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Abstract—We propose the construction of a quantum Markov chain that corresponds to a “for-
ward” quantum Markov chain. In the given construction, the quantum Markov chain is defined as
the limit of finite-dimensional states depending on the boundary conditions. A similar construction
is widely used in the definition of Gibbs states in classical statistical mechanics. Using this
construction, we study the quantum Markov chain associated with an XY -model on a Cayley tree.
For this model, within the framework of the given construction, we prove the uniqueness of the
quantum Markov chain i.e., we show that the state is independent of the boundary conditions.
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1. INTRODUCTION

[t is well known that Markov random fields have numerous applications to classical probability theory,
statistical physics, etc. Therefore, it is natural to expect that quantum analogs of such fields play the
same important role as ordinary random fields. The notion of quantum Markov chain was introduced
in[1]and was defined in the algebra of quasilocal algebras consisting of infinite tensor products of finite-
dimensional algebras. At present, quantum Markov chains are a standard tool in solid-state physics,
quantum statistical physics, and quantum information theory [2]—[5].

The first attempts at constructing quantum analogs of classical Markov fields appeared in [4], [6]—
[8]. In these papers, the notion of quantum Markov state examined in [9] was generalized. Note that
such states constitute a subclass of quantum Markov chains. The definition of quantum Markov states
and chains that generalizes all the well-known definitions of the corresponding states and chains was
proposed in [10]; moreover, all the existing examples fall within the scope of this definition.

Note that usually a system can be identified with the vertex of a graph if the graph is not isomorphic
to Z. An important role in localization is played by the so-called root vertex of the graph, which allows
one to construct nontrivial examples of Markov fields. In the papers mentioned above, quantum Markov

fields were studied mostly over the integer lattice Z?. In view of the existence of loops in Z¢, nontrivial
examples of quantum Markov fields over this lattice were not known. It was shown in[11]—[13]that there
are numerous examples of classical Markov fields on Cayley trees. And hence to construct nontrivial
examples of quantum Markov fields, it is natural to consider them over such trees. It should be noted that
quantum Markov chains over Cayley trees were first studied in [14]; similarly, the thermodynamic limit of
a VBS-model on a Cayley tree was considered [15]. The notion of Markov property of states defined on
a quasilocal algebra over hierarchical trees was introduced in [16]. We have generalized the construction
proposed in [9] to the case of trees. This construction defines a “backward” quantum Markov chain.
Note that noncommutative extensions of classical Markov fields associated with the Ising and Potts
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UNIQUENESS OF CERTAIN QUANTUM MARKOV CHAINS 9

models were studied in[17]—[19]. In the classical case, Markov random fields over trees were considered
in[11]-[13], [20], [21].

The present paper is a continuation of the study of quantum Markov chains begun in[16]. Neverthe-
less, in the present paper, we propose another construction (differing from the one in [16]) of quantum
Markov chains which corresponds to a “forward” quantum Markov chain. In this construction, a
quantum Markov chain is defined as the limit of finite-dimensional states depending on the boundary
conditions. A similar construction is widely used in the definition of Gibbs states in classical statistical
mechanics. It is well known that, for systems with local interactions, there always exists at least one
Gibbs state. However, the system under consideration can admit several different Gibbs measures;
in this case, the system is said to have a phase transition. One of the central problems of statistical
physics is the determination of the phase transition or of the uniqueness of the Gibbs measure. For
Markov random fields, there exist sufficient conditions ensuring the uniqueness of the Gibbs measure
(see [22], [23]). One of the important results in classical and quantum theory is that, for a one-
dimensional spin system with finite interaction radius there is no phase transition, i.e., there exists a
unique Gibbs state. However, the existence of a phase transition depends on the dimension of the lattice.
For example, for a two-dimensional continuous XY -model, a phase transition exists.

In the present paper, using ideas and methods of Gibbs measure theory, we study a quantum Markov
chain associated with an XY -model on a Cayley tree of order 2. From the physical point of view, one
can expect the existence of a phase transition for such a model, because the tree under consideration
is not one-dimensional. However, in this case, we prove the uniqueness of the quantum Markov chain
within the framework of this construction, i.e., we show that the state is independent of the boundary
conditions. It should be noted that, for the model under consideration, there exists a phase transition on
a Cayley tree of order three (see [26]).

2. PRELIMINARIES

A Cayley tree T* of order k > 1 is an infinite tree, i.e., a graph without cycles with exactly k + 1
edges issuing from each vertex. Let T'* = (L, E), where L is the set of vertices of ¥ and E is its set of
edges. Two vertices x and y are called nearest neighbors if there exists an edge joining them; this edge
is denoted by I = (x,y). A set of pairs

(X, 21)y ..oy (Tag—1,9)

is called a path from the point x to y. The distance d(z,y) between z and y is defined as the number of
edges in the shortest path joining the vertices z and y. If one edge (z,y) of T'¥ is cut off, then I'* splits
into two connected components called semi-infinite Cayley trees with root vertices x and y. In what
follows, we shall consider only semi-infinite Cayley trees T* = (L, E) with root vertex z°.

To simplify notation, we introduce the coordinate structure in T'* as follows: to the vertex 20 we

assign the coordinate (0); to the nearest neighbors 2° we assign the coordinates (i), where i denotes
the ith vertex (the vertices are numbered from right to left). Further, each vertex z of the tree F’IfF has
coordinates

(i1, yin), where 4, € {1,...,k}, 1<m<n.

Thus, the symbol (0) denotes the level 0, while the vertices (i1, ...,1,) constitute the nth level (i.e.,
d(z°, ) = n) of the tree. Denote

Wy, ={x € L:d(x,x0) =n}, A, = U Wi, Appm) = U Wi, n<m,
k=0 k=n

E,={{z,y) € E:x,y € Ay}, A%:UWk-
k=n

Forz e T%, 2 = (iy,...,i,), we set

S(x) ={(z,i): 1 <i <k}
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10 ACCARDI et al.

here (x,1) indicates (i1, ...,in,4). This set is called the set of direct descendants of .
We can easily see from these definitions that

Am:Am_2U< U {xUS(x)}), En\Ena= |J U &}

z€EWm—1 2€EWm—1 yeS(x)

For each vertex = € L, for the algebra of observables Z,, we consider the algebra of complex d x d
matrices My. The algebra of observables localized on a finite volume A C L is defined by

By = @@z.

TEA

[T A € A% C L, then, as usual, Z,1 is identified with the subalgebra %,.. Further, by %, 4 we denote
the positive part of Z5. The complete algebra %y, on a Cayley tree is obtained by passing to the
inductive limit

B, = B,
An
Further, .(#,) denotes the set of states defined on %, .

Recall [24] that by quasiconditional expectation with respect to a triple ¥ C # C & of C*-
algebras with units one means a completely positive unit preserving mapping &: o/ — % satislying
the condition

&(ca) = cé(a), acd, ceC. (2.1)
The state ¢ on Ay, is called a f-quantum d-Markov chain associated with {A,} if, for each A,,,

there exists a quasiconditional expectation &yc with respect to the triple Bhre ., S Brg, © Bae_, and a
state Ppc € 7 (Ha¢ ) such that, for any n € N, the following relations hold:

Pag|Ba,\A, = Pac,, © Ene, [ B, 1 \Ans (2.2)
(P:nh—{go@A% OéDAg’:LO(pﬁA271 O---OéDAi: (23)

in the x-weak topology.
Note that here the f-quantum d-Markov chain ¢ generated by &xc and ppc is well defined. Indeed,
by (2.2), we have

Pag © Ene |Bn, = Pas,, © Ehs, © Ers| B,
and, fora € %y, for A C Ay, we obtain
nlggo(ﬁ/\% 0 Epg 0 Epe | 0+ -0 B (a) = (ﬁAi 0 &pg 0 Epe | 00 s (a).
3. CONSTRUCTION OF QUANTUM MARKOV CHAINS ON A CAYLEY TREE

Suppose that to each edge (z,y) € E an operator K, ,y € %y, is assigned. Further, we wish to
define the state on %,,, with boundary conditions wo € %) 4 and h = {h, € %, 4 }zcr. To this end,
we introduce the following notation:

1/2 2,
Kn=w™ ] Koy Il Kew - 11 Kew [T 0% 6D
{{l‘,y}EE‘l {xvy}EEQ\El {1'7y}€En\En_1 zeWn
here, by definition, we set
I Hew= Il ey Koy (3.2)
{m,y}EEm\Em,l mEWm71
[t should be noted that, in this definition, the product satisfies the ordering relationship, i.e., the position

of the operators K, (. ;) should not be changed, because, in general, they do not commute.

MATHEMATICALNOTES Vol.90 No.2 2011



UNIQUENESS OF CERTAIN QUANTUM MARKOV CHAINS 11
Let
Up) = K,K;. (3.3)

Obviously, %) is a positive operator.

For any A G, L, let Try: B — P denote the partial trace. For brevity and convenience, we set
Try) :=Tra,.
(n.f)

Thus, we define the positive functional ¢, "3 on Za,, by the relation

P (@) = Tr(Zyy(a ® Ty, ) (34)
for each a € #,,,. Here
Ty,,, = & I
YyEWn+1

Note that Tr denotes the normalized trace on %4y,.

In order to define the state o) on Z;, (i.e., on the infinite volume) with given marginal states @SUO’Q,
i.e., ol [@ = @SU ’]2, we must impose some constraints on the boundary condition {wp, h} so that the

functionals {ap } satisfy the matching condition
o [, = Pl (35)
It is well known [9] that the {(‘051)07,1’1} satisfy the matching condition if the sequence {%,} is
projective with respect to Try,, i.e.,
Try,_1)(%)) = Y- forall neN. (3.6)

Theorem 3.1. Suppose that the boundary conditions wy € Hg) . andh = {h, € B 4 }eer satisfy
the following equalities:

Tr(woho) = 1; (37)
k k k

TI‘{I} <H K(z,(x,z)) H h(:v,z) HKTxy(Ikarli») = hz fOI’ any x c L. (38)
=1 =1 =1

Then {y)} is a projective sequence. Moreover, there exists a unique state <p(f) on By, such that

() (n.f)

Pugh = W — hm gow
Proof. Let usimmediately verify relation (3.6). It follows from (3.1) that

n—1
wy=l T T Kew) T Koy I 0

m=1 {x7y}eEm\Em71 {may}EEn\Enfl zeWn
* n—1 *
1/2
X( 11 K<z,y>) H< 11 K<x,y>) wy'”
{may}eEn\Enfl m=1 {z7y}eEnfm\Enfmfl

We know that, for distinct = and 2’ taken from Wy, the corresponding algebras %, () and
B sy commute; therefore, from (3.2), we obtain

| | th( I1 K<z,y>>

{z,y}EE\En—1 zEW, {x,y}EEn\En—l
k
H HK (1)) H (m,i)HKZka:,(z,k—f—l—i))'
zEWnm—1 =1 =1
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12 ACCARDI et al.
Therefore, using (3.8), we find that

n—1

Tr, (%) = wy'® H ( H K <x,y>>

k
< I m(HK 01 () | CCRY
=1 =1

zeWn_1

T(T me)

{1' y}GEn m\En m—1

n—1

{xvy}EEm\Em 1 xEWn_1

n—1 *
1
X H ( H K(Ly)) wo/ = %n—l}'
{m y}eEn m\En m—1
Similarly, it follows from equality (3.7) that Tr(%,)) = 1, which implies that each functional <p( ’2 is

a state and, therefore, there exists a limiting state. O

Note that if we set k = 1 and h, = I for all z € L, then we obtain conditional amplitudes introduced
in[9].

Theorem 3.2. The state <p(f) isan f-quantum d-Markov chain.

Proof. For brevity, setting
Kpom= | EKuy DW= ]] he. (3.9)
{z,y}€E\En—1 zeEWn
we define the quasiconditional expectation &« for each n as follows:
> « 1/2 1/2
bas (xp0) = Tap (K yywg! *zpowy > Kio,n), 0 € B, (3.10)
Eng (@—1) = Trpn (Kpp_y g2p-1Kp-1.8), T-1 € PBac_, k=12,....n+1;  (3.11)
here Tr[n = Trpe. Then, for any monomial of the form
ap, ®aw, @ -+ @ aw,,, where ap, € Br,, aw, € Bw,, k=2,...,n,
we have
@g;};)(am ®aw, ®@ - @ aw,)
n « 1/2 1/2
= Tr(h h( +1)K[n n+1] " K[0,1]wo/ (an, ®aw, ® -+ ® a’Wn)wO/ K[O,l} e K[n,n+1])
= Trp (W VK, Ly Ky 6as (any)Jaws Ky gy - aws, K]

= Tr[n+1(h(n+1)éaA%+l o éDA(;l 0--+0 éaAg o ‘92/\? (a/\l Qaw, ®-- & awn)) (3.12)
Therefore, forany a € A C A,,41 from (3.4), in view of (3.1), (3.2), (3.10), and (3.12), we obtain
901(1;0,{1)( ) = Tr[n+1(h(”+1)éa,\%+l 0 &g 00 Epg 0 @gAg(a)). (3.13)

The fact that %, is projective, implies relation (2.2) for <p£;g”fh); therefore, from (3.13), we obtain the
required assertion/statement. O

Note that this construction was studied in the one-dimensional case in [25].
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UNIQUENESS OF CERTAIN QUANTUM MARKOV CHAINS 13
4. QUANTUM MARKOV CHAINS ASSOCIATED WITH AN XY-MODEL

In this section, we prove the uniqueness of the f-quantum d-Markov chain associated with an
XY -model on a Cayley tree. Further in this section, we consider the semi-infinite Cayley tree I'2. =
(L, E) of order 2. Consider the C*-algebra %y, with %, = M»(C) for each x € L. As is customary,

by ol 035”), o™ we denote the Pauli matrices corresponding to a vertex u € L, i.e.,

09(0“): 01 , J?(J“): 0 — , Jg“): Lo . (4.1)
10 7 0 0 -1

For each edge (u,v) € E, we set

Koy =exp{BHy .},  8>0, (4.2)
where
H iy %(03(5“)0:(;’) + J?(J”)Uév)). (4.3)
In view of the equalities
HYl = Hp, = %(]1 —oMol), Hpot = Hyy,  meN,

we obtain

Ky = T+ sinh BH , ) + (cosh 8 — 1)H<2u7v>.

In order to establish the main result of this section, we must describe all the solutions {wq, {hs}}
of Eq. (3.7), (3.8). Further, we assume that h, = h, for any z,y € Wy, n € N. Therefore, we denote
hg") i= hg, ¥ € Wy, Using (4.2), (4.3), we can easily see that K, ) = szu e Therefore, Eq. (3.8) can
be written as follows:

Trx(K@’y)K(LZ)hg(/"JrDhg"+1)K<x7Z>K<m’y>) = hgcn) forall x € L. (44)

After some calculations, the last equation (4.4) can be reduced to the following system:

(n+1) +a (n+1)
(f) cosh? 8 + ("H)agfﬂ sinh? 3 cosh § = aﬁ),
(n+1) (n+1)
(172‘“) % sinh 3 cosh 5(1 + cosh 3) = alg),
1 a( )—i- (n+1) (4.5)
a(2711+ )“f sinh 3 cosh 5(1 + cosh 3) = agqb)a
(n+1) (n+1)
(%) COSh4 5 =+ a,(n+1)a,(2711+1 Slnh2 /8 COShﬁ = a22 5
here
a(n) a(n) (TL+1) (TLJrl)
B — [ 1 %12 (D = ) — i 2 .
T n n z n+1 n+1
aél) a§2) C'J(21jL ) a(22+ )

From (4.5), we immediately obtain a\"”) = a{%) for all n € N,

MATHEMATICALNOTES Vol.90 No.2 2011



14 ACCARDI et al.

The self-adjointness of CNTS a%’ = a§1> for any n € N, allows us to reduce system (4.5) to

|a("Jrl |2 cosh? g + |a (nt1) |2 sinh? 3cosh 3 = a11 ) (4.6)
aggﬂ)agqﬂ) sinh 3 cosh 5(1 + cosh ) = alg) .
Remark 4.1. Since the operators h(") are positive, we conclude that
aﬁ)ag > |a§g)|2 forall neN.
Now let us study the resulting system (4.6). To do this, we define the mapping
fi(zy) eRy xC— (¢,¢) eRy x C
as follows:
|2’ |2 cosh® B + |¢/|? sinh? B cosh 8 = z, (4.7)
x'y’ sinh 3 cosh B(1 + cosh 8) = y; '
here 3 > 0.
We can easily see that the last equation (4.7) can be reduced to the following one:
|2’|? cosh® B + |¢/|? sinh? 3 cosh 3 = =,
2'|y’| sinh 3 cosh B(1 + cosh 3) = |y|.
Therefore, further, we shall consider a dynamical system
filoy) eRE — (2,y) Ry
of the form
|2’|? cosh? B + |¢/|? sinh? 3 cosh 3 = =, (4.8)
x'y sinh 3 cosh (1 + cosh 8) = y. .

In view of Remark 4.1, we consider the dynamical system (4.8) in the domain
A= {(z,y) €RY : x>y, v #0}.
In what follows, we shall use the following auxiliary fact.
Lemma4.2. /[ 3 > 0, then
0 < sinh 3(1 + cosh 3) < cosh® 3.
The proof can be obtained by direct verification of the last inequality.

Theorem 4.3. Suppose that f is the dynamical system given by equality (4.8). Then the following
assertions are valid:

i) there exists a unique fixed point of the mapping f belonging to the domain A,
ii) the dynamical system f has no periodic points with period k, k > 2, in the domain A.

Proof. (i) Suppose that (z,y) is a fixed point, i.e.,

22 cosh? B + 42 sinh? 3 cosh 3 = «, (4.9)
xysinh [ cosh B(1 + cosh 5) = y. '

Consider two different cases, depending on to the value of y.

MATHEMATICALNOTES Vol.90 No.2 2011



UNIQUENESS OF CERTAIN QUANTUM MARKOV CHAINS 15

Case (a). Suppose that y = 0. Then
either = =10 or x =1/cosh?p.
It follows from the definition of A that only the point (1/ cosh* 3,0) belongs to this domain.

Case (b). Now suppose that y # 0. Then, from (4.9), we obtain

1
v sinh 3 cosh 8(1 + cosh 3) ’

therefore, we have

sinh 3 cosh 3(1 + cosh ) — cosh? 3

2 a2
h h =
y* sinh” 3 cosh 3 sinh? 3 cosh? B(1 + cosh 3)2

(4.10)

[t follows from Lemma 4.2 that
sinh 3 cosh 3(1 + cosh §) — cosh? 8
sinh? 3 cosh? B(1 + cosh /3)2

which contradicts the fact that (4.10) is positive. Thus, there is no fixed point in this case.

<0,

Thus, the dynamical system has only one fixed point (1/ cosh* 3,0).

(i) Let us now pass to the periodic points. Suppose that the system has a periodic point (z(®), y(©)
with period k, k > 2, in the domain A. This implies the existence of distinct points
@@, 5y, @W,yW), . @Y, gDy e A
such that

{(x<i+1>)2 cosh® 8 + (y@)2 sinh? Bcosh 8 = 2, (4.11)

241y 4D sinh 3 cosh B(1 4 cosh §) =y,

wherei =0,...,k—1,ie, f(z®, y®) = (04D 3@+D): here 20) = 2O k) = (0),
Again consider two cases.

Case (a). Suppose that y(© #£0. Then z®, 4@ are positive for all values of i =0,...,k — 1.
Therefore, we have
@ (20D /412 cosh* 5 + sinh? B cosh 8

y® (D) /y(+1) sinh B cosh B(1 + cosh 3)
cosh3 3 2(+1) sinh 8 y(iJrl)

- sinh 5(1 + cosh 3) y(z‘+1) T 1+ cosh 3 ' (1)

where: =0,...,k— 1.

In view of 2, 4@ > 0, foralli = 0,...,k — 1, we obtain

(%) 3 (i+1)
z,__cosh’p L (4.12)
y@ 7 sinh B(1 + cosh 3) y(it1)

for all valuesofi =0,...,k — 1.
Then it follows from (4.12) that

2(0) cosh? 3 b2
W - (sinhﬂ(l +COShﬂ)) y©

)"

Yy

But this inequality contradicts the assertion of Lemma 4.2. Therefore, the dynamical system (4.8) has
no periodic points of order greater than 2.

MATHEMATICALNOTES Vol.90 No.2 2011



16 ACCARDI et al.

Case (b). Suppose that y(©) = 0. The inequality k > 2 implies 2(°) # 1/ cosh* 3. Therefore, from
(4.11), we obtain

yD =0  forall i=0,...,k—1.
Then, using (4.11) again, we see that

(D)2 cosh? § = 2@ forall ¢=0,...,k—1;

this yields
: 1 -
20D = —Va® forall i=0,...,k—1.

cosh” 3

Therefore, we have
1
20 = — QH\l/x(O) cosh? 3.
cosh™

Hence we see that either (%) = 0 or 2(%) = 1/ cosh* 3, which leads to a contradiction. O

Let us now write the dynamical system (4.8) in explicit form. To do this, let us solve system (4.8) for
(«',y"). From (4.8), we obtain

(2)? cosh? 8 4 (/)% sinh? B cosh § = =,
(2)2(y")? sinh? 8 cosh? B(1 + cosh 8)? = y2.
Setting (2/)? = u, (v')* = v, we find the system
wcosh* 3 + vsinh? B cosh 3 = z,
uv sinh? B cosh? B(1 4 cosh 3)% = 2.
Hence we can easily see that

_ 4
v = xfcﬂ (4.13)
sinh® G cosh
Using this expression, we find the equation
cosh® (1 + cosh $)? - u® — x cosh B(1 + cosh 3)% - u + 3> = 0.

Solving this equation for u, we see that

T+ \/x2 — 4y2 cosh® 3/(1 + cosh 3)2
U= 2 cosh? 3 .
From (4.13), we obtain

x F \/22? — 4y cosh® B/(1 + cosh 3)2
vy = :
* 2 sinh? 3 cosh 8

Since the point (2/,y’) belongs to the domain A, it follows that u must be greater than v. Thus, the
mapping f: R — R2 (see (4.8)) in explicit form is given by the following system:

) x + /22 — 4y2 cosh® B/(1 + cosh 3)2
T 2cosh? 8 ’
(4.14)
) x — /22 — 4y cosh® B/(1 + cosh [3)2
\y B 2sinh? 3 cosh 3 '

MATHEMATICALNOTES Vol.90 No.2 2011



UNIQUENESS OF CERTAIN QUANTUM MARKOV CHAINS 17

Remark 4.4. It follows from (4.14) that the mapping f is well defined if and only if = and y satisfy the
inequality

cosh?® 8

(1 + cosh 8)2’ (+19)

T > 2y

i.e.,, f maps A into itself.

Lemma 4.5. Suppose that f: A — A is the dynamical system given by (4.14). I x and y are
positive and satisfy (4.15), then x' and y' are also positive and satisfy the following inequality:
' - sinh (1 + cosh8) =

C—. 4.16
y! cosh?® 8 Y ( )

Proof. The assumptions of the lemma and system (4.14) immediately imply that 2" and ¢’ are positive.
Further, using system (4.14), we obtain

2/ sinhB(1+coshB) <+ \/ggQ — 4y2 cosh® B/(1 + cosh [3)?
? - cosh® 3 . 2y
- sinh 3(1 4 cosh 8) =
cosh? I] y’

as required. O

Let us now study the asymptotic behavior of the trajectories of the dynamical system.

Theorem 4.6. Suppose that f: A — A is the dynamical system given by (4.14). Then the
following assertions are valid:

i) if YO >0, then the trajectory {(z™ y(™)}22 | of the point (z(9),4 ) is finite, i.e., there

n=1

exists a number Ny € N such that, for alln > Ny, the points (x("),y(")) do not belong to A,

ii) if y© =0, then the trajectory {(z™,y™)}22, of the point (2(9,4©)) has the following
form:

2 — VO cosh? 3

cosh?* 3 ’

Proof. (i) Let y(® > 0. Suppose that the trajectory {(z(™,5(™)}22, of the point (z(9),5(?) is infinite.
This means that the points (z(™, y(™) are well defined for all n € N. Then, in view of Remark 4.4 and
Lemma 4.5, we obtain

(n) i n ..(0)
2 (smhﬂ(l —f—gcoshﬂ)) _ac_o (4.17)
y(n) cosh” 3 y( )
forallm € N.
On the other hand, by Remark 4.4, (™ and y(") satisfy the inequality
(n) h3 8
x cos
—— > 2 4.1
y) ~ (1 4 cosh 5)? (4.18)
foralln € N. From Lemma 4.2, we obtain
(sinh B(1 + cosh ) > "
3 — 0 as n — oo
cosh’ 3
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18 ACCARDI et al.

combining this with inequality (4.17), we see that (4.18) does not hold for some number Ny € N, which
leads to a contradiction.

(ii) Let y(@ = 0; then it follows from (4.14) that y(™ = 0 for all n € N. Therefore, from (4.14), we
obtain

x(n—l)

[CO R
v cosh? 8

Thus, iterating the last equality, we obtain

2™ cosh* B = %/2( cosh? 3.

U
[t follows from Theorem 4.6 that Eq. (4.4) has the parametric solution (wp(«), {h.(c)}), given by the
formulas
1 2v/a cosh? 15}
a 0 (n) cosh* 3 0
wp(a) = , hy (o) = n (4.19)
0+ o Vacosh®s
@ cosh? 3

forall x € L, where o € R...

Note that the boundary conditions corresponding to the fixed point of system (4.8), correspond to the
value ag = 1/ cosh? 8 in (4.19). Therefore, in what follows, these operators will be denoted by wg(ay)

and A" )( 0), respectively.

Now consider the states <p( ’{)) h(a) Corresponding to the solutions (wo(a a), {h(n (a)}). Using the

definition of this state, we obtain

‘p%{o)z),h(a)(x): ( 1/2 H Kz y) H Kigyy - H K y)

{z,y}eEr {z,y}eE2\E1 {z,y}€En+1\En

I @ T Ky I Kpol®@)

2€Wn 41 {z,y}€En+1\En {z,y}ekn

(" acosh? g)2""
= T [ Eew Il Koy - 11 Kizy)

4 2n+1
a(cosh ﬁ) (zy}eEr {zy}EEN\Er {z,y}€En+1\En

X II Kuy |1 K<m,y>)

{z,y}€En+1\En {z,y}ekn

2n+1
o ( II Kew 11 Eew - Il Kew

{z,y}eEr {z,y}EeL2\En {z,y}E€En+1\En

x H Kiayy - H K(év,y))

{z,y}€Ent1\En {z,y}eEr

=Tr <w(1)/2(040) H Kz H Ky - H Kizy)

{z,y}ek {z,y}€E2\Er {z,y}€En+1\En

H h:(anrl)(O‘O) H ’ H sz 1/2 ))

T€Wn41 {fv,y}EEnH\En {zytekn
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_(n,f)
= (pwo(ao),h(ao)(x)’

for any a. Hence

(n,f) _ )
Pun(a)h(@) ~ Puwo(ao)h(ao)

for any a.

The definition of an f-quantum d-Markov chain implies that

f) _ N
sOwo(a),h(a) - SOwo(ozo),h(ao)'

Thus, we have proved the following theorem.

Theorem 4.7. There exists a unique f-quantum d-Markov chain associated with the model (4.2).
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