UNIQUENESS OF BUBBLING SOLUTIONS OF MEAN FIELD EQUATIONS

DANIELE BARTOLUCCI("), ALEKS JEVNIKAR, YOUNGAE LEE, AND WEN YANG

ABSTRACT. We prove uniqueness of blow up solutions of the mean field equation as p,, — 87tm, m € IN. If u,; and u,2
are two sequences of bubbling solutions with the same p, and the same (non degenerate) blow up set, then u,,; = u, for
sufficiently large 1. The proof of the uniqueness requires a careful use of some sharp estimates for bubbling solutions of
mean field equations [24] and a rather involved analysis of suitably defined Pohozaev-type identities as recently developed
in [47] in the context of the Chern-Simons-Higgs equations. Moreover, motivated by the Onsager statistical description of
two dimensional turbulence, we are bound to obtain a refined version of an estimate about p, — 87rm in case the first order
evaluated in [24] vanishes.

1. INTRODUCTION

Let (M, ds) be a compact Riemann surface with volume |M| = 1 and p,, > 0be a sequence satisfying lim, , 4« 0 =
87tm for some positive integer m > 1. We denote by dyu the volume form, by A, the Laplace-Beltrami operator on
(M, ds), and consider the following mean field type problem:

h(x)e“”(x) . e
Ay +Pn( " hetndy 1) =0in M, (1.1)
Sy undp =0, u, € C*(M),

N g ,
where h(x) = }z*(ac)lfmzf':1 %G(x,p)) > 0, p; are distinct points, a; € N, 7t > 0, h. € C27(M), and G is the Green
function, which satisfies,

—AuG(x,p) =6, —1in M, and /M G(x, p)du(x) = 0.

The mean field equation (1.1) and the corresponding Dirichlet problem (see (5.1) below) have attracted a lot of
attention in recent years because of their applications to several issues of interest in Mathematics and Physics, such
as Electroweak and Chern-Simons self-dual vortices [53], [55], [60], conformal metrics on surfaces with [58] or without
conical singularities [38], statistical mechanics of two-dimensional turbulence [17] and of self-gravitating systems [59]
and cosmic strings [51], and more recently the theory of hyperelliptic curves [19] and of the Painlevé equations [22].
These was some of the motivations behind the many efforts done to determine existence [2],[4],[10],[11],[12],[13],
[14],[18],[25],[271,[31], [32],[33],[39], [46], [48], [49], [50], multiplicity [13], [29], uniqueness [7],[8],[9], [21], [35], [36],
[37], [41], [44], [45], [54], concentration-compactness and bubbling behavior see [14], [16], [42], [43], and [5], [15], [24],
[26], [30], [40], [56], [61], and the structure of entire solutions [3], [23], [34], [52], [57], of (1.1) and (5.1).

In spite of the many results at hand, and with few exceptions (see [21], [54] and more recently [4], [8]), we still
don’t know much about the qualitative behaviour of the global bifurcation diagram of solutions of (1.1) and (5.1).
What one can infer from the above mentioned results in the sub-critical/critical regime is that solutions of (5.1) are
unique if p, < 87T and are unique whenever they exists if p, = 87, see [54] and [8], [21], [36]. The same question can
be asked about (1.1) whose answer is still not well understood, see [41], [44] and [37]. However, solutions of either
(1.1) or (5.1) are expected to be generically non unique for p,, > 87, see [12], [13], [29].

Our aim here is to contribute in this direction by showing that blow up solutions of (1.1) and (5.1) are unique for n
large enough.

Definition 1.1. Let u, be a sequence of solutions of (1.1). We say that uy blows up at the points q; ¢ {p1,---,pn},

tn(x)

j=1,--,m,if, T e 87'[}51 0q;, weakly in the sense of measure in M.
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Let K(x) be the Gaussian curvature at x € M and R(x, y) denote the regular part (see section 2 below), of the Green
function G(x,y). For q = (g1, -+ ,qm) € M X - - - x M, we denote by,

1,--,m
G; (x) = 87R(x, qj) + 87 l; G(x,q1), (1.2)
j
f [Awlogh(q) +8mm — 2K(q;)]h(q;)eS %), and (1.3)
b h(x)
fqj(x) =87 |R(x,q;) — R(q;,4;) + ) (G(x,q1) — G(q;,q1)) | +log = (1.4)
1#] h(q])

We will denote by BY(g) the geodesic ball of radius r centred at g € M, while U} (g) will denote the pre image of
the Euclidean ball of radius 7, B;(q) C R?,ina suitably defined isothermal coordinate system (see section 2 below for
further details). If m > 2 we fix a constant 7y € (0, 1) and a family of open sets M; satisfying, M N M; = Qif | # j,
U]«:1 M] =M, UZ,O(q]) C Mj, j=1,---m. Then, let us define,

D(q) = lim }_ h(g;)eS @) / @i gy (x) — L), (1.5)
(q Ho]; %) MAUM (q)) # r]?
where My = Mifm =1,r; =r 8h(qj)eG7(q/') and,
®;(x,q) = ) 87G(x,q1) — G (q;) + log h(x) —log h(q;). (1.6)

=1
The quantity D(q) was first introduced in [21, 28]. For (xy,-- -, xu) € M X --- M, we also define,

m 1, m
fm(x1,x0,+ -+, x Z log(h(x;)) +4mR(x;, )] +4mr Z G(x, %)), (1.7)
= 7

and let D%A fm be its Hessian tensor field on M. Then we have,

Theorem 1.1. Let u,(ql) and u,(qz) be two sequence of solutions of (1.1), blowing up at the points q; ¢ {p1,---,pn}, j =

1,---,m, where q = (q1,- -+ ,qm) is a critical point of fu, and det(D? fu(q)) # 0. Assume that p,(1 ) = =pn = p,(,l ) and that,
either,

(1) 4(q) #0,or,
(2) ¢(q) =0and D(q) # 0.
Then there exists ng > 1 such that u,(ql) = u,(qz) foralln > ny.

The proof of Theorem 1.1 is worked out by an adaptation of an argument recently proposed in [47]. In that paper
Lin and Yan prove uniqueness for blow up solutions of the Chern-Simons-Higgs equation. In particular, it is claimed
in [47] that the method adopted there does the job also in the case of the mean field equation (1.1) and in fact our aim
is to prove that claim. However it seems that the adaptation of that argument to our problem is not straightforward.

First of all, the cornerstone of the proof is the description of the blow up behavior of solutions established in [24].
In that case the leading order of the expansion of p, — 87tm as well as of the reminder term of blow up solutions is
proportional to £(q), see section 2 below. By means of these estimates, if /(q) # 0, we can prove that the difference of

the blow up rates (which we denote by )\,(11]-) - /\;(12].)) is small for large 1, see Lemma 3.1. This is why the case ¢(q) = 0
is more subtle and this is why we are bound to derive an improved version of the estimate concerning p,, — 87tm.

A full generalization of the estimates in [24] to the case £(q) = 0, that is, including the reminder term of blow up
solutions, at least to our knowledge has been derived only in case m = 1 and only for the Dirichlet problem, see [21].

Remark 1.2. Far from being just a mathematical problem, the case £(q) = 0 often arise in the study of geometric and physical
problems, as for example in the Onsager statistical mechanical description of two dimensional turbulence, see [17] and more
recently [4]. Motivated by this problem, in the final part of this paper we will discuss the uniqueness result relative to the
Dirichlet problem (5.1), see Theorem 5.2 below. Indeed, inspired by a recent result [4], we believe that, in the non degenerate
setting of Theorem 5.2 and for large enough n, 1-point blow up solutions could be parametrized by their Dirichlet energy.
In particular, on domains of second kind [17], [21], we believe that this fact would imply the existence of a full interval of
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strict convexity of the entropy, see [4]. We will discuss this problem in a forthcoming paper [6]. However it is crucial to the
understanding of this application to establish uniqueness in case ¢(q) = 0.

Therefore we derive the following improvement of Theorem 1.1 in [24].

Theorem 1.3. Let uy be a sequence of solutions of (1.1) which blows up at the points q; ¢ {p1,--- ,pn}, j=1,-++,m, 6 >0
be a fixed constant and A, ; = maxpm ;) (un — log( ]\“E he”")) forj=1,---,m.

Then, for any n large enough, the following estimate holds,

A, i
pn — 87mtm = M (/\1’!,1 + logpnhz(QﬂEGl (%)52 o 2)
mh?(qq)e%1 (a1) (18)
86_)\”'1 3 g ’
> - (D 0(s87 O(A2 e~ 2M1) 4 O(e~ (1H5) M),
hZ(ql)eGml)nm( (@) 0(6%) + O e #1a1) (e (181 h)

where o is fixed by the assumption h, € C>7(M).

The proof of Theorem 1.3 relies on a careful improvement of an argument first proposed in [24]. By using Theorem
(1)

n,j

- )t,(f’]-) is asymptotically small if /(q) = 0 and D(q) # 0 as well, see Lemma 3.1.
1 _,@

Uy —Uy

1.3, we succeed in showing that A

Then, as in [47], we analyze the asymptotic behavior of ;, = . Near each blow up point g;, and after

Hug«l)—ug«z)HLoo(m
a suitable scaling, {,; converges to an entire solution of the linearized problem associated to the Liouville equation:

Av+e¢’ =0 inR2 (1.9)
Solutions of (1.9) are completely classified [23] and take the form,

v (z) = vya(z) = log ( 8e

- R, a= R2. 1.1
1+et|z +al?)?’ HER a=(ma)c (1.10)

The freedom in the choice of y and a is due to the well known invariance of equation (1.9) under dilations and
translations. The linearized operator L relative to v is defined by,

Lo := Ap + ~¢ inR% (1.11)

(1+z[?)
It is well known, see [2, Proposition 1], that the kernel of L has real dimension 3 with eigenfunctions Yy, Y1, Y2, where,

C1—z|*  Ovua
1+ z2 ou

Z1 1 a'(]‘u/a Z7 o 1 av%a

,Yi(z) = ——— = —— , Yo(z) = = —— .
(11,a)=(0,0) 1(2) 14|22 4 9ay I(ua)=(0,0) 2(2) 14 |22 4 9day I(ua)=(0,0)

Yo(z)

The second crucial point of the proof of Theorem 1.1 is to show that, after scaling and for large 1, {, is orthogonal
to Yp, Y7 and Y;. As in [47] this is done by a rather delicate analysis of various suitably defined Pohozaev-type
identities. However, compared with [47], we face a truly new difficulty, since the difference of the blow up rates

(that is )‘511]‘) - /\512]«)) in our case can be of the same order of ﬁ a situation which cannot occur in the Chern-Simons-

j
Higgs problem discussed in [47]. In order to overcome this difficulty we have to carry out an higher order expansion
of u,(ql) — u,(qz) by using Green’s representation formula. The leading order of that expansion has to be determined
explicitly by using the explicit form of entire solutions of (1.9) (see Lemma 3.4). Besides, the main estimates relies on

a series of subtle cancellations, see Lemma 4.2 and Lemma 4.3.

Remark 1.4. The assumption a; € N is used to guarantee that u € C*(M), which in turn allows a simplified discussion of
the already very technical proof. However, since by assumption q; & {p1,- -+, pm}, then we may relax that assumption and let
aj € (—1,+o0). Indeed, the sharp local estimates in [24] still hold in this more general setting, just with minor changes relative
to the regularity class of u,. In other words, Theorem 1.1 still holds if we allow a; € (=1, +00),j=1,--- ,m.

This paper is organized as follows. In section 2 we review some known sharp estimates for blow up solutions of
(1.1). In section 3 we analyse the limit behavior of {, on each region U} (g;) and M \ U}"Zl U (q;)- In section 4 we
prove Theorem 1.1 by the analysis of some suitably derived Pohozaev-type identities. In section 5 we discuss the
uniqueness of solutions of the Dirichlet problem. In section 6 we prove Theorem 1.3.
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2. PRELIMINARY

In this section we recall some sharp estimates for blow up solutions of (1.1). Suppose that u, is a sequence of
blow-up solutions of (1.1) which blows up atq; & {p1,- - ,pn},j=1,---,m. Let

iin(x) = up(x) — log (/M he“"dpt) .

Then it is easy to see that,
Apiily + pn((x)e™¥) —1) =0 in M, and 2.1)

/ hendy = 1. 2.2)
M
We denote by,

An = maxii,, and
M

/\n,]- = Bré{}?;) iy, = ﬁn(xn,j) forj=1,---,m, where > 0is a fixed constant.

Next, let us introduce some notations for local computations. We introduce a local isothermal coordinate system
x = Tj(x) € R?, such that q; = Ti(4j), x,; = Tj(xy,7) and ds? = 2% |dx|? with ¢j(x,;) = 0and Vgj(x, ;) = 0. It
will be also useful to denote by U} (x() = ijl (Br(xp)), the pre-image of B,(x,), where x, = T;(xo) and B(x,) C R?
denotes the Euclidean ball of radius r centred at x; € IR?. Therefore, when evaluated in UY (xp,j), in local coordinates
(2.1) takes the form,

Aty + e (h(x)e™ ) —1) =0 in x € By(x,, ),

where A = % aa_xzz denotes the standard Laplacian in R2.

For later lt?sle V\lze recall that rp > 0 is defined as right after (1.4) to guarantee that,

Uy, () € Mj, j=1,---m. 23)

Remark 2.1. To simplify the exposition we will use the expressions i, h, R, G, K, ... to denote those function in both global and
local coordinates. It will be clear time to time which one of the functions involved is being used.

Remark 2.2. We will often need to take back local estimates into globally defined quantities. Therefore we fix an atlas whose
local maps are denoted by {T,}, and whenever for some k > 1 we have § = g(xy,--- ,x;) with x; = T, (x;), i =1,--- ,k,
then we will denote by T, 1 (g(xy, -+, x¢)) = §(Tay (x1), -+, Ta, (x1))-

It is well known that the conformal factor ¢, is a solution of,
—Aga = 9K, x € By(xy). 24)
The regular part of the Green function R(x,y) is defined in a local isothermal coordinate system x = T,(x) as

follows. For y = T,(y) fixed, we can choose the conformal factor e294(%) 5o that ¢, (y) = 0. Then R(x, y) is defined to

be the solution of
AR(x,y) = %Y, x € By(x), (2.5)

and therefore it is not difficult to check that it also satisfies,

1
R(x,y) = 5-log|x —y[ + G(x y).

Next, let us define,

e

h(x,;) A
(14 M| — x5

U,,j(x) = log , x€R? (2.6)

2)2

where the point Xy jx 18 chosen to satisty,
VU, (x,;) = V(logh(x,,)).
Then, it is not difficult to check that,
|ln,j - En,j,*‘ = O(ei)\n'j)' (2-7)
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Let us also define,
Mnj(x) = i (x) = Upj(x) = (Gf (x) — G/ (x,)), X € Bs(x))- (2.8)
It has been proved in [24, Theorem 1.4] that, for x € B; (Zn,j)/ it holds,
-8 .
i (2) =~ [Alogh(x,,) +87m — 2K(x,, )l [log (Rl — x| +2))2
pah(x, ) (2.9)
+O(log(Ry, jx — x,,j| +2)e *17) + O(Ay e~ 1) = O(A3 e~ i),

A,
where R, j = \/ M It has also been proved in [24, Corollary 2.4] that one can find constants ¢ > 0 and c5s > 0
such that,
[An=Apjl <cfor j=1,--,m, |in(x)+An| < cs5 for x € M\ UL, By (q)). (2.10)

Moreover, see [24, section 3], we have,
A

e/\n,th(xn,j)eG}F(Xn/j) = M2 (x,1)eC1 1) (1 4+ O(e= ), 2.11)

and in particular, see [24, Theorem 1.4], the following estimate holds,

/\n/j+/Mﬁnd,u+210g (p” Lo ))+G( h)

5 8 (2.12)
= —m (AM logh(xn,j) + 8mtm — ZK(Xn’j))/\%,jei)\"’]‘ + O()\n’jei)\"’]’).
Let us also recall, see [24, Lemma 5.4], that,
Vullogh(x) + G (x)] = O(Ayje ), (2.13)

x:xn,]v

where V), is a suitable gradient vector field on M, which, together with the assumption det(D?f,,(q)) # 0, shows
that,

2 = 4] = O(Anje ™). (2.14)

Remark 2.3. We remark that, since in any local isothermal coordinate system it holds Ay = e 29 A, then, in view of (2.14)
and @;(x,,;) =0, Ve;j(x,,;) = 0, we find that,

Awlogh(x, ;)= e 2?1 Alog h(x,, ;)= e 29 A Log h(q) + O(Aje i) = Ay log hg;) + O(Ayje ).

This fact will be often used in the many estimates involved.

The local masses corresponding to the blow up of i, at qj, 1 <j < m, are defined as follows,

;= he™ dy, (2.15)
Pn,j = Pn /llé”(qj) H
and we will use the following estimate proved in [24, section 3],
167 L L
Pn,j— 87T = o, ){A log h(x,;) + pn — 2K(x,, ;) } A je Mj 4 O(e i), (2.16)

In particular, see [24, Theorem 1.1], we have:
on — 8mTm = Z h~ )[Alogh(x,, ;) + 8mm — 2K(gn,j)}/\n/je_/\"r/’ +O(e M)

= EM i [Alogh(x,, ;) + 8mm — 2K(x,, ;) |h(x ‘)er*(l”'f) +O(e M) (2.17)
m hz(lnl)ecl (xp1 j: =n,j n] &n,j .

o 2 Anrlef/\n,] _)\n 1
= hz(xm)eGl*(x"J) (q)+0O(e ).
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The asymptotic behavior of 7, on M \ U;.":l Uj'(q;), is well described in terms of the auxiliary function,

m
wy(x) an] X, Xy ) /M iydp.

which satisfies, see [24, Lemma 5.3],
_tnj
wy =0(e”2) on C'(M\ UL Uy (q))).
3. UNIQUENESS OF THE BLOW UP SOLUTIONS WITH MASS CONCENTRATION
(1)

(2.18)

(2.19)

(2)

To prove Theorem 1.1 we argue by contradiction and assume that (1.1) has two different solutions u,, * and u,”’,

with p( ) — =pn = p,(qz), which blow up at q]-,j =1,---,m. We will use xi(j;, )t,(,li), )tgllz, ﬁ(') R( i) (Z) ( ) (i)

(1) 4

n,j’ n]*’w”’pn]

denote Xn,js Au, /\n/]«, iy, Rn,j, Un,j, Xp,j ks Wny Pn,js QS defined in section 2, corresponding to uﬁ, ), i= 1 2, respectively.

Our first result is an estimate about \/\1(11]«) - /\512]«)\ and Hﬁ,(}) — P [ oo (a)-

Lemma3.1. (i) |2} —A)| =0 < . > forall1<j<m.

(ii) there exists a constant ¢ > 1 such that:

/\('

1 1 2 2 / n
L - AZ 40T e

_v

2
) < ik = a2 oy < A = AT+ O Ae ).
Proof. (i) In view of (2.8) and (2.9), we see that, for x € Bo(q ), it holds,

i (@) - 1P @) =@ - u @+ 6 ?) - i)+l @) -1 @)

; YY)
= U ) ~ U@ + G () — G () + O(L (A% ™).

By the definition of U}Si;, we find,

nh X(2'> (2)
1+ 25l — o) )

u) (x) - u) (x) = 2log

nj nj D)y L) i
(1+ %e?\n,j |x — L(gj?,*‘z)
while, by (2.7) and (2.14), we also have,
2 (i) 2 (i)
1 2 -l 1 2 - .
|g,(w.) — 1;(1,].)\ = O(; A,(qu.e nj), and \g;(q,j),* - 1;(1,].),*\ = 0(1—21 A,(qu.e ni) forany 1 <j<m.

At this point we conclude the proof of Lemma 3.1 by considering two distinct cases:
Case 1. £(q) # 0: From (2.17) we have,

(1)~ (2),~23)
2 et W 2 Agqje 2@
= ?b —— l@) + 0 ) = ’(Z) oo @) + 0,
h%(x, 1)e i(G1) h%(x,7)e iGen)
1@,
that is, dividing by £ nl -¢(q), and in view of (3.3)
hZ(anl))eGT(xn 1
1)
Ml 0 o [
A2 P LON
n,1 =141

which in turn implies that,

)
A 2 1 CI |
A ARl 41l —jog (140 _|]=0 _ .
Ao A2 1:21 Al 1:21 Al

3.1)

(3.2)

(3.3)

(3.4)

(3.5)
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A AD_,@

. nj nji i (1) (2) : :
Since, for some 6 € (0,1), we have log W{) = m = o(/\n/ i~ )tn’ j ), then (3.5) implies that,

2 1
A = A3 =0 (Z (i)). (3.6)
n,1

As a consequence, by using also (2.11), we conclude that

21 :
A —al =0 (Z i forall 1< j<m, 3.7)

i=1 /\n/)l

whenever /(q) # 0, as claimed.
Case 2. /(q) = 0and D(q) # 0: In view of (1.8), we have,

e _ )

hz(ql)ecf(ql)n—m

i=1
and then the same argument used in Case 1 above shows that if /(q) = 0 and D(q) # 0, then (3.7) holds as well.
(ii) Next, in view of (3.3) and (3.7), we see that,

( (q) +O( 5") i 2= 3N +O(i(e*(”%>%), (3.8)

2), A% 2 1), A
n(xi et x — x 2P = n(al))e e — 1Y) P2
A 1 1 2 1 2 2
=m~w%z_ﬂméﬁ—éﬁwwm*_mf+x x) POAL) = A+ 1) - ”m}
which, together with (3.2), (3.3), allows us to conclude that,
(1) _ ( () -
1 2 1 2 ) _lnj
I, = Un,j)||L°°(35(g],)) =0(1) \/\n,l) — /\n,1)‘ + .Zi)‘"lrfe I (3.9)
=
From (3.1), (3.3), and (3.9), we finally obtain that,
2 . Afj}
|7t — a,@”mgé(q})) =0(1) [ A = AA [+ Y Ae = | foral 1<) <m. (3.10)
E i=1

Next we estimate ﬁ,(ql) - ﬁ,(qz) in M\ U}”:1 Uj'(q;)- By the Green’s representation formula, we see that, for x €

M\ UL, Uy'(q;), it holds,

_(2)
i (x) — i) (x) - / () — a?)du = pu / (y,x ) ) dp(y)
il ')
= pn Z/M 0. (G(y,x) = Gl x))h(y) (™ W) — ™ W)dp(y)
=1 LI% (xn])
m
(1) i) a2
# LG [y, PO =)
4
T o Gy, x)h(y) (€™ ©) — & ) dp(y)
M\U"’ LIM( 5}1/]))
In view of (2.15) and (2.10), we find that, for x € M\ U]-:1 5 (q] ,
. g — 2 )
D) -1l - [ @) - )y = 9y Jas s, (G ) = G ) ) — e ()
= Ju )
4
(3.11)
+ . G(x(l) x)( (1) (2) 0 3 */\ni)l
n,j’ pn] pn,])+ (Ze ')‘
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We also have, from (2.16), (3.3), and (3.7),
1) _ (2 _ _ lérm (1)

—A
P =P = o A ToBh () o = 2K ) A e
pnh(x, )
B ) 2 _ (i) 2 _ ()
zj<6 ! o st () +pn = 2K( ) }A e +O( e ) = O(h e ).
Pn i=1 i=1

By using (3.11), (3.12), and (2.9), we have, for x € M\ u;?;luy(qj),

1) - 1 ()~ [ (@) - 2

j=17Bs (X i=1 (1 4¢ n]|y _1(1; 22 i—1 i=1
Therefore, we see from (2.12), (3.3), and (3.6) that,

forx € M\ U]'«”Zl Uj'(q;)- Clearly (3.15) and (3.10) prove (ii), and so the proof of Lemma 3.1 is completed.

Let us define,

cn(x) =

i) (x) — a7 (x)
Clearly {, satisfies,
Amn + fr (x) = Duln + pnh(x)cn(x)Cn(x) =0, x € M.

Finally, let us define 5,1 to be the local coordinate expression of ¢, for x € B(;(g,(qu)) and,

A(1> A
Cnj(z) =Cn | € ? Z—i—x(l) , |z| < de " for 1 <j<m.

Our next result is about the limit of ,, ;.
Lemma 3.2. There exists constants bj, b; 1, and bj » such that,
Zn,j(z) = bjopjo(z) + bjaia(z) + bioia(z) in C)(R?),

where
1 — momh( j)\z|2 ﬂmh(q]) ﬂmh(ﬂ )22

q
40 = T3 e e 1) = T ot Vo 12 = T i Yo

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Proof. By Lemma 3.1 and (2.8), we have, for x € B; (L(qu))f

Y 2 (1) (1) * ()= G (2D 2
enx) = '@ (14 0(% %) _ M) @ @46 ) -G () [ 4 +o(y. Li)) . (3.18)
i=1 A, i=1 A,
/] /]
Then, in view of (2.9) and (2.7), we see that (3.18) implies that,
A
D) G*(67#2+x(]))76?‘(x(1?) 2
O] M (1) e Snj S 1 1 0 32
nj 2 L) = 1 (@) — C R7).
¢ el ) o) 7 TR mEmmg R O
(1+ 225 2 4 O )2 "
(3.19)
Since |, ;| < 1, and in view of (3.17) and (3.19), we also find, ,,;(z) — {;(z) in CIOOC( 2), where,
87tmh(q]) ,
A 0 in R%, |Z;] <1.
g + (1+7Tmh( )‘Z|2)2€]( ) n |€]‘ —
By [2, Proposition 1], {j = bj ;0 + bj1¢;,1 + bj24;» which proves Lemma 3.2. O
Next, let us set,
, 1
hy(x) = h(x)e*®), x € By(x())).
For any subset A C M, we denote by,
1 if xeA,
1A(x)_{ 0 if x¢ A,
while, for any r > 0, we also denote by,
A, = rei)\gll/]')/z
i ’ (3.20)
n AW o
An]r =vre i’
Next we prove an estimate which will be needed in section 4.
Lemma 3.3.
O3 0y 2 bj 48 |z|?
= =1 U= )y fonh(g) TRE LTI (3.21)

1

Nl—=

)
+o(e"2M) in C( (M\ UL Uy (x (1)))
) . 9G(y,x)
where 0 > 0 is a suitable small constant, ath(y, x) = 5 Y= (yl,yz), and,
Y, 7\ y, L s

Moreover, there is a constant C > 0, which do not depend by R > 0, which satisfies,

Z E‘i) 1U2 o(x(l?)(x)
<C e~ 7 10 7ny +1 (1) (X) , (322)
(IT(x) = Ty M\l

/ Cndp — Z A”]G

1 L .
forx € M\ U]’-”:lll Ak (x;(w‘))’ where rq is fixed as in (2.3).
Proof. By the Green representation formula we find that,

— [ tadn = [ Gw.x)fw)du(y)

(3.23)
- Z A4 Gy, x) + Z [, (G = G100 fi () any).
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For x € M\ U]'«”Zl uy' (JC,Sl ]-)), let x = T(x) denote any suitable local isothermal coordinate system. Then we see from
(2.9), (2.10), and (3.3) that,

[, (Cx) = GO N fiwdr) = [ < 2G| oy =) > fiw)Edy

) “n,j =n,j

ly — )P

A
ey
j 1) —AW
- /B,<x“?> <36y _ )Y — x> fr(y)etidy + O(A e ),
x,] y

for a suitable » > 0. Next, by Lemma 3.1 we find that,

at _ )
e e —e (110 L) ). (3.25)
(S ~(1) _ ( )H /\(1)
L*(M) n,j
A
Anj

2, and using (2.9), (3.3), then after scaling we see that, for x € M\ U}”:1 Ug/’(x,(:].)), it

At this point, setting 6, = e~

holds,
J, o, <AC@D| oy =2 > fi)Pay
Y(ZEW')) 7_171,/'
(1) * (1)

=& [ <Gy x)| 12> puhj(duz+xi))e U Gzt 146 2 ) =Gl 714 0((A) 1))z

BA;]. . (O) Z—Kn,]'

<0Gy x)| 7> palt(x)))ns(2)
y=x,;

:(SH/B o *h( (]’)/) dz + 0(dy).

Al (14 252 1+ 0(5,)2)?

In view of Lemma 3.2, we see that, for x € M\ U]f”zlllg‘(x,(:j)), x = T(x), it holds,

(1) * 2¢;
/Bru ) < a%G(W)Lf oY =Xy > fa(x)eidy

J
A ‘Z|2 )‘,(41

dz+4o(e”
h=1 = \/p h(x /]Rz (14 z[2)? (

From (3.23)-(3.26), we see that the estimate (3.21) holds in C°(M \ U’«’i o (x, (1 ))) The proof of the fact that (3.21)

holds in C'(M \ U’” LU (x ( ]))) is similar and we skip it here to avoid repetitions.
From (3.25), (2. 10), (2 9), and a suitable scaling, we see that there exist C > 0, independent of R > 0, such that, for

x € Boyy (21 BA;]_/R(L(}])) x =T, }(x), it holds,

(3.26)

N|\
<

).

j=1
- (M) Ly e Al
<[ L [ (G — G x) S w)duy)| + O )
]':1 USFO(XH,]')
| 1 |x — n] i 29, ly - 1(1')|€)\'(’]’j -0
SZ}ZTL’/ log x—yl =y W (p,dﬂ+o(/ (1) dy)+O(e ")
=1 Bsy, ( ) B

3*0(—n/) (l+e/\n1|y £ 2)2

1’!]*
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) - (1)
m ‘log\x—x /| —log|x 2z _n]\‘ by
< O(1 / dz e
LOo0(fy TR ) roeE)
n,j,3r0
RO A
[tog(e 5 [x —x)))| + tog le ¥ (x— x') )| )
<0O(1 /
O o (7 PP
\lfln,jz\f S‘Z\gzgf;ffﬂg#
A0)
n, 1)
m e 2/ |Z‘ )\n]
+Yy 001) / dz) + 0(e %)
]; ( B/\;/3 (0) |x—x( ‘(1+ |Z‘ ) )
e_A(nT/j A . A(;/)
nj
<o()(——7) +O(1)(log|sz|’2‘ y) +0(e )< (=47 )- (3.27)
|x x(l)| M |x—x(1.)|
L%, jzl=3lx—x{)e 2" =
By (3.23), (3.25), (2.9), and (2.10), we also see that, for x € M\ U UZ, (x, (1 )) it holds,
(1) A )
(1) UL |z —n,j e 7/\7[1) - 7/\n,1
/ Cndp — ZA G, =0 Z/B (1) O m dy | +O(e "1) =0(e”2")
j=1"Pro\&y,j (1 + e ‘z _ &n,j,*|2)2
(3.28)
By (3.27) and (3.28) we obtain (3.22), which concludes the proof of Lemma 3.3. O

From now on, to simplify the notations, we will set
(1) RO

fz)=fle 2 z+a)), |z| <o

Our next aim is to obtain a detailed description of the asymptotic behavior of {, on U37(g;) and on M \ UL, Ug' (q)

for a suitable small ¢ > 0. This task has been already worked out in [47] for the Chern-Simons-Higgs equation and we
will follow that approach here. However, as mentioned in the introduction, our case is in some respect more involved,

1 _

difficulty, we have to use the Green representation formula and carry out a rather delicate set of estimates.

~.=

for any function f : Bs (L(ql])) — R.

since if [A, 1(12]«)\ is not asymptotically small enough, then the argument in [47] does not work. To overcome this

Lemma 3.4. There is a constant by, such that b;o = bo for j =1, - -, m. Moreover, for any ¢ > 0 small enough, we have,
Gn(x) = =bo +0(1) forany x € M\ UL U (q7).

Proof. Let us recall that,

AMgn + pnhcngn = AMgn + pnh(x) €ﬁ£‘1)(x) — €ﬁ£‘2)(x) =0 in M.
& — a2
"~ llL=(m)

By (2.10) and Lemma 3.1, we have ¢, — 0in Coc (M \ {q1 - - - G })-
Since [|Cnlro(ar) < 1, we see that  — {o in Cioc(M \ {q1,- - ,qm}), where,

AmGo=0 in M\{q1- - qm} (3.29)

Moreover, since ||Cx/1~(a) < 1, then we have |[{ol| ~(p) < 1. Therefore g is smooth near g;,i = 1,--- ,m, and we
can extend (3.29) to M. Then (¢ = —by in M, where by is a constant and in particular we find,

Cn — —bg in Cioe(M\ {q1---qm})- (3.30)

At this point, we consider the following two cases separately:

1 2
Case 1. ‘/\r(q,j) _/\r(q,j)‘ <o <ﬁ>
nj

In this situation, we can follow the argument adopted in [47]. We sketch the proof here for readers convenience.
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on ) A
1—6n n]
£ (_"/ Jlxz _”’ AP NG and let us fix d € (0,6). Then, in view of (2.7), we find,

(1)
l+p"h(7nj)\x |2€ nj

U g, W N
/BBd(x (l’bn] oV o g” ) U= /éd(iilrj)) (l/)n,]Agn gﬂAl)bn,]) dx

) @)
_ et —e™ MO
= Bd(gﬁ,/j)){ Pngrﬂ/]n] j (W) +Pn€nlpn] ]( )e g (

A(1,>
xm)pngnlpn,j{ e (o) — afP) + hGal e (14 0(e” ))}dz
_,,,/]'

Letx = Tj(x) € Bs(x,), ¥ j(x) =

i
1)

1)

) 14 Bh(x (1 ))\x 1,(11].)*|2e)\"r/' 2}
; 1 1),9 AL

1+ %h(gﬁ})@ _L(w?\ze n

M, M) mx (1)
=y (1>)Pn§n1/’n'f{ heun]wnHG WCm)a - o(a - )‘))+h( | ))ff o (1+0(e”
dln,]'

Therefore, by a suitable scaling and by using (2.9), we see that,

RO N

W, —, v —,,0(1 e*%’j z| + i _ 52 .
/ (lpn] ag —Cn ]) do / Pngn(Z) an,j(Z) ( )( | ‘ ‘ ;Z n ‘ )dz
e ’ P P L o () )
" (14— 7 (2 — 1))

|z+e

1)
/\n,j

/BB( <l[)n]av 0 > (r—o(w). (3.31)

n,j

In view of Lemma 3.1(ii) and since we are concerned with the case |)t,(11]-) | <o ( ) then we obtain,

Let g;;,j(r) = 02” Cn(r,0)d0, wherer = |x — x;(sj) |. Then (3.31) yields,

/()
() =—"15 e (a

(G ) (M), (r) = G5 () i (r

For any R > 0 large enough and for any r € (A;j R?

Y )
n,j e n,
lpn’]()_—l-i-O( ) ) lpn]() ( 73 )

o
m,j vl —
(&) () = —H=+0 (e > ) forall 7€ (A, 0). (3:32)

n]R"S}

), we also obtain that,

and so we conclude that,

Integrating (3.32), we obtain,

Cni(r) = G (A ) +0(1) + o (1))R+O(R_2) forall 7€ (A, 0). (333)
”]
By using Lemma 3.2, we find,
g;i’;,](A;,],R) = —27Tb]‘,0 + OR(l) + On(l),
where limg_, 1 0r(1) = 0 and limy,—; 1« 0, (1) = 0 and then (3.33) shows that,

Cnj(r) = =27mbjo + 0r(1) +04(1)(1+ O(R)), forall re€ (A;/]«/R,(S), (3.34)
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where lim;,_; 40 0, (1) = 0. In view of (3.30), we see that,

gn] 27Tb0+0n( ) in Cloc(M\{%"'qm})/

which implies that b; g = by for j =1, - - - , m, whenever \/\(1,) \ =o | - |, as claimed.
J# n,j /\( )
nj
Case 2. C)i(” < |A,(11]? - /\512]«)\ < A(C1> for some constant C > 1: In this case, the argument in [47] as outlined above does
n,j n,j

not yield the desired result. Indeed, since |)\,(11]) — /\;(12])| is “not small enough”, then 52,,-( r)— Z]( A;,j,R) is not as small
as we would need, see (3.33). So we adopt a different approach based on the Green representation formula.
Fixd € (0,4), and letA R < xg — x \ < |x — (1]-)\ < d, then,

7(D

e (1) _ ot (y)
Gn(x1) = Cn(x2) = pn /M(G(xl,y) =Gl y)h(y) | —q du(y)

— ) Il oo ()

(3.35)
1 i/ |2, — Y| Wy [ 1—em’ -
=5 log ——=pnh;(y)e™ = dy + O(|x; — x,]).
2m j=1 Bzd(xn, X — ‘ TS Hﬁ£11) - ﬁi(qz)HL“’(M) -
A0
By the usual scaling, y= onz + x( ), where §, = e~ 7 , we see that,
ol (1ee
24(%,,7) [ — 1y HL“’(M)
(1) i @0
Xo — X —0pz| _ - 1) iy — iy
= / log 2(—p h.(z)eul(ﬁl)(z)e_Anrj N(i) eN(Z) dZ (336)
By f @ X —x,, 7 — dnzl 0" — 1 || oo ()
1xfx(.)—z _ . (1) _ PV
_/ 1(_2 _’(1{])) |Pnhj(2)e“n])(z)e”"ff (1 - 7@ dz.
ZAJM no (X1 —x,7) — 2 Hﬁn Iy || ()
Fix a € (0,1). We will use the following inequality (see [20, Theorem 4.1]): let ¢ : R?> — R satisfies [ g%(1+
R2
|z|)2+*dz < +oc0. Then there exists a constant ¢ > 0, independent of x € IR? \ By(0) and g, such that,
‘/1122 (log |x — z| — log|x[)g(2)dz| < c|x| % (log x| + 1) g(z) (1 + |2))"* 2 | 2 e)- (3.37)
In view of (3.36) and (3.37), we find that,
|2 — | 0 1— e -
lo = ouhi(y)e™ W d
/st(xn{}) 1 —z\p” iw N2l — a2 | o) !
Tlx — % 2 4 57Ny —xy 5 _ - ) _ P
= log 71 = '(11])| +3 (-1)'log o X n]()l) | Pnhj(Z)e””])(z)ei/\”J &) ¢ @ dz
s 0) -2 S 621 (s — x) 120 = 2@ 1o

[ — iy HL°°(M

‘xZ Ly, — T]) _)\(]) 1— g@_w
:logij/ puhi(z)e™ (e~ ni dz
x f&fﬁ}\ By @7 2D 2P e

(3.38)
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From (2.7)-(2.9), we also see that,

7(2) (1)
— Wy —AW 1—eltn ~tn
/ pnhj(z)e (2)g~Anj OB dz
B (0) [ — iy HL"“ M)

ZAI],,d
( * * ) _—
/ Pnhj(5n2+£,(1,])) M) +G; (Gnzt2,)) =G (1)) 1 — ot —af) ;
= v4
B, + (0) h( 1)) /\El].) Hu”( ( H o
2AT. enh(X, nj 1 1 Lo (M
(1 e (o) () e N

y puh(x, )(1+o<5n)+0(5n|z))( 1— e it )d
B
)

(1) _(1 _
ZA,,*M(O) (1.,.%‘42)2 Hun — Uy HLw(M
S(1)__(2))2
ﬂn1>_ﬁ£12)_(un —ily ') a
NG s +O(H”( ) ”n H2 ))
( ) i, —i; HL°°(M)
—/ x,7) : dz + O(6,).

2/\+ n] Pnh(zi,)) 22

(1 -+ ) 2y

On the other side, from (2.8) and (2.9), we find that,

1) — 1P () = UD ) - U@ @) + 6 ) - 6 ) + 1V @) - 1P )

]
pah(x) 2@ 2 p
(1+ === x — x5 %) Y0
S (T S “nirl o (A2 A"/f>,
n,j /] pnh(zn ) AW (1) n,j
(1+7je n/‘z n]*|2)
which in turn implies that
puh(xe) A2 1M _ @
1+ et |6z + x X .*\2 R
ﬁnl)(z) 7ﬁ1(12)(z) ) /\(2)+210g " nj ., +0 ()\(1.))2 Anj
vy pu(2)) 2 EONNEY "
1+ 2wl |5 z+x, Kn,j,*‘z
By (2.7) and (3.3), we also see that,
o) A2 (1 ) 2 pah(xl)) 3@ _; () A
1+ —" e ”J|5Z+x X *| 14 B A=A | 412
21o ( n] :210g< 8 el 2 )—l—O( A0 77)
puh(x)) A1) (1) o) puh(x)
1+ —" e "/|5z+x n]*|2 14+ —5"|z)?
Pnh(ZE,,j ‘ |2 Pnh(lsj))‘ |2 . @ )
— 2 1 —5 1 2 -
- (—() JAZ —alh+ o AL = A2+ oAl = AZR) + O(Al e
pnh(,n, 122 pnlt(x

1+ (1+ 22 22

which, together with (3.40), allows us to conclude that,

1D NG p"h(’wl\2 AL 4@y A y

_ ) puh(x(l) 2 )

= ()~ )+ s —— (] = A0 Ol - A + O,
1o ) e 1+ 2 oy

(3.39)

(3.40)

(1
n

7 ),

~.=

A
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and thus,

i (3.41)

p”h(i(]j)) 2 puh(x

771’ 1 _ 7]4} | !

" i(xm'f — zjxm)' B )()‘(1‘) A oMY —AZP) + o e ).
(1+ 52 222 201+ 2gijzf2)?

From (3.39)-(3.41), we deduce that,

2)_ ;M

— ) (1) — ﬁn —Uy
J pulj(2)e™ Cle M ( (1) — )dz
Bz/\+ (0) Hﬁn — iy HL"“(M)
1)
B puh(xi)) { oMo e (Al AR
- 1) (1 ) - ~
By (1 ) g Uy o) o 2 — 2 sy
puh ) puh(x))) (AL 22 (3.42)
A N N R v R
puh(x1)) puh(x\Y)) Hﬁ(l) _ ’1(2)”
1+ 2Rl 21+ gz = Bl
1)
A
|)t(1) A(2)|3+/\ ) —TJ }‘E«I;
o(——"— ) +0(e =) + ol = 17 3 -
H”n — Uy HL‘X’(M)
At this point we note that, for any fixed ¢ > 0, it holds,
8 1—z|? 87t?
= 3.43
o R (Te) & = e G4
8 |z|? (1—|z[2)? 47t (2 —1)
— dz = ——5—=. 3.44
/Bt(>(1+\2|2)2((1+\2|2)2 2(1+\Z|2)2) SR G4y
SmceA = de , then (3.42)-(3.44) imply that,
- 72 4(1)
— ~ (1) — pln —Up
/ pulij(z)e™ e ( (i) — )dz
BZA+j,d(0) Hﬁn — 1y HL""(M)
A
(/\(1)7)\2))6 )\n] ‘/\(l) ‘3+)\ ) — n]
—0(——H——) +o(-* )+ 0 £ 4 oaf) - a2 ()-

Il zoo (M) |l — af? HL°°(M)

At this point, from Lemma 3.1 and our assumption 1(1) < |A(1? (2)| <

) we can find a constant ¢y > 1 such

n,j Vl,j
that,
(1) (2)
1 AT — A . ; CoC
- < L n < Hu}(ql) . uglz)HLw(M) < CO‘/\,(q A(Z)‘ < (()l)' (3.45)
CoCAy; € A
By (3.45), we obtain,
— (1) _)\(1) 1 — e@_ﬁ 1
/ pnhj(z)e" (2)e™"nj ( @D @ )dz = O(W)' (3.46)
Bz/\:]d(o) " — iy |1 L*(M) /\n,]‘
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As a consequence, for A R <X — x \ < |x, — (%].)| < d, and by using (3.35)-(3.38) and (3.46), we find that,
)0

=2 = a0y a0 1—efn —n
&1(&1) *gn(iz) :logﬁ /};;2 . © pnh]‘(Z)e“n (Z)g nj | g > ) dz

a5 — 1P| oo (m
O RO (3.47)

A
Finally, by fixing a small constant r € (0,d), and putting |x; — xfllj)| = Re~ 2" and |y — x \ = r, then Lemma 3.2
and (3.30) imply that,
Cn(x1) = =bjo +0r(1) +0x(1), Tul(xp) = —bo+o0n(1), (3.48)

where limg_, ;o 0r(1) = 0 and lim,,—, 4o 0,(1) = 0. As a consequence, since R > 0 and r > 0 are arbitrary, we see
that (3.47)-(3.48) imply b; o = bp for j =1, - ,m, in Case 2 as well. This fact concludes the proof of Lemma 3.4. [

4. ESTIMATES VIA POHOZAEV TYPE IDENTITIES

From now on, for a given function f(y, x), we shall use d and D to denote the partial derivatives with respect to
y and x respectively. With a small abuse of notation, for a function f(x) we will use both V and D to denote its
gradient.

Forj=1,---,m,let

0nj() = DR, = RO D) + S5 (G x,) = Gl x,)) @)
" %
o)) = (1) = du), i=1,2 )

Recall the definition of {, given before (3.16). Our aim is to show that all b;; = 0, see Lemma 3.2. We will start by
showing that b; o = 0. This is done by exploiting the following Pohozaev identity to derive a subtle estimate for (.

Lemma 4.1 ([47]). For any fixed r € (0,6), it holds,

1 (1) o) 4 5@
2 Jop, s 1)r<Dv +Dv D§n>da /83,(x(1,?)r<v'D( +0, ) ><v,D{, >do
= / rpnt; () (evf«l,]')Jr‘/’"rf — eUEIZJ) Tn, Ydo
Wy 1,1 (2) 4.3)
an,]' ’Un,]' HLW(M)

M @)
pulj () (%1 T — e T
— /7( (]))

M _ @

(2+ < D(logh; +47n,j)/£_l(1‘) >)dx.
13, = Vs L)

1,]

Proof. The identity (4.3) has been first obtained in [47]. We prove it for reader’s convenience. First of all, we observe
that in local coordinates it holds,

(AEY - oEYHY @ +00) - (x— 2+ {8 + 0P HV (@)) =02 - (x— x{)}
— div {V(U;}} — o)Vl +ol)) - (x— gg;)}} +div {V(qu,} + vfw?) [V(U,g}} —o) (x— gfj]?)}} (4.4)
—div {[V(ol) o) Vo) + o)) (x - x!)}

By the definition of v( i) , we also see that, for x € B,(x (1])),

a0 i@ 7 i@
Bl — o)+ pal() (€™ — ™) =0, and A(oll) + o) + pul(x) (™ +e™) = 0.



UNIQUENESS FOR BUBBLING SOLUTIONS OF MEAN FIELD EQUATION 17

and then we find that,

(Al = o DHV @) + o) - D} + (8] + o2 HV (] = o) - (- x()

_ 7pn(evn,j+¢n,]'+loghj anr(panrlogh ){V( ) + v( )) (x . x(l))}

Ln,j

o) (x— )}

n,j =n,j

_ pn(ev;(«l,j) tntloghy | evnr/' njtlogh ){V(vn -) —
Dty Hlog 1 1 )+ ¢ jHloghj 2 1 )
= —2pue ,,] ¢ j+log /{v ( ) (1_551,]'))} +2pnevn/] ¢ jtlog /{vvi,j) : (E_E,(q,]'))}

(2)
. '+, i+logh; ¢y, i+logh; 1
= —div <2pn(evn,j Pn,jtloghi evn,] $n,jtlog ])(l — Efl,]))>

(O] ) ) ) ) . (1) ) ) (2) . .
+ 4Pn (ev”'f +¢p+logh; EU”J +¢n,]+10ghj) + an(evn'j +¢p jHlogh; eU”'f +¢n,j+logh]){v(¢n’j n log hj) ) (& B L(qu))}'
n_,2

Clearly, since ; = H(])vn](iz)l\’”/ then (4.4), (4.5) yield (4.3), as claimed. O
Un,j 72}”/]- L°°(M)

Next we estimate both sides of (4.3). Recall the definition of A, ; given in Lemma 3.3.
Lemma 4.2.
AN G;(a;)
256bge“n1h(g;)e” / e dp(x)+o(e”
pu(h(g1))2e ) Jm\up )

for fixed r € (0, rg) with rq as defined in (2.3).

m A
LHS of (4.3) = — 44, j— Z |Appl) +o(e ).

Proof. Next, let us denote by,

Clx) =t ZG (xal)), (4.6)

so that, for x € By, (x ) \ {xn] }, we have,

B x—xtM
V(C(x) ~ ujlx) = — 5= 7(5'2 47)

2mm \x—x

In view of (2.19), (2.16), and (2.17), we conclude that,
RO
)

M i
o(e= ") = Vo = Vi <v + P - Z fLGx, x”) +O(je ™) in MU (x,)),

where § < ﬁ. Therefore we find that,

A
Voll) = V(G = guy) +ole H) in ULy Bag (1) \ Bralal). “8)

n,J n,l
As a consequence, letting v be the exterior unit normal, then (4.8) together with (4.7) and (2.17), imply that,
LHS of (4.3) = / o 7 < D(C ~ ), DTy > do — 2/ o 7 <V, D(C ~ ¢n)) >< v,Diy > do
aBr(zM ) aB,(;M )
y

(

/\
]

A (4.9)

- Pr oy Dgy > do+o(e 2| Dy

3B, (x ]>) 27Tm L (9B, ( >)))

)

= 4 <v,DZ, >do+o(e s Dl

aBr( (])) L aB (X )))
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1

By (4.9) and Lemma 3.3, we also see that,
/\

LHSof(4.3):/a Ly <D > do ol
By
]

m

SN Aw)- (4.10)
=1
(

To estimate the right hand side of (4.10), we need a refined estimate about ¢, on 9B; (gnll)) So, by the Green represen-

tation formula with x € oU,"(x,, (1 )) we find that (see (3.23)),

— [ tadn = [ Gw.x)fw)du(y)
(1) m 2 1 2 . )
N Z AniGlx nis* ; ; nlhT ¢ }’G(zll)‘yzlilz) i 2 Z ;:1 CotniTs aZthG(z’z)‘yzlg,ll)

I=1

3

| ¥ f5()dn(y), where

M,

+
™=

1

Il
-

1
LI'rn,l(ylx) = G(y,x) - G(xn,ll - Yo\Lr = y:x(l

1 (1
- T* ! (E < aﬁc(%i) )(Z*K,(,sl))lzfﬁsl) > 1Br0(x 1]))(%)) . (411)
! n,

At this point, let us fix 0 < § < . By using Lemma 3.1 and Lemma 3.4, we find that

§ (1) 3 (1)
fa () = puhe™ (Guly) + O(Ia" = 32 [[1(a))) = puhe™ ) (b +0(1)), (4.12)
foranyy € M;\ LI— (x, (1 )) and, in view of (2.18) and (2.19),
m A
- ZP,(:Z)G (1)) - / ﬁ,(ql)d‘u =o(e” 2! ) for y € M;\ Ug”(x,(:j)). (4.13)
1=1
By (4.12)-(4.13), (2.12), and (2.16), we conclude that,
m (1) (1) ~(1)
fi () =pnheﬂzlchwnz”m ¥ (—by + 0(1))
A pul(3 n ] ()
L el 57l ) (—by +0(1)) (4.14)
64e M)
e "mi x
= m i) (—by +0(1)) for y € M;\ UM (x})),
where X, = (Y1, %52, ) and, @;(y, x,) = LIty 87G (v, x)) — G7 (x\])) + log h(y) — logh(x\!).
On the other hand, by (2.9), we have, for y € Ug’ (x;(q,j)),
N A 0
. el ~ ~ e e nj
fi) = pahe™ (@n(y) +O(1 & [l1m(a))) = O =0l =] @
L+ fy— 5Py v -,
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Next, by (4.11), we have for y € UZ'(x, a )) and x € QUM (x (%])),

ly—x, P y—xP
\Iin (y, X) =0 ; , and (VM)X‘Yn (yl x) =0 7 . (416)
b x— (1}| 2 |x—x(1«)\4
= —n,] = 1,

Let us define,

En(x) /M d]l'i‘ZAan nl’ +ZZBnlhT (a G(]// )‘ (1]))

=1
) 4.17)

m
; Y. CoinaTi <a§hsz(z/£)‘ “f) ,

k=1

Nl'—‘

so that, by (4.14)-(4.16), we conclude that, for x € oU} (x,(:].)), it holds,

X fi(y)d / ) fi(y)d
Gn(x) Z(/M\UM( ) w1 (Y, %) f (y)du(y) + Y1 (y, %) fi (y) u(y)>
b i/ 646%]1)‘{}”1@ *) @iy g O Z y— )P e ni 2o d ( ,M)
=~bo o) mdply)+ / ) y|+ole ™) (418
= MU () ouh(x)) (&) ‘x (1’])|3 ly— x4 (4.18)
by / 640,01 (1,2) 0,4 Jdu(y) +0 G to(e ™) in UM (x1))
= —by " : e WXl dy(y _ o(e ") in r (X, 7))
S D () x—xp !
At this point, let us set,
= by Z / e Fu0:0) o000 gy ) (4.19)
M\UM( puh(x\))

and then substitute (4.18) into (4.10), to obtain,

7 -A
_ L ge . Y0
LHSof(4.3):/aB( (1))4<1/,D(Gn+€:,)( x) > do(x) +o(e” 2 ZAH,Z)+O( er3 )+0(e Mui),  (4.20)

r Zn,j =1

for any 6 € (0, %). To estimate the right hand side of (4.20), we note that for any pair of (smooth enough) functions u
and v, it holds,

Au{Vv- (x—x )}+A0{Vu (x—gf}})}

1) 1) 1) (4.21)
= div (Vu(Vv (x—x, ))—l—Vv(Vu (x —x, ])) Vu-Vo(x —x, ]))
In view of (4.17) and (2.2), we also see that, for any fixed 6 € (0, 1),
h(ef"(fl) — ef"(fz))
AG” Z Anl - / fn - p?(ll) 2) du =0 for x eui{w(xillj)) \ ugl(xillj))/ (4.22)
! — af e

Il 2o ()

and, moreover, by using (4.6) and (4.1), we have,

A(G = ) (x) =0 for x €B,(x!)) \ By(x}). (4.23)
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By using (4.21)-(4.23) and (4.7), we conclude that,

B _ ~ (1)
- /Br@il,})\Be@ilb [Acn{wc—%,]) (x— 2D} + AG — ¢,){ VG- <x—zn,j>}]dz

- G—np) (x—x.
/a[m \Bo(x(1)] [ gy (V(C =) (2= x,)))

(G - ¢n,j)
+ ov (
On oG,

- . 7

27tm Ja[B, (x}}))\By(x\))] OV

VG- (x _Z(z‘))) ~ VG, V(G- Pnj) < X — x(l.),v >

and thus,

G 9G,,
9n 19d _ / 9Gn 14 '
/a&(zf«l,}) v (x)do(z) aBQ(ij]?) ov (2)do(x)

At this point, let us denote by 0y(1) any quantity which converges to 0 as § — 0", and then observe that,

e
4 (el <v, ZA 1DxG(x, |, x) > do(x)

1,j

<v, DzG(L(q «),g) > do(x) +0y(1) = —4A,, +04(1).

= 4A, .

)

Bﬂ(xn]

By setting z = x — x( ) and since, D; iDy(log |z]) = 5”"2‘;%, then we find that,

2 |z|* — 2z;z
<v,Dy0y (logly —x ‘ > do / (u)daz =0.
Doyt <Py Q0gly =], > o)== [ 332 (5 (2)
2,
We observe that, if h = k then, D;(log|z|) = |§—|"2, D;D?,(log|z|) = 7‘22% - 4‘|Zé’|4l” + Sﬁ?, and thus,
02 2 4z
<v lo > do / — — ) do(z)=0.
Bagatty <oz 8 =g o 4@ = [ <z|3 z|5> &)
If h # k, then, D;D? (log |z|) = — (Zhékiﬁz"‘sh") + 8széz”,which implies that,
1\ 108 2] ] p

82 1 4Zth 8Zth
<v,D ] > do(x) = / ( _ > do(z) = 0.
/aseu,i{}) gy, BTy -4 ‘z—z,(f} = fopo \ P~ TP ) 9

From (4.24)-(4.28), we conclude that,

4/837(3&)) <, D,G(x) > do(x) = —4A,; + 05(1).

Next we estimate the other term in (4.20), that is 4 faB )
r —n,j

Clearly we have,
Dy¥,(y,x) = DE{G(g, x) — G(xfﬁ},x)f <9,G(y, x) . ay¥ = 5:(11,]') > 1Br0(x<1))(g)

.M (M
zn,j),z x> 1

o]
S
Py
\_//_\
NS
S~—
—

2 =Y ‘y NON
a

)) with 6 < 9 then we find that,

Iy e M\ U (x)), y = Tu(y) and x € 9By (x!)

C
|DxG(y,x)| < —= for some constant C >0,

Vo

(4.24)

(4.25)

(4.26)

4.27)

(4.28)

(4.29)

< v, Dy (x) > do(x), where (;, is defined in (4.19).

(4.30)
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which implies f < v, DxG(z, x) > dx = 04(1). Thus (4.26), (4.27), and (4.28), (4.30) imply that,
‘ _ (1)
4/339(9:,(1]?) < v Dty x) > dx =~ 9By (x,)) < v DGl x) > dx
—4 <1v,Dy < 9,G(y,x , —x()>1 > dx
gy <P <GBy nost ¥ (431)
_ 2 (1) (1)
2 Josaiay < VP = S @ mDy x>, )y > dx+on(l)

=4+0y(1) for y e M;\Ug'(x, " )) y=Ta(y) and K6839(&1(1/]‘))'

At this point, let us observe that —A¥,,;(y,x) = d, for x € B,(gsj)) \ By (1;(11])) and let us choose u(x) = ¥,,;(y, x)
and v(x) = G(x ) ¢p,j(x) in (4.21). Then we consider the following three cases:
(i) Ify € B, ( n ) \ Bg(x, ])) then, from (4.31) and (4.21), we obtain that,

4 <v,D¥,i(y,x) >dx =4
3B, (1)) Fujly x) > dx 3By (x)

= =]

<v,Dx¥yj(y,x) > dx —4 = 0s(1). (4.32)

(i) ify € M; \ U (x,, ! )) y = Ta(y), then we see from (4.31) and (4.21) that,

4 <v,D¥, (y,x) >dx =4 <1v,D¥, i(y,x) >dx =4+ 04(1).
9B, (1)) ¥, 2) > dx 9By (x,)) x ¥y, %) o(1) (4.33)

(iii)Ify € Mjand x € E)Bg( ) I # j, then we have [Dy¥,,(y,x)| < C for some constant C > 0. So we conclude

4 <v,Dy¥,,(y,x) > dx =4

<v,D,¥Y ,x) > dx = 0y(1),
o8,(:0) x ¥ (y, x) > dx = 0e(1) (4.34)

9By (151,]' ) B -

and so, by (4.19) and (4.32)-(4.34), we finally conclude that,

M 256bge "nl 1 P
4/ <v,Dyly(x) > dx = — 7/ T, / <v,Dy¥,;>dx|e 1(yxn) g (y)
o) B D) oty ™ \Jam iy < VP Y
P )
_ J5607€(1)'] / oy eBRIdp(y) + ofe 00,
pnh(xnj) MAUM (x,, 1)

Finally, By (2.11) and (2.14), we see that,

]
256b9e 1 (0:)eCl ) o
s <D > dx— 200 ) / 1Dy (y) +o(e ). (4.35)
9Br(x,)) - on(h(q1))2eC1) Impu(qy)

Obviously (4.20), (4.29), and (4.35) conclude the proof of Lemma 4.2. O

To estimate the right hand side of (4.3) of Lemma 4.1, we note that,

(O] ) =(1) =(2) (1)
h vn,]v+q>n,]'_ vn,]er(pn,j h ”n,j 1_ un,]vfun,]v _(1?
OB (T)(ﬁ) ) = P B ) (x)e ™ G+ o(1)
?Jn’]-

— o\ |y a3 = a2

where we used (3.16) and (4.2). Then we will need the following estimate:
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Lemma 4.3.

128e~ “boh(q )eG/ ) -

i rfie*?ido = — =
() /BBr(K ) % on(h(g,))%e Gila) 72
boh(g )% (Alog h(g) + 87om — 2K(q))

ou(h(q,))%e G

N
L " 64bge n 1 ) di(x _
" ]Zi /uM(x“?)f ndp(x) = O 3 /Mj\UM(ﬂj) h(q;)e® VeV (x) +o(e
= r n,j r

pn(h(g1))2eC1 (M) j=1
(i) /B ) f3% < D(logh + ¢, ), x — x!) > dx

[327‘[([M gndny (Jyy Cudp) )(Alogh(gj) + 87tm — ZK(ﬂj))
pn(h(ﬂl))zeG] (4,)

) h 2 Gl(ﬂl)
xh(g )¢l e Ans (Af}l’ﬂog(Pn( @) e” 2, ~2+40(R?))

N ’ 8h(g )%

@
|logr|e Anj

W W 6—2/\3;‘)
) +O(re ™) +o(e ")[log R[ +O(1) | —

+0(1) <i(Anl|+e 2'])(6 R Te (A(1)+|logr)>>foranyR>l,

where O(1) here is used to denote any quantity uniformly bounded with respect to r, R and n.

Proof. (i) We first observe that (1.4) and (4.14) imply that,

Ay +2¢;
[ henao= [ 8 i,
3B, (2! ]) 9B/ (x,, ;) p”h(xn,j”l_inlj‘?’

. 1 1 - .
Since fq,i (g].) =0, vf‘l'f(ﬂj) =0, ¢/(£,(1,]?) =0, Vy; (51(1,]‘)) = 0, and in view of (2.14), we find that,

1
fai(%) +205(x) = 5 < Difq;+29))| _ (@ —x))x—x) > +o(1) + Oz — x,) ).
= j

(4.36)

(4.37)
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By (4.36) and (4.37), we obtain,

0
64e ni

* 2(pd _/
/33,( <]>>rf” = o ornx )z — 2P

Z

1 1 1 1

x {bo(l +5 < D2(fq, + zgoj)‘x " NE: _L(”)) x— gfw? >) + O(‘E_E;,}\B) 4 o(l)}da
(1) 420 (2

6o bo(1 + A(fq,,+2(p])(zn,/) x— &(1; 2) (1/_>

- My
96:(5,)) puh(x ]l — )P
AWM Alfgj+20) (21) A

1287te "mibg(1 + '7"/]1’2 _,a n,j

= - of D 4 ) + O(re A”f) + ole 5 )
pnh(i}’l,f )1’2 T

1286-A<nf]?b0 . 32me "JbO(Alogh( )+87rm 2K(q,)) 0 O(E_A;{))

=- - = + O(re n,1)+71’2 ,

2
puh(xl)) 7 pnh<_,i,}>

where, in the last identity, we used (2.4), (2.5) and (2.14). By using (2.11) and (2.14), we find that,

128e’A5«11)b T 32me ”’bo(Alogh(LIHMm 2K(g,))

1
pah(xi)) 7* On (_,(ﬁj))
) AL
327e i boh(q])e J(ﬂ/)(Alogh( )+87rm ZK(q )) 128¢ " nib h(q])ecf ) - N0
- S0 22 o
pn(h(g,))?e 1 pu(h(g,))?e R 7
which proves (7).
(ii) We note that [, frdu = 0, and thus,
;d = - / n
]; /UM(Xi,lj))f X ]Z M\UM( f ( )
By (4.14), (2.11), (2.16) and (2.7), we see that
A
u 64bge " @ (x,xn) M
— xX)= ————e " du(x) +o(e nl
Z/M \uM( ]4( ) ]g/Mj\UM(x;gl/)) pnh(x’(:])) u ) ( )
1) w0 (1)
64bge Mnih(xV)eC ) :
0 ( n,]) o2ilx X”)dy(x) +0(e_/\"11)

m
~k J MU (h(x{1))2eC on)

(1)

64boe Mni / G () 2 A

= . h(g;)e”i ie®i(xa)g x)+o(e "n
a (012 5 gy e

Clearly (4.38) and (4.39) prove (ii).
(iii) Let us recall the definition of ¢y,; and G?k from (4.1) and (1. 2)

By (2.13) and (2.17), we find that D(logh;j + ¢,,,;) (x (1)) O(A(l) ) which readily implies that,

D(logj+ ¢ j) (x) = D(logh + ¢y j) (x4)+ < D2(10gh; + ) (x11)), x — 21} > +O(|x — x}) )
(1)

1)
=< Dz(logh +¢H])(_,(11])) X — ( ) > +O(/\( ) /\n )+O(‘£*&’(11’],)|2).

23

(4.38)

(4.39)
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~.=

A
By using (2.8), (2.9) and the scaling x = e~ 'ﬁ z+ gl(qu), recalling the notation of f introduced before Lemma 3.4, we
find that,

/ (wl fn < D(logh;j + ¢y ), x—x( ) > 2idyx

W ooy ot (D) ) loah (D)
- Pnhj(ﬁsj‘))eA"’j il G (2)= G ) Hog 1 () oy, ) Hvi(a%j)*vi(jj)HLW(M) 2 1L o(llo™) 2
~JBGY) oult; o (Cn— 2 Gn+ Ollfoy,; = H ” M)))
, (1 + Pon (En/) |£ _ ES;/*‘Z)Z
X < D(loghj+4>n,j),x—x( ) > dx
(1) M)+ +G7 ()= G (2] +Hog iy (x)~log (2! (D) =(2)
puhj(x,, j)e" Y : s " — @ || o (m 8
= Jou) — (Cn— 2 o(la! — ) e u)
r Kn,j Pnh (77! ) n,j (l)
(1+ f/ﬁ*in,*\z)z
5
X < < D*(log ; + ¢ ) (x), (x — 2)) > +O(A e M) + O(\g—&;(sj)ﬁ)éiil(:’j)>dg
Pnh](zn])
_/B 0 (D A
(1 D ) )
) = aP o) — 0 ) ) @)
x |G- . (@0)* + O ) + 02 [z]) + O3k — &2 2 py)]
) RN (1) —AW IYUNI. i
X < < D*(logh; +4>n,]-)(gn,j),e Zz> +O(/\n/je mi)4+O0(e "miz|%),e” 2 z>dz =: Ky - (4.40)

By using (4.40) together with (2.9), (2.7), and Lemma 3.1, we conclude that,

W (7 80— o A(l/f)
puh()) (Fn= = G + O ) + O [2]))
K,i,= / j
S ) C I
nir (1 7\ 2)?
), -4 0 4 o) )
X < < D*(logh; +¢n,]-)(gn,-),e_Tz >+0(A, "ff) +O(e " \z|2),e_Tz>dz
ot MEfW”WMW<&> Y
/ h( < D*(logh; + ¢ ;) (x (1))2 z>e Mmidz
A (142 \ 2)?
| log r|e—"(nl/j> 0 0
+O(1)(W) + O(T@ n,j) + 0((3 i )/
nj

Since [ ((11 +r22))’33 dr = % (% —log(1+ rz)) + C, then, for any fixed and large R > 0, by Lemma 3.2 and Lemma

3.4, we see that,

H-(l) 72

2
W)y 7 Mo =" o) 72
nhj X, i Cn— n A0
/ P ]( ])( 5 = () ) (logh +<pn])( (1))2 z>e Midz
Br(0) (

1
puhj(x, ;)
(14 Bl 2P2)2

1)
pnhj(gi(;j)) (Zizo bj Wik + 0(1)) < Dz(logh + ¢n,j) (x (1))2 2> e Mni .
p— Z
(1)
BR(O) (1 + Pnh ( n] ‘ |2
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!
1) 1 g o 2, A
oulty (b0 | =52 ) A(tog; + ) (x1)) 126 0]

=

pnhj(x
1+"]7"]‘ 12

0
dz +o(e "7 )|logR|

N /BR(O)

()
2(1 4 P0iEn)) 22
(1) pnhj(xﬁ,lp
647tboA(log hj+ ¢ j) (x,,7) 0 | —5"R (1 - $2)s3 Y0
B ne) b e dstole M)llogR
Pnllj Kn,j
1 nh X nh X 1
- 327rb0A(logh]-+¢n,j)(gl(1’]?)e_/\£],} P (xn,>R2(1 P (MRZ) _log(l—i_pnhj(g’(q/j))Rz))
- 1 ) (1>
_A
+o(e " )|logR|.
Next, let us observe that,
Ty —E(LH 1+ 2))+C (4.41)
/(1+r2)2 T2y og(1+r ' '
In view of (3.22), we also see that if \z| > R, then it holds,
; !
To(z) = /Mgndy+0(1)(2(|An,l| re ) +1)), and thus (4.42)
=1
5 " U
_ ) M e
(@)= ( [ Cocli) +O) (L 1Aul +e#) (S +1)).
In view of (4.42), we also find that,
0y I8 =1 oy
palti(x ) (G- ()2 A

<D210h+ ()zz>e nidz
/BAf (0)\Bg(0) ) (loghj + ;) (x,, 1)
njr (1 + R (%) B

() P L T d
pnhj(x,,7)  Jpa Cndlpe 2 (Jaa Gndlpe

?)
< D*(loghj + ) (x (1))2 z>e Midz

0
:/B 0)\Bgr(0 ey 1)
/\nf]_/r( )\Bg(0) (1 n 0 Jél”f)‘z|2)2
y
/\Ellj) Ag'f ISYORI
O (XL (| A +e Z) (S5 +1))e " [2]
+/B (0)\Br(0) () z=:(I)+ (II)
a1 (1 4+ P el?)?

It is easy to see that,




26 DANIELE BARTOLUCCI"), ALEKS JEVNIKAR, YOUNGAE LEE, AND WEN YANG

25~ | oo a1

Since 3, := fM Cndp— f) (fM gnd],t)2 is constant, we also conclude from (4.41) that,

" (1) o))
64m3uA(loghy +¢uy)(x, 1) 0 o\ AL S

7 e i / dS
1 (1) 22
pnh]«(g;(q,j)) ¢pnhjfn,j>R (1+s )

327t3,A(log h; +4>n])(_,(11])) _/\(1])
e
Pn ](Kil]))

1)
(x1,)) puhj(x,)) 5 A0 P
X [T +log(1 + S R?) —log(1+ %rze/\w )} —i—O(e 2 : ) (4.43)
1+ MR2
32730 (log hj + ) (x1) 0
g e n,j
puhj(x(}))
1)
() puly () 2
X [—( +log(1 + o) R?) /\1(;]‘)_10?5( ith? )| +0( )
4 2l ("”)R2
By Lemma 3.4, it is easy to check that,
/M Cudpt = —by + o(1). (4.44)
From (4.40)-(4.43) and (4.44), we obtain
/ (! fn < D(loghj + ¢n), x—x()>ez")ldx
r ]
3273, A(log hy + ) (x1) o) ouhj(x\)
= e (A log(—L ) — 24 O(R2))
Pn (_n])
| log 7| Aoy 1) ) -2,
ogrie " —A —A e "
+O( )((g)t(il))z)+0(re ”'f)+0(6 "’f)|10gR|+O(1) ( 2 )
]
1
m A g (1)
_n, e 2 _ )
+o<1)<2<|An,z| +e ) (S e A + logr|>)>.
I=1
Finally, since (2.4),(2.5), (2.14) and (2.17) imply that,
1)
A(loghj + ¢ ) (x,, 1 )) Alogh(q )+ 8mtm — 2K(q.) +O(/\,(51)e_)‘ml),
then (2.11) and (2.14), show that,
/ (ol fn < D(logh;j + ¢y ), x—x( ) > 29idyx
r ]
32ﬂ3n(A10gh(q)+8nm ZK(q ))h (Q])e () W pn(h(ﬂl))zeGl(&) ) .,
- HON e~ (A, +log ( Gy ") "2 ORT)
pn(h(q,))?e 1 8h(gj)e
|logr|e 5114') AW AW 372/\"14) (4.45)
+O(1)(T) +O(re ") 4o0(e " )|logR|+ O(1) 5
()Lnj)z r
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The estimate (4.45) readily yields (iii), as claimed. This fact concludes the proof of Lemma 4.3. O
We can now show that b]-,O =O0forallj=1,---,m.

Lemma 4.4.
A

Anj = Jy, Fi @)du(y) = o(e™727).

(ii) by = O and in particular bjg = 0,j =1, - ,m.
Proof. (i) By (4.3), Lemmas 4.2-4.3 and (2.10), we see that,

\a
_ M 1 (1)
— 44, O e Mo 3 Z\Anl\ Fole M) = —24, j+0M e ™) + 0%

|
>
=

which proves (7).
(ii) For any r > 0, let

rp =14/ Sh(qj)Gj(q]‘) for j=1,---,m. (4.46)

By (4.3), Lemmas 4.2-4.3 and (i), we have forany r € (0,1) and R > 1,

1)
nl| +0 nd)}

(O] (g
256b9e 011 (g)eS @) o)
[ — 44— D / u du(y)+
= n(h(qr))2e=1i1) IMp\UFH G »

L=

—

-y - 1280 w1 boh(g;)e% ) 7 32me wboh (g)e% ) (Aulog h(gy) + 87m — 2K(qy))
AL pulh(q)esion) o (h(q1)) 25 (1)

,,\511)

pn(h(q1))2eS1 ) Jmp\uMq))

Hlln —Uy HL°°
2y =0 ) o
(a7 —A
_ Ayl h )+ 8mtm — 2K (g h(a: et i e=Mua
on(h(qr))2eCi (@) (A logh(g;) (9;))h(q)
1

) pu(h(q1)) %S 5\ 20 Sy oA
X()‘n,l +10g( 8 ()7 rj) 2)+O(€ 1)(r+R77) +o(e ’])(IOgT‘FlOgR)}/

where we used O(1) to denote any quantity uniformly bounded with respect to #, R and n. Then, in view of (i),
Y21 Ayj = 0 and by the definition of /(q) we see that,

2@
256bge M1 o o
— e / ] e ]y,q)d ( )
pn((q1))2eSia0) ; ) MU (3)) uy
(1) NG
128¢™ n,lbo i G*(qj)n 327e Mnibyl(q) 128bge Mni / o
o l [ ePiva)g
Pn(h(‘h))ZeGI(m ]; q] 7]2 Pn( (ql))ZeG () on ( ( ))28 HeD) Z q] Mj\u&;(qj) ]/l(]/)
28 =2 oo L
32 fMgnd}‘_— fMéndy (q)e Mn *
- on h () 20 ) (A% +1og (oa(r(g1))2e5i 072) —2)
o 0
+O(37An/l)(r+R )+0( An )(logf’—i-logR)
(4.47)

At this point we consider two cases:
Case 1. ¢(q) # 0.
By (4.44), (4.47) and in view of Lemma 3.1 we see that, £(q)(by + 0(1)) = o(1). Therefore, since ¢(q) # 0, then by = 0.
Case 2. /(q) = 0and D(q) # 0.
Since ¢(q) = 0, then, by using the definition of D(q) and (4.47), we conclude that,

(1) (1) (1)
(D(q) + 0,(1))17037/\"1,1 = O(ef)‘"lfl)(r + Rfl) + o(ef)‘"lfl)(logr +1logR).
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Since r > 0 and R > 0 are arbitrary, then D(q) # 0 implies by = 0.
At this point, by by = 0, Lemma 3.4 shows that bj,o =by=0,j=1,---,m. This fact concludes the proof of (ii). [

Next we prove that b;; = bj» = 0 by exploiting the following Pohozaev identity.

Lemma 4.5 ([47]). We have for i = 1,2 and fixed small r > 0,

( )
0 @ 1 / 1) 4 42 (x—x,,))i
<v,Dl, > D; <v,D > D; <D D d
/BBr(z,(f]-)) v, Dy v, + v,Dvu, iCndo 2 s (x(l}) ( +o, ) On > |x—x(l])\ o
(1) (2) (1) (1) (2)
eltn” — plln (&7£Vl]) eln - — e'ln
== [ a0 —— ot [ puhi() —— Di(gy, + log hy)ds.
9B:(x,.)) (A ol \x—x<”| ((x5) 1) — 22 o)

(4.48)

Proof. The identity (4.48) has been obtained in [47]. We prove it here for reader’s convenience. We first observe that,
i 700
Av(l) + pnh]-e“n =0 in B,(giil]?), and

n,j

div (V@nDlvff} + Vo Dyl — Vi Vol )el) = LD+ AoDig

(1) 72 ~(1) @ )
. eln " — pln elin’ — plin )
= div( - puhy(x) O er) + pult(x)— o Dy((=1) (0} = 02)) + guj +log y),
(A Il oo (M) [ — T (| oo ()
where ¢; = ‘%, | = 1,2. Therefore we find that,
. eﬁw e’ e’ _ e’
div(—20nh;(x) @ er) +2pnh;j(x) ROBRG) (¢n,j +loghj)
" — i || oo () " — 1 Lo ()
- div{zvgnDlv )+2VU D150 — Vi V(o +o)e }
which proves Lemma 4.5. g

Next, we shall estimate the left and right hand side of the identity (4.48).

Lemma 4.6.

B 2 ) (1) /\f:,],) )‘1 \Z|2
(RHS) of(4.48):Bj(;;Dhi((pn/quloghj)(gn’j)e i) +o(e™ 2, where By = 4 s /Rz T2

Proof. First of all, in view of (2.10), we find that,

) @ MO )

eun _ eun (E —l’l] ) - (E —l’l] )l _)\( )

pnhj(x) do = pnhj(x )“ (é +0(1)) ——F5—do =0O(e ")
/aBruffb A a P ey ) Jam -2l

(4.49)
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while by (2.8), we also see that,
_(2)

pulty () (e — ) 8
/ ] njlX Dj(¢y,; + logh;)dx = / ) puhj(x)e" (Zn + 0(1)) Di(¢n,; + log hj)dx
W) 1 5(1) _ £(2) By (x(!))
H”n Uy HL‘X’(M) "
431+
= P ](E) M ' (€n+0(1))
1) (1)
Br(szv) (1 Pnhj(gzry/j)e/\n]’j”& (1) 2)2

—n]*
% | Di(gnj +1oghy) (1)) +ZD (9, +1og hy) (x{1) (x = x11) )+ O(|x — x{})[?) | dx

A
)\(1) n]

pnhj(e _Tz—i-x(l)) G )= ) _
= /B/\# ) o (_n N 1]) 0 0 (gn + 0(1))
it 1+ =5z +e 2 (x,; —x, ) )?
i}

A
X | Dilgnj + log ) (x\) +Zth¢nl+1ogh><“>zhe +0(e " [z?)] dz.

Next, since q is a critical point of fm, then by using (2.17), (2.16), and (2.14), we find that,
(

1

AW G
Di(4’n,j + 10ghj)(£,(£]«)) = Di(G;f + logh]')(z;(ql,j)) + O()\S’j)e A )= O()\S}?e A ).
By using (4.50), (4.51), and (2.9), we have,
@)

/ pnhj(x) (e — et
B

Di(¢, ;+1logh;)dx
Wy -1 (2 i(Pn,j j
) |\u£’—u£’\|Lw<M>
(X )é_ /\El],.) )‘E«l,')
_/ Ak (ZDhl ¢n]+10gh )( (1 )) __2L2h>dZ+O(€__2L),
P (14 ) o
and then, in view of Lemma 3.2 and Lemma 4.4, we conclude that,

_(2)

_(1)
/ pnhj(x)(e" —e'n )
N2 — a2 | Loy

D;(¢n,; + logh;)dx

(1) m 2, e o
_ /B ) puhj (_”]p)nh <,£R> 2F . ( )y D29 +10g ) ()e 2 by) +oe= H)
wir o 2(14+ =g |z[2)?
2 2 A L)
- pnhjl,%?) o +Z|z|2>3dz(h§ D+ log ) (xy,))e ¥ bjn) +ole™ +)
2 A A1)
- Ej(hzl DZ, (¢, + log yhy) (x())e™ % by ) +ofe T
Clearly (4.49) and (4.52) conclude the proof of Lemma 4.6.
Lemma 4.7.
A(l Anl_) Anl?
(LHS) of (4.48) = —SHll;e D G (x (])) +e*TJDi};18¥hR(z,g) z:yzzﬂl]?bj’hgj to(em "),

where G;; /(x) = Yo, ath(Z’l)‘ ybuuBr
y

29

(4.50)

(4.51)

(4.52)
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Proof. By the definition of G;; , we have forany 6 € (0,7), AG;,, =0 in Br(i,(qu)) \ By (&,(qu))-
Then for x € Br(g,(ql]-)) \ By (g;(qu)), and setting ¢; = %, i=1,2, we have,

1 1
0= AG, D; logi(l) + Alog ———D;G;,
x— .

(1)
x—x,l x—x,, /|

1 1 1
=div (VG,’;’ZDi log ———~ + Vlog ———-D;G,,, — VG, - Vlog 76,‘) ,

(1)
|x — Xpj | X=X,

which readily implies that,

[ g [ YOy, .
(1) |x — x| 9Bo()) [x — 21| (4.53)

In view of Lemma 3.3 and Lemma 4.4, we also have,

/\]

) +o(e”2) in UM )\ Uy, (454)

/ Cndp = Ze

(1) 1)
By using (2.16)-(2.17), we find £ = p,,;+ O(A{)e ") = 87+ O(A\le 1), which, together with (2.18), (2.19),
and (3.3), implies that,
‘ - - 1 1
Dofa) = D@~ guj) = D () - 2R3l - 2 Towal))
(0 _p M, _ P ) 0 Emx) )
(i n 1 n i n,j —
D(u z; (Lin,l) o log‘x X |) = Dwy, 4|x7x(1‘)|2 +o(e” 2 ) (4.55)
= X-X,;
1) 1)
X —Xx ! /\n,'
-~ _n'])+ (=) in C'(Br(x)) \ Bo(x})))
|x 212
X—x,
Next, since D;Dj,(log |z|) = %%, we see that,
ViG;, )
/ 7()010_ 27D, Z 3y R(y, )\ L biBi+0e(1),
9By (x |x X, X=Y=x,
which, together with (4.54), (4.55), and (4.53), implies that, for any 6 € (0, r),
(LHS) of (4.48)
RS B vtels A
= —4 o 267%71 711) do+o(e=2)
0B,(x,,7) 1 |xf§n’]-\
A w2 /\El]/) Afjj)
SHlZe 7 D; &,(11,]?) +e 2 D; Y 9, R(y,x) bjuBj| +o(e” 2 ) +og(1)e" 7,
1#] h=1 =y
which proves Lemma 4.7. g

Finally, we have the following,

Lemmads. bj; =bj,=0,j=1,---,m
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Proof. Obviously Lemma 4.5, Lemma 4.6, and Lemma 4.7 together imply, fori = 1,2,

2 A0
nj
B]hzl(th(¢n]+logh)( ( ))b]h) 2
o N 1j) 5 N 1j)
n 1 ', _ M,
=8| ) e 2 DzG;l(l;g,j))"‘e 2 Dlzath(y,g) wbinBj| tole27)
I#] h=1 — X=Y=4,
A ]1) 2 )‘Ez]j) 2 /\f:],)
=—8m) e 2 ZDxlath(z,g)‘ 1) (). binBy — 8me” 2 ZDxlath(z,x) wbjnBj+o(e” )
1#j h=1 J*): L j Xl h=1 B A=Y=X, i
(4.56)
A0

Setb = (by1B1,b12B1, -, by 1B, byoBi) , where by, = limn_>+oo(enT byy). Then, by using (2.14) and passing
to the limit as 7 — o0, we conclude from (4.56) that, D?f,, (ﬂl’ﬂz’ . ’ﬂm) b = 0, where fm(xq,- -+ ,x,,) is a suitably
defined local expression of fu,(x1,- - -, x). By using the fact that the rank of isothermal maps is always maximum,
together with the non degeneracy assumption det(D3,f(q)) # 0, we conclude that by = b, =0,j=1,---,m. O

Proof of Theorem 1.1. Let x;, be a maximum point of {,, then we have,
[Cn (x| = 1. (4.57)

Therefore, in view of Lemma 3.4 and Lemma 4.4, we find that, lim,, ;0 X}, = qjs for some j. Moreover, by Lemma
4.4 and Lemma 4.8, it holds
)\(1,)

lim e 2"s, = +co, where s, = = |x, —x,(ql)| (4.58)
n——+oo /]

Setting {(x) = Cn(snx + x( )) then (3.17) and (2.9) imply that {,, satisfies,

(1)yg2,M] ;
. . . Peah(x, f)sye (1+O(Sn\£\)+0(1))§n
0=A%:+ Pnsﬁh(sni + l,(,ll,]‘))cn (snx + Z,(,llr]‘))gn =Aln+ Pn]( 00 ) ) .
(1 + 220 g, 4 50— 51 2y

On the other side, by (4.57), we also have,

_ .M
én(u)\—\én ) =1. (459)

In view of (4.58) and |{,| < 1 we see that {, — (o on any compact subset of R? \ {0}, where {j satisfies A{y = 0 in
o)
R?\ {0}. Since |{p| < 1, we have Ay = 0 in IR?, whence { is a constant. At this point, since Lnsifr”l = 1and in view
of (4.59), we find that, {y = 1or {y = —1. Asa consequence we conclude that, |, (x)| > if s, <J|x— 1,(11]-)| < 23y,
A
which contradicts (3.34), (3.47), and (3.48) since 7 < Sn, limy— 4o 5y = 0, and by = bj o = 0. This fact concludes
the proof of Theorem 1.1. O

5. THE DIRICHLET PROBLEM

Let () be an open and bounded two dimensional domain, (2 C R2. As in [21], we say that Q) is regular if its

boundary 9} is of class C? but for a finite number of points {Qy, ..., Qn,} C 9Q such that the following conditions
holds at each Q;.

(i) The inner angle 6; of Q) at Q; satisfies 0 < 0; # 71 < 27;

(ii) At each Q; there is an univalent conformal map from B;(Q;) N Q to the complex plane C such that 9Q N Bs(Qj)

is mapped to a C? curve.
Obviously any non degenerate polygon is regular according to this definition.
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In this section we are concerned with the uniqueness result for the mean field equation with Dirichlet boundary
conditions on regular domains,
h(x)etn(x)

A —_
ui’l “I‘Pnf he”"dx

=0in Q, u, =0 on 0Q), (5.1)

where h(x) = hy(x)e 4L 4iGa(x ) > 0, pj are distinct points in O, a; > —1, iy > 0, hy € C>7(Q)), and Gq, is the
Green function uniquely defined as follows, —AGQ(x p) =0,inQ), Go(x p) = 0on oQ.

Definition 5.1. Let u, be a sequence of solutions of (5.1). We say that uy blows up at the points q; ¢ {p1,---,pn},

n m
j=1,---,m,if, h(xﬁﬁundx 87 3. Oy;, weakly in the sense of measure in Q).
j=1
Let Ro(x,y) = 2 log |x — y| + Ga(x,y), be the regular part of Ga(x,y). For q = (g1, ,qm) € Q x -+ x Q, we
* Gin(g;

denote by, G]-’Q( x) = 87Rn(x,q;) +87tzl#j M Ga(x,q;), and lo(q) = jzl[Alog h(g;)]h(q;)e i),

If m > 2,letus fix a constant ry € (0, %), and a family of open sets Q]- satisfying, (3; N Q]- =Qifl #], U}”:l 5]- =0,
Bro(qj) C Qj,j=1,---m. Then let us define,

1 - Gia*(q; m 871G (%)) —Gi ¥ (q;)+logh(x)—logh(g; T
Da(q) _}1_% [Zh(‘h)e 7,0 (q/)(//\g, . oli=187Ga(x.q)=Gja" (9;)+logh(x)—logh(q;) 4, _ —2)], (5.2)

j=1 j

wherer; =7 8h(q )e i0°() and O =Qifm=1.For (x1, -+ ,xm) € QA x---Q, we also define,

1,--,m
[log(h(xj)) 4+ 47mRa(xj, x)] +4m Y Gal(xy,x)). (5.3)
j=1 I#j

Of course, even in this situation we first need to derive the following improvement of Theorem 6.2 in [24].

fm,Q(xlf X2, 1xm)

'MS

Theorem 5.1. Let uy be a sequence of solutions of (5.1) which blows up at the points q; ¢ {p1,--- ,pn},j=1,--+,m, 6 >0
be a fixed constant and A, ; = maxg, (g (un —log < Ik he“")) forj=1,---,m
O

Then, for any n large enough, the following estimate holds,
ZKQ(q)e_)‘"rl ) 83_)‘n,1
mh2(gy)eClalm) 12 (gq)eCLalm)

+ O(Airle_%/\"ﬂ) +0(e= 2y where ¢ > 0 is defined by hy € C>7(M).

pn — 87m = (An,l +log pnh?(g1)eCi0l) 52 — 2 (Dg(q) + 0(5”))

(5.4)

Then we have,

Theorem 5.2. Let u,(ql) and u,(qz) be two sequence of solutions of (5.1), with p,(ql) = pn = p,(qz) and blowing up at the points

q; € {p1,---,pn}, j=1,-- ,m, where q = (q1," - ,qm) is a critical point of fu,q and det(D*fua(q)) # 0. Assume that,
either,

(1) folq ) #00r
Then there exists ny > 1 such that u,(ql) = u,(qz) foralln > ny.

Proof of Theorems 5.1 and 5.2. The proof of Theorems 5.1 and 5.2 can be worked out by a step by step adaptation of
the one of Theorems 1.3 and 1.1 with minor changes. Actually the arguments are somehow easier in this case, since
we don’t need to pass to local isothermal coordinates around each blow up point. In particular it is readily seen that
the subtle part of the estimates obtained in section 3 and 4 relies on the local estimates for blow up solutions of (1.1)
listed in section 2. The corresponding estimates for the Dirichlet problem was already obtained in [24] and have the
same form just with minor changes, as for example concerning the fact that here we have ¢; = 0 and K = 0. Actually
the estimates about the Dirichlet problem in [24] are worked out with aj = 0,j=1,---,Nbutsince {q1, -, gm} N
{p1,---,pn} = O, then it is straightforward to check that they still hold as they stand possibly with few changes
about the regularity of solutions, see also Remark 1.4. We refer the reader to [24] for more details concerning this
point. Actually, by our regularity assumption about d(), it can be shown by a moving plane argument (see [21]) that
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solutions of (5.1) are uniformly bounded in a fixed neighborhood of 0Q). Therefore, since also {1, - -, qn } are far
from 0Q) by assumption, then it is straightforward to check that all the additional terms coming from the boundary

do not affect the estimates needed to conclude the proof. We skip the details to avoid repetitions.

6. A REFINED ESTIMATE OF p,, — 87tm IN CASE /(q) = 0.

Proof of Theorem 1.3. In this section we prove Theorem 1.3, that is (1.8). In view of (2.2), we see that,

~ ~ m ~
on=0p / he'"du = p / —i—/ he'rdp =y p,i / he'"dp.
R a U UM (q)) M\u;"lquj)) ,; Mo ud(g))

j=1"%

Step 1. In step 1 we provide and estimate about | M\U, UM (g)) he™dp.
In view of (2.12), (2.18) and (2.19), we see that,

m
on he™dy = py, Z/ heWnt il PG (xx01)+ [y Indudy
M\UZL, UM (g)) po

m - ~ Ana

— ettt PG (XX )+ [og findpe (1+o0(e"727))d

W;Awww '
n pnh(x, ;) N .
— o Z / s e F PnaGnng) ~ =2 108(==50) =G} (1) (1t o (e~ 5 ))dp.
Us qj

Therefore, by using (2.14), (2.16) and (6.2), we conclude that,

64e” "// L% 87G(x,01) = Gj (q) +log h(x) —logh(q)) Tl
elndy — =1 1 i \4qj ] (1_|_0 e 2 ))d ,
P M\U}”]Ui”(q/) = Z h(qj)en Jmp\ud(q)) ( '

and then, in view of the definition of ®;(x, q) (see (1.6)) and (2.11), we find that,

7n' Mg

()1 1 (e 2 ))d
/QVI()ef (1+0(e~#))dp

m
und Z

o M\Um uM(q])

A, G (q))
::f6 ”ﬁ) o ) [ (1 o
=1 h2 (%) (ql)p M'\UM( )
m A (‘7]')
= Z h( j)e / e®i®Vdy 4 O(e~ 3 ).
= Gl (fh)pn M\UM(q))
Step 2. In this step we provide an estimate about p,, ; (see (2.15)).
First of all let us set,
hyj(x) = h(x)e*?).
/\n,j
By using (2.8) and setting 7, ; = ¢"2 and
L= Pl (e )7 e 81 ) o8l 50 0ns) )
n o JBy(q) Pnh( 2 gl — i
5% (1Jr /‘x xn]*|)

O

6.1)

6.2)

6.3)

(6.4)

(6.5)
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we find that,
} pnhje/\n,j+cf (x) *G;"( (Zn,j)+77n,j(1)
00 = o, oo™ dn = , dx
u (g)) Bo(a)) (14 £ Ml P22
hi(x, ;)e'ni
= -t ) dx+ I},
Bo(g)) (1 4 Pl M|y — q,+4, — Xp4[2)?
. (6.6)
B 0 Pnht(Xy i ’
Py, O (U L2 B g, — ) )2
R“\B On g
Vg, O (U 24y B (g, — )P
On the other side, by (2.7) and (2.14), we see that,
/2 o ? dz
R“\B Pn xn
VP g, O (14 2+ 0,(q, — ) P
8 8
= 7dz+/ ( )dz
2)2 2)2
R0 g, @ CFER IR i O\ (14 op,e Hpp THEPPST 62
nj nj
Ay i
O(Ap e Anjj
= J o 16”; / (A - ) 4o b4me - O(Ayje ),
\/ 5Tn, (1+72) IR? \B\/m 0 (T+]z[) Pnh(ln,j)‘s ’
TGTn,j

where we used the identity, [~ 114?7:;) dr = Rgil = %—7; +O(R™%) for R > 1.

Therefore (6.7) and (2.11), (2.14), show that,

Gi(aj) ,—A

8 647th(g;)e" ) e An |

/1122\3 © ) i dz = hgﬂh) HE +O(/\n/]«e*2)w,]),
iy, M (1 24 e (g, — 20 )2 enh?(q1)e

3 e —

The estimate of the term I j 1s more delicate. Toward this goal we have to work out a refined version of an

argument first introduced in [24].
First of all, let us recall that (see (2.8)),

(%) = n(x) = Un j(x) = (G (2) = Gj (205)), x € Bs(g;)-

Then, in view of (2.5), for x € B5(q ) we have,

6.8)

pnh( n,j)e/\n'j

_ 20; (1, ,1in 2¢;
Hnj = —pre BT = (1+ Pnh(xm) i |x — X412)2 - Srme
b (3 (559 G+ sy Bl 2)- ol 50 s (2) _ N . 69)
- (1+ (—”/) )\n]|x—x ‘ ) 7(87””7‘)”)6 .
1,j,%
which immediately implies that,
L=~ /mp Sl /35@1-%8"1” — o)y, (610

. . oy, i .
Next we obtain an estimate about f 9B4(q) %da. Let us define,
=

pnhj(lnj)e)‘n,j(ecf(l)fcﬁf(ln,j)jqoghj( x)— logh( n1)+’7n1( x) 1)
pnh( ) 2)2 ’

(1+ Bl eMnj|x — x, %

An,j (l) =
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pnhj(ln/j)e/\n/j(EG/’.‘(K)fG]’:‘(ln,j)Hoghj( x)—log hj(x,, ;) +11 j(x) —1— Un,j(l))

an(z) = 7 , and
" nh(x, )
(1+% n]‘xfxn]*‘ )
ah(X) A
1— i, Auilx — x5 )2
P i(x) = = = 6.11)
14 Pn) oo Muily — x5 )2
8 1,j,%
: - ah(x, )¢ i
which satisfies Ay, ; + i ] i =0.
P ) g
In view of (6.9) and integrating by parts, we find that,
M, 0Py,
/83(5( (lpn] v n,j EY do = /Bé(ﬂj) l/)n,jAﬂn,j - 77n,jAlp[)n,j dx
, (6.12)
. . h X, e)‘n,]
b (* P, Anj — (BT — )€ + anj;fn])pj = )dﬁ
J(Qj) (1+ 8_ / n]‘x n]*‘ )
In the same time, for x € dB; (ﬂj), we have,
(x) = -1 2 — 14 0(e M), Vi, ; = Oe i
Pn,j (x) = + o (x ) +O(e ), Yuj = (e )- (6.13)
1+ 8‘"/ "J|x—xn]*|
In view of (2.9) and [24, Lemma 4.1], we also have for x € dBy (ﬂj),
il + [Vl = O(AZ e~ *ni). (6.14)
At this point, by using (6.12)-(6.14) and (2.17), we see that,
a’?n] 2 20
- do / 1- 8mm — py)e"? — 1, B dx+0O “2hnj
aBo’(ﬂj) o Bé(ﬂj)( 1+Pn (an) )‘n]|x_xn]*‘ )( pl’l) lpi’l/] n]( ) ( )
= (8rtm — pn)ez‘»"fdg — / wn,jBn,j(g)dg +O(|8tm — pn|)\n,]-e_/\"/f) + O(Ai je_Z/\n,/’)
Bs(q,) Bs(q,) ’
- / (87m — pn)e*idx — / P B j(x)dx + O(A; je_ZA”/j)-
Ba(ﬂj) Ba(ﬂj) ’
(6.15)
Next, let us observe that, since h € C>7(M) and in view of (2.7), (2.9) and (2.13), for x € B5(q ) we have,
CF (0 =G (x) Hlog hj(x) —log 1j(x ) +11,(x) _ 1 _ Un,j(z)
" 1
= Va(G] (@) Hloghi@)|_ (- m)+y L V(G Hloghi)] ey ixm)
+O(|x = 23, [77) + O(A5 je2Mn) + O(A] e Mix — x5, )-
(6.16)
Clearly (2.7) and (2.14) imply that,
1Ba(q;) \ Bo(xnj,)| + 1Bs(2,) \ Bs(q,)] = Ol — 1) = O(Ayje 7). (6.17)
At this point we use (6.15), (6.16), and (6.17), to conclude that,
B, i(x)dx
A gy VB
p”h'(x ’.)e/\n,j *
S (V2(GF @) +log )|+ (2= x,)
o\ Xn,j, (1 + T’/e Vl,j|& _ &l’l,j,*|2)2 =Xp,j

+

2 L Vau(G(x) + loghy(x))

1<k,1<2

(x_xn]*)k(x ln,j,*)l

x:ln,]'
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+ O( ‘Z - En,j,* ‘Z—HT) + O(Ai,je_ZAn’j) + O(Ai,je_)\n’j ‘Z - ln,j,* |))} dl + O(An,je_Z)\n’j)

8(1— |z|?) 8 M
= 2 (V(G? log h; (| ———e 2
; o AFEPP [(95(G5 ) + logy())|_ -=( ¢ )
pnh(sln’j)éeT,]
1 a 3
+ = V2 . (GF(x) +loghi(x k7% e~ i) + O(e=(1H2)Mj |z 247) 1 O(A2 e 2Mi2])) | dz
3, L VoG @) Hlogh@)|_ zai(5rmye™ ) 0! 22 + O] je 2] |
+O(Ay e M)
_ 6l loghtn,) ~2Klsay) + ST 20— ) o, 619
. 2\3 .
pnh(&n,j) B Pnh(in,j>5/\4;’l(0) (1+ |Z‘ )
3 e
+O(e M%) + O(/\ﬁ,je*%%f) +0(e”1H3)Any, (6.19)

where in the last equality we used (1.2), (2.4), (2.5) and g, (gn/]«) = 0. Therefore, by using (6.10), (6.15) and (6.18), we
conclude that,

. )‘n/'
- 32 (Alogh(x,, ;) —2K(x,,) + 8rm)e i M&T] PB(1—1?) 4
e puh(x,,) /o a+mr
A _3A . — g
+0(e "i6%) + O(A] e~ 2*1) + O(e <A1+2)Am) (620
167t(Alogh(x,, ;) —2K(x,, ;) + 8mtm)e™ "mi h(x, ;
_ ( 23 (—n,]) (—n,]) ) ()\n,]‘ + log On (_n,]) 52 . 2)
pnh(x,,;) 8
+O0(e™ i) + O(A2 e~ 3 M) 4 O (e~ 1+ M),
where we used the identity for large R > 1,
Rp3(1—12) 2R*+R* 1 ) )
= — = — —logR -2),
/ A = sy 3B 1) = ~logR+140(R?)
By using (2.11) and (2.14) we can write this estimate in the following form,
- 167th(g;)e" ) (Alog h(g;) — 2K(q;) + 87um)e A (A + log PalP(31)eC 002 2)
L] = * 1 Og *( . -
" puh2(qy)eCi(m) ! 81(q;)e% (1) (6.21)
+0(eMi8%) + O(A2 o™ 2Mi) + O(e~(1+5) M),
and eventually use it with (6.6) and (6.8) to obtain that,
647th(q;)eS e o
On,j = 87 — () = +0(e™Mig%) + O(A? ]«e_%/\"f/') +O(e~ (1481
oul (1) 52 ’ o)
N 167Th(q]-)ecf*(qf)(Alogh(q]-) — 2K(gj) + 8mtm )e~An1 (A +1 0nh?(qy)eC1(1) 52 2) '
* ) * - .
o2 (q1)eC1 () e 8h(q;)e%
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Step 3. In view of (6.1), (6.4) and (6.22), we find that,

m

o :];pn,j+Pn /M\u"' uM(g;) hedy
— 87m + Z{lmhwﬂe 5 (A og h(g)) _ 2K(g) + 8rm)e (AnlHogpnhz(q])eciwn(sz2)}
()it ' 8h(q;)e (6.23)
o, 6deMnih(q;)e” i), L 647Th(g))e" P e A
; )G(q])P /Mj\U?(qj)ej d ]; 0uh2 (g1)eCi (0152

+0(e 5") +O(A} 173 + 0",
where we used (2.10).
By using (6.23), (2.17) and the definition of ¢(q), we see that,

2((q)e M 2 G () 52
—87‘[111:— Ana+1 h eCilm)g2 2
o mhz(ql) (m)( 1+ log pult™(q1) )
#(a)) ~A
m )e 17 (Alogh(q;) — 2K(q;) + 8mtm)e™"n1 *(2:)
Z (g )@ 1) (tog8h(g)e ™) (6:24)
'”h(q )e ](‘7/)

m
2 eIy < /Mv\UM(q) e®ir gy — 5—72 + O((S")) +O(A2 e 1) 4 O~ (1F5) M),
: ]\ M)

For small 7 > 0, letr; =ry/ 8h(qj)eG7(qf) and observe that,

Y h(gj)e ](qj)(/Mj\uM(qj) eq)j(x"l)d‘u)
0

=1

—.

I 6.25)
. ) G} (x)=G; (g)) +log h(x) ~log h(q,) +2¢;(x) (
=Y h(g;)eS W e®iraqy — ¢ dx).
]; ) (/M'\UM(Q') : /Ba(q-)\Br-(q-) |£—‘1-|4 _)
Since Vfu(q) = 0and ¢;(x, ;) = Vg;(x, ;) = 0, for x € Bs(q )\B,/( ), we see from (2.14) that,
Gj(x) — G} (q;) +logh(x) —logh(q;) +2¢;(x)

— 20 (A (x—g )+ & 2 290, . o
=2¢j(q,) + (Va fm(q) + V29(q,)) - (x —q,) + 5 1§%§2(vxjklefm(q) +Vi2i(a)) (%, — 3, ) (%, — q,) 626)
1 _
O(lx—qg ) =5 ¥ (Vi . fu(@)+V5i29i(9))(x;, —q,)(xj, —q.) +O(x—q.|>) + O(A, e "),
j 1<jRen K ! j ik il j
which implies that,
eG]-*(g)fG/’f(ﬂj)Hogh( x)— logh( )+2(p1( x)
J Tqf &
Bsa,)\Br,(0) x-4q,
Ax.fm(q)+A02¢i(q.
14 ( /f (Cl)4 %(ﬂ]))|gqu|2+O(|&*qj‘3)JFO(/\n,le_A"’l)

_ = — dx

Bs(a,)\By,(4)) lx—g,[* -
(6.27)
(Alog(qj)+87rm72l<(gj)) 5

— . dx + O(8) + O(Ay1e 1)
Bs(q,)\Br,(g,) x g
1 o 7(Alog(q;) +8mwm — ZK(ﬂj)) .

=25 + 7 (logd —logr;) +O(3) + O(Ay e 1),
j

where we used (2.4), (2.5).
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In view of (6.24), (6.25), (6.27), we obtain
on — 87tm
_ 20(q)e M
B mh2(ql)eGT(‘h)
m 86_)‘”'1}1(!]]‘)86}6(%)

+)

=1 hz(ql)eGl*(ql)n'm /Mj\U%{I(‘Jj)

0 0dy — 24 0(5%) | +0(A2 e~ 01) + O(e (H5)Au1) for vr > 0,
2 ,

]

(6.28)

where we used the explicit form of r; to cancel out the second line of (6.28). Therefore, we conclude that

2€(q)e_/\nr1 5 cr 8¢ Mt
—8mtm = —————— (A 1 h ()2 _ 9 ——— (D 0(s8”
fn = O7T th(ql)eGT(ﬂl) ( n1 +10g pul™(q1)e 4 ) + hz(ql)eGT(ql)ﬂm( (q) +0O( )) (6.29)
+O(A2 e 3Mn) 4 O(e”(1H8) M),

which is just the estimate (1.8). a
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