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1 Introduction

The naturalness problem of the Higgs mass is a central issue for the searches in the up-
coming high-energy run of the LHC and, more generally, for defining the future strategy
of particle physics. The conventional wisdom that new physics should intervene below the
TeV and soften the quantum corrections to the Higgs mass has been seriously challenged
by Run-1 LHC data. This has prompted a reconsideration of the standard approach and
the study of scenarios in which the issue of naturalness is addressed without new dynamics
at the weak scale affecting the quantum corrections to the Higgs mass.

A severe obstacle to this logical path is the expectation that several open questions
in high-energy physics (such as quantum gravity, gauge unification, inflation, neutrino
masses, baryogenesis, strong CP problem, etc.) require the existence of new heavy particles.
Such particles, if sufficiently coupled to the Higgs, introduce an unavoidable naturalness
problem. A radical (but admittedly questionable) approach is to ignore many of these high-
energy open questions or, at least, to believe that some of these questions can be resolved
by introducing only new particles that either have masses below the weak scale or are
sufficiently decoupled from the Higgs [1]. If this is the case, the SM, or a mild modification
of it, could be the final theory of particle physics [2-35]. However, even such a radical
approach cannot ignore one problem: gravity. The unknown dynamics of quantum gravity
at the Planck mass Mp; is expected to introduce an unavoidable naturalness problem.

Our ignorance about quantum gravity leaves the door open to unexpected solutions.
After all, we do not know if the Newton constant GG simply describes a coupling constant
or signals the presence of new degrees of freedom with mass Mp;. Moreover, gravity
becomes strong only at high energies and thus a UV softening of gravity could bypass the
naturalness problem. In particular, if the power-law running of the gravitational interaction
shuts off at a scale A¢g, the gravitational corrections to the Higgs mass would amount to
oM }% ~ LG NA‘é, where the coefficient ¢ includes couplings and loop factors. Since, in the
limit in which we turn off SM interactions, the Higgs field appears in the energy-momentum
tensor only with derivatives, minimally-coupled gravity respects a Higgs shift symmetry
and cannot generate through quantum corrections terms in the Higgs potential at any order
in perturbation theory. However, the shift symmetry is broken by SM interactions or by
a direct Higgs coupling with the scalar curvature, and we expect that corrections to M,%
occur at least at two loops with £ ~ (47)~4. Gravity would not pose a naturalness problem
as long as M }? S M ,% , which holds only if its conventional high-energy behaviour softens
before reaching the scale Ag ~ 4w (Mj,Mp;)'/? ~ 10" GeV.

In conclusion, any candidate for a theory of gravity that respects Higgs naturalness
must satisfy the following properties: (i) premature UV softening of gravitational interac-
tions below Ag; (i) no heavy degrees of freedom with sizeable non-gravitational couplings
to SM particles. We will refer to theories of this kind as softened gravity.

We do not know of any realistic working examples of softened gravity, but maybe
such theories could be built out of some low-scale string theory [36] or fat-gravity [37]
models. An attempt to construct a theory of softened gravity was presented in [38]. The
modification of the high-energy gravitational behaviour required the presence of a spin-two



ghost at the scale Ag and thus the theory cannot be considered realistic. Nevertheless, this
attempt teaches a useful lesson: for gravity not to introduce a hierarchy problem, general
relativity must be modified at the scale Ag, i.e. well below Mp.

Even without specifying the model of softened gravity or knowing if any such theory
exists, we can nonetheless reach a general conclusion about them. Since such theories must
soften the ordinary power-law energy increase starting from a scale smaller or equal to
Aq, the gravitational interactions felt by SM particles remain weak at all energies, with
couplings at most ~ Ag/Mp; ~ 10~7. This means that, in the context of the hypothetical
theories with softened gravity, the SM sector (or any of its extensions) is not influenced by
the gravitational sector at any scale. Thus, it is sensible to investigate the behaviour of
the SM using the ordinary tools of Quantum Field Theory (QFT), even at energy scales
larger than Mp;. This leads us to consider another important issue.

Once we accept that a theory of softened gravity exists, we must face another problem:
the scale invariance is broken at the quantum level. This breaking manifests itself in
the generation of dynamical scales, such as the confinement scale in asymptotically-free
gauge theories, dimensional transmutation, or Landau poles in non-asymptotically free
theories. In particular, in the SM the hypercharge gauge coupling g; — and, consequently,
all other coupling constants — hit Landau poles. The appearance of Landau poles in
the Renormalisation-Group (RG) evolution corresponds to a loss of perturbative control.!
Thus, any interpretation of the dynamics lurking behind Landau poles lies completely
beyond the perturbative regime and different non-perturbative physical situations can occur
(see e.g. [40—44]). However, it is expected that a Landau pole signals the presence of new
dynamics and that the corresponding mass threshold reintroduces a Higgs naturalness
problem. In a Quantum Field Theory (QFT), the change in the short-distance behaviour
associated with the Landau pole is believed to affect the mass of scalars charged under the
corresponding interaction, whether new particles at that scale exist or not [46].

Landau poles of SM coupling constants are usually ignored, since they occur at energies
much larger than Mp;. However, as explained above, in softened gravity the RG evolution
of SM couplings is unaffected by the gravitational sector at any energy scale. As a result,
the problem of Landau poles cannot be ignored and must find a solution within the sector
of the SM (or one of its extensions) at the weak scale. In softened gravity, the gravitational
sector cannot be of any help in preventing the appearance of SM Landau poles because of
its intrinsic weakness.

So we are led to the conclusion that a theory of softened gravity satisfying Higgs
naturalness must be made up of separate sectors, connected with each other only by very
feeble interactions. The first is the observable sector, which contains a weak-scale extension
of the SM, free from any Landau pole. Its only mass scale is of the order of the TeV. The
second is a gravitational sector, which must satisfy the property of softening gravitational
interactions at the scale A or below. This sector could be weakly or strongly-coupled, but

!The exception found in [39], where the growth of the couplings leads to an interacting fixed point
rather than to a Landau pole, is perturbatively calculable because the model has a small one-loop beta
function. However this is not the case for hypercharge, which could reach an interacting fixed point only
at a non-perturbative value, thereby leading to the formation of condensates at an unnaturally large scale.



its interactions with the observable sector must be suppressed by the gravitational coupling,
of size Ag/Mp) ~ 1077 or less. It has still to be proved that gravitational sectors with such
properties exist. Additional sectors containing new particles (such as the inflaton, the right-
handed neutrino or the axion) may exist, as long as the coupling constants ¢, describing
the interaction between the new heavy particles with mass M and the observable sector,
are sufficiently small. If we write the contribution to the Higgs mass from heavy particles
as OM ,% ~ (> M?, where ¢ counts SM couplings and loop factors, the naturalness principle
(which states that dM? < M?) requires ¢ S 1077 (4mv¢) "1 (10'° GeV/M). We assume
that the couplings ¢ are too small to affect in any significant way the RG evolution of the
coupling constants observable sector.

The goal of this paper is the construction of viable models for the observable sector.
This task, for the reasons explained above, is fairly independent of the details of the grav-
itational sector (and of other additional sectors), as long as the hypotheses of softened
gravity are satisfied. To achieve this goal, we study the conditions under which a general
4-dimensional QFT can hold up to infinite energy, with all dimensionless coupling con-
stants (gauge couplings g, Yukawa couplings y, and scalar quartic couplings \) remaining
perturbative at any energy above a fixed scale pg and flowing to zero in the far UV. We
will refer to this situation as Total Asymptotic Freedom (TAF).

In the first part of this paper we derive the conditions for TAF, by studying the
Renormalisation Group Equations (RGE) that describe how a QFT behaves at largely
different energies u. The issue had already been considered in the early Seventies [47-56],
but then abandoned because of the belief that the onset of quantum gravity makes any QFT
prediction above Mp; completely irrelevant. We critically revisit the problem, highlighting
the importance, for the determination of the TAF conditions, of Yukawa couplings sitting
at special RG trajectories with isolated UV behaviour. The relevance of these solutions is
an aspect that has often been missed in the past.

In the second part of the paper we apply our results to phenomenologically relevant
theories. In particular, we address the question of constructing viable observable sectors for
theories with softened gravity. Such observable sectors must be extensions of the SM that
satisfy the TAF conditions, while restricting all new particles to live near the weak scale.
Since these models must be based on non-abelian gauge groups, they provide an immediate
explanation for the observed charge quantisation. Although we find examples of models
that satisfy our criteria, we view such examples only as proofs of existence that illustrate
how tough it is to build TAF theories at the weak scale. First of all, putting together
the constraints from asymptotically-free couplings and from realistic flavour structures
requires rather elaborate constructions with special choices of the field quantum numbers
and appropriate assumptions on alignment of different flavour-violating couplings. Second,
even in the most optimistic case, limits from precision and flavour-physics experiments
place new particles to be well above the TeV. Such particles give physical corrections to
the Higgs mass, dampening hopes for a fully natural theory.

One redeeming aspect of this unsatisfactory situation is that we have identified the most
important testable prediction of softened gravity. Since any scheme of softened gravity
requires the problem of SM Landau poles to be solved within the observable sector at



the weak scale, the general prediction of such theories is that new particles must exist in
the TeV domain. The hypercharge Landau pole requires the enlargement of the SM gauge
group with new vector particles; realistic flavour structures require new fermionic particles;
the Higgs embedding in the extended gauge group and the need for a correct pattern of
gauge symmetry breaking require new scalar particles. The general prediction of softened
gravity is the existence of many new particles around the weak scale.

This result is in open conflict with the claim, sometimes made in the literature, that
the pure SM can be made natural without adding new particles at the weak scale. It also
provides a way to distinguish these theories from solutions with an anthropic explanation
of naturalness. Extra scalar particles at the weak scale, beyond a single Higgs boson,
find no anthropic justification. The observation of “odd and unexpected” particles at
the weak scale, seemingly unrelated to dynamical explanations of naturalness, but with
the appropriate quantum numbers to satisfy the TAF conditions, are indicators for non-
anthropic and non-dynamical solutions of naturalness, belonging to the class of theories
with softened gravity. We have reached the surprising conclusion that, in spite of its
vagueness, softened gravity is experimentally testable. Although it is not guaranteed that
the new particles predicted by softened gravity must be within the reach of the LHC
(especially because of the stringent limits from flavour physics), a possible future hadron
collider in the 100-TeV range can certain say the last word on the viability of modifications
of gravity safe from the Higgs naturalness problem.

The paper is organised as follows. In section 2 we solve analytically the RGE in
simple cases and derive the conditions for TAF. We also discuss how the exact solutions are
related to the asymptotic behaviour valid for ultra-high energy. Building from these simple
cases, in section 3 we develop a general formalism to study the high-energy asymptotic
behaviour of coupling constants and determine the conditions for a theory to be TAF. In
section 4 we consider, as a working example, the SM and find that it can satisfy TAF
only under unphysical conditions. Motivated by naturalness, in section 5 we consider TAF
extensions of the SM at the weak scale, discuss their general features, and study some of
their phenomenological constraints. In section 6 we explore weak-scale TAF models based
on the gauge group SU(2);, ® SU(2)g ® SU(4)ps, finding a proof of existence, and models
based on SU(3)r ® SU(3)r ® SU(3),. Finally, we present our conclusions in section 7.

2 Conditions for TAF: simple cases

The RGE structure is such that generally, in the perturbative regime, no coupling can
flow toward non-zero UV fixed points. A possible exception, which we ignore, occurs when
the one-loop S-function is accidentally small and the interplay between one- and two-loop
contributions can generate a non-trivial structure.? Since the only UV fixed points relevant
for our considerations correspond to vanishing couplings, we are justified to truncate the
RGE at the one-loop order.

In this section we consider simple cases where full explicit solutions to the one-loop
RGE can be obtained. We define ¢t = In(u?/p3)/(47)?, so that t = 0 corresponds to the

2This case was recently investigated in ref. [45].



IR scale p (which could be the weak scale or some higher reference scale) and ¢ ~ 0.5
corresponds to the running from the weak to the Planck scale. Here we are interested in
the behaviour for t — oc.

2.1 One gauge coupling

The one-loop RGE for gauge couplings is

d 2 4

=-b 2.1
e 9 (2.1)
where b is the S-function coefficient. The solution of eq. (2.1) is

1 1

— = — +bt, (2.2)

9P 9
where go is the gauge coupling at the IR scale pg (t = 0). For b < 0, we encounter a
Landau pole at t, = —1/(g3b). For b > 0, the gauge theory is asymptotically free and the
asymptotic solution is

1
g2:§ for t — oo . (2.3)
Thus the TAF condition is®
b>0 (TAF condition for the gauge coupling). (2.4)

TAF constrains the matter content of the theory and, in particular, excludes any Abelian
gauge groups. So the SM does not satisfy TAF, because of hypercharge.
2.2 One Yukawa coupling

Next we consider Yukawa couplings, focusing on the case of a single (asymptotically free)
gauge coupling g and a single Yukawa y. The RGE for y is

%yQ = v’ (fyv* — f49%), (2.5)

where f, and f, are non-negative constants in any QFT. It is convenient to express eq. (2.5)
in terms of new variables

_9 _ 1. 90
Y = —, r = ln 5 26
) .2 (2.6)
such that Iy
— =AY - B 2.
= A(Y - B) (2.7
where ; s
A=2 1q B = vy, 2.

3Theories where b = 0 can have a different asymptotic solution for gauge couplings, g2 o 1/v/%, depending
on the sign of the two-loop RGE coefficient for g. However such solution cannot be extended to systems
with Yukawa and quartic couplings, where non-vanishing RGE arise at one loop.



A and B have always the same sign: positive if f; > b and negative otherwise. The solution
to eq. (2.7) is
o\ A
Y = (Yo - B) @;) + B, (2.9)
where Yy = g2/y2 and yj is the Yukawa coupling at the IR scale po (t = 0). Equation (2.9)
can be written more explicitly as

fg
-2 — -2 fy :| (g8> v fy
Y Yoo g\ " (fg—b)g* (2:10)

Landau poles in the Yukawa coupling exist if the equation Y (¢) = 0 admits solutions
for some positive values of ¢t. From eq. (2.9), we see that there are Landau poles when
A <0 or when A > 0 and B > Y. Therefore, in the case of the Yukawa coupling, the
conditions for TAF are A > 0 and B < Y, which can be written explicitly as
fg—b

2
fo>b and B <

(TAF conditions for the Yukawa coupling). (2.11)
90 y

The one-loop coefficient f, is given by

3
fg - 5(021111 + CQ¢2) (2-12)

where Cyy, , are the quadratic Casimirs of the two fermions involved in the Yukawa cou-
pling. The Yukawa coupling is allowed by TAF provided that their Cy Casimirs are
large enough. A gauge-neutral fermion (‘right-handed neutrino’) has Csy, = 0: it can
have Yukawa coupling compatibly with TAF provided that the other fermion has a large
enough Coy,.

Since A > 0 for the TAF solution, the first term in eq. (2.9) dominates in the UV
(t — 00) over the constant term, as long as B # Y. Then, the asymptotic behaviour is

fg

1\
y? o (t) for t — oo (2.13)

and, at large t, the Yukawa coupling becomes negligible with respect to the gauge coupling,
g% o< 1/t. The exception (missed in [52]) is for B = Yy, when g and y scale in the same
way with t. We will refer to this case as fized-flow,* because couplings run, but their ratio
is RG invariant. At the fixed-flow, the Yukawa coupling is fixed at any energy in terms of
the gauge coupling

—b
y? = Jo=b ¢g> for any t . (2.14)

Equation (2.14) is an exact solution of the RGE, which corresponds to the Pendleton-
Ross point [57] in the IR. We will see later that the existence of a fixed-flow solution for

the Yukawa coupling is an important ingredient to satisfy the TAF requirement for scalar
quartic couplings.

4We thank M. Strassler for suggesting this name to us.
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Figure 1. Sample of the general behaviour of the RG running of the Yukawa coupling y (left, for
A = B =b = 1) and scalar quartic A (right, for C = b =1, D = 3/4, E = 1/16) varying the
initial conditions.

We illustrate the situation for A > 0 in figure 1, where we plot the running of y/g
(= 1/VY) for A = 1 and B = 1, while varying the initial condition of the coupling
constants. The fixed-flow in eq. (2.14) corresponds to the limiting case of a family of
solutions (Yy < B) that suffer from Landau poles; in the special case Y = B, the Landau
pole slides to t = oo and the TAF condition is satisfied. The fixed-flow is an IR attractor.
For Yy > B, the solutions have the asymptotic behaviour in eq. (2.13) and are attracted in
the UV to the point y/g = 0.

Asymptotic solutions. It is instructive to obtain the asymptotic behaviour of the so-
lutions of the RGE without using their complete analytic expression. This procedure is
redundant here, because we have solved exactly the RGE, but it will be useful later, when-
ever we are not able to solve analytically the full RGE. Making the ansatz Y = ct® for the
asymptotic behaviour of the Yukawa coupling, eq. (2.7) turns into an algebraic equation

co <1 + 12> = A(c— Bt™%) for t—o00. (2.15)
bggt

Asymptotic solutions can exist only for o > 0, and we find two possibilities. Either o = A,
which corresponds to eq. (2.13); or &« = 0 and ¢ = B, which corresponds to eq. (2.14).

Moreover, the nature of the fixed-flow can be understood by analysing solutions of the
form Y = B + A, which represent small deformations of the fixed-flow solution. From
eq. (2.7), we find that the perturbation A satisfies

d
|| = AJA| (2.16)



For A > 0, the perturbation grows with ¢ and thus the fixed-flow is repulsive in the UV.
So we can easily reproduce all the features of the asymptotic behaviour without solving
analytically the RGE.

2.3 One scalar quartic coupling

Next we turn to the scalar quartic coupling, considering the case of a single coupling of
each kind (g, y, A), where g and y are asymptotically free. The relevant RGE is
d

A=A Sxyy” — $xg9%) — syy* + 549, (2.17)

where, for any QFT, all coefficients s; are positive. We first solve eq. (2.17) in special cases.

One quartic, without Yukawa or gauge couplings. In this case, the solution to
eq. (2.17) is
A=t - s, (2.18)

where )¢ is the quartic coupling at the IR scale ug (t = 0). If Ay > 0, a Landau pole is
reached at the scale ¢, = 1/(M\gsy). If A9 < 0, there are no Landau poles, but the coupling
A is negative at all scales and the scalar potential is unstable. This means that other
interactions, beyond the scalar quartic, are needed to satisfy TAF. This agrees with the
well-known result [47-51] that no renormalisable field theory without non-abelian gauge
fields can be asymptotically free.

One quartic, with one gauge coupling and no Yukawas. It is convenient to express
the RGE eq. (2.17) in terms of new variables

_9g _ 1. 90
A:T, .I':ln?, (219)
such that
Aa_ s [(A—D)* - E] (2.20)
dx '
where )
c=% p=2"b p_[xTb —dns (2.21)
b 254 453

Note that the definitions in eq. (2.21) imply C' > 0 and D? > E. Thereby, the two special
solutions where A is RG invariant, A(z) = Ay = D £ +/E are both positive if D > 0,
and both negative otherwise. Since the right-hand side of eq. (2.20) depends only on the
variable A, we can easily integrate the RGE.

For E < 0, the solution is

_ AoV —E + [D(Ag — D) + E]tan(Cv/—FEx)

A V—FE + (Ao — D) tan(Cv/—Ex)

for E<O0. (2.22)

As the equation A(xz) = 0 admits solutions for positive x, the coupling A hits Landau poles.



For E > 0, the solution is

(D+VE) o~ D +VE) (5) " (D~ VE) (8o - D - VE)

A= 2\ 2CVE
(ho-D+VE) (%) " - (ho-D-VE)

for E>0.

(2.23)
In this case, Landau poles (solutions of A = 0) are found for D < —vE or D > Ag 4+ VE.
Thus, the TAF requirement of having no Landau poles at any ¢ is £ > 0 and VE < D <
Ao + VE (recall that |D| > v/E) or, more explicitly,

A —b —0)2 —4
Sxg —b>2,/s)s4 and 73 < (s2g —b) + \/(23;\9 ) SASg
g() by

(TAF conditions for the scalar quartic coupling). (2.24)

The solution in eq. (2.23) does not cross A = 0, whenever the TAF conditions in
eq. (2.24) are satisfied. Therefore, there are no problems with potential stability at any ¢.
The asymptotic behaviour of eq. (2.23) is A = D + +/E, which can be written explicitly as

Sxg — b — /(5xg — b)2 — dsrsg

A=
2s\b t

for t — oo . (2.25)

The asymptotic solution becomes an exact solution in the case Ag = D + VE. In this
case we find a fixed-flow such that the ratio A\/g? is RG invariant. This corresponds to
the condition

A sy —b— vV (8xg — b)% — 45,34

i 2%, for any ¢ . (2.26)
As we approach D = —VE or Ag = D — /E, the Landau pole slides to t — co. The
case D = —/E is not interesting because it corresponds to sy = 0, which is never verified

in a QFT. Especially interesting is the case D = Ag++/E, in which the exact solution does
not have the asymptotic behaviour of eq. (2.25). This case gives another kind of fixed-flow
of the ratio \/g?, given by

b —b)? -4
i _ Sxg + \/(3)\9 ) SASg for any t . (2.27)
72 28

Note that, unlike the case of the Yukawa coupling, the quartic has only a single possible
asymptotically-free behaviour, given by A o< 1/t.

To visualise the situation for £ > 0, we show in figure 1b the ratio /g2, obtained from
eq. (2.23), as a function of the RG parameter ¢ for different initial conditions Ag (with the
choice C =b=1, D =3/4, E =1/16, such that A_ =1 and A, = 2). The two fixed-flow
solutions correspond to the two horizontal lines. The lower one, which is given by eq. (2.26),
tracks the asymptotic behaviour of the other TAF solutions and therefore is a UV attractor.
The upper one, given by eq. (2.27), corresponds to the separating case between a family of
solutions (with Ag > D — \/E) that blow up at finite ¢ and a family of asymptotically-free
solutions (with Ag < D — +/E). In the separating case (with Ag = D — VE), there is

~10 -



no Landau pole and the TAF condition can be satisfied. Therefore, the upper horizontal
line, given by eq. (2.27), is an isolated solution that cannot be continuously deformed in
the asymptotic UV region without violating the TAF conditions. It corresponds to an
IR attractor.

Can the condition eq. (2.24) for TAF be satisfied, in absence of Yukawa couplings?
Let us consider a generic scalar ¢ in an irreducible representation R with dimension dp
and real dimension drr (drr = dg for a real representation and drr = 2dg for a complex
representation) with generators 7% under a generic simple group G. We define the usual
quadratic Casimirs as (T%17*);; = Crd;; and Tr(TeT?) = §%Tg, related by drCr = dATg,
where A is the adjoint representation. The RGE coefficient sy, is given by sy, = 6Ckg.
To compute the other RGE coefficients, we suppose that the group theory allows only one
quartic, given by the square of the quadratic, V = %/\(Z ©?)?, where ¢; are the canonically
normalised drpr real components of ¢. Then the other coefficients are

drr 3CR [2CRr(2d4 + dgr) — daC4)
=44+ — = . 2.2
ATEE T % d1(2+ drr) (2.28)
The TAF condition in eq. (2.24) explicitly becomes
b\ 2 Cr 8+ dggr
- = — |2 d 2d4) — 6d . 2.2
<CR 6) 7 6da 25 dpy 2OPU R+ 204) = 6daC (229)

In the most favourable case where the gauge S-function coefficient b is small and can be
neglected, the TAF condition simplifies to
Cy 36 drR

—_— > + 2 — 2. 2.30
Cgr 8+ drr da ( )

Such condition favours representations smaller than the adjoint and large gauge groups.
For G = SU(n) one has C4 = n, da = n? — 1 and, for its fundamental n, Tg = 1/2 and
dr = dgr/2 = n such that Cgr = (n? — 1)/2n. For G = SO(n) one has Cy = (n — 2)/2,
dg = n(n —1)/2 and, for its fundamental n, Tr = 1/2 and dr = drr = n such that
Cr = (n —1)/4. Therefore, in both cases the TAF condition is satisfied for n larger than
a critical value that depends on b.

The TAF condition for scalar quartics is more easily satisfied in presence of Yukawa

couplings, as we now discuss.

One quartic, with one gauge and one Yukawa coupling. In terms of the variables
introduced previously, eq. (2.17) for g,y # 0 becomes

d 1 S 9 S\
%A: —g |:<Sg— }/y2> A — <S)\g— — }/y>A+$)\:| . (231)

Let us first consider the case in which the Yukawa is not on its fixed-flow. Although we
cannot analytically integrate eq. (2.31), we can consider asymptotic solutions for ¢ — oc.
In this regime, y is negligible with respect to g and therefore the asymptotic solutions to
eq. (2.31) are A = A4, i.e. the same as in the case without Yukawa, given by eqgs. (2.26)
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and (2.27). The important difference is that, in this case, these solutions hold only in the
t — oo asymptotic region. The nature of these two asymptotic behaviours can be studied
by making small deformations, taking A = Ay + Ay. From eq. (2.31) we find that the
perturbation A4 satisfies

d Syg — D)2 — 4sys
KAy ELUUIE (2.32)

Thus, |A_| decreases at large ¢, while |A| increases. This shows that A_ is UV attractive
and A, is UV repulsive. Also, Ay defines the divider between solutions with Landau poles
and asymptotically-free solutions. The divider is an isolated solution that behaves as A
for t — oo. All other TAF solutions converge to A_ in the UV. These results are in
agreement with what found in the previous section. In particular, the TAF conditions are
still given by eq. (2.24).

Next, let us consider the case in which the Yukawa coupling is on its fixed-flow, given by
eq. (2.14). Then eq. (2.31) becomes formally identical to eq. (2.20), after the replacement

(fg_b)z (fg_b)

5 Sy Sxg —>S)\g—
17 ’ fy

Thus, the solutions to eq. (2.31) are analogous to those discussed in the previous section,

Sg — Sg — Sxy - (2.33)

once we replace the parameters C, D, E defined in eq. (2.21) with

CA’E1 sg—(fg_b)st], ﬁz# [sxg—(fg_b)s,\y—b , E=D?- A (2.34)
b 17 2bC fy bC
The important difference is that, unlike the case without Yukawa coupling, the parameter
C can be either positive or negative. This gives rise to two classes of asymptotically-free
solutions for the scalar quartic coupling.
The first class of solutions occurs for C' > 0 (which implies D? > E) The conditions
for the absence of Landau poles are

N . (TAF conditions for the scalar
C>0, E>0 and — < <D — \/E> quartic coupling with Yukawa (2.35)
on fixed-flow).

The exact solutions are given by eq. (2.23) (with the replacement C, D, E — C’,ﬁ,E)
From these solutions, we observe that the coupling A never crosses zero, so there is no
instability issue. The asymptotic behaviour of these solutions for t — oo is A = D+ \/E
In practical applications, the contribution from the Yukawa coupling on its fixed-flow can
be very useful, because it is easier to satisfy the TAF conditions in eq. (2.35), rather than
those in eq. (2.24).
The second class of solutions occurs for C' < 0 (which implies D? < E). The conditions
for the absence of Landau poles are
G <0 and ;\(2) < ( by \/E) -1 (TAF conditions for the scalar quartic
0

2.36
coupling with Yukawa on fixed-flow). (2:36)
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The exact solutions are given again by eq. (2.23) (with the replacement C, D, E — C,D, E)
In this case, if the coupling A starts positive in the IR, it will cross zero, becoming negative
at high energy and raising a problem with the stability of the potential. The asymptotic
behaviour of the solutions for t — co is A = D — \/E

2.4 Multiple gauge couplings

The generalisation to semi-simple groups is trivial, since in the one-loop approximation
each gauge coupling evolves independently

d 2 4
2= _bigt. 2.
7 g; (2.37)

Here the index i scans over the couplings of the different simple gauge group factors. The
full solutions are g2 = g2,/(1+ g2;bit) = 1/b;i(t —t;), where t; = —1/b;g2; are the low-energy
scales where the gauge coupling g; becomes non-perturbative. The asymptotic behaviour is

9

~

i for t — oo . (2.38)

The TAF conditions are
by >0 (TAF conditions for multiple gauge couplings). (2.39)

One Yukawa, with multiple gauge couplings. We consider the case of a single
Yukawa coupling with a semi-simple gauge group. Equation (2.5) becomes

d
V= <fy92 = fgigf) : (2.40)

where f, and f,, are non-negative constants in any QFT. The general solution of eq. (2.40),
analogous to eq. (2.10), is

fai

y 2= (w1 1) H (g%)) " (2.41)

i 9

where

9q

I(t) :/Ot dt’ H (ig)w . (2.42)

When ), f4,/bi <1, eq. (2.41) always encounters a Landau pole. For ), f4,/b; > 1, we
can define I, = lim;_,~ I(t) and expand I in the asymptotic region as

_foi
Hz’(giQObi) bi tl—zifbij
fo;
1= %

Then, the conditions for TAF, which generalise eq. (2.11), are

fgi 2 1
;bi>1 and yogfy—[oo

I(t) = I« + for t — o0. (2.43)

(TAF condition for the Yukawa, with multiple g;).

(2.44)
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Whenever the second condition in eq. (2.44) is satisfied as a strict inequality, the asymptotic
behaviour is

Y = 5~ fort— oo, (2.45)

I

(yO_2 — fy 1) Hz’(gizobi)bT

and the Yukawa coupling decreases faster than the gauge couplings at large ¢. However,
when g, 2 = fylso, the ratio between the Yukawa coupling and any gauge coupling g; is
constant in the asymptotic region,

2 b :
sl

95 Y i

) - 1] for t — oo . (2.46)

Unlike the case of a single gauge coupling, in which the ratio y?/¢? was RG invariant
on the fixed-flow, eq. (2.46) is valid only in the asymptotic regime. It corresponds to an
isolated RGE solution, which behaves as an attractor in the IR and is characterised by the
low-energy value y3 = 1/ fyIoo.

One quartic, with one Yukawa and multiple gauge couplings. In this case the
RGE for the scalar quartic coupling A is

d
a)\ =) <s>\)\ + sayy? — Zs)\gigl-2> — syyt Z sgz-jg?gjz-, (2.47)
i ij

where s, Shy> SAgis Sy and S¢ij are non-negative constants.

Although we do not solve exactly eq. (2.47), we can easily obtain the asymptotic
behaviour for ¢ — oco. When the Yukawa coupling does not satisfy the special initial
condition y% = 1/fylx, it can be neglected with respect to the gauge couplings in the
deep UV. Then, the two possible asymptotic behaviours for the scalar quartic are

‘% — Dp+ VB, fort— oo, (2.48)
Sg;s 1 S)g; s
Cy, = by, b-gbj»’ Dy = 56 < 2? - 1) , E,=D}- bkgk' (2.49)
ij 7 !

The parameters Cy, Dy, Ey are the generalisation to multiple-gauge couplings of the pa-
rameters C, D, F previously defined in eq. (2.21). Indeed, the discussion of the solutions is
completely analogous to the case of a single gauge coupling, once we translate the param-
eters C, D, F into Cy, D, Ex. In particular Ej > 0 is a necessary condition for TAF.

When the Yukawa coupling satisfies yg =1/ fyl, it has the same asymptotic behaviour
as the gauge couplings in the UV. In this case, the asymptotic solutions for the scalar
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quartic are

2
%zzz%j: E,  fort— oo, (2.50)

2
A Sgii fa, s
=) % _ gi_1] %
e k[ij bib; <Zz: bi ) fﬁ]’
A 1 Shgi fg: . Sy
b bi (ZI: bi ! fy

—2Cy
Again, the discussion of the solutions is analogous to the case of a single gauge coupling,

. Ey=D2- - (251)

brCy,

with the translation of the parameters C, D, E defined in eq. (2.34) into the multiple-gauge
parameters C’k, ﬁk, E’k

2.5 Supersymmetric case

In the context of a generic QFT, having the Yukawa coupling sitting exactly on the fixed-
flow solution of the kind of eq. (2.14), with the isolated asymptotic behaviour y? o 1/t, may
seem a very special situation corresponding to an extreme fine-tuning of the initial condition
for the y/g ratio. It is interesting to remark that, in the context of supersymmetric theories,
such a special situation could be dictated by symmetry properties. The Yukawa coupling
yg of the fermion-sfermion-gaugino interaction automatically satisfies the condition to sit
on the fixed-flow. This is because supersymmetry ensures that y, is proportional to the
gauge coupling g at all scales. On the contrary, as seen in section 2.4, when the Yukawa
coupling of a generic QFT is on its fixed-flow, the proportionality between y and g holds
only in the asymptotic region ¢ — oo, while a more complicated behaviour appears at
finite energy.

The other interesting aspect about supersymmetry is that scalar quartic couplings
are induced by D-terms and therefore are proportional to g2. Gauge asymptotic freedom
automatically ensures that such quartic couplings are free from Landau poles and satisfy
the TAF conditions. Nevertheless, low-energy supersymmetry does not offer much practical
advantage in the construction of TAF extensions of the SM. The reason is that, in low-
energy supersymmetry, both U(1)y and SU(2); are non-asymptotically free and a TAF
extension requires rather big gauge groups at the weak scale.

3 Conditions for TAF: general case

In section 2 we analysed the RGE in some simple cases, finding analytic solutions. However,
as soon as we increase the number of couplings, the problem of solving exactly the RGE
quickly becomes analytically cumbersome and intractable. Armed with the experience
acquired from the simple cases, we can now present a systematic procedure to identify all
TAF conditions in a generic QFT with multiple couplings. In this section we will illustrate
this method.

We consider a generic QFT with multiple gauge couplings ¢;, Yukawa couplings v,
and scalar quartic couplings A,,. Our starting point is to define new rescaled couplings
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27 = {Ji Ja, Am} by factoring out the leading asymptotic behaviour 1/t:

~9 3
20 =0 = Al .)

g: (1)

gi?(t): P

where t = In(u?/p3)/(47)2. The one-loop RGE for the couplings z are

d\m
dlnt

dg;
dlnt

dNa ~a ~ ~ Y ~ ~ N
= 21 5,,(3.9), =X+ B, (@350 (32)

G _

The right-hand sides of the RGE in eq. (3.2) do not depend explicitly on ¢, but only through
the functional dependence of the couplings x;. This is true in the one-loop approximation,
because [y, is cubic in g; B, is cubic in g and y; 8, is quadratic in g%, y?, \. As discussed
at the beginning of section 2, the one-loop approximation is adequate for our purposes.
Thus, the RGE in eq. (3.2) take the form of a vector flow in the space of the rescaled
x couplings,

dx I

dlnt

The next step of the procedure is to identify the possible asymptotic behaviours by

V[(SL‘) ) xry = {gu gaa S\m} (3.3)

solving the system of algebraic equations

gioo = _2/8g¢ (goo)
‘/}(xoo) =0 = Yaco = _Qﬁya (gom goo) . (34)

:\moo = _6/\7,1 (gom gom )\oo)

The constants Zoo = {Jico, Yaco, S\moo} are fixed points of the RG flow for the rescaled cou-
plings z. We will call them fized-flows, extending the terminology introduced in section 2,
since they describe special RG trajectories in which individual couplings run, but their ra-
tio is fixed. The constants x, correspond to RG solutions for the running couplings with
infinite boundary conditions at the IR scale ¢ = 0. These solutions are especially useful
to track the asymptotic behaviour of the RG running at ¢ — oo. When one of the z
constants vanishes, it can either mean that the corresponding running coupling vanishes (if
the fixed-flow is UV-repulsive) or that there are running coupling solutions with subleading
asymptotic behaviour ¢ with o > 1 (if the fixed-flow is UV-attractive).

The main qualitative characterisation of each fixed-flow is its UV-attractive or repulsive
behaviour. The nature of each fixed-flow can be understood by linearising eq. (3.3) in the
neighbourhood of x = x,, where the vector flow is approximated by

aV;
V[(x) ~ E M[](.CUJ —JJJOO), where My = Gch (35)
7 T=Too

is a numerical matrix. The RGE for the small deformation around the fixed-flow solution,

Al =27 — XJoso, 18
dAp Z
m - - M[JAJ. (36)
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From eq. (3.6) we obtain the following result on the nature of the solutions. A fized-flow
Too 18 fully UV-attractive (IR-repulsive) if all the eigenvalues of the matric M(x~) are
negative, and is fully UV-repulsive (IR-attractive) if all eigenvalues are positive.

A UV-repulsive fixed-flow corresponds to an isolated asymptotic behaviour: a small
deviation from the fixed-flow will bring the solution further away as we move towards
the UV, and therefore will lead to a different asymptotic behaviour. This means that
the request of sitting on a UV-repulsive fixed-flow implies a precise determination of one
combination of couplings in the IR.

In general, some of the eigenvalues of the matrix M (z) are positive, and others are
negative. The number of positive eigenvalues is the number of combinations of couplings
that are univocally predicted by demanding that the theory can reach infinite energy at that
fixed-flow. The number of negative eigenvalues is the residual number of free parameters.®

The matrix M (z~) has constant entries that depend only on x, and is given by

8ij(5 — 3b:ig?) 0 0
0By, () 3a 0By ()
0B, (%) 0By, (%) 0By, ()
o o Ommt X)L

where b; are the gauge S-function coefficients. The matrix is block triangular. This means
that the nature of the gauge fixed-flows are not influenced by Yukawa and quartic couplings,
and the nature of the Yukawa fixed-flows are not influenced by quartic couplings. This
follows from the consideration that the eigenvalues of any triangular matrix are equal to
its diagonal elements (as can be easily proved by induction). The special structure of the
matrix M(z) suggests that we can proceed in steps, solving in succession the cases of
gauge, Yukawa, and scalar quartic couplings. In each case, we first solve the system of
equations (3.4), Vi(rx) = 0, to determine the fized-flows and then, for each solution, we
compute the eigenvalues of the matrix M (xso) in eq. (3.7) to determine their UV-attractive
or repulsive nature.

3.1 Gauge couplings

For each gauge coupling, we find at most two fixed-flows that solve eq. (3.4):

1/b; UV-attractive
forb; >0 gi, = (3.8)
0  UV-repulsive

for b <0 Gre =0 UV-repulsive (3.9)

The solution with ;oo # 0, being UV-attractive, does not imply any prediction for the value
of the gauge coupling in the IR, and exists only when the gauge group is asymptotically free,
b; > 0. If this is not the case, a vanishing gauge coupling is the only way to achieve TAF.

5Zero eigenvalues are also possible, and correspond to accidental global flavour symmetries of the theory
(an example is discussed in section 5). Imaginary eigenvalues are absent in all the examples that we
computed, which means that the asymptotic RGE flow never performs cycles around a fixed point.
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The solution g;oo = 0 is always present and, being UV-repulsive, implies an IR prediction,
which is g;o = 0. Of course, these results are trivial and agree with what can be easily
derived from the explicit solutions of eq. (2.37).

3.2 Yukawa couplings
Next, let us consider the Yukawa couplings y,, whose one-loop RGE are

d

1
2% = Bua (9.9) = = (f4aVo¥eya— £ 97 va) (3.10)

2

where fY and f9 are numerical coefficients. In the general case, eq. (3.10) cannot be
analytically solved and our method becomes essential to analyse the problem. For the
Yukawa couplings eq. (3.4), which determines the fixed-flows, becomes

i i s o
Yaco = _26ya (b 1/27yoo> = _fé/bcd Yboo Yeoo Ydoo + bf Yaoco - (311)
For illustration, we can solve eq. (3.11) in the case of a single Yukawa and gauge
coupling;:
(fg —b)/(bf,) UV-repulsive
for fy>b i =4 " ! (3.12)
0 UV-attractive
for f,<b §2 =0 UV-repulsive . (3.13)

Comparing eq. (3.12) with eq. (3.8) for f; > b > 0, we see that the nature of the non-
vanishing (g # 0) and vanishing (7., = 0) fixed-flows of the Yukawa coupling is reversed
with respect to the case of the gauge coupling. So, in the neighbourhood of g, = 0, we
expect a family of solutions with an asymptotic behaviour subleading with respect to 1/t.
On the other hand, the non-vanishing fixed-flow corresponds to an isolated asymptotic
behaviour y? = §2 /t and leads to a prediction for a combination of couplings in the IR.
As derived in section 2, the IR prediction is y2/g2 = (f; — b)/f, in the case of a single
gauge coupling and 2= fylso in the case of multiple couplings, where I, is defined after
eq. (2.42).

Going back to the general case, the task is to find the set of real solutions of the system
of cubic equations (3.11). The problem is often simplified by the following observation: £,
vanishes for y, = 0 whenever the Lagrangian acquires a chiral symmetry in the limit
Yo = 0. In such a case, one of the fixed-flows is simply §40o = 0 (and is UV-attractive
for Y, f2 /b; > 1, as can be seen by computing the matrix M). The other fixed-flow is
found by solving a linear equation in g2, and choosing the positive value of the Yukawa
coupling. If a chiral symmetry holds for each one of the N, Yukawa couplings, the full cubic
system is reduced to a linear system that admits up to 2Vv solutions. This simplification
holds in various theories of interest, when the number N, of Yukawa couplings is less
than the number of fermionic fields (with associated chiral symmetries). In theories with
multiple generations one has a continuum of solutions, trivially obtained by acting on one
representative solution with the flavour symmetry of the theory.
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3.3 Scalar quartic couplings

The one-loop RGE for the scalar quartic couplings A, is

d
Zm = B (9,5, 0) = SmnpAnAp + Am (Si\é/@byayb — 82%93) — Y pedVaUb¥eld + 09797 -
(3.14)
The fixed-flows are obtained by solving eq. (3.4),
5\moo = *ﬁkm (b_1/2a goo» 5\oo) ’ (3'15)

where g, are the solutions of eq. (3.11).
For illustration, we can solve eq. (3.15) in the case of a single quartic, Yukawa, and
gauge couplings. We find that the fixed-flows are

F— S\i Sxg —b— SAybggo + \/(3/\9 —b— sxyby%,)? — 4s\(sg — 5,0%73,)
o 25,\b ’

(3.16)

where the two possible values of 7, are given in eq. (3.12). The solutions AL exist only
under the condition that the term inside the square root in eq. (3.16) is not negative.
Inspection of the matrix M (o) in eq. (3.7) shows that A, is UV-repulsive, while A_
is UV-attractive. Since both fixed-flows are non-vanishing, they correspond to running
couplings with the same asymptotic behaviour A ~ 1/t. The request of sitting exactly on
the UV-repulsive fixed-flow 5\+ implies an IR prediction, which is Ao/ gg = b5\+ in one-loop
approximation. These conclusions are in agreement with the full analytic study of the RGE
presented in section 2.3.

In general, eq. (3.15) is a system of quadratic equations in Mmoo, for any given gaeo and
Jico- The TAF conditions are obtained by requiring that at least one such system admits
a solution where all coefficients S\moo are real. Usually S\moo = 0 is not a solution, because
of the additive renormalisation of quartic couplings due to gauge and Yukawa couplings.
In some models, a quartic coupling can break an accidental global symmetry: only in such
a case Mmoo = 0 is a solution, providing an easy way to find the other solution.

3.4 Basins of attraction

The study of the fixed-flows determines the asymptotic behaviour of the RG trajectories and
the necessary conditions on the field content of the theory to satisfy TAF. The next step of
our procedure consists in determining the initial conditions of the coupling constants in the
IR that insure that all couplings flow towards a vanishing fixed-point in the far UV, without
being attracted towards a Landau pole at finite t. This is done by studying the basins of
attraction of the fixed-flows in the space of the rescaled couplings x; = {gi, Ja, S\m}, defined
as the parameter range covered by stream lines that flow into such point. Every positive
eigenvalue of M implies a reduced dimensionality of such parameter space, and thereby
one prediction for a combination of couplings.

As an example, we show in figure 2 at page 24 the flow Vi(x) and the fixed points
T = Zoo for the SM with vanishing hypercharge gauge coupling, a case which will be
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discussed in detail in section 4. The basin of attraction of the fully UV-attractive fixed-
flow (in blue) is the shaded (two-dimensional) region. The basins of attraction of the mixed
IR/UV fixed-flows (in magenta) are the magenta curves: one parameter is predicted and
the region is one-dimensional. The basin of the fully UV-repulsive fixed-flow (in red) is the
point itself: two couplings are predicted and the region is zero-dimensional.

The RG flow of the scalar quartic couplings can cross the boundary that separates
a stable from an unstable potential. When a UV-repulsive fixed-flow corresponds to a
stable potential and a UV-attractive fixed-flow corresponds to an unstable potential, the
low-energy vacuum is meta-stable. An example of such a situation is shown in figure 2b,
in which there is a single quartic A, and the stability condition is A > 0. In the opposite
situation (which is possible with multiple quartics) a stable potential can become unstable
at low energy, signalling that the phenomenon of spontaneous symmetry breaking is taking
place, according to the Coleman-Weinberg mechanism [58].

3.5 Mass parameters

So far we have focused our discussion on the RG running of dimensionless parameters,
i.e. the coupling constants of the theory. Mass parameters (scalar and fermion masses
and cubic scalar couplings) become dynamically irrelevant at very high energy and so are
not crucial for our considerations. Nevertheless, for completeness, we discuss now their
RG evolution.
Let us first consider the simplest case of a theory with a single mass parameter m for
a scalar field. The one-loop RGE can be easily solved
2 t
% = ym?, = m?(t) = m2(to) exp /to ~(t) dt. (3.17)

Here ~ is the anomalous dimension which, in the case of the SM Higgs, is given by

2 ([ 9%
v = 3y; +6>\_Z <92+5) . (3.18)
In a TAF theory, the leading asymptotic behaviour is v(t) = 4/t, where ¥ is a constant
given by the fixed-flows of the coupling constants (for instance, as discussed in section 4,
in the TAF version of the SM with g1 = 0, we find 4 ~ —0.75). Therefore, the asymptotic

RG behaviour of m? is
m?(t) = m?(to) x (t/to)7 . (3.19)

For negative 7, the mass parameter m? flows to zero in the UV. For positive 7, there is an
infinite multiplicative renormalisation as t — oo (although m?(t) remains always negligible
with respect to the renormalisation scale p? in the UV).

In ref. [46], it is claimed that this infinite renormalisation introduces a hierarchy
problem, even for asymptotically-free theories. We disagree with this conclusion. In an
asymptotically-free theory with a single scalar mass, there are no physical mass scales
larger than m. Therefore, no hierarchies can arise and the theory is natural.

The issue of naturalness comes up in theories with multiple mass scales. Let us consider
a TAF model with two very different scalar mass parameters m? and m3. The RG trajectory
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of the smallest of the two masses will start in the IR with a logarithmic running, until it
meets the second mass scale, where it receives a threshold correction proportional to the
large mass. At that scale, the RG trajectory has a sudden jump, and then follows a
logarithmic running proportional to the heavy mass. This special RG trajectory is very
sensitive to initial conditions and a large separation between m? and m3 requires a careful
tuning of parameters. The instability of the RG trajectory for very different m? and m3
is a reincarnation of the naturalness problem. On the other hand, the RG trajectory in
eq. (3.19) does not exhibit any special sensitivity on initial conditions, confirming our
conclusion that there is no naturalness problem in a theory with a single mass scale.

It is interesting to consider the RG flow towards the UV of the TAF theory with two
mass scales. Given the RG evolution of the mass parameters dm?/dt = ’yijm?, the ratio
r = m3/m3 obeys the equation

dr
o 2Tt (Y11 = 722)r — Y2177 (3.20)

In the asymptotic region, we can write 7;;(t) = 7;;/t with constant 7;; determined by the
fixed-flows of the coupling constants. In the special case y19 = 721 = 0, the two scalar par-
ticles belong to two different sectors with no common interactions and r = 7 (t/tp) 711722,
Each mass parameter evolves independently and, for ¢ — oo, r flows to zero (when
A9 > F11) or to infinity (when F11 > Fa2).

On the other hand, when there are common interactions between the two scalars
(712,721 # 0), the ratio r can have a more complicated evolution and, in particular, cross
r =0 or 1/r = 0 at finite ¢, leading to a dynamical generation of spontaneous symmetry
breaking. When 712 and ~9; are positive (which is always true for scalars with mutual
quartic and trilinear interactions, but does not hold when there are other sources in the
RGE from large masses of vector-like fermions), the asymptotic solution of eq. (3.20) is®

ri(ro —r-)(t/to)® —r_(ro —r4)
(ro —r-)(t/to)> — (ro —7+)

r(t) =

(3.21)

where

_Ju—etA
2721
A special behaviour of eq. (3.21) is the UV-isolated constant solution r(t) = r_, which

T4 ;A= (11— A22)? + 4912701 - (3.22)

acts as an IR-attractor. More generally, solutions are attracted in the UV towards the
point r(t) = r4. In any case, for t — oo, the ratio r is always finite and thus all masses
become typically comparable, despite experiencing a common overall infinite rescaling.
Mass hierarchies do not arise dynamically in this context.

As an additional remark, note the behaviour of eq. (3.21). For 79 > 0, the ratio r is
always non-vanishing, finite, and positive at all scales: there is no dynamical mechanism
of spontaneous symmetry breaking. For r_ < rg < 0 (recall that r_ is always negative

5Note that eq. (3.20) is formally identical to the RGE for the ratio between gauge and quartic couplings,
see eq. (2.20). An important difference is that, while eq. (2.20) is valid only for perturbative values of the
coupling constants, eq. (3.20) is valid for any value of r.
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and r4 positive), the solution crosses r = 0, where m% changes sign, and asymptotically
flows towards r. For ro < r_, the solution crosses 1/r = 0, where m% changes sign, before
flowing to 7.

Let us consider now the separate running of the mass parameters m%z according to
their RG evolution dm?/dt = fyijm?. In the asymptotic region where ~;;(t) = 4;;/t holds,
we can express the low-energy value of m? as

2 A
2 mi(t) b[(t/to)> —1]
to) = t 3.23
milt) = e +a (e T an ta @i 20 (3:23)
_ 1 m—9 _ T2 _JuteetA
a+ = 2 + oA b= A = 5 , (3.24)

where cy are the two eigenvalues of the matrix 4 and A = ¢4 — c_ is given in eq. (3.22).
The first term in the right-hand side of eq. (3.23) represents the boundary condition
for m? in the far UV, once we take the limit + — co. The interesting term is the second
one, which measures how m3(tg) affects m?(to) at the quantum level. In the case of a finite
logarithmic running from the scale u to some cut-off scale A, expanding eq. (3.23) we find

Fi2 A2

Smi () = m3(u) (e e

(3.25)

This corresponds to the familiar result that the hierarchy between two scalar masses m? <
m% is destabilised by a one-loop correction (5m% proportional to m% and to a logarithm,
which becomes large whenever the theory can be extrapolated up to scales A2 > m3. For
instance, this is the source of the naturalness problem in supersymmetry, where the stop
mass feeds into the Higgs mass at one-loop with a logarithm of the ratio between the weak
and the GUT scale.

Naively, one could expect that, since in a TAF theory we effectively take A — oo, the
coefficient measuring the contribution of m3 to §m? must blow up to infinity, leading to a
situation in which mass hierarchies are completely out of control. Equation (3.23) shows
that this is not the case. As we send ¢ — oo, the coefficient in front of m2(ty) (which
measures dm?/m3 at to) remains finite, no matter what the sign of A is. Moreover, note
that this coefficient is given by a ratio between b and a4: it is of order unity and it is
no longer suppressed by the loop factor (47)2, independently of the size of the coupling
constants. The quantum correction dm? is parametrically equal to m3, with no coupling
constant or loop suppression, no matter how small is the coupling involved.

In conclusion, we have found that the infinite renormalisation of the mass parameters
always leads to a finite result for the coefficient measuring how one scalar mass feeds into
a smaller scalar mass. The infinite resummation eliminates the loop factor, insuring that
all scalar masses at low energy be equal, within factors of order one. This has important
consequences for the implementation of the naturalness criterion: in a TAF theory without
special protection mechanisms (such as dynamical generation of masses at low scale [2-35]),
any significant separation between mass scales entails a naturalness problem.
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4 Asymptotic behaviour of the Standard Model

As an illustrative example, we apply the method described in section 3 to the Standard
Model, ignoring gravity. The coupling constants are the gauge couplings g1, g2, g3, the
Yukawa couplings v, yp, Y-,y (for simplicity we set to zero the Yukawa couplings of the
first two generations), and the Higgs quartic coupling A. Since we want to use the SM to
elucidate our method, we will follow the analysis of section 3 step by step.

The approximation of ignoring interactions from the gravitational sector, or any other
super-weak interactions from additional sectors, is justified by the assumptions of softened
gravity. The feebleness of these interactions makes sure that they will never be able to
cure the Landau poles of SM couplings. Of course, gravitational or super-weak interactions
could affect the RG trajectories of SM couplings in the far UV, where the SM couplings
asymptotically vanish, but cannot turn a non-TAF into a TAF theory. So our results,
which ignore the effect of possible super-weak interactions, can be conservatively viewed
as describing only necessary conditions for TAF.

4.1 SM gauge couplings
As is well known, the one-loop RGE for the SM gauge couplings are

dop _ Mo, dgs 19 4 dgg

4
_ = — . 4.1
dt 1091 dt 6 2 dt 793 (4.1)

According to egs. (3.8)—(3.9), we have 4 possible fixed-flows

J 03, G3. M-eigenvalues
Solution 1 0 6/19 1/7 4
Solution2 | 0 6/19 0 +—+ (4.2)
Solution 3 0 0 1/7 4
Solution 4 0 0 0 4

The last column in eq. (4.2) shows the signs of the respective eigenvalues of the ma-
trix M (2 ) defined in eq. (3.7). We recall that a negative eigenvalue corresponds to a
UV-attractor (IR-repulsor), while a positive eigenvalue corresponds to a UV-repulsor (IR~
attractor) and thus to an IR prediction.

Of course hypercharge is not asymptotically free, so all solutions are unphysical, since
they require g; = 0. Still, it is interesting to pursue the study of the SM because it presents
a non-trivial structure of possible Landau poles for the Yukawas and the Higgs quartic,
providing a good illustration of our method, and also because g; ~ 0 might be viewed
as a rough approximation for the SM at low energy or for extensions of the SM where
hypercharge is embedded in a non-abelian gauge group.

We proceed by focusing on the phenomenologically most relevant case of the fixed-flow
corresponding to solution 1 in in eq. (4.2), with g1 = 0, which is IR-attractive (UV-
repulsive) giving one IR prediction, and §100, §200 7 0, which are UV-attractive giving no
extra predictions.

~93 -



iz e =
020 AN A\ f //‘ /i * 0420; E:; — :;E; e 7
015/ \\\\ | //Léé * 0415:— \5: (77 <_® i::: |
- J'/ s \"’\ Sant B PR T

f//// — |+ NS
/

0.00 0.05 0.10 0.15 0.20 0.25 ~0.15 -0.10 —005 0.00 0.05 0.10 0.15

1y, tA

Figure 2. RG flows for the SM with g; = 0 in the plane of rescaled couplings §?> = ty? and
A = tA. The dots are the fixed-flows of the rescaled couplings, with fully IR-attractive fixed points
coloured red (2 combinations of couplings predicted), fully UV-attractors in blue, and hybrid in
magenta (1 combination of couplings predicted). In the left plot we consider the top and bottom
Yukawa couplings, setting to zero all other Yukawas. The basin of attraction of the UV fixed-flow
is the shaded region; the basins of the hybrid fixed points are the magenta curves. In the right plot
we consider the top Yukawa coupling and the Higgs quartic. No fully UV-attractive fixed-flow is

present. The basic of attraction of the hybrid fixed-flow is the magenta curve.

4.2 SM Yukawa couplings

The one-loop RGE for the Yukawa couplings of the top quark (y;), the bottom (y3), the tau
lepton (y;) and, if an interaction with a right-handed neutrino is present, of the neutrino

(y,) are

déf =y (_;Zg% - zgg — 893 + gytz + gyg + 92 + y%) , (4.3)
CS/E = y; (—ig% - 295 — 8g3 + %yf + gy,? +y2 4 y§> : (4.4)
CZJE = y7 (—29% - Zg% +3y; + 3yp + gyz - ;yg) , (4.5)
CZ’E =y (2909% - %g% 432+ 3yf — %yz n Zyg) _ (46)

For our choice of g, the system of equations that determines the Yukawa fixed-flows, given
by eq. (3.11), has 4 possible solutions

Uiso b2 7o U2, M-ecigenvalues
Solution 1 | 227/1197 0 0 0 et
Solution 2 0 227/1197 0 0 —+++ (4.7)
Solution 3 | 227/1596 227/1596 0 0 ++++
Solution 4 0 0 0 0 4
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The four fixed-flows and the flow restricted to the (g, y5) plane are plotted in figure 2a,
where solutions 1 and 2 are plotted in magenta, point 3 (fully IR-attractive) in red, point
4 (UV-attractive) in blue. Solution 3 makes four predictions in the IR: y;(M;) = yp (M) =
0.879, y-(M;) = y,(M;) = 0. This corresponds to the pole masses M; = M, ~ 163 GeV
and M, = M, = 0. Solution 2 makes three predictions in the IR, giving M; ~ 186 GeV
and M, = M, = 0. Neither case gives a reasonable result for the bottom-quark mass.

Solution 4 corresponds to vanishing 9, for all Yukawa couplings. However, there is
an important difference between quark and lepton Yukawa couplings. Since §r oo = 0 are
UV-repulsive, Landau poles can be avoided only if the lepton Yukawa couplings are exactly
zero in the IR. On the other hand, since 3,5, = 0 are UV-attractive, the quark Yukawa
couplings satisfy TAF for a range of IR boundary conditions. Indeed, near the fixed-flow
of solution 4 and for small Yukawas, egs. (4.3)—(4.4) become

Aty Y 493
t

W ~ y Cc = % (48)

The solutions are yt% » < t7¢, which in the asymptotic region ¢ — oo become negligible with
respect to 9373 ~ 1/t, since ¢ > 1. Although solution 4 seems phenomenologically plausible
as far as Yukawas are concerned, it is not compatible with TAF for the Higgs quartic, as we
will show in the next section. For this reason, in the following we will focus on solution 1.

Solution 1 gives three predictions: zero 7 and neutrino masses, and top mass at its IR
fixed-flow. The bottom Yukawa is near a UV-attractive fixed-flow, hence the bottom-quark
mass is not determined. This can be seen explicitly by writing eq. (4.4) near the fixed-flow
of solution 1, for small y; -, < 1

dy; v 626

~ =22 A
dt ¢ “~ 399 (4.9)

The solution, yg o t7¢ goes to zero faster than the gauge couplings for ¢ — oo, since ¢ > 1.

4.3 SM Higgs quartic coupling

The one-loop RGE for the Higgs quartic coupling that parameterises the potential A|H|* is

d\ 9 9
= = 1202 + A <6y§ + 6y7 + 2% + 2y — 595 - mg%)
9 27 9
4 4 4 4 4 4 2 2
—3t 3yt gt = = ikl gy 4.1
3yr — 3y, —Yr — Y, + 1692 + 10091 + 109291 (4.10)

The fixed-flows are obtained by solving eq. (3.15). As anticipated, we find no solutions
for Moo when all Yukawa couplings are on their vanishing fixed-flow § = 0, i.e. solution 4
in eq. (4.7). On the other hand, we find two solutions for Moo in each of the other three
cases, i.e. solutions 1-3 in eq. (4.7). This is an example of how Yukawa couplings sitting on
some non-vanishing fixed-flow can save the running of a scalar quartic coupling, otherwise
doomed to suffer from Landau poles, and produce asymptotically-free solutions. Among
the three possible cases, we concentrate on solution 1 in eq. (4.7) for the Yukawas, which
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is the most propitious from a phenomenological point of view. Then, eq. (3.15) admits the
following two solutions for A.:

Moo M-eigenvalue potential
—143 + /119402
Solution 1 —11_788 ~ +0.0423 + stable (4.11)
—143 — /119402
Solution 2 3 1788 940 ~ —0.1020 — unstable

figure 2b shows the RG flow in the plane A§;. We find three possible behaviours. (i) A
generic point in the plane flows towards a Landau pole of either \ or y;. (ii) If we select
Gt = Gtoo, then A flows towards the UV-attractive fixed-flow, where X is negative, making
the EW vacuum potentially unstable. In this case, one parameter is predicted in the IR
(the top-quark mass) and the dimensionality of the basin of attraction is reduced by one.
(7ii) The solution sits on the IR-attractor, for which the basin of attraction is reduced by
two and both the top-quark and the Higgs masses are predicted. The prediction of the
IR-attractive solution 1 in eq. (4.11) corresponds to A(M;) = 0.217, i.e. to a pole Higgs
mass My = 163 GeV.

The negative value of \ at the UV-attractive solution 2 in eq. (4.11) means that the EW
vacuum is unstable. However, this situation is not necessarily ruled out if the tunnelling
rate is slower than the age of the universe. Considering a field direction along which the
quantum-corrected potential is V' = i/\(/ﬁ ~ h)h*, the EW vacuum is sufficiently long-lived
provided that A does not become too much negative at large energy. The Fubini bounce
solution to the classical field equation, h(r) = \/—2/\ x 2R/(r?> + R?), has tree-level
action S = 872/3|\| where R is a free parameter [59-62]. Thereby, imposing a negligible
probability for the vacuum to have decayed during its past history

e < (RHp)*, (4.12)

where Hj is the present Hubble constant, we obtain

1 212 oo 1
Mp~a) s T e L 4.1
(“ R> ~ 3InHR 120 (4.13)

The fixed-flow in solution 2 of eq. (4.11) corresponds to an asymptotic behaviour A\ ~
—1/(9.8 t), which slightly violates the metastability constraint in eq. (4.13).

In conclusion, TAF imposes strong constraints on the Higgs quartic coupling: either
My, = 163 GeV, or My, < 163 GeV and the lifetime of the EW vacuum is shorter than the
age of the universe. Neither possibility is realistic.

4.4 RG flow of the SM couplings

For physical values of its coupling constants, the SM is not an asymptotically free theory.
We have found that the closest approximation to physical reality for the SM to be a TAF
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SM for g; =0 and M, = 185.6 GeV
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Figure 3. RG running towards infinite energy (note the double-log scale for the MS renormalisation
scale 1) in the SM for the measured values of M}, My, M, g2, g3 and for the values of g; and M;
needed to achieve TAF: g3 = 0 and M; = 185.6 GeV.

theory is that its coupling constants lie in the basin of attraction of the following fixed-flow

6 1 227 —1434+/119402
0O % 7 1o¢ 0 0 0 —omE (4.14)
+ - - + - 4+ 4+ +

The matrix M(z) has 5 positive eigenvalues; hence, within the 8-dimensional space of
couplings © = {§1,2,3, Utb, 705 A}, the basin of attraction of the fixed-flow in eq. (4.14) has
dimensionality equal to 8 — 5 = 3. As a result, TAF makes the following 5 predictions on
physical parameters. The hypercharge gauge coupling must be zero; the tau lepton and
neutrino must be massless; the top quark mass must be M; = 186 GeV, which is 7% higher
than the observed value; the Higgs mass must be M}, = 163 GeV, which is 30% higher than
the observed value (or M} < 163 GeV, but the EW vacuum is unstable). None of these
predictions is correct, but they are not bad approximations of reality. It is conceivable
that these wrong predictions can be cured in extensions of the SM where hypercharge is
embedded in a non-abelian group and where we expect corrections at least of order g?/g3.

In figure 3 we show the RG flow of the SM coupling constants, taking g; and y; at
their fixed-flows, while all other parameters are equal to their physical values in the IR.
The figure is obtained by solving the SM RGE in the 3-loop approximation. For the
physical value of the 7 mass, we observe that y, starts small in the IR, but becomes the
largest coupling at 1010° GeV, where soon reaches a Landau pole. For the physical value of
the Higgs mass, the coupling A becomes negative at an intermediate scale, before flowing
to zero in the deep UV, barring the effect of the Landau pole in the 7 Yukawa. The
coupling A can be asymptotically free and always positive only for the special IR condition
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My, = 163 GeV (with M; = 186 GeV). This condition on M}, and M; corresponds to the
Pendleton-Ross point [57] or to the tip of the SM phase diagram (shown in [63, 64]),
although the numerical values of M}, and M; quoted here are somehow different, since in
our calculation we set g1 = 0.

5 TAF extensions of the SM

5.1 Grand unification

We start our exploration of extensions of the SM by constructing asymptotically-free ver-
sions of grand-unified theories (GUT). These examples bear no relevance on the issue of
naturalness in theories with softened gravity because they introduce in the observable sector
a mass scale Mgyt much larger the weak scale, which feeds unnaturally large corrections
to the Higgs mass 0M? ~ g&yrMEyur/(4m)%. Nevertheless, we find the study instructive
for its own sake and we present it here.

The simplest GUT is based on the gauge group SU(5), with 3 generations of chiral
fermions in the 5 @ 10 representation of SU(5), and scalars H and ¥ in the 5 & 24 repre-
sentation. This theory does not satisfy the TAF requirements. However, independently of
TAF considerations, the theory cannot be considered realistic, since it gives some wrong
predictions for quark and lepton masses.

We then consider an extension of the minimal SU(5) setup that simultaneously satisfies
the conditions of TAF and of an acceptable fermion mass spectrum. We add 3 generations
of vector-like fermions 15, ¥z and 194 in the 5 ® 5 & 24 representation of SU(5) with mass
terms Msis1bs + Magp3, /2. The Yukawa couplings, written for simplicity only for the third
generation, are

Py = —%10 10 H + (95 + v t5) 10 H* + (4,5 + v, t5) oo H
) Ysthoa H* + (Ym 5 + Yoy 105) S5 + ya Tr(Z93,) - (5.1)

The coupling y; gives the top-quark Yukawa and y; gives the bottom-quark and 7-lepton
Yukawas. The coupling ¥, induces an SU(5)-breaking mixing between 5 and 5, which
modifies the phenomenologically wrong equality between down-quark and the charged-
lepton Yukawa couplings predicted by minimal SU(5). The split multiplets contribute to
threshold corrections to the SU(5) prediction for gauge coupling unification, which could
make the result compatible with low-energy measurements. The coupling ¥, generates a
neutrino Yukawa, in which the right-handed neutrino is identified as the SM singlet in 94.
The simpler alternative of generating the neutrino Yukawa coupling with a right-handed
neutrino as a singlet of SU(5) does not satisfy the TAF condition of eq. (2.11), unless the
B-function of g5 is reduced by adding extra matter. A two-generation SU(5) TAF model
that ignores this issue was presented in [53-55].
The most general quartic potential is

Vi = Ag|H[* 4+ As Te(BY) + X5 Te(22)2 + Ags HIX2H + Nys |[H|? Tr(22). (5.2)
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The purely quartic potential, restricted to X, is positive definite when”
, 7 , 13
5> —%)\g for Ay >0 and 5> —%)\g for Ay, < 0. (5.3)

The violation of the first condition leads to the symmetry breaking pattern SU(5) — Ggym &
la Coleman-Weinberg; the violation of the second condition leads to SU(5) — SU(4)@U(1).

The S-function coefficient for the unified gauge coupling is bs = 4/3. For the Yukawa
couplings, we find various fixed-flow solutions and the phenomenologically most interesting
case is

Fixed-flow 3/4 38/15 0 0 0 0 0 49/16 0 0 (5.4)
M-Eigenvalues | — + - - = - - + 0 —

The lower row in eq. (5.4) shows the signs of the eigenvalues of the M matrix: only two
combinations of Yukawa couplings are predicted. The vanishing eigenvalue arises because
the couplings are accidentally invariant under global SU(2) rotations acting on (5,s).
All other Yukawa couplings with 72, = 0 have negative eigenvalues and therefore their IR
values are non-vanishing, but cannot be predicted by the TAF requirement.

One predicted combination of Yukawa couplings involves the top coupling y;. Indeed
its RGE is

dy;

12 ,
= yi ( — f995 + fyui —2up + 53/3) with  f, =

108
Thereby, for yp, y, < y; one has the prediction y?/g2 ~ (f, — bs)/f,. However, there is no
unique way of relating this prediction to the physical value of the top mass, because other
Yukawa couplings can affect the IR value of y;.

The solution for the Yukawa couplings in eq. (5.4) allows for 4 fixed-flows for

the quartics

Moo Avoo 5\’2,00 A 500 S\’HEOO M-Eigenvalues Potential
Solution 1| —-1.16 —-0.326 0.185 0.610 -0.003 ————— unstable
Solution 2 | —1.15 —0.422 0.541 0.725 0.116 ——— —+  unstable | (5.6)
Solution 3 | 0.831 —0.315 0.215 0.989 —0.562 — — —++  unstable
Solution 4 | 0.821 —0.334 0.500 1.617 —0.597 — —+++  stable

The potential is stable only in the case of solution 4, for which three combinations of quartic
couplings are predicted in the IR by demanding that TAF is achieved.

In conclusion, it is not difficult to construct realistic TAF GUT models. The TAF
conditions significantly constrain the field content of the theory, although any phenomeno-
logical prediction of low-energy parameters is highly model-dependent.

"We used the identity 7/30 < Tr(X*)/ Tr?(¥?) < 13/20. The stability conditions for the full potential
V4 are much more complicated [65-67].
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5.2 TAF extensions of the SM at the weak scale

As discussed in section 4, the SM does not satisfy TAF. For theories with softened gravity
to respect naturalness, the SM must be modified at the weak scale and made compatible
with TAF. So we address now the question of how to construct such modifications. The
first problem is that hypercharge is not asymptotically free. This implies that, in any
TAF extension of the SM, one must embed hypercharge in a non-abelian gauge group.
Such extensions have the additional advantage of explaining the observed quantisation of
electric charge.

The hypercharges Y of SM fermions satisfy the relation Y = Tsp+(B—L)/2, where T3
is the third component of the right-handed isospin SU(2)g. Thus, the most straightforward
possibility is to promote T3 to the full non-abelian SU(2)r gauge group, with SM field
assignment as in table 2. Similarly, U(1)p_r, is not asymptotically free, so one needs to
embed it into a non-abelian group. Given the known values of the B — L charges, we find
only two possibilities that do not lead to proton decay:

e Merging B — L with SU(3), into the Pati-Salam SU(4)pg, such that the full gauge
group is

Gogy = SU(?)L ® SU(Q)R ® SU(4)ps. (57)
B — L arises as the diagonal diag(1,1,1,—3)/v/24 generator of SU(4)ps.

e Merging B — L with SU(2)r, ® SU(2)g into SU(3)r, ® SU(3)g, such that the full
gauge group is

G333 = SU(3)L X SU(?))R & SU(3)C. (5.8)

B — L arises as the combination of the diagonal diag(1l,1,—2)/v/12 generators of
SU(3)r and of SU(3)g.

Before presenting specific models, in the rest of this section we assess some generic common
features. First, we discuss in section 5.3 the flavour-violations coming from the two-Higgs
doublet structure implied by the left-right symmetry. Then, in section 5.4 we study the
phenomenological constraints on the existence of the charged and neutral gauge bosons of
SU(2)g.

5.3 New heavy Higgs and flavour processes

Both options we are considering for embedding the SM into a non-abelian group (Pati-
Salam and trinification) include SU(2)g, and thus the SM Higgs doublet must be extended
at least into the structure

HY Hf
¢ = (Hg H@) = (HU HD) ; (5.9)

which transforms as (21,2r) under SU(2); x SU(2)g. The field ¢ contains two Higgs
doublets, transforming under the SM SU(2);, x U(l)y as Hy ~ (2,—1/2) and Hp ~
(2,1/2). The two-Higgs structure is often troublesome because it generates scalar-mediated
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flavour-changing neutral-current (FCNC) interactions. We show here how the problem can
be avoided with an appropriate flavour structure of quark Yukawa couplings.

Denoting as g = (ug,dr) and qg = (ugr,dr) the SM quarks which transform as
(21,1gr) and (11,2g), the SU(2)r x SU(2)g invariant quark-Yukawa interactions are

— g{; =qy, (Y¢ + chﬁbc) qr + h.c. = qr, (YHU + YCHB) UR + qr, (YHD — Y;Hﬁ) dr + h.c.

(5.10)
where
HO* _H+
p¢=egre= "0 U= (H} -HY) , (5.11)
—~Hp HY ( b U)

and Hf, p = EHI*J, ps € = i02, and Y and Y, are two different Yukawa matrices in flavour
space. It is convenient to rewrite the two doublets Hy; and Hp in terms of a SM-like
doublet h and of a heavy doublet H, defined such that (H) = (0,0) and (h) = (0,v) with

v=(vg+v)/%

h B cosfB sinpf Hp . _ U _ bd
(H) = <—sinﬁ cosﬁ) (—Hﬁ)’ sinf8 = L cos f = it (5.12)

Defining the SM Yukawa couplings Yp and Yy as

Yp _ Cf)Sﬁ sin 8 Y ’ (5.13)
Y sin 8 cos Y.
the Lagrangian in eq. (5.10) becomes

Y
*Z;/]- = qr.Ypdr h + qr, L —tan268Yp | dr H
cos 23

Y,
+qr.Yougr h® + gL (D —taHQBYU> ugp H. (5.14)
cos 23

We see that down-type H-mediated FCNCs are controlled by the off-diagonal entries of
Yy, in the basis where Yp is diagonal, and viceversa. In the SU(2); x SU(2)g invariant
basis where Yp is diagonal we can write

ygmbase — vix, Vg, yambase = N, (5.15)

where A, 4 are diagonal matrices of the quark masses, V' is the usual CKM matrix, and Vg
is a new unitary matrix which controls all new flavour violations.

The effects of Vr are best understood by considering the accidental global flavour
symmetry of the model: U(3)r x U(3)r explicitly broken by Yy and Yp which both
transform as (3,3). From the SM point of view, such flavour structure is equivalent to
U(3)g, X UB)up % U(3)gy, with three independent spurions: Yy ~ (3,3,1) and Yp ~
(3,1,3), as in Minimal Flavour Violation (MFV) [68], plus Vi ~ (1,3,3) [69].
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In the quark mass eigenbasis, the interactions of the neutral Higgs h and H?, derived
from eq. (5.14) are
VIA VR
cos 23
VAV
cos 20

~ L8 = dphadr h° + dy ( — tan 23 Ad) dr H°

+ar gug R + 4, ( — tan2p3 Au> up H . (5.16)

Again, we observe that the flavour violations mediated at tree level by the neutral scalar
HY are proportional to ), in the down sector and to Ay in the up sector, and are expressed
in terms of the CKM matrix V and the new rotation matrix Vx.

Right-handed flavour mixing can be naturally small. On general grounds, Vi can
be parameterised as follows

Vg = P,VRP!, P, = diag(e?l, %2, e%) | (5.17)

where ‘7R is a CKM-like matrix, with 3 rotational angles and one phase, and P, and Py
are diagonal phase matrices. One overall phase in P, 4 is unphysical, while, in general, the
other 5 are physical.®

Assuming a simple and natural form of Yukawa couplings — quasi-diagonal Yukawa
matrices with small or negligible off-diagonal entries and no relations between them — the
presence of left-handed CKM mixing implies a minimal amount of right-handed mixing
given by

‘(VR)us‘ ~ ’vuslmd/ms ~ 10_27

‘(VR)cb| ~ ’Vcb‘ms/mb ~ 1073; (5.18)

|(VR)ub| = [Vip|ma/ms = 1072,

Furthermore, this small amount of right-handed mixing is radiatively stable and is gen-
erated by RG corrections (more generally ‘73 ~ permutation matrix is radiatively stable
t00). This can be seen by observing that Vz = 1 implies [YUTYU, YgYD} = 0. As a result,
entires proportional to YJYU and YgYD in the RG evolution of both YJYU and YIT)YD
do not generate off-diagonal entries, if starting from an initial condition with YN/R = 1.
Off-diagonal terms in the right-handed sector are generated only from the contribution of
mixed terms, Y[T)YU and YJYD, in the RG evolution of YJYU and YgYD. The latter give
rises to small deviations from 173 = 1, again suppressed by both off-diagonal CKM entires
and small quark mass ratios: ](?R)i>j| S (mj/m;)|Vij|. A similar argument holds for the
CP-violating phases.

Flavour bounds on heavy Higgs bosons. In order to evaluate the strength of FCNCs,
we assume that Vg is about equal to the identity matrix,

1 S12 513€_i¢
Vg = —S12 1 S93 + O(sijskl) . (5.19)
—8136”’ —S893 1

8These phases could be moved into the eigenvalues of Au,d. However, to avoid confusion, we work in the
usual basis where such eigenvalues are real and positive and leave explicitly the phases in P, q.
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system | effective operator | bound from AMpeson

BY-BY | (brdr)(brdr) | 3.6 x 1078 4 s13] < 1.7 x 107 (Mp /3 TeV)?

BY-BY (brsr)(brsr) | |1.5 x 107% — s3] < 1.0 x 1073 (Mp /3 TeV)?

K%-K% | (50dgr)(Srdr) | 6.2 x 107% — s12 + 11 s13| < 1.0 x 1072 (Mp /3 TeV)?
D%-D° | (epug)(Crur) | 1.1 x 1072 — 819 — 2.0 s13| < 9.5 (Mpy/3 TeV)?

Table 1. Constraints on right-handed mixing angles (s12, s13, S23) as functions of the heavy Higgs
mass (Mpy) from AF = 2 processes, assuming tan 8 >> 1. For generic values of tan 3, the constraints
are obtained with the replacement My — Mg|cos20].

In analogy with the CKM matrix, and motivated by the need to satisfy the strong con-
straints on FCNC (see below), we assume |s13] < [s23| < [s12] < 1.

Integrating out the heavy Higgs H° (assuming a negligible h—H mixing), the interac-
tions in eq. (5.16) give the following AF = 2 dimension-six effective operators

(@
Carer = (G @), X = o (;Aukvkzkaj) (;W@v]@),
(5.20)
o X ] . .
AF=2 = iz (upug)(upuy), X5 = COS225<; )\dez'kVRjk> <; /\dngEVRM>-
(5.21)

The tan 8 dependence gives an enhancement of the coefficients X (%% for tan 3 ~ 1, but
rapidly saturates for large values of tan 3. We will focus on the most conservative case
tan 8 > 1, but our results can be simply scaled by replacing My with M| cos24|.

We first consider the bounds from the meson-antimeson mass differences, which depend
only on the absolute value of the X (@ coefficients. The results are summarised in table 1.7
The entries in the table can be read in a twofold manner. On the one hand, we can derive
absolute lower bounds on My in the limit s;; = 0 (Vg — 11). In such a limit, the X (wd)
coeflicients are necessarily suppressed by at least one light Yukawa eigenvalue. As a result
of the smallness of the Yukawa couplings of light quarks, the resulting constraints are
not very stringent. The tightest bound is the one following from AMp, which implies
My > 0.75 TeV.

On the other hand, comparing the numerical values (independent of s;;) with the terms
linear in s;; in the bounds of table 1, we deduce the size of the right-handed mixing angles
for which the bound on My becomes more stringent with respect to the one derived in the
Vi = 1 limit. In the kaon system this happens for |sia| 2 1073, while in the By system the
right-handed mixing gives the leading effect already for |si3| 2 1077,

For right-handed mixing angles equal to the corresponding left-handed CKM mixings
— |s12| = |Vausl, |s23] = |Val, and |s13| = |Vup| — we find comparable and quite strin-

9We use the updated list of bounds on the coefficients of AF = 2 operators from [70].
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95% CL bounds on Z' coupled to B—L

My in TeV
o
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Figure 4. 95% CL bounds on the Z’ mass from electroweak precision tests (EWPT, blue curve) and
from LHC-Runl data (ATLAS, black curve) in extensions of the SM where U(1)p_; ® SU(2)g —

U(1)y. The red dashed vertical arrows indicate the predictions for gg_; coming from the non-
abelian Pati-Salam and trinification models.

gent bounds on My from AMg (Mg > 14TeV), AMp, (Mg > 19TeV), and AMp,
(Mp > 14TeV).

However, as previously discussed, small values of the right-handed mixing angles are
almost radiatively stable, and for the smallest natural mixing angles of Vr estimated in
eq. (5.18) the bound becomes

My 2 3TeV. (5.22)

Considering now the CP-violating effects, if the |s;;| are close to the values that satu-
rate the AM bounds, the flavour-dependent phases in P, 4 and the phase ¢ in (5.19) are
significantly constrained. These additional constraints are not particularly tight in the By g
systems, where the bounds on CP-conserving and CP-violating AF = 2 amplitudes are
comparable in size, but are quite relevant in the kaon system. The experimental constraint
on e implies [¢f ] < 4 x 1073, if |s9| is close to saturate the AMy bound (barring
cancellations among different contributions).

We finally mention that constraints from AF = 1 processes of the type ¢; — q;¢T¢~
or g; — q;7 are not very stringent: in the first case (¢; — ¢;¢"¢~) the corresponding scalar
operators are suppressed by light lepton masses, while in the second case (¢; — ¢;7) the
transition is generated only beyond the tree level.

5.4 New heavy SU(2)g vectors

In both SU(2);,® SU(2)r® SU(4)ps (Pati-Salam) and SU(3);, ® SU(3)g® SU(3) (trinifi-
cation) the electroweak gauge group comes from SU(2);, ® SU(2)g® U(1)p_1, with gauge
couplings g1, gr and gp_r, respectively. The SM electroweak gauge couplings are denotes
as go = g1, and gy = \/3/75 g1- Both models predicts extra heavy WI% and Z' vectors. In
both non-abelian models, hypercharge is obtained as a combination of the B — L and of the
T3g vectors, and the hypercharge gauge coupling is reproduced as 1/ 932/ =1/ g%—k 1/ 49%,_ I
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i.e.
gy = 2gp_pcosfp_ = grsinfp_y, (5.23)

Each model implies a specific value of its gauge couplings and in particular of gg_p:

3
9B-L = \/;gg, grR = Y ~1.03 gy (Pati-Salam) (5.24)
V1~ 29%/393
and
2
92 92 1229y  (Trinification). (5.25)

gB—L:ﬁa QR:ﬁ
\/gy+92 \/392_9}/

Bounds on heavy Z’ vectors. The angle tanfp_; = 2gp_1,/gr describes the mixing
between the B — L and T3 vectors, in analogy to the weak mixing angle. The heavy Z’
couples to SM fermions as

gy[(B — L) —2cos?0p_Y]
QSineB,L COSQB,L

. (5.26)

LHC experiments directly searched for Z’ vectors as di-lepton and di-jet resonances [71-74].
ATLAS reported the experimental bounds in terms of the relevant category of ‘minimal’
Z' vectors, which are combination of B — L and Y [75, 76], such that we can extract
from data the 95% C.L. bounds: Mz > 3.2TeV for the Pati-Salam Z’ (§y ~ —0.124 and
gp—r1 ~ 0.99 in the notations of [75, 76]) and Mz > 2.6 TeV for trinification (gy ~ —0.33
and gB—L ~ 0.51).

Furthermore, Z’ vectors are significantly constrained from precision electroweak data.
Using the results of [77, 78], we performed a global fit of precision data finding the bound on
the Z’ mass as function of gg_, plotted in figure 4. The figure also shows the special values
of gp_1, predicted by the two non-abelian models. The 95% C.L. bound is Mz >4 TeV in
Pati-Salam models and Mz 2 1.8 TeV in trinification models.

Bounds on heavy Wpg vectors. The interactions of the Wj%t bosons are described by
R » S ,

Zivn = T | VR)sThondly + Fhonl] Wh + e, (5.27)
where Vg is the unitary matrix introduced in section 5.3.

LHC experiments searched for heavy W;%t gauge bosons. For the predicted values of
gr, see eqs. (5.24) and (5.25), CMS data [79] imply the bound!?

My, 22.2TeV. (5.28)

Furthermore, we can identify two sets of indirect bounds on Myy,: those from tree-
level charged-current interactions, and those from one-loop FCNC processes. The latter
are largely dominant if Vi has a generic flavour structure, but evaporate when Vg is

10A 30 excess is present in the electron channel at the value of the mass corresponding to the bound.
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Fields spin U(l)p_r SU(2)r SU(2)g SU(3).
(vp,er) 1/2 -1 2 1 1
(vr,er) 1/2 +1 1 2 1
(up,dr) 1/2 +3 2 1 3
(ugr,dg) 1/2 -3 1 2 3

0] 0 0 2 2 1

Table 2. Field content of extensions of the SM where U(1)y is embedded in SU(2)g x U(1)p—r..

sufficiently close to a permutation matrix. If we assume that V3 is such that the bounds in
table 1 are satisfied for My < 3TeV, then the FCNC bounds on My, are automatically
satisfied for My, 2 300 GeV. This happens because Wx-mediated FCNCs appear only at
the one-loop level, and therefore the induced operators have an effective suppression scale
Meﬂ‘ ~ 41T X MWR.

More specifically, integrating out Wg at tree level leads to the following charged-current
effective Lagrangian,

2
%c_ 9r
e - 2

2MWR

[(ZrVuter)(€RY'VR) + (VR)ua(UrVudr)(ERY'VR) + -]+ hc.  (5.29)

where we wrote explicitly the two most dangerous operators. The first term affects the
determination of Gy from p decays, while the second operator affects nuclear 5 decays and
LHC physics (see [80]). The right-handed nature of these effective operators implies that
they do not interfere with the left-handed SM contributions. As a result, the correction to
both Gg‘ ) and nuclear B decays is suppressed by 1 /Mf}VR,

1/2
) o) 9r My / ()
G G |14 ~ G , (5.30)

1 TeV>4
91 My,

My,

14+1.9x 1o6<

and does not leads to stringent bounds on Myy,. Moreover, if (Vg),q = 1 the correction
is almost universal in G%“ ) and nuclear B decays, thereby not affecting the most stringent
low-energy test of charged-current weak interactions, namely the comparison between these

two effective couplings.

6 Towards a realistic weak-scale TAF theory

In this section we will attempt to construct realistic models of a TAF theory at the weak
scale, based on Pati-Salam or trinification gauge groups. We describe all fermions as 2-
component Weyl spinors and we use a short-hand notation in which the left-handed quark
is denoted by g1, and the conjugate right-handed quark by gr (with the symbol ¢ omitted).
Moreover, for future convenience, we use a non-conventional assignment in which left-
handed quarks transforms as anti-doublets of SU(2). A summary of the quantum number
assignments of SM particles is given in table 2.
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Fields spin generations | SU(2);, SU(2)r  SU(4)ps
= _ (v eL 5
| = < v e 3 2 1 4
=
5| o= <"R ) e | > i
ks er dr
% OR 0 1 1 2 4
H) H} -
¢ = < v.ob 0 1 2 2 1
H; HY
£ W /2 Ny<3 2 2 1
]
”; Qr 1/2 2 1 1 10
o —
“g Qr 1/2 2 1 1 10
by 0 1 1 1 15

Table 3. Field content of the skeleton Pati-Salam model (upper box) and the extra fields needed
for a possible realistic TAF model (lower box).

6.1

Skeleton model.

Pati-Salam SU(2)® SU(2)r® SU(4)ps

The fermion and scalar field content of a ‘skeleton’ Pati-Salam model,

summarised in the upper box of table 3, is described by

e The SM fermions are contained in the Weyl fermions ¢y, & ¢ g.

e The scalar ¢, in the same representation as i, can get a vev vg in its canonically-

normalised Re7p component (we denote the entries as ¢r as those of ¥g, adding
a tilde symbol, like in supersymmetric models) breaking Gags — Ggm. Then, the
scalars ép, Imvp and up are respectively eaten by the vectors W]:Qt#, Z/Q and by the
6 leptoquarks W}, (coming from SU(4)ps/SU(3).), which acquire mass

2 2 2 3 2 2
My, = o, wMp =TT g, = (6.1)

The SM Higgs is contained in the scalar ¢, in the (2,2g) representation, which is
real given that 2; and 2y are pseudo-real, with ¢¢ = € ¢*e also transforming as
(21,2R). One could impose the reality condition ¢ = +¢°, and the representation ¢
would contain only one Higgs doublet with a single Higgs mass term. However, the
left-right symmetry would constrain the Yukawa interactions to give identical masses
for up and down quarks. It is phenomenologically more interesting to treat ¢ as a
complex scalar field 2¢, containing twg) Higgs doublets. In this case, there are two
Higgs mass terms, % Tr(¢T¢) + Re % Tr(¢!¢¢) with mass eigenvalues m? + m3.
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After symmetry breaking, the Pati-Salam gauge couplings gr., gr, g4 are related to the
SM gauge couplings g3, g2, and gy = 1/3/5¢g1 by
gy

JL=9%  GR= e Gi= 05
/1= 295 /393

The Yukawa couplings of the Pati-Salam skeleton model are

— Ly =YyYrir¢ + Yeripr¢° + hec. (6.3)

As discussed in section 5.3 the two-Higgs structure allows for independent structures of the

(6.2)

up-quark and down-quark Yukawa matrices Yy and Yp. However, in view of quark-lepton
unification, the skeleton model predicts Yr = Yp, as in SU(5), and Yy = Yy, as in SO(10),
where Yy is the Yukawa matrix of neutrinos.

Minimal extensions. There are at least two ways of avoiding the wrong quark-lepton
mass predictions with the addition of new fields.

e Foot [81] proposed adding the vector-like fermions ¢ (in the same representation as
the scalar ¢, see table 3, containing a SM lepton doublet and an anti-lepton doublet)
and the scalar ¢, (in the same representation as the fermion ¢y). In this way the
Yukawa interactions are extended to

— Ly =YYrprd + Yeopro® + YN ripdr + YL Yorér + hec. (6.4)

The third term provides a mass term Yy (¢r) pairing the lepton doublet in ¢, with the
anti-lepton doublet in v, while the lepton doublet in ¢ remains massless before EW
breaking. In this way, the SM quark doublet is embedded in v, while the SM lepton
doublet is embedded in v, and lepton-quark unification is evaded in the left-handed
sector. This breaking of lepton-quark unification also relaxes the bounds (discussed
in section 6.2) on the vector leptoquark mass My, which can safely be about a few
TeV [81]. After EW breaking, the SM leptons acquire a mass Y7 (¢r) through the
last term of the Yukawa interactions in eq. (6.4). Note that this mechanism requires
the absence of a mass term 1, which is allowed by the gauge symmetry.

e Volkas [82] proposed adding the fermions Q7 © Qg in the 10 © 10 of SU(4)pg (see
table 3). These fields contain a vector-like copy of a right-handed lepton eg, of a
right-handed quark dg, and of an exotic quark in a colour sextuplet. The Yukawa

couplings and fermion mass terms are!!

Yipripro + Yoo opd® + Yo vrQror + MQLQr + h.c. (6.5)

The mass term Yy (¢r) induces a mass mixing between light and heavy states in the
er and dp sectors, which differ by a group-theoretical factor v/2. As a consequence,
the unwanted relation Yp = Yg is avoided. Even with a single Qr @® Qr pair, the
quark and charged-lepton masses can be made to agree with data. Similarly, by
adding a fermion singlet [82], one can avoid the unwanted prediction in the neutrino
sector, Yy = Y.

1Volkas presented a slightly different model with a real ¢.
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In both versions of the Pati-Salam model, gauge and Yukawa interactions are in-
variant under an accidental U(1)p/ global symmetry, defined by the following charge
assignments: B'(y1) = B'(¢1) = 1, B'(¢r) = B'ér) = -1, B'(¥) = B(¢) = 0,
B'(Qr) = —B'(Qr) = 2. The vevs of ¢ and ¢, break spontaneously both SU(4)ps
and U(1) g/, leaving unbroken a new U(1) global symmetry given by (3/4)[B’ + (B — L)]
which, for SM particles, corresponds to baryon number. This symmetry protects pro-
ton stability, and prevents the appearance of a massless state related to the spontaneous
breaking of U(1)p.

We analysed the two minimal realistic Pati-Salam models finding that, while the gauge
couplings and the Yukawa couplings have appropriate TAF solutions, this is never the case
for the quartic couplings in the scalar potential. Indeed the most general quartic scalar
potential is

Vg, 0r) = Vor + Vo + Voor (6.6)

or, adding the scalar ¢, proposed by Foot:

V(6 ¢r, OL) = Vi + Vo, + Vi + Vi, + Vaor + Voron + Vi on (6.7)

which contains 18 real couplings and 6 complex couplings. The various potential terms and
the corresponding quartic couplings are defined in eq. (A.14). The RGE for the quartics
form a large system, listed in appendix A.'> We do not find any TAF solution unless the
B-function coefficient of g4 is artificially reduced down to unacceptably small values.

6.2 A TAF Pati-Salam model

By considering non-minimal Pati-Salam models we found TAF models with 3 generations,
which seems to be the maximum allowed in the present context.'® Table 3 describes the
matter content of the model, which employs

the matter content of the skeleton Pati-Salam model (upper box),
- Ny < 3 generations of the 1 fermions proposed by Foot [81],

- Ng = 2 generations of the Q1 ® Qr fermion proposed by Volkas [82],

a scalar ¥ in the adjoint of SU(4)ps.

1214 is interesting to observe that in this model where the scalar ¢z, is present, the coupling Ap in Vdi oR
is the only coupling that violates baryon number. Therefore, it is only multiplicatively renormalised and
its S-function must be proportional to the coupling itself (dAp/dIn u x Ap, as shown in appendix A). We
found that the TAF conditions generally imply that Ap must vanish, either asymptotically or identically,
depending on the TAF solutions for the other couplings entering the S-function of Ag. Similarly, TAF often
requires that CP-violating quartics must vanish.

13 A Pati-Salam TAF model with 2 generations was build by Kalashnikov in 1977 [56]. However, the model
is incompatible with flavour data and cannot be extended to 3 generations because gauge couplings would
no longer be asymptotically free. We confirm most of his results, although the author of [56] missed the
existence of the quartics in our eq. (A.21), which could have changed the result. Its inclusion modifies the
TAF conditions, and the model admits TAF solutions, including one with asymptotically positive potential.
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Upper bounds Ny < 3 and Ng < 2 arise from the request that gauge couplings are

asymptotically free:
2 7T 2 29
br =3— =N, brp=—-— =N, by = — —4Ng. 6.8
L 3 Ve r =3~ 3N, 4= 3 (6.8)
The extra fields allow for a realistic fermion spectrum as described in section 6.1 and, at
the same time, modify the RG running of the scalar quartics in such a way that TAF
solutions are found for Ng = 2.

The most general Yukawa interactions are'*

— LN =Y QUrg + Yo hrvr + YN Uror + Yo UrQLoOR + Yy QLQrRYE + hoc.  (6.9)

The Yukawa coupling Y gives mass to Q1 g, once ¥ acquires a vev. The most general
scalar potential is

V(g 0r, X)) = Vor + Vo + Vo, + Vo + Vis + Vs (6.10)

where the various terms are defined in eq. (A.14). The RGE are listed in appendix A.
The simplest TAF model corresponds to Ny = 0 (no 1 field and so Yy is absent). TAF
solutions for the quartics are found only if the gauge and Yukawa couplings are on the
following fixed-flow

Tioo Thoo Gl Yo Yio Vi Y&
Fixed-flow 3/5 1/3 3/7 0.432 0 0.909 3.454 (6.11)
M-Eigenvalues — — — + + + +

There are 4 positive eigenvalues of the M matrix, hence 4 Yukawa couplings are univocally
predicted at low energy. The IR prediction Y, = 0 is incompatible with a realistic quark-
mass spectrum, but can be evaded in the more complicated TAF model with N, > 0 and
extra Yukawa couplings described in appendix A.

The 19 quartics admit 25 different TAF solutions. If we set to zero the 4 CP-violating
couplings, we find 15 TAF solutions for the 15 CP-conserving quartics, given by

Ny|Asgp1 Azgr Asep2 Ame2 AR ArR2 Am1 Ame A1 A2 A3 M Aopg1l Apps2 g pes
10 | —0.023 —0.127 —1.067 0 —0.017 0.082 0.374 —1.031 0 —0.015 —0.037 —0.057 0.172 0 —0.322
8 0.210 0 —1.174 —0.024 0.036 0.042 0.661 —1.621 —0.033 0.018 —0.034 —0.013 0.210 0 —0.344
10 | —0.040 —0.018 —1.021 0 0 0.056 0.313 —0.973 —0.028 —0.031 0 —0.095 0.195 0 —0.381
8 |—0.036 —0.053 —1.036 0 0 0.068 0.341 —1.009 —0.051 0.019 -—0.031 0 0.197 0 —0.357
6 0 —0.184 —1.110 0 —0.028 0.095 0.404 —1.033 0.022 —0.022 0 —0.101 0.152 0 —0.277
8 0.212 —-0.129 —-1.197 0 0.033 0.047 0.660 —1.585 0 0.027 0 0 0.192 0 —0.327
7 0.206 —0.181 —1.233 0.036 0.021 0.059 0.656 —1.513 0 0 —0.024 —0.054 0.194 0 —0.286
9 0.215 —0.077 —1.179 0 0.038 0.040 0.662 —1.616 0 —0.029 0 —0.106 0.197 0 —0.347
8 | —0.027 —0.095 —1.059 0 —0.021 0.083 0.374 —1.045 —0.085 0 0 —0.032 0.211 0 —0.324
9 0.185 0.054 —1.165 —0.089 0.037 0.039 0.621 —1.516 —0.052 0.013 —0.017 —0.023 0.219 0 —0.354
9 0.139 0.164 —1.151 0 0.016 0.062 0.599 —1.475 0.024 0 0 0 0.218 0 —0.312
10 0.185 0.054 —1.165 0.089 0.037 0.039 0.621 —1.516 —0.052 0.013 0.017 —0.023 0.219 0 —0.354
9 0.194 0.046 —1.174 0.030 0.029 0.051 0.653 —1.599 0.010 —0.016 0.037 —0.059 0.206 0 —0.326
9 0.167 0.149 —1.156 0.060 0.032 0.044 0.607 —1.488 —0.015 —0.019 0.026 —0.062 0.222 0 —0.348
9 0.167 0.149 —1.156 —0.060 0.032 0.044 0.607 —1.488 —0.015 —0.019 —0.026 —0.062 0.222 0 —0.348

MWith the addition of three generations of massless fermion singlets 11 ~ (1,1,1), the Yukawa couplings
Y1 w1¢v3¢;§ satisfy the TAF condition and allow us to obtain realistic neutrino masses avoiding the Yy = Yur
relation. An extra ¥s ~ (1,1,15) could play a similar role or could be identified with the Dark Matter, if
its Yukawa couplings vanish.
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The first column shows the number of positive eigenvalues of the M matrix, i.e. the number
of quartics predicted at low energy. All these solutions give gauge, Yukawa, and quartic
couplings that can be extrapolated up to infinite energy without hitting any Landau pole.
However, all these solutions correspond to theories with metastable vacua, because the
scalar potential has always some negative directions in the asymptotic region of large fields.

Flavour bounds from vector leptoquarks. The experimental bounds on heavy Higgs
bosons and on W and Z’ gauge bosons have been discussed in sections 5.3 and 5.4. The
Pati-Salam gauge group also contains massive vector leptoquarks W;/w of charge +2/3,
corresponding to the broken generators in SU(4)ps/SU(3).. The gauge bosons W,’L are
coupled to a right-handed current involving dr and er (since these two fields are unified
in ¥pg, see table 3), and to a left-handed current involving ¢;, and ¢;, doublets (only in
versions of the model in which g7, and ¢;, are unified in the field ).

When both left-handed and right-handed interactions are present, data on # — ev
give the strong constraint [83]

My > 250 TeV (Pati-Salam with qr-¢; and dg-er unification). (6.12)

This bound can be avoided in the models discussed in section 6.1 where the SM left-handed
leptons ¢, are contained in the field v, while the quark doublet gy, is in . In this case, the
gauge bosons W;L are coupled only to right-handed currents of SM fermions. As discussed
in appendix B, the bounds from right-handed interactions can be significantly relaxed with
an appropriate flavour structure and, under the most favourable assumptions, they give

My > 8.8 TeV (Pati-Salam with dg-er unification). (6.13)

Taking into account the relation My, =~ gy Myw/gs, the bound in eq. (6.13) implies
My, > 2.7TeV, which is comparable to those from direct Wg searches (see section 5.4).

However, the Pati-Salam TAF models that we discovered do not contain the scalar ¢y,
and thus lead to qr-¢; unification. This implies that these models suffer from the strong
bound of eq. (6.12) and, consequently, from an unnaturally high degree of fine-tuning. We
have not found Pati-Salam TAF models containing the scalar ¢r,.

6.3 Trinification SU(3)r® SU(3)r® SU(3).

Trinificaton is often considered as a unification model, after imposing a permutation sym-
metry among the three SU(3) factors that forces the gauge couplings gz, gr, g. to be equal.
While the permutation symmetry is respected by the SM fermions (see table 4), it requires
the addition of extra Higgs bosons with interactions that break baryon number. We do not
impose any permutation symmetry in order to insure that trinification interactions at the
weak scale conserve baryon number. The relation between the trinification gauge coupling

constants (gr, gr, gc) and those of the SM (g3, g2, gy = 1/3/5g1) is

2929y

gL = 9o, IR = Jge = g3
\/395 — gy

(6.14)
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Matter fields spin  SU(3)r, SU@B)r SU(3).

up g uh

Qr = |dy @ | 12 1 3 3
dy dz dp
uh dl

Qr= |uw & a| 12 3 1 3
W O

/
vy, €y, €er,

L = e, v, v 1/2 3 3 1
er vgp UV
Hy, Hy 0 3 3 1

Table 4. Field content of the minimal trinification model. Primed fermions correspond to new
states beyond the SM.

We consider the minimal model with the matter content summarised in table 4. Since
quarks are not unified with leptons, trinification is safer than Pati-Salam from the point of
view of flavour. Each generation of Qr® Q1 & L contains 27 chiral fermions that decompose
under the SM gauge group as the usual 15 SM fermions, plus a vector-like lepton doublet,
a vector-like right-handed down quark, and two singlets (denoted as primed fermions in
table 4). These states correspond to the irreducible representation 27 of E(6).

A single Higgs H; in the (31,3g) representation contains 3 Higgs doublets. The vev
(Hy)33 = V1/V/2 breaks SU(3)3 to SU(2),® SU(2)r®@U(1)p_r ® SU(3).. Two Higgs dou-
blets and one singlet are eaten by the 9 components of the vector bosons that acquire mass

2 2
g g 2
My, = gLVfa M, = 7RV12, Mz, = g(g% + 97) Vi (6.15)

The massive Z' corresponds to the combination of gauge bosons gLA%H — gRA%M. The
bound on its mass is in the range 2-6 TeV, depending on the Z’ charge of the SM Higgs. The
gauge boson of B — L corresponds to QRA%M‘FQLA%M with gg_1. = (vV/3/2)grgL/ /912% + ¢2.

A second scalar is needed to break the left-right symmetry. This is accomplished by
a Higgs H, in the (31,3R) representation with vev (Hs)3s = Va/v/2. The 12 components
of the massive vectors can be grouped into the complex doublet Hy, which transforms as
(21,1/2y) @ (21, —1/2y) under the SM SU(2) x U(1)y, two electrically-charged and one
neutral complex gauge bosons H;%, Wg~ (11,1y)®(1r, —1y) and HY ~ (11, 0y)®(1z, 0y),
and two kinds of Z’ gauge bosons. Their masses are given by

2 9/% 2 2 2 912% 2 2 2 9122 2 2 912?, 2
MHL:?(Vl +V3) MHﬁz?(‘G +V5), MH%=7V1, MWR:7V2~
(6.16)
The two Z' have a mass matrix which, in the limit V5 < V1, leads to a heavier state with
mass as in eq. (6.15), and a lighter B — L gauge boson with mass

2 2\2
9 — 29
2~ %V;. (6.17)
6(9L+9R)
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As shown in figure 4, the B — L gauge boson is subjected to the bound Mp_j 2 2.6 TeV
from ATLAS. The bounds from flavour processes mediated by the new gauge bosons are
much milder than in the Pati-Salam models because no dangerous leptoquark interactions
are present.

The SM Yukawa couplings are obtained from the SU(3)3-invariant interactions

2
~ % = (yoi QLQrH; + %LLH;) +he (6.18)
=1

Similarly to the case discussed in section 5.3, bounds from flavour processes can be kept
under control because there are only two independent Yukawa matrices and therefore small
quark masses suppress the new flavour interactions. However, this raises the problem of
generating sufficiently large masses for the new fermions. The new (primed) fermions get
mass from eq. (6.18), once the vev V; is generated, while mixing mass terms between
new fermions and SM quarks/leptons are induced by the smaller vev V5. Since all these
terms are proportional to SM Yukawa couplings, the new fermions turn out to be too light,
unless V; is unnaturally large. Additional fields and interactions are needed to construct
realistic models.

Let us turn to the issue of the TAF properties of trinification models. We start by
considering the simple, albeit unrealistic, case of a Higgs sector made of a single H = H;
in the (31, 3g) with the most general quartic potential

V = NTr(H'H)? + \\Te(H'HHH). (6.19)

The one-loop RGE for gauge, Yukawa, and quartic couplings are given in eq. (C.5) and
admit two different TAF solutions:

Troo Thoo T2 oo Thoo  Haco Ao
Fixed-flow 2/9 2/9 1/5 0 23/54  0.1628 —0.1732
M-Eigenvalue | — - - - + - + (6.20)
Fixed-flow 2/9 2/9 1/5 0 23/54 —0.0026 —0.0087
M-Eigenvalue | — — - - + - —

The potential V' is definite positive for A, > — X, (for A\, < 0) and 3A\, > =X\, (for A, > 0).
Both fixed-flows in eq. (6.20) violate the stability condition for the potential. The RGE
flow can produce spontaneous symmetry breaking at low energy a la Coleman-Weinberg
from a potential with no dimensional parameters.

Next, we consider the model with two Higgs multiplets H; and Hs in the (3,3R).
The scalar quartic potential is given in eq. (C.7) and contains 14 real couplings and 6
phases. The relevant one-loop RGE are reported in appendix C. The gauge couplings and
the Yukawa admit TAF solutions, but we do not find a TAF solution for the quartics.'®

ISTAF solutions appear if the SU(3). § function coefficient is reduced to b3 = 1/6. However it is
impossible to obtain such value by adding fermionic multiples.
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The next step is to complicate the Higgs sector, with the twofold aim of recovering
TAF and of generating sufficiently large masses for the new fermions. One possibility is
to consider one H and one X, adjoint under SU(3)r. A vev in its 23 component breaks
SU(3)? to the SM group. We also add one vector-like fermion Q' & Q' which, in the
model with a single H is needed to obtain different masses for top and bottom quarks
via right-handed quark mixing induced by Q%)Q’RE Yukawa couplings. A TAF solution
exists only for a single generation of Q’, @ Q’R, which is not sufficient to produce a realistic
fermionic mass spectrum. Once we add two or more generations of Q’, & Q', the gauge
group is no longer asymptotically free. In conclusion, we were not able to identify a TAF
trinification model with a realistic flavour structure.

7 Conclusions

The main point of this paper is to single out the implications of two severe difficulties of
theories trying to solve the Higgs naturalness problem by having the weak scale as the only
effective source of breaking of scale invariance at the classical level.

The first well-known problem is gravity. The hope that transplanckian dynamics can
miraculously cure the Higgs sensitivity to Mp; seems to us unrealistic. In the absence of spe-
cial symmetries like supersymmetry, any short-distance modification of general relativity is
expected to affect the quantum corrections to the Higgs mass. Delaying such modifications
to energy scales as high as Mp; makes the problem too acute to leave us with any reasonable
hope that new dynamics can rescue the situation: the problem must be tackled at energies
lower than Mp;. From this line of reasoning, we have derived our first conclusion: in the con-
text of theories with no dynamical protection of the Higgs mass, naturalness requires a pre-
mature modification of gravity, at scales no larger than Ag ~ 47T(MhMP1)1/2 ~ 10" GeV.
In this paper we have called softened gravity a theory in which the communication between
gravity and the SM sector remains weak at any scale larger than Ag.

The second problem, less explored in the literature, is that the quantum theory nec-
essarily breaks scale invariance. In the SM, the problem manifests itself in the form of
the Landau pole for the hypercharge gauge coupling. In softened versions of gravity, this
dynamically-generated scale brings back the naturalness problem. To cure this problem
one needs to extend the SM, below a few TeV, into a TAF theory. We have shown that the
construction of such extensions is possible, but only at a high price: many new particles
around the TeV scale are needed, as well as elaborate model-building to avoid phenomeno-
logical constraints, especially related to the flavour sector.

So our second (surprising) conclusion is that theories intended to deal with naturalness
without new dynamics in the TeV range actually need a large number of new particles
around the TeV scale. This reopens the usual can of worms with the phenomenological
difficulties in satisfying constraints from collider searches and flavour processes that plague
traditional approaches to naturalness, like supersymmetry or composite Higgs. Indeed,
we find that the degree of tuning in the models we constructed is typically worse than in
traditional approaches.

Our two conclusions are based on common intuition derived from effective field theory
and dimensional analysis. Only in special setups that defy such usual intuition, could our
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conclusions be proved wrong. The only example of such a setup we are aware of is the
use of anthropic arguments in the multiverse. We cannot exclude the existence of other
theoretical setups that evade our conclusions.

The positive side of our result is that the class of theories we have considered is not
at all elusive, but can be tested at high-energy colliders. While the next probe comes from
Run-2 LHC, the existing constraints on new-particle masses from rare processes suggest
that a 100-TeV future collider is better positioned to explore the full parameter space.
The other interesting aspect is that the experimental signals from softened-gravity models
are distinct from those coming from traditional schemes with dynamical explanations of
naturalness, but also differ from anthropic solutions, which are likely to have no light scalar
particles other than the Higgs.

In a more technical vein, another result of our paper is the development of a systematic
procedure to derive the asymptotic behaviour of coupling constants in a perturbative QFT.
The method is based on calculating the fixed-flows of the theory, which are special RG
trajectories where couplings flow to zero in the UV with the slowest possible rate allowed by
RG evolution. The fixed-flows are determined by solving an algebraic system of equations,
with no need to tackle the full differential equations describing the RG. This allows for a
simple implementation of the method, even in models with many coupling constants. The
second step of the procedure is the computation of the eigenvalues of the matrix M in
eq. (3.5), which determine whether the fixed-flow is UV attractive or repulsive.

UV-repulsive fixed-flows correspond to RG trajectories with isolated asymptotic be-
haviours, therefore singling out special values of some combination of coupling constants in
the IR. For this reason, one could regard the requirement of sitting on these special RG tra-
jectories either (pessimistically) as an extreme fine-tuning of parameters or (optimistically)
as a novel way of predicting physical quantities. Our point of view is that this requirement
provides a genuine prediction of the theory. The UV-repulsive fixed-flow is disconnected
from the other RG trajectories in the asymptotic region and any small deformation leads
to an ill-defined theory in the UV. As an analogy, take the case of a Yang-Mills theory.
One cannot regard the relation between the cubic and quartic gluon couplings as a fine
tuning, because such relation follows from a consistency condition of the theory in the UV.

The existence of UV-repulsive fixed-flows is essential for TAF. This is because, in
practice, TAF conditions for quartic couplings can often be satisfied only if some Yukawa
couplings lie on UV-repulsive fixed-flows. Moreover, stability of the scalar potential often
favours quartic couplings A on UV-repulsive fixed-flows rather than on UV-attractive ones,
because A is generally larger on the former than on the latter. As a result, requiring the
theory to be TAF usually leads to some precise predictions of certain coupling constants in
the IR. These predictions are robust against deformations in the UV, since they correspond
to IR-attractive solutions. In particular, gravitational or super-weak interactions could
modify the exact locations of the fixed-flows, but would not change the numerical values
of the IR predictions.

We exemplified our technique in the case of the SM, studying under which conditions
it satisfies TAF. We found that this happens for g1 = 0, M; = 186 GeV, M, = 0, M), =
163 GeV (or M) < 163GeV if unstable vacua are permitted). Since these conditions
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are unphysical (although not too far from reality), we searched for TAF extensions of
the SM at the weak scale. The simplest candidates are based on the Pati-Salam group
SU(2)r ® SU(2)gr ® SU(4)ps, for which we found some explicit examples, and on the
trinification group SU(3)r ® SU(3)r® SU(3)., for which we have not found a fully realistic
model. Our technique has been proven useful to perform systematic searches for TAF
theories and determine their IR predictions.
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A RGE for Pati-Salam models

We give here the one-loop RGE for a wide class of Pati-Salam models containing the scalars
oL, R, ¢, % and the fermions ¥, Y, ¥R, V1, Ys, Qr, @r defined in section 6.1. While this
model does not allow for TAF solutions, the RGE for Yukawa and quartic couplings of the
TAF models proposed in section 6.2 are found by dropping all interactions involving the
scalar ¢;. The RGE for the gauge couplings depend on the chosen field content, see e.g.
eq. (6.8).

The Yukawa couplings for one generation of fermions are

— L = yURVLO + Ye VRVLE® + YN YL dR + YB VUROL + YRQ YRQOLOR + Yy VED
+yLQ VLQROL + YR UsVROR + YL Vs¥ro] + ys QLQRE + Yy V1¥ROR + hc.

(A.1)
The RGE for the Yukawa couplings are
dy 9¢2 9g% 4597  15y?
4)2 — ul 2002 + 9242 — 9L _ 29R _ 4 L
5y7 15y%  5u7
kR y2> + 1243 (A.2)
dy. 997 993 4593 15y}  Suig
A2 _ 9y2 — 9L _ 29R _ 4 L 902
G g C<yE 1 4 1 Ty tTTg T
1542 5y7
+% + EC 902 y§> + 12y (A.3)
dyr 99%  141g3 1yko 393,
A7) _ 92 4 o2 — 2IR _ 4 2 | 42 902 2 | VY
(4) d1n /s yR<yc+ Ve~ g TyL AN o 27+ 3y, +
53y
+8ymyLyn + ok (A.4)
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997 1417  1lyig 395,

dyr,
(4m)? L= (2y§ +4yp — =L —

+2yN+yR+2y +

dIn 4 8 2 8
53
+8yeynyr + sL (A.5)
dyr 9g7 153g7
(47 )Zdl Q—yRQ<2y2+2yQE—4R— 84+4y]2\7
3312, ) 92\ 19k
22IR 4 9 278 A.
+= B+ 24 )t (A.6)
dyLo 9¢2  153¢2 3342 92\ 19910
4r)2 2 202+ 4 L 44 2L 4 902 4 9 LR
(W)dln# yrq | 2vi+ 4y — LT g T T N+y+16 +—y (A7)
dyg 5 992  9g% 4597  15y% 15y2
A7) _ 9,2 - 9L _ IR _ 4 L 2 A2 R
(4m) d1n yE< Ve, 5 g T4 ThLe TN+ —
512 15
+ ;Q + 22 + y,,) +10y% + 5 YLYNYR (A.8)
dyn 993  9g% 457 1543  uig
A7) 2 _ 92 4 A2 — 9L _ 29R _ 4 L
15y 15
fR +5yho + 2y + 2y3> + 5 ypyryr + 1005 (A.9)

d 9¢%  45¢% 45y  by?
(4m)2-Wr _ <2y3 oyt~ IR P91 g2 YR RQ +2 )+11y§ (A.10)

dlnp 4 8 8

d 3 Ty3
(477)2d1i/1w Yo < 24g4+2yL+2yR+ gz)—i- 2

31yZ

(47 )2 dys

y2
_ 2 2 2 w
dng %= ( — 2795 +2y1.0 + 2ypg + 1 )

The most general quartic potential is

V(¢> (Z)R: ¢La E) = V¢R + V¢L + Vqﬁ + Vs + V¢¢L
+Voor + Voron + V¢B;¢R + Vs + Veps + Vo, 2 + Vx

where

Vir = Ar1 Tr2(0rok) + Ao Tr(drohorek),
Vg, = A1 Tr2(6hor) + Ara Tr(¢h o1 61),
Vi = M Tr?(¢76) + Re do Tr? (67 ¢°) +
+Re A3 Tr(¢'¢) Tr(¢1¢°) + (A1 — 2Re Ag)| Tr(¢¢%) 2,
Vosw = Arpt Te(orok) Tr(¢!d)+Re Apgo Tr(orog) Tr(6¢°)
+ARg3 Tr(¢R¢E¢T¢),
Voo, = Arot Te(6} 1) Tr(o!¢) + Re Apga Tr(6h 61) Tr (g ¢%)
+Azg3 Tr(0h drooh),
Voron = Aok Te(¢h o) Tr(orek) + ALre Tr(¢rd} ¢hor)
+Re Arr3 Tr[(0roL) (PROL) ],
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V¢BL¢R = ReAperixr€ijenedrri®rLijOricn®rres
Ve = A1 Tr?(22) + Ayp Tr(24),

Vis = Angr Tr(22) Tr(o'6) + Re Asga Tr(2?) Tr(¢!6°),
Vops = Augp1 Tr(3%) Tr(6h0r) + Angr Tr(6hér%?),
Vous = Ao, 1 Tr(52) Te(¢] 61) + Ang,2 Tr(ord), 57),

Vx = ReAx1 Tr(¢rdrrory) + Re Axa Tr(¢rd% pdrY).

The symbol Re (real part) precedes quartic interactions that can support complex couplings
Ai. With an abuse of notation, in the RGE listed below we denote as \; the real part and
as 0; the imaginary part of complex couplings A;. The RGE for the quartic couplings are

+ 144X11 + 96A 19
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4 4
df 9g%  45¢7 15y2
(amp Dosz _ g, (16y2 +8y% — 9¢2 — % - % + 161 — 320\g + 64X + %
n p

+144XL1 + 9622 + 10y7 o + 32X, 61 + 16Xg, 63 + 16y2>

1592 )\E
+64ALR10 2 + 16ALR20g 02 + 150552 A56,1 + %

15)\X19X2 _ 150X1)\X2
4 4

+4803Mp, g1 + 19202 Mg, g2 + 240304, 43 +
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dg, 63 992 4592 15y2
g2 Pores _ 1692 + 8y2 — 9g2 — 2ZB _ 2294 | 16\ 4 640 — 320 L
(4m) dln )i ¢L¢3< Yo +SYE — 991, B A + 1+ 2 4+ 9

15
+16AL1 + 6402 + 10y7 o + 322,01 + 16y2> + Eyfy% — 10y2y7 ¢

15 1562 152 1562 15)2
_7y2y%+10y2y%Q+16)\§5L¢3+ X1 X1 X2 X2
2 2 2 2 2
dALR1 5 9972  9g% 45g7  15y?
Am)2=CEEL — ) Q2 — =L IR TtI4 L 4 144\ 96\ 10y?
(4m) dln LR1| ®YE 92 2 9 + 9 + 1+ L2 +10y7g
15y2
18y2 + IR 4 1440p1 + 96Aps + 10y + 4y3) + 2566% + 256)%

27g4 17
~AyEyLynyr — WEYN ~ VR — 2WEVRQ + g, — 2ULYN — gYLVR
+32A01ALR2 + 16AL2ALR2 — 2yT 0N + 16AT g1 + 8AT Ry + 32X LR2 AR

15A56,1 50,2

+16ALr2AR2 + 3207 R + 3207 k3 + 15Ang, 1 v + 4

+15)\2¢L42)\2¢R1 . 9)\2¢L126)\2¢R2

+12805, 2002 + 128Xp, 02 g pg2 + 16X, 63 A 01 + 8Ag 63 A0 03

+ 32X6,61 ¢ o1 + 16Ag, 51 A6 103

+26%, + 20%, + 20%, + 203,

1592
+ 2L
2 2 2 2

2 2 4 2
(47T)2d)\LR2 _ )\LRQ (83/% ggL ggR _ 594

- 2L 16\ 32\ 10y?
dn 1 + 16AL1 +32A12 + 10y7

152
+32X\LRr1 + SyX + QyR + 16AR1 + 32Xr2 + 100 + 4y3> — 2566%

1 997 1
—256A% + UBYLYNYR + SYEVR — 2UEVRe — WEYL + =g + SULUN

3A8¢,2A56 52

1
+oYLYR — 2T QUN + 32Ty + 6407 ps + 64AT g + 5

2

2

(477)2d)\LR3 = ALR3 (83/125 _ 99 _ 99k _ 4591 | 15vj,

+ +16Az1 — 1612 + 1047

dlnp 2 2 2 2
2 15y12:z 2 2
+32ALRr1 +48ALR2 + 8yNn + 5 + 16AR1 —16>\RQ+1OyRQ+4yV
50x10x2  SAx1Axe
2 2
do 9¢2 9g% 4597  15y?
() g = Oums <8y,2; — L - IR L 4 16M — 16M 2 + 1037
2 159%1 2 2
+32Arr1 + +48A L2 + 8yw + 9 + 16ARg1 — 16AR2 + 10yRQ + 4y,

_BAxi0x2  90x1Ax2
2 2
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15yR

d\ 9¢? 45
MW)Q#T = Apnot <16y§ — % — 9g% — 494 + 80X\

15
+144AR1 + 96X g2 + 10y7g + 16y° + 43/3) — 4y} — gycyR Ay2yp

9
+1ié% + 64ALR1IAG 61 + 32ALR1AG L¢3 + 16ALR2AG, 91 + 8ALR2AG, 43

—4y yN =+ 64)\31)\¢R¢3 + 16)\32)\¢R¢3 — 1Oy2y]2%Q + 15)‘E¢1>‘2¢R1

—|—192>\3)\¢R¢2 + 8)\§>R¢3 + 32)\1)\¢R¢3 — 64)\2>\¢R¢3 + 32)\4/\¢R¢3
+159§(2 N 15)0%,

2 2
16)\¢R¢1 + 649¢R¢2 + 192939¢R¢2 + 64)\¢R¢2

2 2

(4m )zd;f;f ZQ = Apro2 <16y§ — gg’% — 997 — 45494 15yR
+144AR1 + 96X r2 + 10y5g + 32X 001 + +16Ap 03 + 16y° + 4y§>
—dyyeyn — %yycyiz — 5Yyeyho — 29Yeyn + 64N LRI NG, 62 + L6ALR2AG, 62
+15Amg2 A mpnt + % + 48A5 A pmat + 1920900502 + 24A8 A g3
+159X1(9X2 . 15Ax1Ax2

4 4

(AP G (1602 - WL g - 9116y, Sl
+144XR1 4+ 96X k2 + 10070 + 32Ap 01 + 16Ag 03 + 165 + 4y§>
+64ALR10, 92+ 16ALR205, p2+ 150530 5051 + % + 4803\ 61
19205\ g0 + 2403 X3 + 15A219X2 - 159}?”

(4r)2320m03 _ A¢R¢3<16’y§ 9% 9g% — 4591 15yR

2 4

dln

15
+16AR1 + 64X r2 + 10y50 + 3201 + 16y° + 4y3> + ?yiyﬁ — 10y2y%0

15 1562 15)2
Y2y, = S5 Y YR+ 108 kg + 160545 + 7 + 5
1562 15)2
_ 2X2 _ 2X2 _4y2y3

B Flavour bounds on Pati-Salam vector leptoquarks

In this section we discuss the experimental bounds on the massive vector leptoquarks W’
of electric charge +2/3, coming from SU(4)ps/SU(3).. These vector bosons are coupled
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to the left-handed current grv*¢1, only in the Pati-Salam models of ref. [82] , where ¢, and
¢r, are unified in ¢, [see eq. (6.5))], but not in the models of ref. [81] where ¢y, is in ¢1, and
¢, in 1) [see eq. (6.4)]. On the other hand, the right-handed current interaction is present
in both frameworks and is given by
L = % Wia diyuel, W), + hec., (B.1)
using Dirac notation for the fermions. Here ¢ and a are flavour indices and W, is a new
unitary matrix that describes the right-handed misalignment between the effective down-
quark and charged-lepton Yukawa couplings. Integrating out the heavy W’ fields leads to
the following effective interaction
2

g p— _ .
Ll = —5 5 WiaWil; (dryuel) €udp) + hee. (B2)
Wl

The bounds on these effective operators (expressed as bounds on My always assuming the
maximal possible mixing WmWJ i = 1) from various LF'V and FCNC processes are reported
in table 5.16 In order to deduce from this table the lowest allowed value for My we need
to determine the structure of the right-handed quark-lepton mixing matrix Wj,. To this
purpose, we distinguish two cases.

The first case corresponds to the Yukawa interaction in eq. (6.4), where we have two
completely independent Yukawa couplings for down quarks and charged leptons. As a
result, W;, is arbitrary and we can tune it in order to minimize the bounds on My given
in table 5. The two most severe bounds (on the ddey and sdep flavour structures) force us
to consider a mixing matrix of the type

0 01
W= Sse Cse O (BS)

—Cse Sse 0

to forbid any d <+ e and d <> p mixing. All bounds from processes with flavour conservation
either in the quark (rows 1-4 in table 5) or in the lepton sector (rows 5-8 in table 5)
disappear if we assume that W;, is a permutation matrix. As a result, the constraint on
My is minimised for sge = 0 and it is set by BR(7 — K*pu):

My > 8.8 TeV . (B.4)

The second case corresponds to the Yukawa interaction in eq. (6.5) with Qr ® Qg pairs.
Now the structure of W;, is not arbitrary: the effective down-type and charged-lepton
Yukawa couplings are necessarily quasi aligned. The resulting W;, is close to a diagonal
matrix, with a mixing angle in the 1 — 2 sector of the order of the Cabibbo angle. In this
case we cannot avoid the bound on My in the range of 100-200 TeV dictated by the ddep
and sdey entries in table 5. The situation is even worse due to the simultaneous presence
of both dg—er—W' and uy—v;-W' interactions. The combination of left-handed and right-
handed currents leads to an effective interaction that breaks lepton chirality, without being
proportional to the corresponding lepton mass. This gives rise to an effective breaking of
lepton universality in I'(m — ev)/T'(m — pv) that implies My > 250 TeV [83].

Y5For a previous version of this table see [84].
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Flavour | Experimental constraint Bound on My in TeV
dd ep o(u Ti — e Ti)/oo(p Ti) < 4.3 x 10712 120
ssep | o(p Ti— e Ti)/oo(u Ti) < 4.3 x 10712 12 x /Pss/1%
dd et BR(7 — n%) < 8.0 x 1078 3.8
dd pr | BR(r — %) < 1.1 x 1077 3.5

sd up | BR(Kp — fip)sp < 2.5 x 107 50

sd ee BR(K — ée) = (9.0 £ 6.0) x 10712 13.4

bd pp | BR(Bg — fip) = (3.6 & 1.6) x 10710 12.7

bs pup BR(Bs — i) = (2.94+0.7) x 107 10.1

sd ep BR(K — eu) < 4.7 x 10712 200

sd et BR(T — K*e) < 3.2x 1078 10.3

sd ur | BR(t = K*n) < 5.9 x 1078 8.8

bs eu BR(BT — KTeu) < 9.1 x 1078 8.3

bd ey BR(Bt — nfep) < 1.7 x 1077 7.1

bd ur | BR(Byg — jiT) < 2.2 x 107° 3.0

bd et BR(B; —éer) <2.8 x 107 2.8

Table 5. Bounds on the vector leptoquark mass My assuming maximal mixing angles in each case
(WmWJj = 1) from lepton-flavour-violating and flavour-changing-neutral-current processes. Here
Pss denotes the ratio of the strange-quark density in nuclei, normalised to that of down-type quarks
(Pys = (N|3s|N)/(N|dd|N)), for which we have assumed a reference value of 1% (see e.g. [85]).

C RGE for trinification models

We first list the one-loop RGE for the trinification models described in section 6.3. The
gauge [-function coefficients are by, = br = 5 — ny /2 and bg = 5, where ny is the number
of Higgs multiplets. The RGE for the Yukawa couplings of eq. (6.18) are

dy
(47T)2d11(f; = yq, (—497 — 49% — 895 + 27, + 6yD,) + 2yL, YL, Yq, + 6yH, (C.1)

dyq
4 2 2
(4m) dlnp

= yq, (—497 — 49% — 893 + 2y7, + 6Y5,) + 2yL, YL,y +6vH, (C.2)
dyr,

(am) 2
dlnp

dyr,
4 2 2
(4m) dln p

= yr, (—897 — 89k + 6y7, +3u5,) + 6y, + 3UL, Y0 Ya. (C.3)

= yL, (=897 — 89k + 6uF, +3ud,) + YL, Y@, ¥q. + 6u3, (C.4)

For the model with a single Higgs multiplet, ny = 1, one needs to set yo, = yg, Yo, = YL
and yg, = yr, = 0. The RGE for the two quartic couplings of the scalar potential in
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eq. (6.19) are
, dha

(47) i Ao (—16g7 — 1697 + 48X\, + 1293, + 8y7) (C.5)
10 11g7  11g¢%
S OLIR ot Ty 52N+ 120~ 2up
d\
(M)lenbu = X (1693 — 1693 + 24\, + 12y + 8y3) (C.6)
5¢¢  5g4
297 9% + % + % + 243 — 6yr — 27
For the model with two Higgs fields Hy and Hy (ng = 2), the most generic scalar potential
becomes
V = Vi111 + Vagoo + Vitog + Vigos + Viggs (C.7)
where
Vi = Mo Te(H]Hy)? + Ay Te(H H H] Hy), (C.8)
Vaoos = Ao Tr(HJ Hy)? + Aoy Tr(HJ Hy HI Hy), (C.9)
Vigos = Re A3, Tr(H{ Hy) Tr(HI Hy) + Re gy Tr(H] Ho HJ Hy), (C.10)
Vitie = Re Ao Tr(H{ Hy) Tr(H] Hy) + Re Ay Tr(H| Hy H] Hy), (C.11)
Vitos = Ao Tr(H]Hy) Tr(HJ Hy) + Ay| Tr(H] Hy)|? (C.12)

A Tr(H] HyH} Hy) + Ay Tr(Hy H] Hy H)
+Re A\, Tr(H] Hy)? + Re A\; Tr(H] HoHI Hy) .

The RGE for the quartics, setting for simplicity to zero those that violate CP and/or
baryon number, are:

dX
(4m)? dlnlz = A1a (48A1, — 1697 — 16g% + 8y7, + 120, ) + 52AT, + 12A%, + 563,
+2Xa A + 6AaAe + 6AaAg + IND + A + 2AcAg + 4N2 4 407
10 , , 1lg7 1lg% 4
= —IR _ 9 1
+ 3 ILIR + 19 + 19 Y, (C.13)
dX
(47)? dlnlz = Ay (24010 — 1697 — 1697 + 8y7, + 125, ) + 24AT, + 2403, + 2X A +2X\g
)\2 )\2 A )\ 2 2 59% 59%{ 9 4 4 C 14
+3A;+3 d+8ef—29LgR+T+T_ yr, — 6yg, (C.14)
dX
(47)? dhf‘; = Ao (48Xay — 1697 — 169% + Sy3, + 123,) + 5203, + 24apAzq + 1803,
2673, + 220X + 6AaAc + 6XaAg + AL + A + 2XcAg + 4A7 + 4XF
10 , , 1lg7 1lg% 4
— L ZIR 9 C.15
dX
(47)? dhf; = Agp (2420 — 1697 — 16g% + 8y7, + 12y8,) + 12X A3 + 3673, + 2\ Ac
2 P 2 o | B9l Bgg 4 4
+20Ad + BAZ + 3G + BAAs — 2070% + —F + = =21, —6yp, (C.16)
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2 d)\3(l

(4m) dlnp

5 dA

(4m) dln

Asa (52X20 + 24X0p + 6Xq + 22X, + 6Ac + 6Xg + 48\ + 24\ — 1697 — 16g%
+2y7, + 6y1, + 3ud, + 9y0,) + 242 dap + 12205 X + AAap A + AApAg
+240gp\e + 8Ap A + 12203 + 3224500 + 4Aap Ay + 8Aap e + 8AppAd + A Ae

+aApA s — yL,v7, (C.17)

Top = Ao (12204 + 2409p + 6Ag + 2Xp + 6Xc + 6Xg + 8A, + 24X, — 1697 — 169%

+2u7 +6y3, +3yd, + 9d,) + 12230 + 4Asade + N30 Ag + 8Aza Ny

+4Ap X + 8ApAc + 8ApAa + dAapAe + AAapAp — Ay, yi, — 123/@1?;232 (C.18)

i = Aap(12000 + 24A0p + 6Xa + 22 + 6Ac + 6Aq + 8Ae + 247 1642 — 1642
n

+6yF, + 207, + 95, + 3ud,) + 12204 + AX2p Xy + 6Aap A + 6Azp A
FdhapAe + 20300 + 22300 + AAza A f + AAgpAe + AAgpAg + SAp g

—4yr,yt, — 1290, 9q. (C.19)

Ty = Aap (52X + 24A1p + 6g + 220 + 6Xc + 6Xg + 48X, + 24X ; — 16g7 — 16¢%

+6y7, + 297, + Y0, + 3ud,) + 24A1a 0 + 12210 + 12205 A0 + 2A2p A
+2AopNg + 4)\2b)\f 4 2030 Aa + 4A35 A + 630 ¢ + 630 g + 4A30 e

F12X4p M + 4Ap A + DA Aa + 240 Ae + 8ApAf — YL,y (C.20)

= Xa(40A1q + 24N1p + 40X0q + 24)o, — 1697 — 16g% + 4y7, + 4y7,

+6y3), + 6y5,) + AA1a Xy + 12010 + 120100 + AApAe + AApAg + 4dog N

+12X0 e + 12220 Mg + 32A0p A a0 4 4o Ae + ddaphg + 202, + 6830 \4p

2 114
AN, + 6N, 4N + 207 + 202 4+ 207 + SN2 4 Zoigh + 69L
11g%
+ 6R — 4y i, (C.21)

i 2(2X10 0 + 2020\ + 12005 A30 + 3A3, + 2A30 A0 + 1203, + 2703, + AN

F6ApAc + 6XAa — BAogT — 8AogR + NS + 27, + 2\uF, + 3\y0,
+3X5, + AAAd + 48NNy + 4402 + 8N + 39T gh — 207, U1,) (C.22)

Ae (410 + 12015 + 4Xoq + 12X + 8\ — 1697 — 1697 + 4y7  + 4y7,
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+6y5, + 630, ) + AA1 A, + 8A2pA3a + 16A2p A1 + 4Ap Ay + 63,

5 4
Ao Aap + 1402 + AN A + 6X2 + 160N + 2472 — 292 g% + 91

2
—4y7 ., yi, — 12y0, v, (C.23)
(47)? ddl?ldﬂ = Ai(4\1a + 12015 + 4Xaq + 12X9 + 8\, — 1697 — 1697, + 4y7, + 4473,
+6y5, + 6U0,) + 4N A + 8AapAza + 16AapAap + 4Aap Ay + 6A3, + 4Aza A
+14A, + AN Ae + 6AF + 16X s + 24XF — 297 g + 5’;
—4y7 Y1, — 1200, Y0, (C.24)
(47)? dﬁeu = 4MgAe +AApA 7 + Ahog e + 1229530 + 2Aap A0 + AAapAf + 2203, + 2A30\ap
+12X3, + 2603, + 8Aade + 400 e + 240\ f 4+ 120 e + 4D f + 1220
+4AgAf — 16Aeg? — 16Acgh + ANyF, + 4Aey7, + 62,
+6Ae, — 297, Y7, (C.25)
(47)? dﬁfu = A (40 +4A20+8)q + 12X + 120 — 1697 — 169% + 4y + 4y7,

+6y5, + 6U0,) + AAAe + 4A2wA3a + 2AapAap + AAgpAe + 623, + 2A3aAp

+10A3, + 4AcAe + 4Aade — 2y7 YT, — Gyélyég (C.26)
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