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Abstract

We provide a general framework for the design of surface energies on lattices. We
prove sharp bounds for the homogenization of discrete systems describing mixtures
of ferromagnetic interactions by constructing optimal microgeometries, and we prove
a localization principle which allows to reduce to the periodic setting in the general
nonperiodic case.
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1 Introduction

The optimization of the design of structures can sometimes be viewed as a variational prob-
lem where we minimize or maximize a cost or a compliance subjected to design constraints.
A typical example is the shape optimization of conducting or elastic structures composed of
a prescribed amount of a certain number of materials and with given boundary conditions
or loads. In that case the existence of an optimal shape is not guaranteed, and a relaxed
formulation must be introduced that takes into account the possibility of fine mixtures.
The homogenization method as presented for example in the book by Allaire [4] can be
regarded as subdividing the problem into the description of all possible materials obtained
as mixtures, and subsequently optimize in the enlarged class of homogenized materials that
satisfy the corresponding relaxed design constraint.

In this paper we extend the homogenization method to the optimal design of networks
for surface energies. From a standpoint of Statistical Mechanics, the object of our study
are mixtures of ferromagnetic interactions under the constraint that interaction coefficients
(bonds) may only take values in a fixed set of parameters. We consider energies of Ising



type defined on a cubic lattice, of the form
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where u; is a spin function; i.e., a function that may only take the values —1 and 1, and
V C 7% is a finite set containing the standard orthonormal basis {ei,...,eq}. In the
energy we only consider pairs 4,7 with &€ = j — ¢ € V, so that V describes the range of
interactions. Such pairs (7, j) (or equivalently (7,&)) will be called bonds. The non-negative
coefficients ¢; ¢, representing the strength of the interaction (or bond strength) at the point
7 in direction &, will satisfy some design constraint, which will be at the core of our analysis
and will be described below. We assume ¢; ¢ > ¢ > 0 for £ € {e1,...,eq} in order that the
energies be equicoercive with respect to the strong L'-convergence, and we prefer to write
the interactions in the form ¢; ¢(u; — u;4¢)? than that in the form —c; cu;u;ve (equivalent,
up to a scaling factor), which is more customary in Statistical Mechanics, since in this way
the energy of ground states is normalized to 0 and we avoid possible indeterminate forms
in the case of infinite domains. In order to describe the surface energy corresponding to
such a system we follow a discrete-to-continuum approach as in [19, 3] (see also [21, 12]):
we scale the energies introducing a parameter ¢ and defining
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where now the functions v are considered as defined on eZ?, with u; the value at €i. By
identifying each u with the corresponding piecewise-constant interpolation on €Z¢ such
energies can be considered as defined in a Lebesgue space, where they are equicoercive,
so that their I'-limit can be used as a continuum approximation in the description of the
corresponding minimum problem [10].

Since in our optimal-design problem we have to take into account the possibility of
locally varying the arrangement of the interactions we further introduce a dependence on
¢ on the coefficients, and consider energies

1 _
Ee(u) = > D e (i — uige)®. (3)
§EV iczd

Compactness theorems (see [3]) ensure that the I-limit of such energies exists up to sub-
sequences, is finite on functions in BVi,.(R% {—1,1}), and takes the form of a surface
energy

— T d—1
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where 0*{u = 1} is the reduced boundary of {u = 1} and v, is its inner normal.



The optimal-design constraint that we consider is that for fixed & € V the bond
strengths ¢; ¢ may take two positive values a¢ and ¢ depending on { with

Qg < ﬂg. (5)

The simplest case is that of nearest neighbours, when V' = {ey, ..., e4} is the canonical basis
of R? and the strength of the bonds is independent of the direction: Qe; =, Be; = . In
that case we are mixing two types of connections in a cubic lattice. A simplified description
of the two-dimensional setting for nearest neighbour-interactions can be found in [17].
The first step in the homogenization method is to consider all possible ¢ in the periodic-
bond setting; that is, when ¢ — ¢; ¢ are periodic, in which case ¢ is independent of x. We
denote such ¢, extended to R? by positive homogeneity of degree one, as the homogenized
surface tension of the system {c; ¢}. The description of such ¢ with fixed volume fraction
(proportion) 6 of S-type bonds is what is usually referred to as a G-closure problem, with a
terminology borrowed from elliptic homogenization [4, 24]. We show that all possible such
¢ are the (positively homogeneous of degree one) symmetric convex functions such that

> ael (. €)] < o) <3 (Beble + (1 — Oe)ae) (v, )], (6)
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where 6¢ € [0, 1] is the volume fraction of the interaction coefficients which accounts only
for points 7 interacting with points ¢ + &, so that
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Note that, strictly speaking, such a description makes sense only for # a rational number.
We denote by H(#) the family of all ¢ as above satisfying (6). If 8 is not a rational number,
then the elements of H(f) are regarded as approximated by elements of H(6#},) with 6, — 0
and rational.

In dimension two we may compare this G-closure problem with a continuous analog
on curves in R?, which consists in the determination of optimal bounds for Finsler metrics
obtained from the homogenization of periodic Riemannian metrics (see [1, 15, 13]) of the

form )
u®)y 2
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and a(u) is a periodic function in R taking only the values o and 3. Even though curves
and boundaries of sets have some topological differences, it has been shown in [19], that in
the periodic setting the homogenized energy densities can be computed by optimal paths
(curves) on the dual lattice. The problem on curves has been studied in [23], where it is
shown that homogenized metrics satisfy

aly] < p(v) < (08 + (1 = 0)a)lv],



but the optimality of such bounds is not proved. That result provides bounds also for the
‘dual’ equivalent formulation in dimension 2 of the homogenization of periodic perimeter

functionals of the form
T
il d—1
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with the same type of a as above (see [6, 8]). The corresponding ¢ in this case can be
interpreted as the surface tension of the homogenized perimeter functional.

The discrete setting allows to give a (relatively) easy description of the optimal bounds
in a way similar to the treatment of mixtures of linearly elastic discrete structures [16].
The bounds obtained by sections and by averages in the elastic case have as counterpart
bounds by projection, where the homogenized surface tension is estimated from below by
considering the minimal value of the coefficient on each section, and bounds by averaging,
where coefficients on a section are substituted with their average. The discrete setting
allows to construct (almost-)optimal periodic geometries, which optimize one type or the
other of the bounds in every direction £ at the same time. Since the constructions of
optimal geometries for fixed & may overlap, some extra care must be used to make sure
that they are compatible. This is done by a separation-of-scales argument.

The homogenization method is completed by proving that we may always locally reduce
to the case of periodic coefficients. More precisely, we note that, up to subsequences, in the
general non-periodic setting of energies as in (3), we may define a continuum local volume
fraction 6 = 6(x) describing the local percentage of S-type bonds, as the average of the
densities f¢(x) of the weak*-limit of the measures
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We then prove a localization principle, similar to the one for quadratic gradient energies
in the Sobolev space setting stated by Dal Maso and Kohn (see [25, 11]). In our case, this
amounts to proving that all ¢ that we may obtain in (4) are exactly those such that, upon
suitably choosing their representative,

p(x,-) € H(O(x)) (7)

for almost all x. Conversely, every lower-semicontinuous energy F' as in (4) with a surface
energy density ¢ such that (7) holds for almost every x is the I'-limit of an Ising energy with
coeflicients {cig} with continuum local volume fraction §. This localization result turns
out much more complex than the one in the elliptic case both because surface energies
are not characterized by a single cell-problem formula and because their values must be
characterized along d — 1-hypersurfaces for #? !-almost all values of z.

The paper is organized as follows: in Section 2 we fix some notation and introduce
the general setting of the problem. In Section 3 we prove Theorem 5, which shows the



optimality of the bounds in the periodic case. The proof holds with a direct construction
when the target energy density is in a dense class of crystalline energy densities, and it is
proved by a multi-scale approximation in the general case. It is interesting to note that, in
order to recover a system of discrete interactions, it is convenient to interpret homogenized
surface energy densities in a W' setting, where the extension gives a convex integrand. In
Section 4 we prove the localization principle, which is subdivided in Theorems 18 and 19.
Their proof is rather technical and makes use of representation and blow-up arguments.
In particular, in order to recover (7) we use the results in [18], which provide a blow-up
formula for the limit energy density at all points.

2 Notation and setting

For z € R?, v € S9! and ¢ € RY, we define the half spaces HF (z) = {y € R?: +(y—x,v) >
0}, the hyperplane IL,(z) = {y € R : (y — z,v) = 0} and the strip II5(z) = {y € R : 0 <
(y —x,v) < ({,v)}. In the notation we omit the dependence on z if x = 0; e.g., we write
HF for HF(0), and similar. We define u,, : R? — {41} by

1 zeHf(x)
tap(2) = {—1 v € Hy (z). ®)

If z = 0 we use the notation and u,(z) = ug,(2).

For R > 0 we denote by Br(x) = {y € R?: |y — 2| < R} the open ball with radius R
centred in z. If x = 0 we write Br for Br(0). Furthermore, we set B}jiy = Hf N Bpg the
half open ball of radius R and centre 0 contained in H} We denote by wg—1 the (d —1)-
dimensional measure of the (d —1)-dimensional unit ball. @ denotes the d-dimensional unit
open cube centred at 0; i.e., Q = {x € R?: [(z,¢;)] < %, for all i € {1,---,d}}, whereas
we denote by Q(z¢) the cube centred at z¢; i.e., Q(zg) = o + Q. Let R, € SO(d) be a
rotation such that R(e,) = v. We denote by Q¥ = {R,(z) : = € Q} a unit cube with sides
either parallel or orthogonal to v, Q" (z9) = xo + @ a unit cube centred at zy with sides
either parallel or orthogonal to v, and @} (7o) = pQ” + 7o a cube centred at ¢ with side
lengths p > 0 and sides either parallel or orthogonal to v.

Given A open bounded with Lipschitz boundary and u € BV (A) we set tr(u) €
L'(9(A)) the inner trace of the function u on the boundary of A. We say that v € S4~ 1! is
rational if there exists A € R such that \v € Z¢.

We define by D;(R%) the space of functions that are convex, even, and positively ho-
mogeneous of degree 1; i.e., all functions ¢ : RY — [0, +00) that satisfy ¢(A\z) = Ap(x) for
A >0 and x € R% Furthermore we define d : D1(R?) x D;(R?) — [0, +00) as

d(p,v) = sup { [p(v) — w(¥)| 1 v € ST} (9)



Note that D;(R?) endowed with the metric d is a metric space. We denote by
B:(¢) = {¢' € Di(RY) : d(p, ') <7}

2.1 Spin functions and lattice energies

In what follows  will denote a bounded open set of R? with Lipschitz boundary. We
denote by A(2) the set of all open subsets contained in Q. Given T C R and € > 0 we
define the set of functions

PCAT) :={u:ZNQ — T}.

We omit the dependence on T" when T' = R; i.e., PC.(Q) = PC.(Q,R), as well as when
e=1;ie,PCi(Q,T)=PC(NT). In order to carry out our analysis embedding all spaces
in a common framework it is convenient to regard PC.(€,{£1}) as a subset of L'(Q).
To that end, we will identify a function u € PC.(Q,{£1}) with its piecewise-constant
interpolation on the e-cubes centered in the lattice. That interpolation will still be denoted
by u, and, precisely, is defined by setting u(z) = 0if z € eZ4\ Q and u(z) = u(zZ), where 25
is the closest point in eZ? to « (which is uniquely defined up to a set of zero measure). Other
similar interpolations could be taken into account, actually not affecting our asymptotic
analysis.

Let V C Z% be a finite set containing the standard orthonormal basis {ej}?zl. For
every ¢ > 0 we consider a system of long-range (but finite range) interactions with co-
efficients C;E > 0 for i € Z% and € € V. The corresponding ferromagnetic spin energy

F. : PC(R% {#£1}) — [0, +oc] is given by
1
Fe(u) = 1 Z Z o5 ¢ (us — uige)?, (10)
i€Zd EEV
where u; = u(i) and % is a normalization factor. Such energies correspond to inhomoge-
neous surface energies in the continuum.

Definition 1. Let {cfg},i € Z% £ € V,e >0 be coefficients as above such that

. >e>0forallicZt Ee€V,e>0.

1,65
Then, we define the macroscopic energy density of {cfé} as the function ¢ : R x R? —

[0, +00) such that for all x € R?, @(x,-) is positively one homogeneous of degree one and
for all v € 81 and x € R? we have

. . 1 . d—
o(x,v) =lim S(l]lp th(l)lp Ty T inf { Z Z € 1025(% —uipe)?: (11)
= & - i€(By(x)), €€V

u € PCo(R{E1}), w5 = uq,(3), & (By(2)), }



where (B,(z)). = 2N (1B,(x)) and u; = u(ei).

Remark 2. The definition above can be interpreted in terms of a passage from a discrete
to a continuum description as follows. We consider the scaled energies on 2

1 _
Ee(u) = 5 S e (u — wise)? (12)
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where u € PC.(%; {£1}), u; = u(ei) and Q. = Z¢ N (1Q). Identifying u with its piecewise
constant interpolation, we can regard these energies defined on L!(Q). Their I-limit in
that space, if it exists, is finite only on BV (€, {£1}), where it has the form

Ey(u) = / o, () )R
O*{u=1}NQ

with ¢ as above ([3, 19]).

3 Bounds for systems of periodic interactions

In this section we will consider the case where {c; .} = {c;¢} is indepedent of € and it is
periodic; i.e., there exists T' € N such that we have

C(itTe;),¢ = Cig forall j € {1,--- ,d},i € Z for all £ € V.
Furthermore, we will consider interaction coefficients satisfying the design constraint
Ci¢ € {ag, ﬁg} with 0 < Qg < 55 (13)

with o = (a¢)ecy and = (Be)eev fixed.

Remark 3. Let {c;¢ : i € Z%, ¢ € V} be periodic coefficients. If we consider {cie} ={cie}
in Definition 1 then the macroscopic energy density of {cig} reduces to the homogenized
energy density of {c;¢}; namely, to the convex positively homogeneous function of degree
one ¢ : R = [0, +00) such that for all v € S9! we have

o(v) = inf{ S Y cielui —uire)?  u e PC(RY, {£1)),

i€ZINBR €V (14)

(i) = uo, (i), i ¢ BR}.

lim ——
R—+4o0 dwgy_q Rd-1

This formula has been proved in [3].



For any such periodic coefficients we define the volume fraction of S¢-bonds and the
total volume fraction of B-bonds, respectively, as

O ({eich) = Td#{zezd €[0.7)% cie = fih.

0({cie}) = 295 ({eie})
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(15)

Definition 4. Let § € [0,1]. The set of homogenized energy densities of mixtures of «
and (3 bonds corresponding to V', with volume fraction 6 (of 5 bonds) is defined as

H,pv(0)={¢: R% — [0, +00) : there exist 0 — 0,0 — ¢ and {cﬁg}, (16)

with 6({cﬁ5}) = 0% and ©* homogenized energy density of {cﬁg}},
where the convergence gy — ¢ is defined through the distance d defined in (9).
The following theorem completely characterizes the set Hy g 1/(0).

Theorem 5 (Optimal bounds). The elements of the set H, gy (0) are all the even and
convex positively homogeneous functions of degree one ¢ : R* — [0, +00) such that

D aelw, &)1 < o) <D (0eBe + (1 — be)ae)|(v, &) (17)
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for some 0¢ € [0,1] for £ € V, such that

Z 0 = 0. (18)

EGV

Remark 6. Note that the lower bound for functions in H, gy () is independent of 3.
This bound follows by a comparison argument from [2] in the case for nearest-neighbour
spin systems. The more refined argument in Proposition 9 will give the optimality of the
lower bound in the general case.

Note that in the case § = 1 we have all functions satisfying the trivial bounds

D (Ol <o) < Belw, )l (19)
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and the lower bound is sharp even though we have a zero density of a-bonds. This is due
to the fact that in that case by considering #* — 1 we allow a volume fraction of o bonds,
which is vanishing but not zero, and is sufficient to allow for all such ¢.
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Figure 1: Level sets of ¢ in the case 0 > % and 6 < %, respectively

Example 7. We consider the two-dimensional case with nearest and next-to-nearest neigh-
bour interactions; i.e., choosing V' = {ey, ea, €1 + €3 =: v1,e1 —ea =: va}. Theorem 5 states
that if ¢ € H, 5,v(0), then

a|vi] + |vo| + [{v,v1)| + (v, v2)) < o(v) < cralv] +erglve| + can (v, v1)| + 22|V, v2) |,
where
ci1t+cp=08+(1-61), ca1+ 20 =028+ (1—62)c,

and 0 + 02 = 20. These bounds are pictured in terms of the sublevel sets {¢ < 1} on
the left-hand side of Fig. 1 for some 6 > % and on the right-hand side of Fig. 1 for some
0 < % Such sublevelsets are convex and symmetric with respect to the origin. Note that
by the trivial bounds such sublevelsets are contained in the sublevelset of ¢ with all the
coefficients equal to o and contain the sublevelset of ¢ with all the coefficients equal to
5. These are the smallest and the largest regular octagons, respectively, in the figures.
Furthermore, since ¢ € H, 5y (0) satisfies the upper bound by averaging (see Proposition
8 below), they contain at least one of the even octagons whose vertices lie on the straight



lines with coordinates

1
= :I: s =
170001 + 02.1)(B — ) + da 2= 0
1
= j: y = O
T 20, + 00.1)(B— ) + 30 2
1
— 0, -+
1 2 (205 + 91,2)(5 —a) + 3«
1

.%‘1::|:Z Tro = —I1,

(01 4 022)(8 — o) + 4o’

where 61,1,012 are the vertical and horizontal volume fractions of the nearest-neighbor
bonds satisfying 611 + 612 = 201 and 651,022 are the volume fractions corresponding to
vg and vy respectively and satisfying 6o 1 4 022 = 205. Those are represented by the thick
lines.

3.1 Derivation of bounds

We now derive the bounds of Theorem 5 by using the following proposition.

Proposition 8 (Bounds by averaging). Let ¢ be the homogenized energy density of {c; ¢}
as in (14). Then we have

p(r) <Y (BeBe + (1= Be)ag) (v, €)1, (20)

£ev

Proof. The proof is obtained by constructing a suitable competitor v € PC(R?, {£1}),
u(i) = u,(i),i ¢ Bg in the definition of (14). To this end, we define for j € [0,7)? N Z?
the function u; € PC(RY, {£1}) by

wi(i) = {u,,(z') if i ¢ Bp

uj, (i) ifi € Bg,

where u;,,u, are given by (8).
Let jo € [0,7)% N Z< be such that

iz > Ci,ﬁ((ujo)i_(ujo)i+5)2§idi Yo > D sl — (wy)ise)®

€V i€ZINBg J€E[0,T)4NZ4 EEV i€ZeNBR
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We have

JE[0,T)4NZ1 EEV i€Z4NBR

- D YD SR

JE[0,T)INZ EEV eIt () NBRNZA

_ ﬁz 3 > cig#{i’ € (T2 +i)n15(j) N Br}

£€V ig[0,T)4NZd je[0,T)4NZ4
1 _ _
Td Z Z Ci,gwd—le 1|<V’ 1+ O(Rd 1)
EEV i€[0,T)4nZd

= W RS (0B + (1 0e)ag)| (v, 6)] + o( R,
Eev

IN

The last equality follows from splitting the sum into the two sets where ¢; ¢ equals ¢ or
B¢ respectively. Since uj, is admissible in the definition of (14), dividing by wg—1R¥! and
letting R — 400 yields the claim. O

Proposition 8 together with the trivial bound from below gives the bounds in the
statement of Theorem 5. In the following section we prove their optimality.

3.2 Optimality of bounds

The construction of optimal bond systems for the upper bound relies on the observation
that, when we have a periodic system of bonds, we may give a lower bound for ¢(v)
by a “projection” argument. In order to illustrate this argument we may consider the
case when v is one of the vectors of the standard orthonormal basis and we only have
nearest-neighbour interactions; i.e., V.= {e,...,eq}. In this case a lower bound for ¢(v)
is obtained by considering the minimal value of the bond strengths in each lattice section
parallel to e;. The optimality of the upper bound is obtained by exhibiting periodic systems
for which this estimate is sharp. This can be done for a class of ¢ with polyhedral sublevel
sets. Such ¢ are then used to approximate arbitrary functions satisfying the bounds by
means of a multi-scale construction in the continuum. A diagonal argument allows to
construct periodic system of bonds as in the definition of H, 5y (0). The proof of their
optimality is finally achieved by using an extension of the energies to convex functionals in
W1, where a more handy cell-problem formula can be used.

3.2.1 A projection argument

The projection argument outlined above, when extended to general sets of interactions V'
and directions v, needs some notation, which we now introduce. If 2 = {&;,--- , &} C Z¢

11



is an orthogonal basis and z € Z% we define

d
L.(Z) = {z ER :i=z 4+ Méi € Z}, LT(2) = 2 + TLo(2).
k=1

For j=1,---,d we set

d
£z7j(E) = {Z eR?: =2+ Z)\k&w)\k €EZL,\j= 0}, EEJ(E) =z —|—T£0](E)
k=1

which represent the projection of the lattices onto the plane orthogonal to §;. We define

d
P.E)={ieR i=z+ Y Agid €0,1)}

Jj=1

the fundamental parallelepiped spanned by the vectors Z translated to the point z, and

d
PIE)i={ieR =2+ Ty Ngid € 0,1)}.
j=1
If {cie; :i € Lo(E),j € {1,--- ,d}} is a system of interactions in the lattice £.(Z) with
cig; > 0 and T-periodic; i.e., such that c;i7e; ¢, = cig, for all j,k € {1,--- ,d}, we define

. 1 .
¢=..(v) = limsup T i1 inf { Z Z Cig, (Ui — Ujye, )%
R—+o00 d-1 i€L.(E)NBp j=1 (21)

w: Lo(2) = {1}, u(i) = ug,(i),i ¢ BR}

(in the notation of ¢= . we omit the dependence on {c;¢;}). By regrouping the interactions
{ci¢} of energy (10) on sublattices £ ;(Z) we will use (21) to obtain a lower bound in (14).
Note that possibly one has to set c; ¢, = 0 for some j € {1,---,d} if §; ¢ V.

Note that if ¢; ¢ is T-periodic along the coordinate directions, then for every n € 74
there exists 7" = T} such that cj 7,e = ;¢

Proposition 9 (Bounds by projection). Let = = {&1,---,&€q} be an orthogonal basis,
z e 7% and {eig; 1€ Lo(E),j € {1,---,d}} be non-negative coefficients. Let ¢z, R? —
[0, +00) be the even convex positively homogeneous function of degree one given by (21).
Then

d
Zcﬂ (v, )] (22)
J=1

12



where

1
cg = T Z min{c;¢; 1 i —k = A§; for some \ € Z} (23)
1P=(2)] keL. ;(2)NPT ()

(the letter p in cg stands for projection ).
Proof. Let u: L, — {£1} be such that u(i) = u, (i) for all i ¢ Bg. Set for j =1,--- /N
i={i€ L.4@): {i+1g :teR}N B, #0}.

Noting that for all k& € I; there exists at least one i € {k + A{ : A € Z} N Bg, such that
U; # Ujte, We have

d
Z Z 75] ul+§7 )2

leﬁszR

»-lk\H

Z min{c;¢; 1 i —k = A§; for some \ € Z}
el

M&

<.
Il
—

Z min{c;¢; : i — k = A§; for some \ € Z}#(T Ly ;(Z) N 1)
lkecL. ;(E)NPL(E)

M-

J

(v, &)| wa—1 R
1P (E)] T

Z min{c;¢; 1 i — k = A\{; for some \ € Z} + o(RIH).

lkecl. ;(E)NPT(E)

M=

.
Il

Note that we have used the fact that

A1 ((HV N BR) projected onto z + IT 3 )
1e;11

#(TLr;NI;) = 2d—1 (pZT(E) N (Z +1I ))

;T

_ m“% €]>| wd_le_l n O(Rd_l)
ne g 7o .

i#]

Taking the infimum over u : £, — {%1} such that u(i) = wu,(i),i ¢ Bg, dividing by
wg—1 R4 and letting R — +o00 we obtain the claim. ]

We now use Proposition 9 to prove the optimality of bounds for the special case of
crystalline v, from which the general result will be deduced by approximation.

13



Proposition 10. Let V' be as in Theorem 5 and let

Y(v) =) el (v, €)]

£ev

with coefficients ae < ce < Be, & € V such that
ce = tefe + (1 — te)ag < 0cfe + (1 —bg)ag,

where O¢,te € (0,1) N Q,§ € V. Then there exist T € N and {c;¢} T-periodic with
Oc({cig}) = O¢ such that 1) is the homogenized energy density of {c;¢}. In particular if 6
satisfies (18) with 8¢ € (0,1) then ¢ € Hy gy (0).

Proof. We construct {c;¢} with some period T' € N and
Oc({cie}) =6 forall E € V

by defining the bonds separately for each direction of interaction & € V. Note that if
{eig, 11 € L(Z),j €{1,---,d}} are Tz-periodic for each = corresponding to £ € V, then
there exists 7' € N such that {c;¢} are T-periodic.

For £ € V,let 2= {&, - ,& = €} C Z¢ be an orthogonal basis and let z € ZN Py(E).
ForTENandy:ﬁ for some v € V', we set

AX(T,Z) = {z e€L.(2): ({i—l—t£ :t €0, 1)}) N < U (j +H,,)> # @}.
JELT (2)
This is the minimal T-periodic set of points in the lattice £,(E) interacting in direction
¢ when we use u, as a test function; i.e., such that w,(i) # w,(i +&). Note that for
i€ L,q(Z) we have

#(AT )N {i+1s:teRINPI(E)) <C8)

for all (1,§) # 0, v € S9=1 rational, and ¢ € Z¢. In fact, if v is rational and = is the
standard orthonormal basis we have that for {v,v1,...,v4_1} with v; € Z? (which can be
chosen satisfying this condition since v is rational) one can choose C(v, &) < T} |||y
and the general case can be reduced to this one by a change of coordinate which preserves
the rationality of v. Choose T € N such that 790, € N, T971(1 —t¢) = N; € N and

(1—t) > C<HUTH’§) < T(1-6) (24)

veV
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for all £ € V. Choose A¢ C L, 4(2) N PI(Z) such that #A¢ = Ne. We define

ag i=MN+iINEL,i € Ag,i € AZ(T, 2)
Cie =
T\ B i= A+ N €L € (L.u(S) N PT(E))\ A,

and ¢; ¢ arbitrarily equal to either ag or B¢ for other indices i, only subject to the total
constraint that ¢ ({c; ¢}) = 6. This is possible, since, due to (24), we have

#{i — N+ NEL,i € Agyi € Af,(T,E)} <Ne Y c(ﬁ,g)
veV

()0
=T (1t Y C(H H,g) < (1— )1
veV
(0620

and
#{z’ = XN+ A€ Z,i € (L,q(E) N PT(E)) \Ag} = (7% = No)T = 7% < 6,7
With this choice of ¢; ¢ we have

ae if ke Ag

min{c; ¢ : i = A\, + k for some A\ € Z} = {55 it k€ (L.a(2) N PTE)\ A

Hence, Proposition 9 yields that the homogenized energy density ¢ of {c; ¢} satisfies

22 2 ‘P ji(tePe + (1= te)ag) )]

£€V ZEPZ
> (tefe + (1 —te)ag)| (v, )] = ¥(v)
Eev
as desired. To give an upper bound, let v € V and set v = || e S9=1 Testing (14) with

u, we have that

p(v) < lim Rd Y Y cel(uw)i — (w)ire)”

R—o0 W
-1 €V icZiNBp

<3 (tefe + (1 te)ae)| (v, 6)| = ().

Lev

Noting that ¢ € D1(R?), p(v) < 4(v) for all v € V, and

Y(v) = sup{g(v) : g € D1(R?Y), g(v) < ¢(v)for allv e V}

the desired equality equality follows. O
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3.2.2 Construction of bond systems by a multi-scale argument

In this section we show that for any ¢ satisfying the bounds of Theorem 5 its associated
surface energy E, as in Remark 2 is the I'-limit of energies of the type (10) where we
have that the period T of the interaction coefficients {Cf,g} of the approximating energies
diverges.

The construction of the bond systems {C;E} follows a multi-scale argument, which we
briefly outline (note that in this description we use a slightly different notation with respect
to that used in the rest of the section):

1) thanks to its convexity, the target energy ¢ can be approximated by energies ¢y,
with polyhedral sublevel sets whose vertices are rational directions {v1,...,v;};

2) the homogeneous anisotropic d — 1-dimensional perimeter with energy function ¢y
can be obtained by homogenization of periodic perimeter energies with integrand fi(y,v)
periodic in y. These energies are equal to ; on a system of hyperplanes orthogonal to the
directions v1,..., v and to a function % larger than ¢ and of the form as in Proposition
10 outside those hyperplanes;

3) the same energy functions f(y,r) can be modified on the system of hyperplanes
without changing the corresponding homogenized functional so that at each fi(y,-) has the
form of a function v; as in Proposition 10, depending only on the label j (corresponding
to v;) of the corresponding hyperplane;

4) we fix 7 > 0 and consider functions f;! obtained by modifying f; by setting f;(y,-) =
1 on a n-neighbourhood of the hyperplanes orthogonal to v; (some care must be used in
the intersection of these stripes). We note that the inhomogeneous perimeter corresponding
to f,? converges to that corresponding to f; as n — 0;

5) we consider a scale ¢ << 7 and periodic systems on a lattice of spacing ¢ whose
homogenized energy density is the corresponding 1) or ¢; in each zone where f,? is constant,
so that, letting ¢ — 0, the I'-limit of this system is the inhomogeneous perimeter in the
previous step;

6) by a diagonal argument on €,7 and k we obtain an approximation of (.

Note that this convergence result is not sufficient to prove the optimality of the bounds.
In the next section we will use the existence of such an approximating sequence of energies
to deduce the convergence of the homogenized energy densities ¢® corresponding to {cig}
with € > 0 fixed to the target energy density ¢ as € — 0.

Theorem 11. Let ¢ : R? — [0,4+00) be convex, even, positively 1-homogeneous and such
that

D e, &) < o(v) <D (0eBe + (1= e)ae) (v, )] (25)

gev eV

with B¢ € [0,1] for all § € V. Then there exist {cf,s}, T.-periodic, with T. of order %,
such that 05({625}) — O¢ for all £ € V and as ¢ — 0 the family of functionals E. :

16



LY(Q) — [0,4+00] given by (12) T'-converges with respect to the strong L'(Q)-topology to
the functional Ey, : L'(2) — [0, +00] given by

vu(x d=1 )
E%(U) = /c')*{u=1} plvu(@))dH € BV(&; {il})

400 otherwise.

Proof. Step 1. We may suppose that

Yo a8l <pv) <Y el (W, &) =) (Bebe + (1~ be)ag) (v, €)] (26)

gev Eev eV

for some ¢ € (0,1] for each £ € V satisfying (18) for some 6 € (0, 1]. Indeed if we have an
equality in place of the second inequality in (26) we can find ¢y, satisfying (26) and ¢ — ¢
monotonically. This can be done by defining ¢y : R? — [0, 4-00) by

o) = Y (e — 7))

£ev

As for the first inequality in (26), since §¢ > 0 for all £ € V' we have that

> ag(r.€)] < er(v)

£ev

for k large enough. Hence by the monotone convergence theorem we have that E,, (u) —
E,(u) monotonically for all uw € BV (€2, {£1}), therefore by [[22], Proposition 5.4 and 5.7]
we have that E,, I'-converge to E,.

Additionally, we can assume that ¢ is crystalline and the vertices of the set {¢ < 1}
correspond to rational directions and contain the directions V; i.e., there exists N € N, N >
#V and ¢; > 0 such that

N
p(v) = cillv.vy)l, (27)
j=1

and for all £ € V there exists k € {1,--- ,#V} such that Ay = . Note that this is
possible due to an approximation argument that still maintains the bound (26). Such an
argument is analogous to the one used for the approximation of Finsler metrics in [13].

Step 2. For every ¢ satisfying (27) and (26) the functionals E. : BV (;{£1}) —
[0, 4+00) given by

E.(u) = /8 o £(Z vl ant, (28)
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where

(v ifyell, +2%k=1,---,N
f(y,V)={ ) - (29)

Zggv ce|(v,€)|  otherwise,

I'-converge to E,, with respect to the strong L!()-topology.
In fact, by [8] we have that E. I'-converges as ¢ — 0 to E : BV (Q;{£1}) — [0, c0)
defined by

= Uy -1
B = [ hona(a)an

where

C fim b -1 :
thm(V) = lim ﬁ inf { /8*{u:1}mTQV f(fE, Vu(x))dH 1 U GBV(TQua {Ii:].}))

T—o00

U = U, on 8TQ,,}.

We now prove that from(v) = ¢(v).

We first show that fhom(v) < ¢(v). Let u € BV(TQ,{£1}) be such that v = u, on
ITQ, and define A; = TII,; + Z%. We know that vj = £y H4_almost everywhere on
0*{u =1} NA; and p(v) = ¢(—v). Hence, we get

/ £, va() )R
O {u=1}NTQ.

N
- Z/B*{ 1A,nTO f@, vu(z))dH! +/ f(z, vy (z)dHi?
j=1 u=1;NA;0TQy

(O {u=11\A;)NTQw

N

> 3 / () dH + / () dH
o Jorfu=13na;nTQ, (O {u=1}\A,)NTQ,

-/ o))
O {u=1}NTQ.

> T o(v),

where the last inequality follows from BV-ellipticity (see [6]) and a scaling argument. Thus
by the definition of fﬁ\gm we get frhom (V) > @(v).
Now we deal with the inequality from < ¢. We have for every j =1,--- | N

/ F(, ) AH = T (),
1,,17TQ,

Now since @ is the greatest convex, even positively 1-homogeneous function g such that
g(v;) < ¢(v;) for all j =1,--- , N we have that fuom(v) < ¢(v) for all v € S971,
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Step 3. Note that for every k € N we can write

(k) = D (teBe + (1 —te)ae) |(wr, ) = D kv, €)1, (30)

gev cev

with a¢ < clg < c¢. Hence, in place of (31) we can consider equivalently

S cklw, o)l ifyell, +24k=1,--- N

_ ) gV
fo,v) = Zcﬁ(u,ﬁ)] otherwise. (581

Lev

Indeed, for y € II,, + Z only v = v}, is accounted for for H4Lalmost every y.
Every functional of the form (28) can be approximated by a functional Ej5. : BV (Q, {£1}) —
[0, 4+00) of the form

Bse(u) = /a o fg(%,l/u(x))d}[d—l (32)

where for § > 0 fs5: R? x R — [0, +00) is defined by

Zc§|<z/,§)| ifye Aps,yt Ajsforall j#kk=1,--- N
cev

Fs(yov) = Zo@(mﬁ)] if y e ApsNAjs for some j ke {l,--- N}, j#k
Lev
Zc§|(y,§>| otherwise,
Lev

where A5 = {y € RY : distoo (1, I, + 7 < §}.
In fact fs increasingly converges to f as 6 — 0 on R\ A/, where

N = U (0, + 2% 0 (1, + 2
Jhe1 - NY, 2k

and H?1(N) = 0. Hence, by the Monotone Convergence Theorem and by [[22],Proposition
5.4] the claim follows.

Step 4. Every functional of the form (32) can be approximated by a functional E, 5. :
BV (Q,{£1}) — [0, 400) of the form

Buscw) = [ fus(Zovate)) i, (33)
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where for 17,6 > 0 f, 5 : R? x R? — [0, +00) is defined by

Dol &)l ifyeAnsyd Ajsforall j#k k=1, N
{ev
Za£|<l/,€)| if y e ApsNAjs for some j ke {l,--- N}, j#k

Fas(y,v) = { & . |
D Bl )] ify € Apsyn \ Ars,y & Ajsforall j £k k=1,--- N
cev

Z ce|(v,€)|  otherwise.

(ceV

In fact f, s decreasingly converges to fs as n — 0. Hence, by the Monotone Convergence
Theorem and by [[22],Proposition 5.4] the claim follows.

Step 5. Every functional of the form (33) can be approximated by a functional E,, ;, 5. v :
V(Q,{£1}) — [0, +00] of the form

,7](56 nn,5€ ui *uﬂ)Qa (34)
§eVz€Ql/n " "
where c?’g"g’s is m-periodic,
0({c]{"**}) — O] < Ce, N)n for all € €V, (35)

and such that E, , s. [-converges to E s. as n — +o0.
By Proposition 10 there exist {cfg} fork=1,---,N, c?s, cfg, cgf T-periodic for some
T € N such that

0({c]}) = bc for all m € {a,0,1,--- N}, 0({c/.}) =1,

and, for each m € {a,3,0,1,--- N}, E" : BV(Q,{£1}) — [0, +0oc], defined by

2
SIX Y el — s,
n n

EEV ’LGQl/n

I-converge with respect to the strong L!()-topology to E™ : BV (Q, {£1}) — [0, +00)
defined by

(u) = > v, I, (36)

o*{u=1} cev
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where ¢f = ag, cg = fB¢ and cg = c¢. We define 02’5"’6’5 in [—2,2)% by

45 ﬁie(Ah@%,ig@%ﬁE,mrmyj¢kﬁﬁ:L.~,N
e ifie (ApsNAjs)1 forsome jke{l,--- N}, j#k

n,m,0,e i€ , b)1
KR " (37)
’ Cie ifi€ (Apsin\Ars)r,i¢ (Ajs)1 forall j#kk=1,--- N

0 .
Cig otherwise,

and extend it n-periodically. Now (35) holds, since
n, 1 ) n n\d n
0 < 0({c; ME}) ) (#{Z €ez’n <{—27 5) \ (Ak,5+n \ Ak,6>1> : cl.g’é’a = ﬁg}
i € 290 (Akgn \ Aup) s - 007 = e >

N
S%+C@gn

It remains to show that E, , ;. '-converges to £, 5. as n — +o0.
We set

E=T- lim E,;;s;,

n—-+o0o

which exists up to subsequences. By [[3],Theorem 4.2] we know that for all (u,A) €
BV (Q,{£1}) x A(2) we have that

Exu~4>=h/ o (2, v () dH
o*{u=1}NA

for some ¢’ : Q@ x R — [0, +00), where F(-,-) is the localized version of F(-) obtained as
the I'-limit of the corresponding restriction of E,, , 5. Fix such v € BV (Q, {£1}). We are
done if we prove ¢'(z,v) = f, 5(£,v) for H? !-almost every x € 0*{u = 1}. We know that
for H?1-almost every z € *{u = 1} by the Radon-Nikodym Theorem we have

/ 1 v
¢ rv) = lim g B, Q) ().

Now, for p > 0 fixed, let up, — u in L'(Q%(x)) as n — oo and be such that
nh%ngo Ennee (un,m Q; (r)) =T- 71151;0 Ennee (u, QZ (:C))
We obtain that

o (z,v) = hm LE(u Qp(z)) = lim % lim By, 5e(tn,p, Qp(2))

p p—0 p n—00
11 1 5 (38)
= ili% F RIEI;O 4 Z Z nd—1 ngh ’E((Un,p)% — (un,p) B )2-
£EVie(Qy(x)) 1

There are five cases to investigate
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i) € (Aks)®, v ¢ Ajs for all j # kfor some k=1,--- N

ii) x € Aps N Ajs for some j,k € {1,---, N} such that j # k

)
)
iii) € (Agsn \ Ars)°, o ¢ Ajs for all j # kfor some k=1,--- N
iv) x € 0Aps or x € 0Ay 54y for some k=1,--- | N

)

v) otherwise

We only consder (i) and (iv). The cases (i)-(iii),(v) are treated analogously.
We first consider (i); i.e., let € (Ays)° for some k = 1,--- ,N and = ¢ A;; for all
j#k,j=1,--- N. By definition (37) we have that for p small enough

En,n,é,a(un,pa QZ(x)) = Es(un,p’ QZ(-T)),

and hence, by (38) and (36), we have that

1 1
/ BT . v T . k v
#la) =l Sy i Brnse(tnps Q) (@) = iy o T B np, @ ()

. 1 T
= [1)13(1] FE(U’ Q,(z)) = fn,é(g, V)-

Now we treat the case (iv); i.e., either v € 0Ay s for some k =1,--- , N or x € 0Aj 54y
for some k = 1,---, N. In the first case we have that for p small enough Q) (x) C (As41)°\
U#k Aj 54+ and hence

.. .
d—1 hnrggéf En e (tn,p, @ (7))

/ — 1
@) = lim-

> lim
p—0 p

= > el )l = frs(Zv).

1 ... v
71 llnnl>géf Eﬁ(un,pv Qp(x))

Eev
We now show that
¢ (x,vF) < In.é (E, yk) for %! almost every z € 0Ay 5. (39)
€

It is sufficient to prove that the I'-limit agrees with FE, 5., since v, = v* H4 1 almost
everywhere on 94y 5. Let

d:= min diste(z, A;5).
12N oo(a ],5)
Jj#k
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Fix r < %min{d, 8} small enough, assume that v* is the unit outer normal of the set Ars
and let u € BVioo(R% {£1}) be defined by

_ KTY
U(Z)—Xngk(m)<Z+V 2) 2. (40)

Let z,, — z be such that {x,}, C (Aks)° and

3.
. . Vs 3
é}?NdIS’tW(%’aA%‘S) > 4d
37k
Define u,, € BVioe(R%; {#1}) by
- kT
Up(x) = XQ%k(Z'n) (z +v 2> 2. (41)
We have
_ / d—1 / d—1
E(u) = / @' (Y, vu)dH +/ ¢ (y, vu)dH (42)
8*{114:1}0814]6’5 8*{u:1}\8Ak’5
and for all n € N
_ / d—1 / d—1
E(uy) —/ ¢ (y, vu)dH +/ ' (y, vu)dH (43)
o {u=1}"{vu, =vi} I {u=1\{vu, =vi}

Note that both in (42) and (43) v, = ¥ in the first terms and that the second terms of
(42) and (43) agree, because of (i). We have u, — u in L _(R% {£1}) and therefore by
the lower semicontinuity of £ we have

liminf E(uy,) > E(u),

n—-+00

so that

rd_lf,,,(;({, 1/’“) = 7471 lim inf fm(;(x—"’ yk> > / o (y, vFYdHAL
g n—oo g Q%k (x)ﬂc‘)A,M
Dividing by r¢~! and letting 7 — 0, using the fact that z is a Lebesgue point with respect

to H4 Y As> the claim follows. The other case of (iv) can be done analogously and this
therefore yields Step 5.

Step 6. By the metrizability properties of I'-convergence (see [[22],Theorem 10.22)),
Steps 1-5 together with a diagonal argument, noting that nx, IV, €, can be chosen such that

23



for all £ € N we have that ﬁksﬂd < /M, yields that there exists a sequence of coeflicients
k

c"’g = cng’nk’é’“’s’“ ni-periodic such that

Oc({cit}) = Ocask — oo forall { € V

and Ej : BV (Q,{£1}) — [0, +o0] defined by

Z > T Mt (us —uive)?, for all u € PC 1 (Q,{+1})
” n n

n
fEVzGQl/n k

I'-converges as k — 400 to the functional E, : BV (€, {£1}) — [0, 00) defined by
Bolw)= [ plaa)an
O*{u=1}NQ

This concludes the proof for ¢ = % This sequence can be extended to all € > 0. O

3.2.3 Proof of the optimality of the construction

In this section we prove that, if for € > 0 fixed we define ¢* as the homogenized energy
densities of the {cig} constructed in Theorem 11, then ¢, converge to ¢ as € — 0. This
implies that the bounds are optimal. The main difficulty in proving this result is that each
homogenized energy can be described only by an asymptotic formula, so that a passage to
the limit as ¢ — 0 within this formula would involve an inversion of the order of two limits.
Following an argument in [19], we extend our discrete energies to convex energies in a W1
setting, where an equivalent single cell-problem formula describes the homogenized energy
density. For this formula it is easier then to prove the desired convergence.

Theorem 12. Let p : R — [0, +00) be conver, even, positively 1-homogeneous and such
that

D e, &)1 < o) <D (0eBe + (1 — be)ae) (v, &) (44)

gev cev
with O¢ € [0,1] for all§ € V. If 0 € [0, 1] satisfies (18) then ¢ € Hy gy (6).

To prove Theorem 12 we introduce the localization on regular open sets of E. : BV () x
A9 (Q) — [0, +00] of the form

DD Ed_lcfg(uai —Uc(ire))? i u € PCQ,{£1})
E.(u,A) = { ¢€eVijitéeA. ’ (45)
400 otherwise,
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and the localization on regular open sets of an auxiliary functional F; : BV (Q2) x A™9(2) —
[0, +00] defined by

1 _ .
52 D & e elue —ueqig| if u € PC(Q)

F.(u,A) = { “ceviitecA. (46)
+00 otherwise.

Note that F is the positively 1-homogeneous extension of E. to PC.(2), that is to say
that for u € PC.(Q2, {£1}) we have AE.(u, A) = A\F:(u, A) = F.(A\u, A).

Remark 13. By [3], up to subsequences it holds that

I-lim E.(u, A) = / o(z,v)dH =: E(u, A)
e—0 o*{u=1}nA

for all (u, A) € BV(Q, {#1}) x A(Q) and for some ¢ : Q x R? — [0, +00) one homogeneous.
Analogously as in [3], using [[19], Remark 2.2 and Lemma 4.2] it can be shown that up to
the same subsequence

. 1
I- ;1_13(1) F.(u,A) = 2/Ago(x, Du) =: F(u, A)

for all (u, A) € BV (Q) x A(f2), where the energy densities of E' and F' agree. Here we have

used the shorthand of
dDu
Du) = ——— |d|Dul.
/Aw(w, u) /ASO(an d’Du‘) | Du|

Note that the functionals F; satisfy suitable growth conditions; i.e.,
1
6\Du|(A) < F.(u, A) < C|Dul|(A)

for all (u, A) € PC.(A) x A™9(Q).

The next proposition establishes a cell formula for the I'-limit of the auxiliary functional
to recover the energy density, provided it is homogeneous in the spatial variable. Proposi-
tion 15 and Proposition 16 show the convergence of the cell formulas of the approximating
(in the sense of I'-convergence) energies to the cell formula of the limiting energy. Those
three propositions will then be used in the proof of Theorem 12.

Proposition 14. Let E : BV (Q2) x A(2) — [0,400] be defined by

Flu, A) = /A o(Du) (47)
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for some ¢ : R — [0,00), convez, positively 1-homogeneous and such that
v v v
c '~ PV =

for some C > 1. Assume that F(-,A) is L*(A)-lower semicontinuous for all A € A(Q),
then

o(v) = inf { /[0 e ©(Du) : u € BVige(RY) - u — vz 1—pem’0dz’c}. (48)

Proof. We prove that

inf { / ©(Du) : u € BVige(RY) - u — vz 1—periodic} (49)
[0,1)4
=inf { / ©(Du) : u € BVige(R?Y) : u — va 1-periodic, | Du|(0Q) = O} (50)
Q
=inf { / o(Du) :u € VVllo’Cl(]Rd) tu— VT 1—periodic} = ¢(v). (51)
Q

which yields the claim.
Note that

inf { / ©(Du) : u € BVige(RY) 1 — vz 1-periodic}
[0,1)4

<inf { / ©(Du) : u € BVige(R?Y) : u — va 1-periodic, | Du|(0Q) = 0}
Q

loc

<inf { / o(Du) :u e WEHRY) : u—va 1—peri0dic} < p(v),
Q

since we only decrease the set of admissible test functions in the minimum problems and
in the last infimum w(z) = vz is admissible.
We now prove that

inf { / ©(Du) : u € BVige(RY) : u — v 1—periodic}

0.1 (52)

> inf {/ ©(Du) : u € BVige(R?) : u — va 1-periodic, | Du|(0Q) = 0}.
Q

To this end, let u € BVlOC(]Rd) be such that u — vz is 1-periodic. Let 7 € R% be such that
Uy € BVige(R?Y) defined by

ur(x) =u(x+ 1)
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satisfies |Du,|(0Q) = 0 and

/Q o(Duy) = /[o,m o(Duy) = /W o (Du).

Then this yields (52).
Next, we prove that

inf { / ©(Du) : u € BVige(R?) : u — va 1-periodic, | Du|(0Q) = O}

; (53)

> inf { / e(Du) :u € I/Vlicl (RY) : u — vz 1—periodic}.
Q

Indeed, let u € BVio.(R?) be such that u — vz is 1-periodic, | Du|(0Q) = 0. Set ue = u * pe,

where {p.}. is a family of positive symmetric mollifiers. We have that u. — u in Ll (R9)

and |Du.|(Q) — |Du|(Q) as € — 0. By the Reshetnyak Continuity Theorem [[7],Theorem
2.39] we have that

e—0

lim Du.) = Du
[ (o) /Q (D)

and (53) follows.
We finally prove that

inf { / o(Du) :u € V[/'li)’c1 RY) :u— vz 1—periodic} > p(v). (54)
Q

Let u € T/Vlloc1 (R9) be such that u— v is 1-periodic. For n € N, let u,, € WH'(Q) be defined
by

We then have that u,, — vz in L(Q) and

/ o(Duy)dz = / o(Du)dx. (55)
Q Q
By the lower semicontinuity of F'(-, Q) we obtain
o(v) = F(re,Q) < hg}}ran(u"’ Q)= / o(Du)dx (56)
n o Q
and the claim follows. O
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Proposition 15. Let F, : BV (Q) x A(Q2) — [0,00] be defined as in (46) and let F, I'-
converge with respect to the strong L'(Q)-topology to the functional F : BV (Q) x A(Q) —
[0, 00] given by Remark 13. For v € S let

el _
me(v) := inf {5 Z Z e? 1c§7£\uai — Ug(it¢)]
$eVie(l-3:2)%).
cu € PC.(RY), u — vz 1-periodic},
m(v) = inf {F(u,[0, DY u € BVige(RY) ,u — vz 1-periodic}.

Then limsup,_,o m:(v) < m(v).

Proof. Fix > 0 and let M := 2supgey ||€]|co- Let ud — v be such that

limsup F-(u?, (1 +1)Q) < F(vz, (1+nQ) < (1 +n)%p(v). (57)

e—0

We now modify u/ so that it can be used as a test function for m.(v). Set

(55:/ lul — ve|dz
Q

and let € > 0 be small enough, let k. € N be such that

n

1)
S <k <<t
13 3

and set Qfm = Q1—n—iem- Then, we get

ke—1
0c > / |ul! — ve|dz > Z / - |ul! — ve|de,
Q\Q(1-2n) im0 J QL \Qu

so that there exists i € {0, - , kc} such that

5
> e (u)e — va)u| <C [ |l = valde << ;? <<e. (58)
ZE(Q:]EE\Q?UE:l)S Qn,a\Qn,a €

Now define v € PC.((1+ n)Q) by

ul(i) i€ Qi NeZ?
Vi otherwise on £Z¢<.
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Note that, since vZ = vi on (1+1)Q \ (1 — 7)Q, it can be extended to the whole of R? in
such a way that v? — vz is 1-periodic. Thus, we have

me() <Y D TG0l — (0)earg| < Fe(02, (1 +1)Q)

< Fo(ul,(14+n)Q) + Fe(ve, (1 +17)Q \ (1 —27)Q)
+> > ¥ e (I(w)ei — (@) c(ive) | + [(Waire) — (v2)eil) -

SEVie(Qr\Qirdt)

5

Noting that
\Ua(zurg) — (v)a] < \(U)a(z‘+§) - (U)a(i+£)| + \(U)a(i+g) — ()il
using (58), and the growth conditions in Remark 13 we obtain
me(v) < Fo(ul, (147)Q) + Cn® + o(1).
Therefore by (57) we obtain

lim sup m.(v) < (14 n)%p(v) + Cne.

e—0

The claim follows by letting n — 0. O

Proposition 16. Let F. : BV(Q) x A(Q) — [0,00] be defined as in (46) with cf, 1
periodic and let F. T-converge with respect to the strong L*())-topology to the functional
F:BV(Q) x A(Q) — [0,00] given by Remark 13. Then liminf._,o m.(v) > m(v).

Proof. Let v € PC.(R%) be such that u. — vz is 1-periodic, fQ ue = 0 and

S ) — ()] < me) 2 (59)

€V ie(1-Lh9),

Since u® — v is 1-periodic, ¢ ¢ are %—periodic7 and by the growth condition of F, we have
that

sup |Duf|(Bgr) < Cr < +00.
e>0

Hence, by the Poincaré inequality we have that

sup HUEHBV(BR) < 00,
e>0
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and, therefore, up to subsequences we have that u® — u in L _(R%), u € BVj,.(R?) and
u — vx is 1-periodic. In order to use u as a test function for m, which can be compared to
me, it is necessary to translate it so that it does not concentrate energy on the boundary.
Choose g € R?, such that |[Du|(0Q(z0)) = 0. By the 1-periodicity of u. — vz and u — vz,
and the %—periodicity of ciswe have that

Yo Y Gl gl =YY e (1) — ()i

eVie(l-3.9)7). €€V ie(wot[-4.3))

€

Furthermore, we have that

/[_171)d o(Du) = /m0+[—1,1)d o(Du) = /Q(xo) o(Du).

Using (59) and using that F. I'-converges to F' we have that

o N d—1
lim inf m.(v) > liminf 3 Z Z e el(u)ei — (UF)c(ige)

e—0 e—0

= 1121251% YooY e (u

> lim inf F. (uf, Q(x0))
e—0

(u)ei = (U )e(ive)|

F(u, Q(x0)) = /[ o(Du) = m(v),
and the claim follows. O

Proof of Theorem 12. Let 6 € [0,1], and let ¢ be given as in Theorem 12. By Theorem 11,
we know that there exists {cf;}.,which we may assume L periodic, with 0({cj¢}) — 0 and

such that the sequence Ej . I'-converges with respect to the strong L!(Q)-topology to F,
where E, . : P (9, {£1}) x A(Q2) — [0, 4+00] is defined by

SO etnes = teiv)?

EEV % H—SGAns

and FE : BV(Q,{£1}) — [0, +00] is defined by

= vy (T =1
BuA)= [ el
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Introducing the auxiliary functionals Fj,. : P (2) x A(2) — [0,400) as in (46) by
[[3],Theorem 4.7] up to subsequences it holds that

Il B, 4) = | o)) AHO = B (s, A). (60)
n—0 o {u=1}nA
By Remark 13
1

I-lim F . (u, A) = / o(Du) =: F(u, A), (61)

e—0 ’ 2 A
I lim Fy . (u, A) = / o-(Du) = F.(u, A). (62)

n—0 2 /4

The normalization factor % appears in order that the functionals E and F' agree on functions
in BV(Q,{£1}) (as mentioned in Remark 13). By (60), noting that the period of the
coefficients is fixed with fixed €, we have that . € H, g v (0).

We then have that

1nf{ Z Z (sn)d_lc‘;g\ugm — usn(i+§)| tu € PCEU(Rd), U — V:El—peI‘iOdiC}

EEV i [f% y3e)4NZE

= inf{ Z Z gd-t Cieltei — Ueipe)| T u € PC.(RY),u — y:pl—periodic}. (63)

In fact, for every u € PCep(R?) with u — v 1-periodic we can define @ € PC.(R?) , & — vz
1-periodic by setting
az)=n"" Y uln(z+1).
ie([-3:2)%),

By convexity, positive 1-homogeneity and the periodicity of {cig} the inequality

Yoo D e e — vy 2 Y D e e — i)

LeVie([-5.5)7).,, §eVie([-5.3)9),

holds. On the other hand, for every u € PC.(R?) with u — va 1-periodic, one defines
i € PCep(RY), & — v 1-periodic by
_ z
u(z) = 17u<7>.
(2) ;

By convexity, positive 1-homogeneity and the periodicity of the Cii

> Z (e elteni = Gengire)| < D Z e eluci — ucipe)|

€eVie([-4,3)d )577 §€Vie([-3.5)4)

2’2 202/ )¢
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holds. By (15), (16), (63) and (61) for all v € S9! we have

.1 . 1
lim Spe(v) = limm(v) = m(v) = L o(v)
and therefore ¢ € Hy g (). This proves the claim. O

4 A localization principle

The goal of this section is the computation of the G-closure of mixtures subject to the
design constraint; i.e., all possible limits of mixtures, where the interaction coefficients
{0;5} need not be periodic anymore. We show a localization principle, which states that
this computation can be reduced to the optimal bounds of periodic mixtures. We state
this in the two theorems below. Before stating them we preliminarily remark that among
the integrands giving the same energy we may consider that characterized by a derivation
formula, so that the integrand is determined as a limit of minimum problems involving the
energy. Many proofs in the following will be then reduced to proving properties of those
minima.

Remark 17. We deal with surface energies E : BV (Q; {£1}) x A(2) — [0, 00) of the form
Bud)= [ glama)an, (69
o*{u=1}NA
where g : Q x R? — [0, 00) satisfies
1
oVl =gz, v) < Cly| (65)

for all (z,v) € Q x R? and E(-, A) is L'(A)-lower semicontinuous.
Let ¢ : Q x R? — [0, +-00) defined by

o(z,v) = limsup m(a, v p)

, 66
p—0 wq_qrd1 (66)

where m(z, v, p) : Q x R? x (0, dist(x,0Q)) — [0,00) is the one homogeneous extension in
the second variable of

m(x,v, p) = inf{E(v, By(x)) : v € BV (Q; {£1})

. . (67)
v = Uz, in a neighborhood of 0B,(z)}.

By [18] we have that
E(u, A) —/ gp(:v,uu(ac))de*l (68)
o*{u=1}NA

for all (u, A) € BV (;{£1}) x A(Q2), so that ¢ is equivalent to g in the sense that they
define the same functional in BV (Q; {£1}) x A(Q).
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In this section we write ¢, € {a, Be} % as a shorthand for a system of bonds {cie:
i € Q,& € V} satisfying the design constraint Cie € {og, Be} for all i and €. For such a
system we define (with abuse of notation) the local volume fraction of B-bonds by

Oc({cie}) = Z %0z, 0({c Ciel) = Z Z (69)
i€ gev i€
< e=Pe < e=he
We can now state the two results that characterize all the limits of such systems in
terms of the limit local volume fraction of B-bonds 6 and the bonds describing H,, 5y (0(x))
at almost every x. Namely, Theorem 18 establishes the fact that at almost every x € Q
we can reduce to the periodic setting and Theorem 19 establishes the optimality of this
condition; i.e., every surface energy whose energy density satisfies for almost every = €
that p(z,-) € Hy g,y (0(x)) for some measurable function 0 < § < 1 can be recovered as the
I-limit of some discrete energies of the form (2), whose local volume fractions 6({c;}) of
B-bonds converge (weakly*) to the limiting volume fraction #. Note that the assumptions
of Theorem 18 are always satisfied, up to a subsequence.

Theorem 18. Let {c;.}. € {ag, Be} and let
Z Z et 185 Uei _ua(i—i-f))?' (70)
£€Vz i+£€€Q,

Assume that 0({c; ;}) X0 and E. T-converges to E : BV (Q; {£1}) — [0,00) given by

= T, VT =1
Bu=[ el

with ¢ satisfying (66). Then p(x,-) € Hy gy (0(x)) for almost every x € Q.

Theorem 19. Let 6 : Q — [0,1] be measurable and o : Q x R? — [0, +00) be positively 1-
homogeneous and even in the second variable such that the trivial bounds (19) are satisfied
and p(z,) € Hopv(0(x)) for almost every x € Q. Then there exist {cj }. € {ag, Be}S
such that E. : L*(Q) — [0, 4+0c] T-converges as e — 0 with respect to the strong L'(f2)-
topology to E : L' () — [0, +00], where

EEV ii+E€Q,
400 otherwise,

)
()
{Z S U (s — tee)? w € PCL(S; {£1})

o(x, v, (x)dHI™Y, uwe BV(Q;{£1})
E(u) = (’9*{u 1}nQ
~+00 otherwise,

and 0({c;¢}) L fase—0.
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4.1 Proof of Theorem 18

The proof of Theorem 18 consists in proving two estimates. The lower bound follows by
direct comparison with the energy with interaction coeflicients Ci& =oa¢forall{ € Vi€ Z4,
while the upper bound is obtained by a blow-up argument. To obtain the correct estimate
from above we select suitable plane-like competitors, similar as in the proof of Proposition
8, to get the upper bound in terms of local volume averages of the interaction coefficients.

Proof of Theorem 18. By Remark 13 and [[18] Remark 3.8] we have that ¢(z,-) is convex,
even and positively 1-homogeneous. Thus it suffices to show that

Y gl &)l < pla,v) <Y (Be(@)Be + (1 — be(x))ag) | (v, )] (71)

gev Eev

for almost every x € 0 and with the weak*-limit 6 of 6({c;}) satisfying (18). Note that
the lower bound in (71) is trivial since ¢f, > ae.

We have that 6({c;}) X 0, 0 €[0,1] and #LV > ¢ev e = 0. We prove the estimate
for all points in F/ where

E:={xe€Q:p(x,)is convex and x is a Lebesgue point for ¢ for all { € V'}.

Since ¢(z, -) is convex, it suffices to prove that for all v = ﬁ with v € V' we have
P (@,1) <D (0c(x) e + (1 = b (@))ag) | (v, €)| =2 ¥ (a,v), (72)
£ev

since 9 (z,v) = sup{g : g € D1(R?), g(v) < ¥ (x,v) for allv € V}.

We know that for all x € E and for all 6 > 0, £&,v € V we have

loy 06() — O]y = 0
1M Y) — el x)|dy = U,
=0 By 5(2)| /By () ¢ ¢

where By s(z) = By(2) N{y € RY: [(y — z, H%HH < pd}.

We now prove (72) for v € V. To this end we construct a suitable competitor in
the minimum problem for m.(x, el p). Note that by [[3],Theorem 4.9] for suitable p —
0 we have me(m,H”TH,p) — m(ac,HZ—H,p) as e — 0. Let k € (B)4(x)): and let ub? e
PC.(B,,{£1}) be defined by

oy - Pt () (=, 08,00) >
UI%(Z) otherwise.
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We then have

E-(uf, By(z)) < > el + 00",

§€V1€H€‘ H(k’) (Bp())e

where O(6p?~1) takes into account the contribution due to the interactions close to the
boundary of B,(z). We choose ky = kg“s € (B} 5(z))s such that

1
E’E(ugo’p,Bp(x)) < U Z Ea(u?pop(‘T)),
#B} 5(x))e keBY ().
o

so that

me (:U, HziH,p) < Es(ufo"’,Bp(fE))
1
ﬁmz 2 2 ol

X
075 € {EV ke(BZ,é(x))E lel_[5 v (k)m(BP)E
Il

[lo
|Z Z el #k € (B 5())e - Z€H€ (B)}+0(0p )

£eVie(B
< d—1 ¢ Pd ! spd1
< > Z 175 e (s € [was Sy + 00"
|§6V€Bv o]
-1
_ Wg— 1/?
o \B” ‘Z(‘gé
13%

+ (1B g(a)] — 0( z,5<x>>ag) o 6|+ 00,

Dividing by wq_1p% !, taking the limit as ¢ — 0, the limsup as p — 0 and using the weak*
convergence of measures, together with the fact that 0¢(9B) ;(z)) = 0, we obtain that

v . 1

<P<x, W> Sﬁ;/hr;lj(l)lp(‘Bv @) B (@) Oc (y)dyBe
1

+{1- [By5(2)] /iy @)Qf(”dy)%)m 78 +00)

= (Be(2)Be + (1 = bg(x))ex )‘<15H’€>‘+O(5>'

£ev

The claim follows by letting 6 — 0. O
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4.2 Proof of Theorem 19

The proof of Theorem 19 is performed by a diagonalization argument. Theorem 23 and
Lemma 24 below are used in order to be able to reduce to surface energy densities ¢ :
Q xR? — [0, +00) that are lower-semicontinuous in the first variable. In order to construct
the converging sequence {¢,}, we use a Lusin-type argument in order to obtain ¢, that
agree with ¢ every outside a set of arbitrarily small Lebesgue measure and such that the
©on(+,v) are lower-semicontinuous. Furthermore we construct ¢, in such a way that the
minimum problems my,, (x,v, p) defined similarly as in (67) converge to the corresponding
minimum problems my(z, v, p) on a dense subset of Q2 x S4=1 x dist(x, Q). This together
with Theorem 23 ensures the I'-convergence of the energies.

By approximation this allows us to reduce further to energies whose integrands ¢ are
continuous in the first variable. For these energies we use the results obtained in Section
3 to construct coefficients cig whose energies I'-converge to the continuum energy that ¢
defines. Furthermore the local volume fraction of 5-bonds also converges. This construction
is possible due to the continuity of (-, ), since this ensures that the choice of coefficients
only varies on large scales.

We need first to establish some properties of the function m defined in (67).
Proposition 20. The following statements hold true:

i) For all z € Q and v € S there exists a countable set E(x,v) C (0,dist(z,0))
such that p — m(z,v, p) is continuous on (0,dist(x,0N)) \ E(z,v).

ii) there exists a modulus of continuity w : [0,00) — [0,00) such that
[m(z, v1, p) = m(z,va, p)| < p*Mw(|r — val)
for all z € Q, v1,v5 € 91 and p € (0, dist(x, 09)).
iii) Let xg € Q,po € (0,dist(z,0)),v € S9! and assume that p +— m(xo,v,p) is

continuous at py, then x — m(x,v, pg) is continuous at x.

Proof. (i) With fixed z € Q and v € S%1, set r := dist(z,09Q) and define m : (0,d) —
[0, +00) by

m(p) =m(z,v, p) +/ gy, v(y))dH L.
I, (2)N(Br(z)\Bp(x))

Claim: For 0 < p; < p2 < r it holds that m(p2) < m(p1).
Proof of the claim. Let € > 0, 0 < p; < p2 < r and let u € BV (£2; {£1}) be such that
u = Uz, in a neighbourhood of 9B, (v) and

E(u, By, (z)) < m(z,v, p) + .
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Define @ € BV (2;{x£1}) by
a(z) = u(2) it z e Bim (x),
Uz (%) otherwise.

Note that % = u,, in a neighbourhood of 0B,,(x). Hence we obtain

m(p2) < B(i, By (1)) + / oy T

< B By () + BB \ By o)+ [l

< B(u, By, (2)) + / oy, v(y))dH
v(x)ﬂ(Br(I)\Bpl (x))

< m(z,v,p1) + / gy, v(y))AHI L + ¢
Hu(I)ﬂ(Br(I)\Bpl (I))

where we have used the fact that H4~1(9*{@ = 1} N 9B,,) = 0 in the last inequality. The
claim follows letting ¢ — 0. Since p — m(p) is a monotone function, it has countably many
discontinuity points E = E(z,v). Moreover, since H¥~1(9*{u,, = 1} N dB,) = 0 for all
0 < p < r we have that

p / g(y,v)dH*!

N(Br(2)\Bp(z))

is a continuous function. Hence, we obtain that
p = m(x,v,p) =m(p) — / 9y, v)dH*!
IL (2)N(Br(x)\Bp(x))

is continuous for all but countably many p € (0, 7).

(ii) By [[18],Lemma 3.1] it holds that
(@, v1, p) — m(w,v2, p)] < C / 0ty — k)|, (73)
Since
/aB " 60 (U — Uz )|[dHETE < Cp@ L arceos((v, 1)) < p? tw(|vy — va))
)

holds with w a modulus of continuity and the claim follows.
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(iii) Claim: For all 0 < p1 < p2 <7, 1,22 € ) such that |21 —z2| < min{p1, |p1 — p2|},
we have

d—1
m(wa, v, p2) < mas,v,pr) + CptPlar — ol + O (o7 = (2 = ler —w2l?) ) (74)

Proof of the claim. Let € > 0, and let u € BV (Q,{%1}) be such that v = u,, , in a
neighborhood of 0B,, (x1) and

E(u, By, (x1)) < m(z1,v, p1) + €.

Let u € BV (Q2,{£1}) be defined by

() = {u(z) if z € By, (11),

Ugzo (%) otherwise.

We then have % = ug,,, in a neighborhood of 0B, (x2) and

m(x27V7p2) < E(a>BP2($2))SE(ﬂval(xl))+E(u sz(l'?)\Bpl(xl))
< B(u, By (11)) + CHI (0 {1 = 1} N 0B,, (1))
+OHH 0 {(ugy = 1} N (B, (22) \ By, (71)))
< Bl By, (@) + Op s — ol + (8 = (\fod — e — o))

d—2 d—1 2 2 -1
< m($17y’pl)+cp1 |I’1—$2|+C<p2 - < ,01_|CC1—$2| ) )+€

The claim follows by letting ¢ — 0.

Claim: Let 29 € Q, pg € (0, dist(xg,9Q)) and v € S, and assume that p — m(x, p, v)
is continuous at pg, then x — m(z, pg, V) is continuous at xg.

Proof of the claim. Fix ¢ > 0. First we prove that
m(z,v,r9) > m(xg,v,19) — € for all |z — x| < d = (g, ro)

To this end, let 7. > rp and 0 < § < min{ro, |re — 9|} be such that

d—1
m(@o, v,m) = mlao,vyro)l < o, T = (i3 -82) < 5r§*2s%f—m. (75)

By (74) and (75) we then have

€ d—2 d—1 2 2 -1
m(zo, v, r0) < m(xo,v,re) + 3 <m(x,v,r9) + Cry “6 + C(Te — < rg—0 ) )

Sm(l‘,y,ro)+€
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for all |x — xzg| < . On the other hand by (74) and (75) we have
d—1
m(z,v,r0) < m(zo,v,7e) + Crd=25 + C’(Tgfl - ( rd — 62> )

< m(wxo,v,r0) + Cri—25 + C’(T‘g_l — ( r3 — 52>d71) + %

IN

m(zo,v,r0) + € for all |z — 2| < 6.

This yields the claim. O

Remark 21. Note that if there exist my, mg : QxS 1 x (0, dist(z, 9Q)) — [0, 00) satisfying
(i)-(iii) of Proposition 20 and there exists a countable and dense set D; x Dy C Qx S9! such
that for all (x,v) € Dy x Dy there exists a countable and dense set D3(x,v) C (0, dist(x, 9Q))
such that

ml(ZE?V?p) = m2(37, Vap) (76)
for all (x,v,p) € D1 x Dy x D3(z,v), then for all (z,v) € Q x S9! we have that
ml(%’/,p) - m2(x7 V:P)

for all p € (0,dist(x,09)) \ E(x), where E(x) is countable.
Indeed, by (ii) it suffices to prove equality (76) on 2 x Dy x (0, dist(x, 0Q)), with E(z)
countable. We set

E@) = (U Een)u( U Ewv),

veDy y€D1,vED2

where F(z,v) is the countable set of discontinuity points of my(z,v,-) and ma(z,v, ) given
by Proposition 20. If z € D; and v € S9!, then we have that m;(z,v, p) = ma(x,v, p)
for all p in a countable dense set D3 and both mq(z,v, ) and ma(z,v,-) are continuous on
(0, dist(x,00)) \ E(x). Therefore, for every p € (0, dist(z,00Q)) \ E(x) we can find py — p,
{pr}r C D3 such that

mi(z,v,p) = lm my(z,v,px) = lm ma(z,v, pp) = ma(x,v, p).
k—4-00 k—+o00

Let now (zo,, po) € Q x S1 x ((0,dist(zg,09Q)) \ E(xg). By the definition of E(zq)
we have that p — my(xo,v,p),p — ma(xo,v,p) are both continuous at pgy, by (iii) of
Proposition 20 there holds that x — mq(z,v, pg), p — ma(z,v, pg) are continuous at .
Choose x — xo, {zk}x C D;1. By the definition of E(xg) we have that

mi(zo, v, po) = kgffoo mi(xk, v, po) = kgffoo ma(zy, v, po) = ma(xo, v, po)

and the remark holds true.
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The next goal is to prove Theorem 23 below, which relates I'-convergence with the
convergence of the corresponding minimum problems (67) and we then use it in the proof
of Proposition 25. In order to prove Theorem 23 we apply Lemma 22 below, which shows,
that every lower-semicontinuous surface energy functional is characterized by its infimum
problems on balls.

Lemma 22. Let ¢; : Q x R? = [0, +00), i = 1,2, be such that the trivial bounds (19) are
satisfied and let E; : BV (Q,{£1}) x A(Q) — [0,4+00) be defined by

Ei(u,A) = / wi(z, Vu(:v))de_l
o*{u=1}NnA

for all (u,A) € BV(Q,{%1}) x A(Q). For all A € A(Q) let E;(-,A) be L'(A)-lower-
semicontinuous and assume that

my(x, p,v) = ma(z, p,v) for all z € Qv e ST p € (0,dist(z,0Q)) \ E(x), (77)

where E(x) is a countable set, then Ey(u,A) = FEs(u,A) for all w € BV (Q,{x+1}) and
Ae AQ).

Proof. Let w € BV (Q,{£1}). For fixed 6 > 0, let x; € 0*{u = 1}, p; > 0, with ¢ € N be
such that if we set BY = By, (x;) then the following properties hold

Bl CApi <8,BINB=0ifi#j

77) is satisfied, tr(u — ug, ,,)|[dHIT < pd=1s,
( 2L pl
OB (78)

’ 1
de1<a*{u =1H\U Bf) =0, HTY o {u=1})NBY) > §wd71pf‘1.
i=1

Such a countable cover of 9*{u = 1} exists by the Besicovitch Covering Theorem.
Let m; : BV (Q;{£1}) x A(2) — [0, +00) be defined by

mi(u, A) = inf {Ei(v, A) :v e BV(Q,{£1}), u = v on a neighborhood of A}
for i = 1,2. Note that by [[18],Lemma 3.1]

|mi(u, A) — my(v, A)| < C/aA ltr(u — v)|dHI? (79)
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holds for i = 1,2. Therefore by (78) and (79) we have

Ei(u,A) > > Ei(u,B])) > mi(u,BY)

1=1 i=1

> Zml(u%yl,B‘S CZ/ |tr(u uzi’l,i)]d’}-ld_l
> ng(um, Cazp
> ng u, B 052,0

> ZmQ(u, BY) — CoHT (0" {u = 1}) N A).

Now, choose u§ € BV (B?,{£1}) such that u} = u in a neighbourhood of 9B? and
, 1
Ey(uj, B}) < 520+ ma(u, BY),
set NO=Q\ U2, B! and define

i 5
us x € B;

s —
wie) = {u(z) z € NO.

By the coercivity assumption on ¢y we have that u’ € BV(Q, {#1}) and

(u?, A) §Z (u’, BY) 4+ Ex(u®, N?) <Zm2u,B?)—|—5
= =1
§E1(u,A)+C( )o.

We claim that u’ — u in L'(A) as § — 0. In fact,
I = ullpscay = 3 e’ = ulla gy < C8 S HIL@* u = 130 BY)
=1 =1
= CoH (0% {u = 1}).

Therefore, by the lower semicontinuity of Fs we obtain

Es(u, A) < li%n iglf Ey(ul, A) < Ey(u, A).
—

By exchanging the roles of F; and Fy we obtain the statement.
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Theorem 23. Let o, ¢ : Q x R — [0, +00] be Borel functions such that on(z,-), o(z, )
satisfy the trivial bounds (19) for all x €  and for alln € N. Let E,, , E, BV(Q {£1})x
A(2) = [0,400) be defined by

B, (u,A) = / o (2, v () HO,
o*{u=1}NA

Fo(u,A) = / o, va (@),
o*{u=1}NA

respectively, for all (u, A) € BV (Q,{£1}) x A(Q). Then the following are equivalent:
i) Eyp, (-, A) T-converges with respect to the L*(A)-topology to E,(-, A) for all A € A(S).
ii) If we define

mp(z,v,p) = inf{E,, (u,B,(x)): u = ug, in a neighborhood of 0B,(x)}
m(z,v,p) = inf{E,(u,B,(x)):u=1uz, in a neighborhood of 0B,(x)}.

then my,(z,v, p) — m(z,v,p) for all (x,v,p) € Q x ST x (0,dist(z,00)) \ E(z),
where E(x) is countable.

Proof. We first show that (i) implies (ii).
Step 1. We show that

lim sup my, (z, v, p) < m(z,v, p) for all (z,v, p) € Q x S x (0, dist(z, 0Q))

n—-+4o00

To this end let ¢ > 0 and v € BV(Q,{%1}) be such that v = u,, in a neighborhood of
0B,(x) and

E,(u, By(z)) < m(z,v,p) +e.

Since E, I-converges with respect to the strong L!(A)-topology to E there exists u, €
BV (Q,{£1}) such that

limsup Eo,, (un, By(z)) < Ey(u, By(x)).

n—-+00

By a cut-off argument (see e.g. [[?] Lemma 4.4]) we construct @, € BV (€, {£1}) such that
p, = Ug, in a neighborhood of 0B,(x) and

limsup E,, (tn, B,(x)) < limsup E,, (un, By(z)).

n——+oo n—-+o0o
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Hence we have

lim sup my, (z, v, p) < limsup Ey,, (U, By(x)) < limsup E,, (un, By(x))

n—-4o00 n—400 n—-4o00

S E@(ua Bp(w)) S m(:n, v, p) +e.
The claim follows as ¢ — 0. By Proposition 20 (ii) we have that that

lim sup m(z, v, p') = m(z, v, p) (80)
p'—p

for all but countably many p € (0,dist(x,99)), where p’ is converging decreasingly to p.
Step 2. We show that

lim inf m, (x, v, p) > limsup m(z, v, p')
n—-+oo pl—+p

with p’ converging decreasingly to p. To prove this choose for all n € N, u,, € BV (Q, {£1})
such that w, = u,, in a neighborhood of 0B,(x) and

1
Elpn(una BP(‘T)) < mn(x7 v, p) + E
Let p’ > p and define

- un(2) 2z € By(x)
n(z) = .
Uz (2) otherwise.
We have

. 1
mn(xv v, p) > ESDn(unuBP(x)) > E@n(’uﬂ Bp/(flf)) - g - C‘p - pl‘

By the coercivity assumption we know that 4, — v up to subsequences, and therefore that
v = U, in a neighborhood of 0B, (x) we obtain

lim inf my, (z, v, p) > liminf B, (upn, By(z)) > Ey(v, By(z)) — Clp — p/|

n—4o0o n—-4o00

By (80) the claim follows for all such p € (0,1) \ E(x) as p’ converges decreasingly to p.

Now we prove that (ii) implies (i). Take a subsequence (not relabeled) {Ey, }n. By
[[6],Theorem 3.2], up to subsequences E,,, (-, A) I-converges to some E : BV (Q,{£1}) x
A(2) — [0,400) of the form

E(u,A) = / @z, vy (x))dHI for all (u, A) € BV (Q, {+1}) x A(Q)
o*{u=1}NA
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and therefore if we denote by 7 the associated minimum problems of the energy E by (i)
implies (ii) and by our assumption we have that

Th(.ﬁlﬁ‘, P V) = ngrfoo mn(:v,p, l/) = m(x,p, l/)

for all z,v,p € Q ><~Sd*1 x (0,dist(z, 002)) \ E(z) where E(z) is a countable set. By Lemma
22 we have that &/ = E,. Therefore every subsequence contains a further subsequences
which I'-converges to E,. By the Urysohn-property of I'-convergence we have that E,,
I-converges to E,. O

Since the energies that are involved are equi-coercive we may use a metrizability argu-
ment for I'-convergence [[22],Theorem 10.22]. We therefore may argue by a diagonalization
procedure. To this end we need to define a minimal volume fraction 0.

For ¢ : R* — [0,+00), even, convex, positively 1-homogeneous, satisfying (19), or
equivalently ¢ € H,, 5v(1), we define 6, € [0,1] by

0, =min{s € [0,1] : ¢ € Hy g v (5)} (81)

Note that the minimum in (81) is attained by the definition of Hy 51/ (6). If ¢ : Q@ x RY —
[0, +00) is such that p(x,-) € Hqy g y(1) for all z € Q, we define 6, : @ — [0, 1] by

Some properties of the minimal volume fraction 6 thus defined are contained in the
following lemma.

Lemma 24. The following properties hold true:

i) Let 0 < 01 <0y <1 and p € H,py(01) then there exists r > 0 such that B(p) C
H, v (62).

ii) Let o, 0, € Hy gy (1) and d(pp, ) — 0 as n — oo, then O,, — 0.
iii) Let @(-,v) be continuous for all v € S, then 0, is continuous.

iv) For every surface energy density ¢ the function 0, is measurable.

Proof. (i) Let 0 < 60; <6y <1 and ¢ € Hy gy (61). For all ¢’ € B,(¢) we have

W) <pw)+r <Y el &)+ <Y (ce+ )6 =) &8,

gev gev £ev
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where ¢ < g < (0¢fe + (1 — 0¢)ag) for some {0¢ }eer C [0, 1] satisfying (18) with 61, and

r

e < (Befe + (1 - Oe)ag) + = (6 + % _a§>55+ (1- @+ ﬁgia§)>a£>

< (OgBe + (1= Oe)ae),

[}

if ¢ — ¢ > Fetae and {Be}e € [0,1] satisfy (18) with 6a. Set

v iy 06— 00)(Be — a¢)
cev 2

We have that B,.(¢) C Hy gy (62).

(ii) Let d(¢n,¢) — 0 as n — 4o00. Up to subsequences we have that 6., — . By
the definition of 6, we have that 0, < 0, since p € Hawg,v(é). Assume that 6, < 0 < 0
for some 6 € (0,1). By (i) there exists a neighbourhood B,(¢) of ¢ such that B,(p) C
H, g (0). Therefore for n large enough we have that ¢, € H, gy (6) so that 6,, < 6,
which contradicts 0,, — 0.

(iii) is a direct consequences of (ii). As for (iv), it suffices to notice that if we define
On = pn * ©, Where p, is a sequence of convolution kernels, we have that ¢, is a sequence
of continuous functions and ¢, converges almost everywhere to ¢. In view of (ii) and
(iii), 6, is an almost-everywhere limit of a sequence of continuous functions, hence it is
measurable. O

Proposition 25. Let 0 : Q — [0,1] be measurable and ¢ : Q x R? — [0, 4+00] be such that
¢(z,-) € Hop,v(0(x)) for almost every x € Q. Then there exist sequences {0n}n,{cf }emn C

C(Q),0 < 6, <1 such that o, : Q x R* = [0, +00] defined by

pn(z,v) =) (@)|(v,€)] (82)

Lev

satisfy on(x,-) € Hypyv(On(x)) for all x € Q. Furthermore E,, I'-converges to E, and
On = 6.

Proof. Since the energies involved are all equicoercive by the metrizability-properties of
I'-convergence (see [[22],Theorem 10.22]) we can use a diagonal argument. It suffices to
construct lower-semicontinuous densities of the form (82) such that the associated energies
I-converge to E,. Every such function can be approximated from below by functions of
the form (82) with continuous coefficients. Therefore the associated energies I'-converge
to the energy associated to the limit density and by Lemma 24 (ii) the associated local
volume fractions converge weakly™.
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We now prove that there exists {¢,}n of the form (82) with c¢f : €2 — [0,00) lower
semicontinuous and E,,, I'-converges to E,. By Theorem 23 and Remark 21 it suffices to
find ¢, such that

ngr—il-loo mn(xi7 Vi, IOZ) = m(l'i, Vi, pl)a
where {z;, pi, Vi }ien C Q x (0,dist(z,00)) x S9! is a dense set. Moreover we assume, by
the Besicovitch Covering Theorem and Remark 21, that |Q\ [ J;2, B, (x;)| = 0.
Let u} € BV (Q,{%1}) be such that u]' = ug, ., in a neighborhood of 0B,, (z;) and

1
Ew(“?7 BPi(xi)) < m(xq, pi, vi) + n

By Lusin’s theorem and the rectifiability of 0*{u]* = 1} there exists K; ,, C;,, C R? compact
and a¢ : K;;, — [0,00) such that

i) Kin CO"{ui =1} N By, (z:) , © = vyun(x), © = p(,vyr (7)) are continuous on K,
and HE 10" {ul = 1} \ K;) < 2.

ii) there exist Cj,, C By, (2i) \ Kin such that |By, \ Cin| = |(Bp, \ Kin) \ Cin| < 1271
and

plw,v) <Y ag(@)| (1, €)]

Lev

for all z € Cj v € S4=1 Moreover for all & € V there holds

oo i) = 3 aclo)| (. )]

Eev
Define

> celavup (@)[(,6)| @ € Ki,

Eev
goni(‘r?y) — Za§($)|<lj,£>| x Eci,na

’ cev

Z 5§’<V7 &)l otherwise,
\ eV

where c¢(z, vy (2)) € C(Q2) are chosen such that

> cela, v (@) (v (2),6)] = p(, vup (2))-

Eev

Set

Spn(xa ) = lrgniiéln@n,i($af)'
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©on(+, &) is lower semicontinuous and for all 1 <i < n we have

mn(xia Vi, Pz) < EgOn (U?, Bpi (xl))

§/ cpn(x,yu?(w))dﬂd1+/ on(z, l/u;z(x))defl
Kin O {u=1}\Kin

IN

/ (i, v (2))AHEY + CHEN O {ul = 1)\ ;)
O*{u=1}

C
<ml(xi,vs, pi) + P

Now let ¢ > 0 and let v € BV(Q,{£1}) be such that v = ug,,, in a neighborhood of
0B,,(x;) and

E<Pn (u> Bpi (xl)) < mn(xiy Vi, pz') + €.
Noting that vy, = vyp H9~1-almost everywhere on 0*{u = 1}, we have

mn(xz‘,,Oi, Vi) +e = E&pn(ua sz(xl))

— / gpn(q:,yu(x))d’i-[d_l
8*{u—1}ﬂBp ($1)
- Z / (@ va)art + [ el vu(2))AH!
I2NBp, (z;) (8*{u MU, J)mBPz( ;)

> Z/nt oz, vy (z))dH! +

= LP(U“BPZ'( l)) Z m(‘ria Vivpi)u

where I7' = K, \ U ; Kjs n- Letting € — 0, we obtain

/ (i, va())AH
(0" fu=11\U7y 1) By, ()

C
| (4, vy pi) — m(xs, viy pi)| < . foralll1 <:¢<n.

Hence, my, (4, v3, p;) = m(x;, v4, p;) for all i € N, so that by Theorem 23 we have that E,,
I'-converges to E,.

It remains to show that 6,, — 6. By the definition of ¢, we have that

0, (x) = O(z) z¢€ UZZl Cin
1 z & Uiz Cin
where we remark that |K;,| = 0. Now let 6 > 0, and let ns € N be such that [Q \
i) < or | € and I1or n large enough we have
U, By, (x;)| < 6. For f € L*(Q) and for n larg gh we h

/ F(0, — 0)dz = / F(0, — 0)dz + / £(6, — 0)dz
ANUiL, Cin Uiz1 Cin
_ / £(1— 0)da.
Q\U?:l Ci,n
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Note that |f(1 —60)| < 2f and

ng ng ng
’Q\ U Cinl < ‘Q \ U By ()| + )U B, (2:)\ Cin| <0+ %
=1 =1 =1

Hence by the Dominated Convergence Theorem we have that

/ fQ—=0)dz —0
Q\U?:l Cin

as n — +00,8 — 0. Therefore we have that 6,, — 6 as n — 4. O

Proof of Theorem 19. By the metrizability-properties of I'-convergence and of the weak*-
convergence on bounded sets we proceed by successive approximations and conclude then
by a diagonal argument.

Step 1. By Proposition 25 we can assume that
pla,v) = ce(@)| (v, )] (83)
Eev

for all (z,v) € Q x R? with ¢¢ € C(Q, [ag, B¢]) for all £ € V. Note that by (iii) of Lemma
24 we have that 0, is continuous.

Step 2. For every ¢ of the form (83) let c]g 1 = [ag, Be] be defined by

inf (2 T € Qy—r(Tyn), Tn € Zy,
oy i e
inf ce(2) € Qoi(xn) N Qor(Tpr), T, Ty € 2,
€Qyn (2n)UQy 1 (2,) 5( ) Qo+ (2n) N Qg—r(Tn) k

where 2y :=27%74 + Z?:l e;27F1. We define ¢}, : Q x RY — [0, +00) by

pr(z,v) =) (@), €)]. (84)

Eev
Furthermore, we set Ej : BV (Q,{£1}) — [0, +00)

Ex(u) = / gok(x,uu(a;))df;'-[dfl.
O*{u=1}NN

We have that I‘—klim Ej(u) = E(u). This follows since clg converges increasingly to
—+00

ce. Moreover, by Lemma 24 we have that 0, — 0, since @i(z,-) — ¢(z,-) for all z € Q.
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Step 3. Every Ej : BV(Q,{£1}) — [0, +00) can be approximated by Ef : BV (Q, {£1}) —
[0, 4+00) of the form

B(u) = / (s () )AHO, (85)
O {u=1}NQ
where ¢ : Q x R? — [0, +00] is defined by

A(z,v) =D ¢ (@) (v, )]

&ev

with c?‘s 1 Q0 = [ag, Be] defined by
ck’é(x) _ c]g($) T € Qar(1-5)(Tn), Tn € Z,
¢ Be otherwise.

To prove Step 3 note first that since c?‘s > c’g for all o > 0, we have that

- lim inf B9 (u) > Ei(u).
6—0

By [[6],Theorem 3.2] we have that

T lim sup B3 (u) — / P, v () )M
6—0 0*{u=1}NQ

for some 3 : 2 x RY — [0, +-00), where
~ . mk(x7 v, p)
@k (x,v) = limsup —————=.
p—0  Wd—1p

Using [[18],Lemma 4.3.5] we have that

6
my(z, v mi (z,v,
Pk (x,v) = limsup Mk (2, v, p) = lim sup lim inf M
p—0 wg—1p?~1 p—0  0—0 wq—1p?~1

Hence it follows that ¢(z,v) = ¢(x,v) for all x € Qy-k(xy,),z, € 2. From this fact
and by the lower semicontinuity of the energy functional, as in the proof of (39), we
conclude that @(z,v) < ¢(z,v) for all x € 0Qy-x(zy), xn, € Zj with v being the normal
vector of 0Qy-«(zk). For every § > 0 small enough we have that K0 = ¢k for all x €
Qa—r(1-5)(Tn); Tn € 25 with lims 0 [Q\ U, ez, @2-#(1-6)(¥n)| = 0. Therefore, it follows

*
that 9902 — 95%'
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Step 4. For E? : BV(Q,{£1}) — [0,+00) of the form (85) we can find energies EFO
V(Q,{£1}) — [0, +00) of the form

k.6
Ek 5 Z Z «Sd lclf E Ueg; — ug(i+§))2 (86)
EEVz i+£€Q.

for some CZ’ 0 ¢ {oe, Bg}Z such that 9({Ck6€}) -0, .

Since ¢S (z,-) € Ha gy v(b, 5(mn)) if © € Qa-r(1-9) (:cn),xn € Z, there exists a sequence
k, 5n

of homogenized densities {¢""} such that gok’n — ¢(zp, ) as N — +oo. Furthermore, for
every N € N there exist {ck 1N T_periodic for some T € N such that 9({ck PNV S 0(),

where 9({ci’;N}) is given by (15) and

- lim EFN (4 :/ O (v () dHL
ti N = [ @)

We define Ej, 5 : BV (Q,{£1}) — [0, +00) by

Epns(u) = / o0 (0, vy (2))dHI, (87)
O {u=1}NQ
where
k 5 @’Jg\fn( ) T € Qy-r(1_) (Tn), Tn € Zy,
Z Bel(v,&)|  otherwise.
Lev

We have that

- lim E E9 (u).
Jim kN (u) = Ei(u)

This follows from the convergence ¢ A}" — o(zp, ) and

9 ml (x,v,
gﬁi(x, v) = limsup M’Z’pl) = lim sup lim inf Ldlp)
p—0  Wqg—1p"" p—0 N—oo  Wqg—1p""
Note that if we define EF™° : BV(Q, {#1}) — [0, 4+00) by (86) with
knm,N .

BN e 1€ (Qar1—5)(Tn))es Tn € 2y,

i Be otherwise,
then we have

I- ig%Ek&N( —T- ig% Z Z d 1 k6N€ Uai_ue(i+§))2 :Ek,N,(S(U)
£eV i i+€eQe

with Ej, v s(u) of the form (87). The claim follows by a diagonal argument for the conver-
gence of the energies and the local volume fractions. O
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