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Abstract

Superelastic tensegrity systems are prestressed structures composed by bars and cables in which
some cables are realized with superelastic shape-memory alloys. These systems combine the peculiar
features of tensegrity structures with those of shape-memory alloys and are particularly suitable
for adaptive and variable-geometry systems. The main goal of this work is the design of systems
with antagonistic actuation, that is to say, systems where two sets of superelastic cables can be
actuated against each other in a reversible way. Superelasticity is here exploited to improve the
stability of systems withstanding external loads.

We show that the evolution of superelastic tensegrities, subjected to load and temperature
changes, is described by a system of ordinary differential equations written in matrix form, a
system that we solve by standard numerical routines. We then focus on a particular class of
tensegrities and state a basic design criterion for an effective antagonistic actuation. Several case
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studies are presented. In particular, we applied our procedure to analyze different modules that
can be assembled together in larger structures. Results show that the proposed procedure is able
to replicate experimental data reasonably well and that it can be used to design complex systems

in three dimensions.

Keywords: tensegrity systems; shape-memory alloys; superelastic behavior; antagonistic actua-

tion, matriz equations.
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1 Introduction

A tensegrity structure (TS) is composed by cables and struts arranged in a three-dimensional
reticulated system whose stability is provided by a self-balanced stress state (self-stress) [1, 2].
Due to their peculiar properties [3], TSs are particularly well-suited for structural systems with
variable geometry, in which a number of members have adjustable lengths (see, e.g. [4, 5, 6, 7,
8, 9, 10, 11, 12, 13] for some representative studies). This feature provides TSs with the ability
to change their geometrical and mechanical characteristics in order to adapt to a specific task or
according to changes in environmental conditions. In the present paper we focus on combining TSs
with shape-memory-alloy (SMA) cables in order to obtain variable geometry structural systems,
by taking advantage of the actuation capabilities inherent of these type of materials. On the one
end, since the actuation driving force is the material itself, SMAs provide an attractive actuation
solution for TSs, eliminating the need for heavy motors and other components to be carried by the
structure. On the other end, as SMA cables operate in tension, they have to be embedded in a
stable prestressed system, such as a TS'.

Most of the actuated structures using SMA elements are based in thermally driven one-way
shape-memory based actuators, which have to rely on bias force-creating components in order to
restore their initial shape, since they do not recover their original configuration upon cooling. By
using the two-way shape-memory effect one could theoretically overcome this limitation, since the
internal stress introduced in the microstructure of the material acts as the bias force itself. However,
the performance shown by this solution is hindered by the low recovery strain upon cooling (< 2%)
compared to that achieved by heating (6 — 8%) [15], and also by the fact that such devices would
require a continuous power input to maintain new shapes.

An alternative method to provide the bias force, obtaining reversible-actuation systems, is to
use an antagonistic type of actuation, inspired by muscles that work in pairs. An antagonistic

actuation requires the assembly of two opposing SMA active elements in which the contraction

'See [14] for a more detailed discussion on the advantages of combining tensegrity and SMA structures.
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Figure 1: Initial straining of the basic antagonistic device.

(upon heating) of one pre-stressed actuator causes the opposing actuator to stretch, arming it to a
subsequent heating, as described in several studies [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. One of
the main advantages of these antagonistic devices is the fact that they not need continuous power,
but just an electric pulse, to switch permanently to a new configuration.

In the studies cited above, SMA antagonistic actuation relies on the shape-memory effect. In
the present work, the actuating principle is based instead on the superelastic effect (reversible
strain change upon loading-unloading at temperatures above the Austenite finish temperature Ay).
Reversible morphing structures utilizing prestrained superelastic SMA wires as linear actuating
elements take advantage not only of the stress plateau but also of the stress hysteresis and temper-
ature dependence of superelasticity, by exploiting the reversible transformation between austenite
and stress-induced martensite brought about by a heating-cooling pulse.

In Figure 1 it is presented the simplest instance of antagonistic system, with two austenitic
SMA elements working in phase-opposition. One mandatory feature of the proposed antagonistic
actuation is the introduction of an initial self-stress state in SMA elements, above the critical stress
to induce martensite. This process is represented in Figure 1 through the straining path OA, both
for SMA1 and SMA2. The actuation principle of the two-element system is associated with the
bow-tie diagram? represented in Figure 2 (bottom), which will be analyzed in detail further on. The
total displacement that can be obtained through the proposed actuation principle is represented
by us. It is worth noticing that, an external alternating load can be used to move the center node

between position C and E (see Section 6), while with the actuation based on the shape-memory

2 Also called ‘butterfly diagram’ in [21].
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Figure 2: Actuation of antagonistic device with prestrained elements SMA1 and SMA2 by heating—
cooling pulses. When the element SMA1 is subjected to an heating—cooling pulse (top), the tensile
stress in both elements increases and then decreases, while the displacement changes upon heating
(A — B) and cooling (B — C). When the the element SMAZ2 is subsequently subjected to an heating—
cooling pulse (bottom), the tensile stress in both elements increases and then decreases, while the
displacement changes upon heating (C — D) and cooling (D — E). The displacement of the actuated
point varies among A-C-E upon thermal pulsing, without the need of heating any SMA element
continuously.
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effect, such a load can cause slackening of one of the antagonistic elements, making the system

unstable.

From the material science point of view, SMA elements need to have large transformation strain,
low transformation stress at room temperature, wide hysteresis, and stable superelastic response
at temperatures lower than the maximum temperature of the heat pulse. Commercial medical
grade superelastic NiTi wires fulfill these requirements in the temperature range 0-40°C. It shall be
pointed out that stresses in the antagonistic prestrained SMA elements (0o, omax in Figures 1, 2)
depend on the environment temperature. The wide stress hysteresis is essential since it assures the
stability of the actuator position at constant temperature. The maximum temperature of the heat
pulse needs to be carefully selected in order to overcome the hysteresis while avoiding excessive

overheating.

The purpose of this work is to provide a basic design methodology for antagonistic tensegrity-
SMA structures. The evolution of superelastic tensegrities, subjected to load and temperature
changes, is described by a system of ordinary differential equations written in matrix form, a sys-
tem that we solve by standard numerical routines. After benchmarking our procedure on the two-
element system of Figure 1, rectangular and tetrahedral multistable tensegrity modules (Figure 3)
are analyzed, together with a floating-compression tensegrity unit (Figure 4). These modules,
that can change their shape between multiple stable configurations, can be assembled in modular
structures with different types of antagonistic actuation, yielding a wide range of morphing possi-
bilities. Figure 5 shows two modular systems based on bistable rectangular modules that can shift

their shape between configurations a and b upon actuation either by shear or bending deformation.

Several computational procedures for truss structures and tensegrities equipped with SMA
elements have been proposed in the literature (see, e.g., [27, 28, 29]). The main novelty of the
present study is twofold: (i) the the evolution of the system is simulated by integrating a simple
system of ordinary differential equations through standard numerical routines; (ii) an effective
design procedure is demonstrated for a particular class of T'Ss, and several case studies are analyzed
to investigate the range of possibilities of this class of structures.
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Figure 3: Bending-type module (a), shear-type module (b), and tetrahedral module (c), together
with the corresponding nodal forces due to self-stress.

Figure 4: Two views of a floating-compression tensegrity module. Two families of SMA cables,
actuated antagonistically, are highlighted in red (dark grey) and green (light grey). Black thin lines
represent linearly elastic springs.
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Figure 5: Modular systems with antagonistic actuation.

The paper is organized as follows. In Section 2, the analytical model and the numerical pro-
cedure are described, and, in Section 3, our design procedure for superelastic TSs is introduced.

Numerical simulations are presented in Section 4, and our concluding remarks are listed in Section 5.

2 Preliminaries

In this section, we start by describing the linear statics and kinematics of tensegrity frameworks
(Subsection 2.1) considering a regime of small nodal displacements and velocities. Afterward, we

specify the particular subclass of systems we focus on (Subsection 2.2).

2.1 Equilibrium and kinematic compatibility equations

A tensegrity framework (TF) consists of a set A of N points, called nodes, in the three-dimensional
Euclidian space, and a set £ of R edges connecting pairs of nodes. Edges are labeled either bars or
cables according to whether the edge can carry both tension and compression, or tension only. We
denote by ij € £ the edge connecting nodes 7,5 € N, and by p;, f;, u; the 3-dimensional vectors
identifying, respectively, position, external load, and displacement of node ¢. The configuration

of the TF is given by the collection of all its nodal position vectors, which are grouped in the
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3N-dimensional vector p. Similarly, f and u are the 3/N-dimensional vectors containing all nodal
loads and nodal displacements. The edge ij has length l;; = |p; — p;| and cross-sectional area
sij, carrying the axial force ¢;; (positive if the edge is in tension) while undergoing the elongation
ei;j; correspondingly, the R-dimensional vectors I, s, ¢, and e contain, respectively, edge lengths,

cross-sectional areas, axial forces, and elongations of the TF.

For a given configuration p, the equilibrium equation of any node i is written as

1
—(pi — pj)ti; = fi, (1)
jeNijee Y

and the kinematic compatibility equation of any edge ij can be written as

lilj(pi —pj) - (Pi — Dj) = €ij - (2)

The first equation states that the resultant of all forces acting on a node is null, while the second
equation relates the time rate of elongation of the edge to the nodal velocities of its endpoints.
In these equations, (p; — p;)/l;; is the unit vector directed from node j to node i; moreover,
eij = lij — fij, with Zij the rest length of edge ij (I is the corresponding 3N-dimensional vector),

and l” = (BZJ
Equilibrium and kinematic compatibility equations can be written in compact form as
At=f, ATp=e, (3)

where the configuration-dependent operator A and its transpose are called, respectively, the equi-

librium and the kinematic compatibility operators.

The preceding equations can be rewritten in a form more suitable for our purposes in terms
of axial stresses and axial strains of the TF, denoted respectively by o and € (0;; = t;;/s;; and
€ij = €ij/ Zij are the stress and strain of edge 7j). We introduce also the square diagonal matrices
S = diag(s), L = diag(l), for cross-sectional areas and rest lengths, and we write t = So, & = Lé.
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By making the positions

we can express the equilibrium and kinematic compatibility equations in (3) as
Aoc=f, Bp=¢. (5)

In the present study, A, Z, and B are considered to stay constant; therefore, from (5); we have
that
Ao =f. (6)

The approximation made by assuming A to be constant is acceptable in a small-displacement
regime, when the unit vectors (p; — p;)/lij, ij € £, do not significantly change in direction. We
observe that the present formulation can be extended to the case of non-constant A (;1, B), which
would account more accurately for the large transformation strain of SMA elements. We consider
to be possible to adapt one of the approaches proposed in the literature to such case, e.g. that

described in [30].

It is worth noticing here that the exact time derivative of (5); is

A(p)o + Z(p,o)p = |, (7)

with Z(p, o) an operator whose expression is not difficult to compute. In a follow-up study, we
intend to utilize such operator in the evolution equations that will be presented in Subsection 3.2.
It is possible to make use of (6) with a configuration-dependent ;1, which correspond to neglecting
the second term on the left-hand side of (7) with respect to the first one. However, in the examples

we present, numerical differences with respect to considering A constant remains small.

2.2 Classification and stability

Different classes of TF can be distinguished according to the dimension of the nullspaces of A and
AT [31]. Elements in the nullspace of A represent the self-stress states of the TF, i.e. non-null axial
This is the post-print version of the paper: A. Micheletti, F.A. dos Santos, P. Sittner, “Superelastic
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forces in equilibrium with null nodal loads. The number of independent self-stress states is denoted
by S. Elements in the nullspace of A” represent the mechanisms of the TF, i.e. nodal velocities
for which all edges have null rate of elongation. A mechanism is said to be nontrivial if it does not
correspond to a rigid-body motion of the TF. The number of independent nontrivial mechanisms
is denoted by M. For a free-standing TF, the numbers N, R, S, M satisfy the extended Maxwell’s
rule [32]

SBN—-R—-6=M-2S5, (8)

accounting for the 6 independent rigid-body motions in three-dimensions. If all rigid-body motions
are eliminated by a set of Q > 6 scalar constraints applied to specified nodal positions (supported

nodes), the extended Maxwell’s rule becomes

SN-R-Q=M-2S5. 9)

Notice that in this latter case the operator A is represented by a (3N — Q)-by-E matrix, (by
eliminating @ scalar equilibrium equations corresponding to the constraints).

Different notions of stability for TF has been discussed in the literature [33, 31, 34, 35, 36, 37].
These include: prestress-stability (when internal mechnisms can be stabilized by a moderate self-
stress), superstability (when stability is independent of material properties and level of self-stress),
and multistability (when there are more than one stable equilibrium configurations). Here it suffices
to refer to the results presented in [31]. Clearly, when S = 0 an unloaded TF cannot be stable, since
cables would not be in tension. If S > 0 there are two cases, either M = 0 or M > 0. In the present
study we focus only on the former case (S > 0, M = 0) because of the advantages discussed in
[14]3. A system with S > 0, M = 0 (i.e. it is self-stressed but has no internal mechanism) is stable
if there exist an admissible self-stress, that is, when every cable is in tension. This is true when the
material stiffness is much larger than the geometric stiffness, or, in other words, for moderate levels
of self-stress. It can be seen that some of the structures we analyze are superstable, some others

are not. In any case, in our examples, we verify a posteriori that there are no cable slackening or

3Tt is also worth noticing that to deal with the case S > 0, M > 0 it is necessary to consider a large-displacement
regime [38] and consequently drop the assumption that A stays constant.
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global instabilities.

3 Analytical formulation and computational procedure

We now formalize the constitutive model of superelastic tensegrities (Subsection 3.1), and then
we pass to writing the differential system of equations describing their evolution when subjected
to load and temperature changes (Subsection 3.2). Finally, we present an enumeration procedure
for detecting phase transformations, a necessary tool for solving the evolution equations (Subsec-
tion 3.3).

We consider only SMA elements with superelastic behavior (also referred to as pseudoelastic
behavior), i.e. they are in austenitic phase at ambient temperature. Furthermore, we assume that
martensitic phase transformations induce negligible temperature changes in SMA elements, because

of the limited strain rates associated with small nodal velocities.*

3.1 Constitutive laws

The TFs we consider are composed of elastic bars, elastic cables, and superelastic SMA cables.
To describe the constitutive behavior of SMA cables, we choose the Tanaka-Voigt model [40],
mainly because of its simplicity, since it can easily be implemented and adjusted to a wide set of
experimental data.

The constitutive behavior of an SMA cable is expressed in terms of its stress, o, strain, e,

temperature, T, and martensite fraction, £ € [0,1]. We have

G=Ec+Q&(6,T,6)+0OT, (10)

where

EszM—i—(l—i—g)EA, Q:(E—ELE)(EM—EA)—ELE,

4In fact, for low strain rates, the convective heat-transfer mechanism between the SMA elements and the surround-
ing fluid (usually air) eliminates the heat associated with the enthalpy of martensitic transformations and internal
friction, leading to almost isothermal processes. As the strain rate increases the behavior of the system becomes
closer to be adiabatic [39].
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C D F G

E (1-9Qan+0 | —E(1 -8 by | (1 —&)(am — Obar)
fwd. transf.
wd transt. | e T | 11 (=€) | T4+ (0 —&)2bn | 1+ (1= E)2bus
N E —£Qas+ O E€by £(—aM + by ©)
ey transt- 1—€Qba 1+ Q6ba 1-Q¢ba 1—€Qba
no transf. E © 0 0

Table 1: Expressions for coefficients C, D, F, G in (13) and (14).

with Fpr, E4 the Young moduli of the martensite and austenite phases, respectively, and €y, is the
maximum residual strain, while © is the thermoelastic coefficient.
The function £(6,T,€) is specified separately for the forward (austenite to martensite) and

reverse (martensite to austenite) transformations. We have

£ = (apyT —bpo) (1 =€) (forward transformation), an
11

é = (*GAT +ba0) € (reverse transformation),

where aps, by, aa, and bg are coefficients computed as

2 In(10)

ans ~ 21In(10) b, = 04
M, — M,

by = GA—H, A—aa

- @ ’ (12)

ay =

in terms of the start/finish transformation temperatures, M, My, Ag, Ay, and the slopes of corre-
sponding lines in the phase diagram, Cys, C'4 (see Figure 6 in Section 3.3).

With some algebraic manipulations (10) and (11) can be rearranged as
6=Ce¢+DT, (13)

§E=Fe:+GT, (14)

where we introduced the scalars C', D, F' and G, which depend on whether a phase transformation

occurs or not. The corresponding expressions are collected in Table 1.
These expressions can be used for writing the constitutive relations for all the SMA cables in
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the TF. We denote by H < R the total number of SMA cables in the TF. We assume that the other
R — H non-SMA edges are linearly elastic; therefore, for each of one of them, we just retain relation
(13), together with the parameters C' (Young’s modulus) and D (thermoelastic coefficient).

The constitutive equations of the whole TF can then be expressed in matrix form as
6=Cé+DT, (15)

E=Fe¢+GT. (16)

In the equations above, T is the R-dimensional vector whose components are the edges’ tempera-
tures, £ is a H-dimensional vector containing the martensite fractions of the SMA cables, C, D are
square R-by-R diagonal matrices having the scalars C and D for each edge on the diagonals, and

F., G are H-by-R diagonal matrices having the scalars F, G for each SMA cable on the diagonals.

3.2 Evolution equations

In the following we consider the case of a TF whose rigid-body motions are eliminated by @) scalar
constraints on the nodal positions. By substituting (15) into (6), and by making use of (5)2, we

obtain

A(Cé+DT)=A(CBp+DT)=7f. (17)

By substituting (5)2 in (16) we obtain
E=FBp+GT (18)
The last two relations are rearranged to form the differential system

ACBp=f—-ADT,
(19)
E-FBp=GT,

which consists of 3N — @ + H scalar equations for the evolution of the 3N — @) unconstrained com-
ponents of p and the H components of & once f and T are assigned. Notice that the two equations
This is the post-print version of the paper: A. Micheletti, F.A. dos Santos, P. Sittner, “Superelastic
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in (19) are coupled because their coefficients depend on the occurrence of phase transformations in
SMA cables.

In the next subsection we present how to solve this system with given data, f , T, and initial
conditions, pg, &g, to obtain p, . This will allow us to determine €, from (5)2, and o, by integration

of (15).

3.3 Detecting phase transformations: enumeration procedure

We are faced with the following problem. In order to determine C', D, F', G, which enter the system
(19), we need to know whether the SMA cables are undergoing a phase transformation or not. This
in turn requires the values of & and T (in addition to those of o, T, and &) to be known, as
described in [41]. However, while T is an assigned datum, & depends on the solution of the same
differential system (19). To solve this problem we adopt the enumeration procedure detailed below.

The state of an SMA cable at the temperature T', subjected to the axial stress ¢ is represented
by the point (T, 0) in the phase diagram in Figure 6. We start by describing the different regions
in such phase diagram. To simplify things, we preliminarily assume that (T, 0) € R, where R is
the rectangular region in the phase diagram given by Ty < T < Thax and opin < 0 < Opax, with
certain assigned values of Tiin, Tmax, Omin, and Omax.” We identify the subregions R aar, Ry, Ra,

Rru, and Rry as follows (Fig. 6):

Ram = {(T,0) e R|Ca(T — A) < 0 < O (T — M)},

Ry = {(T,0) e Rlo > Cy (T — My)},

Ra = {(T,0) € R|o < Ca (T — Ay)}, (20)
Rrm = {(T,0) €ER|Cy (T — M) < 0 < Cpr (T — My)},

Rra = {(T,0) e R| Ca(T — Ay) < 0 < Ca (T — Ay)}.

M

Furthermore, we introduce the unit vectors n™, n4

as the normals to the boundaries between

Ran, Rar, and R4, pointing in the direction of the corresponding transformation, as shown in

5Tt is not strictly necessary to consider a rectangular region, and this assumption can be relaxed if needed. However,
we do require that only phase diagrams like the one shown in Figure 6 are considered, i.e. diagrams which do not
include regions where twinned martensite exists.
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Fig. 6). Finally, we define the vector d, tangent to the transformation path in the plane T-o,

expressed in components as

=
o
When (T,0) € Ry and € < 1 ((T,0) € Rra and € > 0), the forward (reverse) transformation
occurs if d form an acute angle with n™ (n4) [41].
We can now distinguish two cases.

Case 1 - No phase transformation: when (T,0) € Ryf URan URA4, or (T,0) € Rypy with € =1,
or (T,0) € Rra with £ = 0. In this case, to determine that there is no phase transformation is
sufficient to know o, T, and £.
Case 2 - Possible phase transformation: when (T, 0) € Ry with € < 1 (Case 2a), or (T,0) € Rra
with & > 0 (Case 2b). In this case, to determine whether there is transformation or not it is
necessary to know ¢. In particular, for Case 2a, there is transformation if d - ny; > 0; for Case 2b,
there is transformation if d - ng > 0 [41].

g

M; T

Figure 6: A path through different regions in the phase diagram, the solid line (dashed line)
indicates that a phase transformation is occurring (not occurring).

The enumeration procedure we mentioned consists in the following steps.

Step 1 Check all SMA cables to identify those for which Case 2 applies. Let K be the number of
such cables.
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Step 2 Enumerate the 2% possible scenarios by assuming each SMA cable under Case 2 either
undergoing or not undergoing a phase transformation and considering all combinations. For

each scenario, assign corresponding values to C', D, F', G by using the expressions in Table 1.

Step 3 For each scenario, compute & using (15), (5), and (19);. Determine which of the K SMA

cables is actually undergoing a phase transformation.

Step 4 If there is only one scenario for which the assumptions made in step 2 match the actual
phase transformations determined in step 3, then use the corresponding C, D, F, G to

integrate the differential system (19).

Not only we make use of this enumeration procedure at the beginning, but also during the inte-
gration of (19), in particular, each time we detect a change to the case (Case 1 or Case 2) which
applies to an SMA cable.

Regarding Step 3, to compute & we first solve for p in (19);,
p = (ACB)"\(f - ADT),
then we substitute (5) in (15), obtaining
6=CBp+DT.

Regarding Step 4, we do not exclude the possibility of having of two or more different scenarios
for which assumptions match actual computations. However, to address issues related to the
uniqueness of solutions falls outside the scope of this paper. In the examples we present, the

enumeration procedure always determines a single scenario.

4 Designing the simplest antagonistic systems

In this section we expound a useful kinematic compatibility condition for designing TF's. In particu-
lar, we justify the fact that the simplest antagonistic TFs are those with one independent self-stress
state, S = 1, and in which SMA cables have equal axial forces and lengths.
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We start from the established fact that admissible elongation rates are orthogonal to self-stress
states [31, 36, 14] (see also [42]). More precisely, by looking at (3), and considering that the

nullspace of A and the image of AT are orthogonal subspaces, we have that

t-e=0, Vt:At=0. (21)

This can also be seen as the statement of the virtual power principle for null loads: the azxial forces

in a self-stress state spend null power on edges’ elongation rates.

Since (21) gives S independent scalar conditions, it is sufficient to change the length of (S + 1)
edges to obtain a configuration change; if in addition the S self-stress states are strictly proper,® then
(S +1) is also the necessary number of variable-length edges. In case of modular structures, where
Sm > 1 self-stress states are localized at every module, a configuration change can be obtained by

just Sy, + 1 non-null elongations in a module.”

When a configuration change is determined by non-null elongation rates in only two cables, (21)
becomes

t161 + taés =0, (22)

where the subscripts 1 and 2 refer to the two cables. Therefore, since t1, to > 0, if one cable
lengthens, then the other one shortens (i.e. two-cable actuation is always antagonistic). In partic-
ular, when the axial force is the same in both cables, the elongation rates are equal in magnitude.
In the same way, a corresponding result obtains when the non-null elongation rates pertain to an
even number of cables with same axial force, and one half of these cables shorten/lengthen. This
shows that having antagonistic cables with same axial forces and lengths is preferable. Besides,
condition (21) allows one to design also systems where antagonistic cables have different axial forces

or elongation rates.

The TFs analyzed in this study have just one strictly proper self-stress state (and no mechanism,

S =1, M =0), and they can be employed to form modular assemblies. We leave the case of non-

In a proper self-stress state, axial forces are nonnegative in cables; a self-stress state is strictly proper if axial
forces are nonzero in bars and positive in cables [43].
"Regarding this point, see also the discussion in Section 2.3 of [14].
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modular TFs with S > 1 to a follow-up investigation. It is worth noticing that while having a
(non-modular) TF with S > 1 is advantageous for structural redundancy (failure of one cable does
not necessarily cause overall failure of the whole TF), designing such systems constitute a more
challenging task. For example, shortening a cable can cause other cables to go slack (see Figure 7,

while this is never the case for S = 1.

o S

I I

(a) (b)

Figure 7: A structure with S = 2 (a). Heating one cables can cause some other cables to go slack

(b).

5 Case studies in 2D

5.1 General setup

In this section and in the following one, we apply our computational procedure to four structures (see
Figures 3 and 4): two planar rectangular modules, a bending-type module and a shear-type module
(Subsection 5.2), with two antagonistic SMA cables each; a tetrahedral module (Subsection 6.1),
with four antagonistic SMA cables; a floating-compression tensegrity module, with two sets of
antagonistic cables. In each module the self-stress is such that SMA cables have equal axial forces.
The response to loads and temperature changes of the rectangular modules is similar to the response
of the two-element system described in the Introduction, the difference being that these modules can
display bending and shear deformations, as their name suggests. Results show that our procedure is
able to qualitatively reproduce the experimental response of the two-element system to temperature
changes which has been reported in [21]. We show that a module can be actuated repeatedly,
and that it can be repositioned in a configuration close to the initial one. We also present two
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alternative heating-cooling actuation methods for performing work against an external load. As
to the tetrahedral module, by actuating its four antagonistic cables two by two, this structure
can display a combination of three independent deformations: bending deformations along two
orthogonal directions, plus a torsion deformation, resulting in a response which is again similar
to the two-element system. In case cables are not actuated two by two, or loads do not induce a
symmetric deformation of the structure, a more complex response is obtained. The case studies

presented in this work are listed next:

1. Bending-type rectangular module

(a) Heating-Cooling cycles
(b) Forcing cycles

(c) Forcing and repositioning
2. Shear-type rectangular module

(a) Overlapping H-C cycles

(b) Movement under load (two subcases)
3. Tetrahedral module

(a) Bending (x), repositioning, restart bending (y)
(b) Non-simultaneous H-C cycles

(c) Repositioning after arbitrary forcing

4. Tensegrity module (Heating-cooling cycles)

The material properties of the SMA cables are the same in all examples and are listed next:

Mj = -45 °C
M, = -35°C
A, =-15°C
Ap =-5°C

Eyr = 20000 MPa
E4 = 35000 MPa
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Cy = 6.5 MPa/°C
C4 = 6.5 MPa/°C
© = 0 MPa/°C

e = 0.03

The Young’s modulus of Austenite is an ’effective modulus’ as it takes into account the stress-
induced B2-R transformation in the elastic range. The thermoelastic coefficient is customarily taken
equal to zero, since in our numerical simulations we observed that thermoelastic effects are of minor
importance and change marginally the overall response of the system. Stress-strain plots of a single
cable are shown in Figure 8 at the ‘cold’ (7" = 20°C) and ‘hot’ (T' = 70°C) temperatures that we
consider in the simulations. All SMA cable have circular cross-section of diameter d = 0.1 mm. All
the other edges are modeled as rigid (fixed length) elements by assigning them very large Young’s

modulus and/or cross-sectional area.®

8Therefore, we can also disregard buckling of compressed members.
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Figure 8: Stress-strain plots for a single SMA cable at T'=20°C and T' = 70°C.

All computations are implemented in the Matlab™ programming software. In particular,

numerical integration is performed by making use of the built-in Matlab™ routine ode5.

5.2 Rectangular modules

This Subsection is dedicated to the results pertaining to the bending-type and shear-type rectan-
gular modules. The behavior observed in each case can be extended, by analogy, to all two-element
systems considered (the one in the Introduction, the bending-type, and the shear-type module).

The connectivity and geometry of the bending-type rectangular module are shown in Figure 9
(left). The module is constrained to move in the plane 2 — y and rigid-body motions are eliminated
by adding three scalar external constraints (a hinge and a roller, as shown in Figure 9). As shown
in Figure 3 (a), the prestress is such that the edges corresponding to the sides of the rectangle are

in tension (edges 1, 2, 7, 8), while the edges corresponding to the diagonals are in compression
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(edges 3, 4, 5, 6).
Case 1: H-C cycles, bow-tie diagram (bending-type module)

This Case shows the typical antagonistic response in a “heating-cooling cycle”, where the tem-
perature changes shown in Figure 10 are imposed on the two cables. Figure 12 shows what happens
when the starting (stress,strain) values are located at the top plateau, while Figure 13 shows what

happens when such starting values are located in-between plateaux.

By comparing Figures 12 and 13, we see that in the latter case, after the first H-C cycle, the
system moves along a path in the state space which is identical to that of the former case. We
verified that the same happens when the starting strains of the two SMA cables are not equal to

each other, omitting corresponding plots for brevity.

State C
160/ State A 1601
——
140 140
120 120
100 100
>

> 80 sol

1 2
60 60+
40 40
20 20+

° D %

1 1 1 1 1 1
0 20 40 60 80 100
X

Figure 9: Rectangular bending-type module. Thin lines represent SMA cables, thick lines represent
conventional truss elements.
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Figure 10: Heating-cooling cycle.
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Figure 11: Sequential configurations from A to G for the heating-cooling cycle.
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Figure 12: Heating-cooling cycle applied to the rectangular bending-type module: stress vs strain
(left column) and stress vs temperature (right column) for Cable 1 and 2. The dashed line corre-

spond to the system’s initial prestressing path.
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Figure 13: Heating-cooling cycle applied to the rectangular bending-type module with lower pre-
stress and same initial strain in SMA cables: stress vs strain (left column) and stress vs temperature
(right column) for Cable 1 and 2. The dashed line correspond to the system’s initial prestressing
path.

Case 2: Forcing cycles (bending-type module)

During forcing cycles there is a force pushing on the system in one direction, then removed,
then pushing in the other direction, and so on (cf Figure 14), with both cables remain at the cold
temperature (no temperature changes). Figure 16 reports the results obtained in this case, while
Figure 17 displays the corresponding moment-vs-rotation plot. As Figure 16 shows, the system can
be pushed from configuration C' to F, and then G, by external forces applied momentarily on the

syste-m9

9We also verified that by controlling the magnitude of such forces it is possible to reach intermediate configurations
(no plots shown for brevity).
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Figure 14: Force in direction x applied on Node 1.
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Figure 15: Sequential configurations from A to G for force in direction = applied on Node 1.
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Figure 16: Forcing cycles applied to the rectangular bending-type module: stress vs strain (left
column) and stress vs temperature (right column) for Cable 1 and 2. The dashed line correspond
to the system’s initial prestressing path.
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Figure 17: Moment-vs-rotation plot obtained by considering the moment of the external force with
respect to Node 5, and the relative rotation of the triangle formed by elements 3, 4, 7 with respect
to the triangle formed by elements 5, 6, 8.

Case 3: Forcing and repositioning (bending-type module)

As to forces and temperature changes, this Case is the same as Case 2 until point E where the
force is removed. At that point, a heating-cooling cycle of the most stretched cable is used to bring
the system back close to the initial configuration.
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Figure 18: Force in direction x applied on Node 1 and heating of cable 2 only.
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Figure 19: Sequential configurations from A to G for force in direction z applied on Node 1 and
heating of cable 2 only.
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Figure 20: Forcing and repositioning of the rectangular bending-type module: stress vs strain (left
column) and stress vs temperature (right column) for Cable 1 and 2. The dashed line correspond
to the system’s initial prestressing path.

Case 4: Overlapping H-C cycles (shear-type module)

We now switch to the shear-type rectangular module shown in Figure 21 (left), which has same

overall dimensions as in the previous structure, and it is also similarly constrained. The prestress

is such that edges on the diagonals are in tension, while all the other edges are in compression (cf

Figure 3 (b) ).

This Case reproduce in a qualitative way the behavior observed experimentally in [21] when

the heating-cooling protocol shown in Figure 22 is imposed on the two cables. The response of the

system is shown in Figure 23.
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Figure 21: Rectangular shear-type module. Thin lines represent SMA cables, thick lines represent
conventional truss elements.
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Figure 22: Overlapping Heating-cooling cycle.
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Figure 23: Overlapping heating-cooling cycle applied to the rectangular shear-type module: stress
vs strain (left column) and stress vs temperature (right column) for Cable 1 and 2. The dashed
line correspond to the system’s initial prestressing path.
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Figure 24: Sequential configurations from A to G for the overlapping heating-cooling cycle.

Case 5: Motion under load (shear-type module)

In this Case the motion of the system goes against the direction of the load (the external force
spends negative work). Two subcases are presented: one where first the load is applied and then
cables go through heating/cooling cycles (Figures 25, 26, 28), and another one where first a cable
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is heated and then the load is applied (Figures 29, 30, 32). We see that in the second subcase

the system is able to spend more work against the load, and therefore the corresponding protocol

would be preferable in applications.
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Figure 25: Movement under load, forcing first.
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Figure 26: Movement under load (forcing first) for the rectangular shear-type module: stress vs
strain (left column) and stress vs temperature (right column) for Cable 1 and 2. The dashed line
correspond to the system’s initial prestressing path.
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Figure 27: Sequential configurations from A to G for movement under load (forcing first).
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Figure 29: Movement under load, heating first.
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Figure 30: Movement under load (heating first) for the rectangular shear-type module: stress vs
strain (left column) and stress vs temperature (right column) for Cable 1 and 2. The dashed line
corresponds to the system’s initial prestressing path.
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Figure 31: Sequential configurations from A to G for movement under load (heating first).
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Figure 32: Shear force vs shear angle.

6 Case studies in 3D

6.1 Tetrahedral module

This Subsection is dedicated to the results pertaining to the tetrahedral module. The connec-
tivity and geometry of this module are shown in Figure 33. Node 1 is located at the center of the
tetrahedron, which also coincides with the origin of the cartesian frame {x,y, z}, while Nodes 2, 3,
4, 5 are located at the vertices of the tetrahedron and have coordinates, in millimeters, (100, 0, 100),
(—100,0,100), (0,100, —100), (0,—100,—100) respectively. Rigid-body motions are eliminated by
adding six scalar constraints (as shown in the same figure). The prestress is such that members
corresponding to the edges of the tetrahedron are in tension (edges 1, 2, 3, 4, 9, 10), while the edges
connecting the vertices to the center are in compression (edges 5, 6, 7, 8), cf Figure 3 (c). Figure 34
shows a projection on the z,y plane of the three possible types of deformations (bending along
the z direction, bending along the y direction, and torsion) which can be obtained by actuating
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pairs of cables. A video showing a demonstrative desktop model of this structure can be found as

Supplementary Material.

State A

100 —

50—

-50 —

100
-100 —

-100
50 100

Figure 33: Tetrahedral module. Thin lines represent SMA cables, thick lines represent conventional
truss elements.

(@) (b) ()

Figure 34: Antagonistic actuation of the tetrahedral module: bending along the x direction, cables
1,2 - 3, 4 (a); bending along the y direction, cables 1, 3 - 2, 4 (b); torsion, cables 1, 4 - 2, 3 (c).

Case 6: torsion forcing and repositioning
In this Case the system is first subjected to a torsional load given by two horizontal opposite
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force applied on nodes 2 and 3 along the y direction; afterwards, the system is repositioned close
to the centered configuration by heating cables 2 and 3 simultaneously (Figure 35). The response

of the system is shown in Figure 36.
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Figure 35: Torsion forcing and repositioning.
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Figure 36: Tetrahedral module: torsion forcing and repositioning. Stress vs strain (left column)
and stress vs temperature (right column) for Cables 1 through 4. The dashed line correspond to
the system’s initial prestressing path.
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Case T7: bending (x), repositioning, restart bending (y)

In this Case the system is first subjected to a bending deformation along the y axis obtained by
applying a heating pulse applied to cables 3 and 4, (A-B-C) and then to cables 1 and 2 (C-D-E).
The system is then repositioned close to the initial configuration (E-F-G) and, finally, a heating
pulse is applied to cables 1, 3 to induce a bending deformation along the x direction (Figure 37).

The response of the system is shown in Figure 38.
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Figure 37: Heating-cooling cycles: bending (x), repositioning, restart bending (y).
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Figure 38: Heating-cooling cycles applied to the tetrahedral module: stress vs strain (left column)
and stress vs temperature (right column) for Cables 1 through 4. The dashed line correspond to
the system’s initial prestressing path.

This is the post-print version of the paper: A. Micheletti, F.A. dos Santos, P. Sittner, “Superelastic
tensegrities: matrix formulation and antagonistic actuation”, Smart Mater. Struct. 27 105028, 2018.
https://doi.org/10.1088/1361-665X/aadaa5



44 A. Micheletti, F.A. Santos, P. Sittner — Superelastic tensegrities

Case 8: non-simultaneous H-C cycles

This Case shows what happens if the two cables in each antagonistic pair are not actuated
simultaneously (Figures 39 and 40). We observe that there are noticeable differences with respect

to the case of simultaneous actuation (compare with the path A-E of the previous case).
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Figure 39: Non-simultaneous heating-cooling cycles.
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Figure 40: Non-simultaneous heating-cooling cycles applied to the tetrahedral module: stress vs
strain (left column) and stress vs temperature (right column) for Cables 1 through 4. The dashed
line correspond to the system’s initial prestressing path.
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Case 9: repositioning after simultaneous bending/torsion loading

In this Case, the system is subjected to a force with components along the three directions
applied to node 2, causing simultaneous bending and torsion deformations of the structure. Subse-
quently the system is repositioned to a configuration close to the initial one by two heating pulses

applied to cables 2,4 and 1,3 (see Figure 41). The response of the system is shown in Figure 42.
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Figure 41: Repositioning after simultaneous bending/torsion loading.
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Figure 42: Repositioning after simultaneous bending/torsion loading of the tetrahedral module:
stress vs strain (left column) and stress vs temperature (right column) for Cables 1 through 4. The
dashed line correspond to the system’s initial prestressing path.
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6.2 Tensegrity module

Our final case study regards the simulation of heating-cooling cycles for a floating-compression
tensegrity module (Fig. 4). This module has been derived by the so-called expanded octahedron
[44], a rhombic-type tensegrity system [45, 46] with M = 1 and S = 1. We added six additional
cables in order to get M = 0 while preserving symmetry; consequently, there S = 6 independent
self-stress states. There are 6 bars, 24 SMA cables (those of the original expanded octahedron), and

6 linearly elastic cables. The latter have been assigned a very small axial stiffness and self-stress.

The SMA cables have been subdivided into two groups of 12 cables each, Group 1 and Group 2
(respectively in red /dark grey and green/light grey inFig. 4), in order to preserve a tetrahedral sym-
metry. We prestressed all SMA cables to the same level on the top plateau of a cable’s stress-strain
plot. By applying the heating-cooling protocol shown in Fig. 43, we obtained the response shown
in Fig. 44. The starting configuration A is the symmetric one shown in Fig. 4 left. Configuration
B correspond to the one shown with magnified deformation in Fig. 4 right (from a different point
of view). The system is repositioned close to the starting configuration at the end of the protocol

(configuration G).
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Figure 43: Heating-cooling protocol.

This is the post-print version of the paper: A. Micheletti, F.A. dos Santos, P. Sittner, “Superelastic
tensegrities: matrix formulation and antagonistic actuation”, Smart Mater. Struct. 27 105028, 2018.
https://doi.org/10.1088/1361-665X/aadaa5



A. Micheletti, F.A. Santos, P. Sittner — Superelastic tensegrities 49

450¢

Stress (MPa)
N
o
S

Group 1

AF
350 ¥ G
0 0.02 0.04
Strain
Group 2
450 ‘ ‘
D
©
o
= 400
7
o AF
&
350f  * G
0 0.02 0.04
Strain

Group 1

4507
4007
A F,
CE
350t ' 1G | |
20 40 60 80
Temperature (°C)
Group 2
450f B ‘
De
4007
AF
CE
350 ~ /'G | |
20 40 60 80

Temperature (°C)

Figure 44: Heating-cooling protocol for the tensegrity module: stress vs strain (left column) and
stress vs temperature (right column) for SMA cables in Group 1 and Group 2. The dashed line

correspond to the system’s initial prestressing path.

7 Concluding remarks and future work

We proposed a procedure for the design and simulation of simple tensegrity modules equipped

with antagonistically connected superelastic SMA cables. Although the proposed numerical proce-

dure can be applied to any two- or three-dimensional superelastic tensegrity structure in a small-

displacement, quasi-static regime, we focused mainly on simple antagonistic systems consisting of

an even number of SMA cables of the same length and prestress. Such systems possesses a con-

tinuous spectrum of stable configurations that can be mutually transformed among themselves by
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application of direct electric pulse heating of selected SMA cables. We presented a number of case
studies to demonstrate the configuration switching on three types of modules, each of which can
be used as the repeating unit of more complex assemblies. The presented simulations replicated
fairly well the experimental results described in Ref. [21]. The model simulations can be exploited
in the design process of such systems, as shown for example in Case 5 (motion under load).

We plan to extend our procedure to the large-displacement regime (7) in a future work. This
extension would also provide a tool for designing tensegrity systems with M > 0 (cf Section 2.2).
Another planned improvement is to adopt a different constitutive law to overcome the limitations
of the used simple Tanaka model, allowing for obtaining better simulations of internal hysteresis
loops in partial forward and reverse transformations. In order to move from quasi-static to dynamic
conditions, it is planned to take into account the exchange of the heat between the heated wire and
the environment in the constitutive model. Finally, considering more general prestressed structures,
we foresee future application of the antagonistic-superelastic concept to beams, plates, and three-
dimensional continua, with the use of suitable constitutive models and numerical algorithms (eg

[47]).
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