, W
spk,w _ / dp 8 € (Al)

Zy (27)% 0Jp, 0B p

Indeed, given any F'(¢) which is a power series in the field, we have, by the Wick
Theorem,

M) 2FW)

Wi Py = = o v (A.2)
k,w
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where (-), is the mean value with respect to P, x and §Lh’N] (k) = xn,n(k)/ Dy, (k).
Then, (A.1) is a consequence of the identity

de?Y ~ N Gk 0 )
e R
k,w

a‘PkM 0 ZN
and the remark that V(¢) = [dx¢f v o oy

xX,—"

A.2. The approximate Ward—Takahashi identities. We consider a new generat-
ing functional, Wa(a, J, p) = log [ Py v (dy) exp{V N (VZn1, J, ) + [ZnAo +
INY e ug\?)Ag](a,l/J)} where I/](Vi) are two suitable constants, to be chosen
below as functions of A, and

e dqd ~ i T
AO(aa 1/}) d:f Z / (;lﬂ_)f Cw (qv p)QQ*p,wd};wU)p,w ’ (A4)
w==+

def dq dp ~ ~L
Aolat) ™ S [ TR Do = Wamptfouiipms (A
w==+

having defined, as in [BFM], D, (k) = —iko + wk; and C,(q,p) = [X,le(p) -

11Du(p) = [xp v (@) = 1]Du(@)- |
By doing the transformation wiw — ew‘wiwiw, see [BM] for a rigorous defi-
nition, we get

ow dk ow ow
Dy(p)—=—(J,p) = /— P =%
H( ) ( ) (27‘()2 [ k+p,p a‘PI# a(karp”u k,p

Wy,
— 20, J, »); A.6
8aphu‘ ( ) b) (p)7 ( )

where Wy, is the same as W4 but neglecting the interactions A, (o, ). The
last term in the r.h.s. of (A.6) is not negligible in the removed cutoffs limit,
but we can extract its leading contribution by introducing suitable counterterms
[BFM], so that the rest will vanish, by putting

(+) 9 (=) ow
1—vy’)D ~—(J,p) —vy 'D_ ——(J,p) = AT
( ~ )Du(p) 8Jp,#( ®) N u(P) 8Jp7,#( ) (A.7)
k[ . ow oW ] o
=755z |¥ — (o) —— (), 9)9p —=(0,J,¢
/(27T)2 [ kP 690;;#( ) a(karp”u( ) k“u‘| 80[1’1# ( )
If we define
any =1 —-v7) =017 av =1+ =P (A.8)
by some simple algebra we obtain the identity
6€W AN oo’ 8eWA
= 0, + - a~_ 0,0, = A9
3Jp,a( %) D, (p) Dags (0,0,¢) (A.9)

AN.oor / dk | eV e P
= ’ =5 | Pripor mar—(0,0) = 70— (0,0)Fyc o
; DU(p) (27T)2 [ ke, a(ﬁi:g/ a(karp,a" .
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where Ay, = (any + oayn)/2. With the argument explained in [BFM], it would
be easy to prove that the term in W4 is vanishing in the limit of removed cutoff;
anyway this is not our current objective.

A.8. A Closed Equation for the field correlation functions. By doing an arbitrary
number of functional derivatives with respect to the ¢ external field in (A.1) and
then putting ¢ = 0, one can obtain an infinite number of relations between the
field correlation functions and other correlations involving several fields and one
current, integrated over the current momentum. We want now to show that,
by using the identity (A.9), it is possible to get a closed equation for the field
correlation functions, in the limit of removed cutoffs. Let us define 0% = 0y +
iwal.

Lemma A.1. For || small enough, there exists a constant A =1+ O(\), such
that the equations of motion for the truncated Schwinger functions -except the
two point Schwinger function- in the limit of removed cutoffs are generated, at
non coinciding points, by the identity:

oW 92w 2w
8 1 T = )\AZA7WI# /dZ gfwl( ) |:90z I — @z,u:|
"

XI a(pxl ;W1 " a(pz ua%’xl yW1 a(pxl ;W1 6902#
ow oW ow oW
MDY A, dz g — 5 - .| (A10
- Z 1M/ % 9o (X1~ 2) [sz’u 690;,u a‘P;crl,wl a‘PXl w 0Pz va, :| ( )

m

Proof. If we make a derivative with respect to @Iﬂ)’w in both sides of (A.9),

with w = o, and then integrate over p (which is meaningful, since the correlation
functions can not have a singularity at p = 0 and have compact support in p
for h and N finite), we get

d 92w d A Cn | PVa
/(p ——Z/ P_LN—up (A1)

)? 8Jp wa@lﬂ-p w (p) Odp, #&Pk-irp w

Z/dp dq Ay, wu ~t 0%e 0%c” Paq
2m)* D_,(p) | " P 9054, u@k+pw 8$1t+p,w8¢\;+l)1# s

where both sides are calculated at J = o = 0 and we used the fact that D, (p)
is odd in p to cancel one term in the r.h.s. of (A.11).
We introduce the generating functionals Wy (8, ¢), for p = =+, defined as

eWT.u(B:#) def /thdw) —ANZXV ()exp{/wxwwxw+/¢xw@xw}'

exp { (VZnv,VZnB) } : (A.12)
- exp { [_aww) ABB) — i) Bg)] (\/E% \/Eg)}
w==%

76(#) + Z VJ(\([T)7;(#)
o=+
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with {a},_+, {p"},—+, four real parameters to be fixed later and

def dk dp dq Culq,q—p)5 =
7, B) §j/ BrewTisp bt D i
w==+

D_,(p)
. dk d d D, JO
Q/J B E j “;t/ p 4 Hf,(p)) ﬁk,wwarp,ww;r,auw—p-l-q,aua
dk dp d ~
By, p) = / @T")q Bl poi ot pie o
e dk = S
1)([3 1/}) < f /W ﬂkvaW(k)wk,w (A13)

We remark that Wy (5, ) differs from the analogous generating functional
introduced in [BFM] because of the presence of the interactions B&l)(ﬁ, 1) and

B&B)(ﬁ, 1), that in the cited paper were - in a sense - reconstructed a posteriori;
here we describe a faster way to implement the same procedure of [BFM]. We
have the following identity:

/ dp 1 0%eVa 1 0eVTn
(

(0,0,¢) = 0,9)+ (A.14)

2m)? D—w(p) 08p 100 5 ., Zn OB
d 2, W w
Loy / p e (0,¢) + pH) Dy (k) =——— 0c 0,9)
( ) 8Jp w8@k+p w 890k W

which, plugged into (A.11), gives

d 62 w
<1+)\ZAN’“ a(“)>/( p2 - eA

27T) (9Jp)_w6901t+p w

An, AN, —wp e W deV
=— — A () k) —— + A.15
Z 2N 3[31{ w (Z A ) ol )3‘21tw (419
Z/dp dq An, wu SBJF 92eW B 92eW o
- ) artpn 6@;#6(’5¢+p,w 6$lt+p,wa$<;+p-,# e

This equation, together with (A.1), the identity ¢,., = (1 + pw)/2 and the
remark that Wy ,(0,¢) = W(0, ¢), implies that

ow By )\AN OWr
Dw(k)@ = xh,N(k)Egpk,w + xn,n (k) ZAN o : (0,) + (A.16)
dadp AN—wp —w |~ 32 W 92V
A K / Bo-W |5+ S _
! ; v (2m)* D—w(p) Pau &Pq-kp ua‘plt—p,w 3tplt_p)w3tpq,u ity

where Ay = [1+A 3", An,—p (@ —p)]=1 and By = [14+A Do An,—aW]Ay.

Before doing the limit —h, N — oo, we can rewrite the previous identity in
the space coordinates, by doing the Fourier transform in both sides. Since we
want to get an identity involving only the correlations with at least four points,
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the first term in the r.h.s. gives no contribution. Hence, it is easy to see that we
get the identity (A.10), with A = limy_, o An, if the correlations obtained from
derivatives of the last term are proved to be vanishing in the limit of removed
cutoffs and if, in this limit, we can safely substitute x;, (k) with 1. Let us first
consider this problem, without giving the technical details. If we make a certain
number of derivatives with respect to the field ¢ at non coinciding points and
put ¢ = 0, we are faced with the problem of calculating the limit of expressions
of the type

/dz N (2)gw(x1 —x2 —2)Gp N (X1 — 2,¥2,- .., Yn) (A.17)

where 0j,, v () is the Fourier transform of x5, n (k) and the points X1, X2,¥2, ..., ¥n
are all different, except x2 and y2, which can be equal. The function G, n(y) is

a (truncated) Schwinger function, which was proved in [BFM] (eq. 2.58) to decay
as |yi| =<', 0 < &’ < 1, if |y;] — oo, while the other points are fixed. By using the

bound 2.52 of [BFM] it is also possible to prove that it diverges as |y; — yj|_€“7
0<e” <1,if ly; —y;| — 0, while the other points stay constant. On the other
hand, it is easy to prove that |05, v (z)| < C(y~ " +z|?)~*. These properties and
the good convergence properties of Gy n(y) as —h, N — oo (uniform if the points
vary in non intersecting neighborhoods of the arguments) imply that one can
make without any problem in (A.17) the limit h — —oo and substitute Gj, v (y)
with G(y) = lim_j N—00 Gh,n(y). The previous remarks imply also that the
function g, (x; — x2 — 2) G(X1 — 2,y2,...,yn) is a L' function of z with a fi-
nite number of singularities; moreover, d_oo n(z) — 6(z) as N — oco. It follows
that the limit of (A.17) does exist and is given by g, (x1 — X2) G(X1,¥2,- -, Yn);
one can also see that the limit is uniform, if the x; vary in small non intersect-
ing neighborhoods, so implying that one can exchange the derivative with the
removed cutoff limit in the Lh.s. of (A.16), written in the space coordinates.

We still have to discuss the main point, that is the fact that the correlations
obtained from derivatives of the last term of (A.16) vanish in the removed cutoff
limit. Since we assume some familiarity with [BM], we shall do that very briefly,
by studying the flow of the marginal terms proportional to the field 8 in the
effective potential related with the generating functional (A.12).

After the integration of the fields w(jl),j’ > j, we obtain an expression of the
type:

R AR /P[h)j] (d)) exp {V(j) (<p, \/Z_ﬂ/l) + W;j))irr ([3, ©, \/Z_ﬂ/l)} :
. exp { [ <271;7)276(u) 4 ZZ_]]V 21/](0)7;(#)} (\/Z_ﬂ/,, \/Z_Jﬂ)} )

(\/Zw, \/Z—jg) (A.18)

N
I w ZN (1, pw
. exp [g&u )BG) 4 chélu g
k=j

where VU) is the effective potential for § = 0, WY s the irrelevant part of

irr

the terms of order at least 1 in 8, while the rest represents the corresponding
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marginal terms, written in terms of two running coupling constants:

~3.p) def —ag\’;))\ forj=N
G = OO, ,
)\j“—a]\‘;)\j forj < N-—-1;
(1,p1) def o for j =N
G = o . (A.19)
(zju _a%ozj)ﬁ for j< N —1:

where {\} and {Z]'} are evactly the coupling studied in [BM]; while {);} and
{#;} are ezactly the effective coupling and the field renormalization of the original
generating functional, W. In [BM] (equation (144)) it was proved that there exist
oy such that the following two bounds are both satisfied

A —afx < 0N el < O N2 (A20)

j —

Thereby, if we put pg\*;) = i<N-1 ij(l’”), the factor in front of BM in (A.18) is

N N-1
IN z}iw) _ ZN Z Z]il,,u) . pg\‘;)
Z; &= Z; \ &=
Z ~ Zy,
=-Z 2 =Y @ -G (A21)
I k<j—1 k<j—1 J

and the last term, by the second (A.20), can be bounded by Cy~(V=7)/4 This
remark, together with the first of (A.20), allows us to prove that contribution
to the correlation functions of the last term in (A.18) vanishes in the limit of
removed cutoffs, as a consequence of the short memory property, see [BM] for
details.

A.J. Solution of the closed equations. Let us define a = impy_,00 an, @ = limy_, 00 ap,
A l(xly) = %= In (M) and

x|

62neW

- - (0,0) (A.22)
Ok wn - 0Pk 690),1,(0; e a%"ymw;l

Theorem A.1. For || small enough and x #y,
AA(a—a) A*l(
2

x=ylz) (A.23)

where z is a fixed, non-zero position, whose arbitrariness reflects the arbitrariness

2 2
SLE;,L),.;’ (X7 y) = Gfu,zu’(xu y) = 6w,w’gw(x - y)e
of a factor in front ofSU(fZJ, (x,y). Furthermore, ifn > 1 and (X1,...,Xn,Y1,--+,¥Yn)
is a family of two by two distinct points,

oGy = 3 (176 (e (y) (824

)
wePx
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where X < {1,...,n}, Px is the set of the permutations of the elements of X
and

g(2n) H 80(02) XJ,yj

s<t a—dwew!
T ™ Tt [AT (s —yelxe —x0) = AT (ye —yelys —x)] (A.25)
s,teX

Proof. The equation (A.23) has been proved in [BFM]. The proof of (A.24) will
be done by checking that the truncated correlation functions corresponding to
the functions (A.24), assumed to be the right not truncated correlation functions,
solve the identity (A.10) for n > 1. The reason for this procedure is that, as we
have discussed §A.3, we were able to get a closed equation, in the limit of removed
cutoffs, only for the truncated correlation functions with n > 1. However, it is
worthwhile to give first the heuristic argument which allows us to conjecture
that (A.24) is the right expression for the not truncated correlation functions.
In the limit N — oo, if we put Z = limy_ and we ignore the fact that
Z =0, the identity (A.16) can be written in terms of the space coordinates as

1 oeV B
0eV 0eV
/dZ g—wl( ) |:SDZE _ spzs (A26)
880 8Sﬁ:q w1 8<PX1 wlaéﬁ

This implies, if n = AMA_ and Z = limy_,oc Zn (we will ignore then fact that
Z =0), that S, (x,y) = 0w Su(x — y), with

B
OSu(x) = —6(%) = 19w (%) 5w (%) (A.27)
Hence, since, for any value of z, g_,(x) = —9,A7!(x|z), we get
Sw(X) _ gen[Afl(x\z)fAfl(O\z)] gw(x) (A28)

where A71(0]z) = +oo, which should balance, in this formal calculation, the
fact that Z = 0. In fact, this equation implies the correct value (A.23) of S, (x),
if we choose z so that B

B _enaniom (A.29)

Hence, we are encouraged to pursue this formal procedure. If we take 2n — 1
suitable functional derivatives in both sides of (A.26) and we call x; the vector
x without the element x;, we find the following equation:

S w0 — )G (x1y,) (A30)

x1 (21
95, Gy, g’ .
k=1

NID:J

n

+AA Z Ao (X1 —XK) = D A 0w (X1 —31) | Gol(%,y)
k=2 k=1
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By using (A.29), this equation can be written as

o1 KHeMAwmAWXIXh'Z)) <He”“““wwﬁl<’“‘”'z’> Gouw(xy)
h=2

h=1
=3 (=1} 100, 6(x1 — yi) - (A.31)
k=1
) - NAA_ 0, A N (ye—%n2) T MA A (yieyal2) (2n—2)
<H6 1@h k h ) He 19, Ggl,g; (El’zk)
h=2 h=1
h#k

and hence we arrive at a formula for G2 in terms of G(27—2);

(2n o - k—1 o(2) (2n—2)
Gy(%,y) —;( DEESE L (= vy (x1,y,) - (A.32)

n n
—1
. (I I e)‘AAWuuhAl(Yk—xhxl—xh)) | | e_kAA*wlw;lA (Yr=ynlx1=yn)
h=2

h=1
h#tk

where all Z factors disappeared. Such an iterative relation is clearly solved by
(A.24) together with (A.25).

Let us now assume that the expression (A.24) is correct; we want to check if
the corresponding truncated correlation functions satisfy the identity (A.10), for
n > 1. First of all, we remind the connection between the two kind of functions.
In order to abridge the notation, we put <p+ def <pjg w; and ¢ def Pyt fur-

LR
thermore, if X; C X = {1,...,n}, we define %, = erxj 5, with the factors
ordered with decreasing k, if ¢ = +, and with increasing k£ otherwise. Expanding
e (0, ¢) in powers of W, we find:

6211 w

e
_— 1" (A.33)
5oTd Z i Z > !

QDX 90 m: Xmﬂ-GP ..... m

2| X1 | 2| X |
W 00y L (0,0
690X1690W(X1) a@xma@ﬂ(xm)

where Z;ﬁ _.x,, denotes the sum over all the possible partitions of X into

m, distinguishable and non empty subsets X1, ..., X;,. Furthermore, PXI’

is the quotient set of the permutations of the elements of X, Px, Where two

elements are identified if they differ only for a permutation in le ®---®Px,, -
To find out the explicit expression of the truncated functions, we define

V(Xslpt) déf )‘AA—wsw{Ail(xs - ytlxs - Xt)

Vo @ V(x| P) = Viysl P) (A.34)
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and, exploiting the analogy of the expression (A.25) with the partition function
of a lattice gas, we perform the Mayer expansion:

s<t n
gony) = | IT (¥ —1+1) | TT 85 (x535) = (A.35)
T steX =
n 1 * 2)
=D =~ > Y I (- 1) I 85, Gerve)
m=0 X1, Xm 1=1 geC(X;) (s,t)€g keX;

where the link (s,t) is the order pair of the elements s,t € X; C(X) is the set
of the graphs containing a path which connects every element of X; when Xj is
made of only one point, there is no possible graph; as usual, the product over
empty sets gives 1 by definition. Therefore the comparison with (A.33) gives the
following expression for the truncated functions:

ST y) = > ()78 (& 7(y)) (A.36)
wePx

with

eVs (2

Sy =Y TI (% - S oy (X y8) (A.37)
gEC(X) (s,t)€g keX

We now perform some manipulations. From the previous expression we get

s#1
<H e—V(x1|PS)> e—kAA,A Yx1—y1 Z)S(E;Z ( 7y) —

seX

= 0wy w) G (X1 — ¥1) <H Sf)k)w (xk — Yk)> : (A.38)

k=2
(s,1)¢g (s,1)€g s, t#1
ST (—V<x1|PS>) [] e Vo) —evealro | T (% —1)
geC(X) seX s€X (s,ty€g

and therefore, by taking a derivative w.r.t. x1, we find

s#1
33511 [(H eV(x1|Ps)> e NAA_AT Hx1—y1 Z)SL(UZ( ’X)] =

seX

= 5w1,w gw1 X1 — (H ww! Xk — yk)> . (A39)

s#h

h#1 1>€J (s,1)€g
S H e VealP) | T (e—wymps) _e—wxl\Ps)).
heX geC(X) seX seX

s, t#1
H (evs,t ~1) (—1)CUrDEgl =V EalPn) (9, V) (x1| Py)
(s,1)eg
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where O[] is equal to 1 if the relation [-] is true; O[] is zero otherwise. If the graph

g € C(X) does not contain the link (h, 1), then also the graph ¢ = gU(h,1)
is in C(X); because of the factor (—1)PL"1D#d their contribution cancel each
other. We call C;,,1y(X) the remaining set of graphs: it is made of the graphs
in C(X) which are no longer in C(X) if the link (h,1) is erased. Clearly they
can be also constructed by joining with the link (h, 1) two graphs g1 € C(X3)
and g € C(X},), for any choice of disjoint X; and X, s.t. 1 € X3, h € X}, and
X7 U X, = X. Because of these considerations we arrive at the expression

s#1
& KH ) s<>] - (A1)

seX

s#1 n
= (H e—V(xllPs)> e~ AMA_AT (x1-y1]2) (H Sik),w; (x — )%))
seX k=1
h#£1
Z Z Z (01V)(x1|Pr) H eVer — 1 H eVer — 1
heX X1,Xn 5;25%}3 (s;t)€g (s;t)Egn

where Y7 ¢ is the same of >7y \ , with the further constraint that 1 € X;
and h € X} (such a notation is abusive, but quite clear): therefore X7, X}, is

ordered, and there is no factor (1/2!). As consequence, for n > 1, S 2") W (XY)

satisfy (A.10), that, after suitable derivatives in the fields, reads

921880 (x.y) XAEZ 2: Yo )M (xy, )+ (Al

h= 2X1,Xh €PX1 »Xp

n n

Z A*wlwhg*wl (Xl - Xh) - Z Afwlw;Lg*wl (Xl - yh)
h=1

h=2

+AA SSZ? (x,y)

with

n,h def
M, (36 9) ™ (A g (K1 = X0) = Ay 9 (51 = 70)| -
(2[Xnl)

(2[X11)
Sy, i, Bx00¥ 3 )80l (X0 ¥, (A.42)
| ]
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