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Abstract

In this article, we consider the following family of random trigonometric polynomials p,(¢,Y) =
>or_, Y cos(kt) + Y2 sin(kt) for a given sequence of i.i.d. random variables Y}/, i € {1,2}, k > 1,
which are centered and standardized. We set N ([0,7],Y) the number of real roots over [0, 7| and
N([0, 7], G) the corresponding quantity when the coefficients follow a standard Gaussian distribu-
tion. We prove under a Doeblin’s condition on the distribution of the coefficients that

- Var (N, ([0,7],G)) 1

i Var V(0,7 V) + = (B((Y)*) = 3).

The latter establishes that the behavior of the variance is not universal and depends on the dis-
tribution of the underlying coefficients through their kurtosis. Actually, a more general result is
proven in this article, which does not require that the coefficients are identically distributed. The
proof mixes a recent result regarding Edgeworth expansions for distribution norms established in
[6] with the celebrated Kac-Rice formula.

Keywords. Random trigonometric polynomials; Edgeworth expansion for non smooth functions;
Kac-Rice formula; small balls estimates.
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1 Introduction

The study of level sets of random functions is a central topic in probability theory, furthermore at the
crossroad of several other domains of mathematics and physics. In this framework, universality results
refer to asymptotic properties of these random level sets, holding regardless of the specific nature of
the randomness involved. Establishing such universal properties for generic zero sets allows one to
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manage what would be intricate objects. As such, the literature on this topic is very extended and we
refer to the introduction of [19] and the references therein for a more exhaustive overview.

Among the great variety of models that have been investigated, the most emblematic one is per-
haps the so-called Kac polynomials P, (x) = _}_, axz*. Assume first that the coefficients (ay)1<g<n
are chosen independently and according to the same centered and standardized distribution (E(a;) =
0, E(a?) = 1). Then, set N,,(R) its number of real roots:

NM,(R) =card{x € R | P,(x) =0}.

As a synthesis of the following (non exhaustive) list of landmark articles [I5] 9, [13] [16] the following
phenomena hold under mild conditions, universally, that is to say regardless of the choice of the
peculiar distribution of the coefficients:

2
e universality of the mean: E (V,(R)) ~ = log(n);
7r

4 2
e universality of the variance: Var (V,(R)) ~ — <1 - ) log(n);
7r T

Nn(R) -E (Nn(R)) Law
Var (M,(R))  n—oo

Above, the notation u, ~ v, means y* — 1 as n — oo, and N(0, 1) stands for the standard normal
law. Many other models of random polynomials exist in the literature for which universal properties
have been intensively investigated. For most of them, both local universality (i.e. joint distribution of
roots at microscopic scales) and universality of the expectation at a global scale have been achieved
successfully. Concerning local universality, we refer to [19] 8, [14] and for expectation to [I7, 10} [IT].
Very often, the extension to the global scale of the microscopic distribution of the roots is not an easy
task, and one needs first to provide suitable estimates for the so-called phenomenon of repulsion of
zeros. Let us also mention that multivariate models have been recently studied, for which we refer to
[T, [7]. To the best of our knowledge, it must be emphasized that the universality of the variance has
only been reached for Kac polynomials.

N(0,1).

e universality of the fluctuations around the mean:

Here, we investigate this problem for trigonometric models and show that the variance behavior is
actually mot universal by computing exactly the correction with respect to the case of Gaussian
coefficients. This result displays a strong difference with the well-known Kac polynomials models.
We stress that our main result only requires the independence of the coefficients. More concretely,
we shall consider for different sequences of independent random vectors Y = (Ykl,Y,f), k € N, the
number of real roots over the set [0, 7] of

pn(t,Y) = Z Y} cos(kt) + Y;2 sin(kt).
k=1

In order to take benefit from the Central Limit Theorem (hereafter, CLT), we first make a scale change
and rather consider



Indeed, it can be established that P,(-,Y) converge in distribution towards a stationary Gaussian
process whose correlation function is sin@) - On the other hand, doing so, the number of roots of
pn(,Y) over [0, 7] is also the number of roots of P,(-,Y) over [0,n7] and one loses nothing in this
procedure. We also highlight that P,(-,Y") is much more manageable thanks to the aforementioned

limit theorem.

In order to state more precisely our main theorem, we need some preliminary notations given in the
following subsection.

Main result. We consider a sequence of centered, independent random vectors {Y },>1 € R? with the
normalization E(Ylekj ) = d;; and which satisfy Doeblin’s condition ({2.1)) with the moment conditions
(2.2)). Next, we consider the following trigonometric polynomials:

1 ¢ kt kt
P,(t,Y) = NG Z cos (E)Ykl + sin (5>Yk2
k=1

and we denote by N,(Y') the number of roots of P,(¢,Y) in the interval (0,n7). We shall focus on
the variance of N, (Y') given by

Var (N,(Y)) = E(N2(Y)) — (E(N,(Y))?

It is known thanks to the appearance of [12] that if G = (G)kren is a sequence of standard Gaussian
i.i.d. two dimensional vectors then the following limit exists

lim %Var (N.(Q)) = C(G) ~ 0.56

(for the explicit expression of C(G) see page 298 of [12], we stress that the previous approximation
of C(G) concerns the number of zeros over [0, 27]). Besides a Central Limit Theorem is also estab-
lished regarding the fluctuations of the number of roots around the mean. We also refer to [3|, 2] for
alternative proofs and some refinements obtained by following the so-called Nourdin-Peccati method
for establishing central limit theorems for functionals of Gaussian processes. Our aim is to prove a
similar result for the variance of N, (Y) and all the more to compute explicitly the constant C(Y").
At this point, it must be emphasized that outside the scope of functionals of Gaussian processes,
one cannot anymore deploy the powerful combination of Malliavin calculus and Wiener chaos theory
as explained in the book [18]. In order to bypass this restriction, as explained below, our approach
heavily relies on combination of Edgeworth expansion and Kac-Rice formulae. Let us also mention
that the universality of the expected number of roots has been recently fully established in [I0] under
a second moment condition.

An important aspect of our contribution is that we can formulate explicitly C'(Y'). Our main result is
the following (see Theorem. Suppose that the sequence Y}, k € N satisfies the Doeblin’s condition
(the precise definition is given in Section . Suppose also that for every a € {1,2}™, with m = 3,4,
the following limits exist and are finite:

3 4
HmE(] V%) = yoola) if m =3 and KmE(] [ ;) = yoo(a) if m = 4,
i=1 =1



Then

n;n%vnm — @)+ % < 1.

with
Yx = ((yoo(17 17272) - 1) + (yoo(Za 2,1, 1) - 1) + (yoo(la 1,1, 1) - 3) + (yoo(2>27272) - 3)) :

Notice that the random vectors (Yj)x>1 are not supposed here to be identically distributed (however,
the hypotheses and from the Doeblin’s condition display some uniformity because n,r
and M,(Y) are uniform parameters). For simplicity, suppose for a moment that they are uniformly
distributed and moreover that the components Y;! and Y}? of Y;, = (Y}},Y}?) are also i.i.d. Then
Yoo (1,1,2,2) = yso(2,2,1,1) = 1 and yoo(1,1,1,1) = yo0(2,2,2,2) = E((Y{")*). In such a case, the
non-universality of the variance becomes more transparent since

Var @) L (e (7)) - 9). (1)

In particular, the deviation from the Gaussian behavior is exactly proportional to the kurtosis of the
random variables under consideration.

Strategy of the proof. Let us summarize briefly the main steps of our proofs. Basically, up to some
technical details, it illustrates rather well the main ideas of our approach.

Step 1: An approximated Kac-Rice formula

Let us recall the celebrated and very useful Kac-Rice formula. Consider a smooth deterministic
function f defined on [a,b] such that |f(t)| 4+ |f/(t)| > O for all ¢ € [a,b]. Then, one has

S
Card {t elab{ | £(t) =0} = lim o [ 17011 0p<srdt.

When one applies the latter to the random functions P,(¢,Y’) one needs to handle the level of non
degeneracy which determines the speed of convergence in the Kac-Rice formula. More concretely, in
our proof, we will use that for 6, = 1/n®:

1 1 1T
Jim —Var (Na(Y)) — lim —Var (2571/0 ‘Pn<t7Y)’1{|Pn(t,Y)<6n}dt> =0.
We refer to Lemma, [£.2] for this step.
Step 2: Removing the diagonal

When computing the variance, expressions of the following kind appear:

/ / n(t, s,Y)dsdt, where
: ) (1.2)
Dy (t,s,Y) = |P(t, Y)| %, Ly, () <60} P (S, Y)| %, L{|P, (s,)| <60}

Notice that

Py = o 3 o ()2~ o ()2



so it becomes clear that in order to study the asymptotic behaviour of E(®,, (¢, s,Y")) one has to use the
central limit theorem (CLT) for the random vector Sy, (t,s,Y) = (P, (t,Y), P, (t,Y), P.(s,Y), P.(s,Y)).
A first difficulty in doing this is that ﬁ1{|Pn(t7y)‘<5n} — 00(Pn(t,Y)) so we are out from the frame-
work of continuous and bounded test functions considered in the classical CLT. We have to use a
variant of this theorem concerning convergence in distribution norms — this result is established in [6].
A second difficulty concerns the non degeneracy of the vector S, (¢,s,Y): when |t —s| = 0, the random
vector Sy(t,s,Y) becomes degenerate and employing the CLT or its Edgeworth expansions turn out
to be hard. In order to avoid that, we give us a fixed parameter € > 0 and we prove that

1( 1
lim lim sup — / Cov (|P/(t,Y)|1 P (s, Y)|1 dtds | = 0.
e—0 n_mpn (45,% [0,n7]2, |t —s| <€ (‘ n )| {IPn(t,Y)|<0n} | Py ( )l {\Pn(s,Y)|<6n})
The latter enables us to impose the condition |t — s| > € in all our Kac-Rice estimates. This is
particularly convenient since the underlying processes become uniformly non-degenerate.

A third difficulty comes for the fact that, roughly speaking,

i/m /mr [E(@n(t,s,Y)) — E(u(t, 5,G))|dsdt ~ % x (7n)? X [E(@n (-, V) = E(®u(-,-, G))]
0 0

so it is sufficient that o
|E(®,(t,s,Y)) —E(®,(t,s,G))| < —/
n
and in order to achieve this, it is not sufficient to use the CLT, but we have to use an Edgeworth

expansion of order three.

Step 3: Performing Edgeworth expansions

In this step, we make use of Edgeworth expansion in distribution norm developed in [6]. We first set

1
Fn(1, 02,23, 24) = 155 X 2111 jes) <60} 1231 {fas] <80
n

and pp ¢ s the density of (P,(t,G), P.(t,G), Py(s,G), P)(s,G)). By using the Edgeworth expansion,
we will prove that

E (Fy (Pu(t,Y), Py(t,Y), Pa(s,Y), Py (s,Y))) =

1 1
Fo(x)pnts(z) <1 + %Qn,m(:}:) + an,ts(m)) dridxodrsdry

R4
+Rn(t,8).

where @, and R, are totally explicit polynomials of degree less than 6 whose coefficients involve the
moments of the sequence of the random variables {Y}!, Y2}~ and where the remaining term satisfies

1
lim lim / R (t,s)dtds = 0.
[0,nm]2,|t—s|>€

e—0n—oo N

Doing so, some computations are involved but they are totally transparent in terms of the moments of
the coefficients of our polynomial. This step allows one to handle explicitly the various cancellations
occurring in the variance. This step is the heart of the proof and is done in Section [5, We strongly
emphasize that getting a polynomial speed of convergence in the Kac-Rice formula is crucial in order
to manage the remainder of the Edgeworth expansions.



2 The problem

We consider a sequence of centered, independent random variables Y3, € R?, k € N with E(YkiY,g ) =i .
We assume that they satisfy the following “Doeblin’s condition”: there exist some points y;, € R? and
r,nm € (0,1) such that for every k € N and every measurable set A C B, (y)

P(Yk S A) > T]LebQ(A), (2.1)

Leby denoting the Lebesgue measure in R%. Moreover we assume that Y, k € N have finite moments
of any order which are uniformly bounded with respect to k :

SQP(E(\Yk\p))”p = Mp(Y) < o0. (2.2)

We denote by D(r,n) the sequences of random variables Y = (Yj)reny which are independent and
verify (2.1) and (2.2)) for every p > 1. Moreover we put

N

and we denote by N,(Y) the number of roots of P,(¢,Y) in the interval (0,n7) and by V,(Y) the
variance of Ny (Y) :

Po(t,Y) = — Zn: cos (%)Y,j +sin (%)Y,f (2.3)
k=1

Va(Y) = E(NZ(Y) = (E(Na(Y))? (2.4)

n

It is known (see e.g. [12]) that if G = (Gk)ken is a sequence of two dimensional standard random
variables then the following limit exists

lim %Vn(G) _ (@)

Our main result is the following.

Theorem 2.1. Suppose that Y € D(n,r) and suppose also that for every a € {1,2}™, with m = 3,4,
the following limits exist and are finite:

3
lirILnE( HYn“Z) = Yo(), form =3,

=1
4
lignE( l_IlY;‘Z) = Yoo(), form =4.

Then

lign%Vn(Y) =C(G)+ % X Yy

with
Y = ((yoo(17 17272) - 1) + (yoo(za 2,1, 1) - 1) + (yoo(lv L1, 1) - 3) + (yoo(2727272) - 3)) :

Proof. The proof is an immediate consequence of Lemma, point C (see (4.11))) and of Lemma
(see (5.2))).



Remark 2.2. Notice that the random variables Y, € R% k € N are not supposed to be identically
distributed. Howewver, the hypothesis and contain some uniformity assumptions because €, r
and My(Y') are common for all of them. Suppose for a moment that they are identically distributed
and moreover, that the components Y1 = Yk1 and Y? = Yk,2 are independent. Then y(1,1,2,2) =
Yoo(2,2,1,1) = 1 and yoo(1,1,1,1) = E(|Y*) and y=(2,2,2,2) = E(|Y?|?), so y. is the sum of the
kurtosis of Y' and of Y2. Put it otherwise: take Y = ((Y1)2,(Y?)?). Then y. = 0 iff the covariance
matriz of Y coincides with the covariance matriz of the corresponding G.

3 CLT and Edgeworth expansion

The main tool in the this paper is the CLT and the Edgeworth development of order two that we
proved in [6] Proposition 2.5. We recall them here, firstly in the general case and then in our specific
framework.

3.1 The general case

For a positive definite matrix ¥ € Myyq and € > 0, we say that A > ¢ if (A, €) > €|¢|? for every
¢ € R% (-,-) denoting the standard scalar product. And for a matrix C' = (cij)i,j € Maxi we use the
norm ||C|| = max; j |c; j
We consider a sequence of matrices Cy, (k) € Mgx2,n,k € N which verify

S, = %ZCn(k)C;(k) >e, and  sup [|Co(k)]| < 0. (3.1)
k=1

n,keN

We denote

where Y = (Y;)ren is the sequence introduced in the previous section and G = (Gj)ken is a se-
quence of independent standard normal random variables in R%. For a multi-index o = (a1, ..., ) €
{1,...,d}™, we denote |a|] = m and

Ao(Xnp) = E(X5) —E(Go) =E(J [ X&) —E(J ]G, (3.2)
1=1 =1
Cn(aaX) = % ZAQ(Xn,k’) (33)
k=1

By hypothesis, for |a| = 1,2 we have Ay (X, 1) = 0.
For a function f € Cgol (R%) (C? functions with polynomial growth), we define L,(f) and l,(f) to be
two numbers such that

D 107 f(@)] < Ly(£) (1 + |z])aD. (3.4)

Iv1<q



Moreover we denote

1 < 1

Su(Y) = ﬁkgxnk—ﬁ;cn(km, (3.5)
1 <« 1 <

(@) = ﬁ;Gnkﬁ;w)Gk

The CLT in [6] (see Theorem 2.3 with N = 0 therein) says that if Y € D(n,r) then, for every
multi-index v with |y| <g¢

B 1(Su(Y)) = B@F(SuG) + 15 RO(7) with (3.
RO < CLolh) + 2 Ly(f)e) (3.7

where C'>1 > ¢ > 0 are constants which depend on 7,7 in (2.1), on e, in and on M,(Y') for a
sufficiently large p.

We go further and we recall the Edgeworth development. We consider the Hermite polynomials H,
which are characterized by the equality

E(0°f(W)) = E(f(W)Ha(W)) Vf € Cpy(R?) (3.8)

where W € R¢ is a standard normal random variable. Let us mention that H, may be represented as
follows. Let hi be the Hermite polynomial of order k on R, i.e.,

Now, for the multi-index a and for j € {1,...,d} we denote ij(a) = card{i : a; = j}. Then
Ho (21,5 2d) = Rija)(T1) X -+ X hjya)(®q). Tt is known that hy is even (respectively odd) if k is
even (respectively odd) so H, itself has the corresponding properties on each variable (we will use this
in the sequel).

We introduce now the following functions which represent the correctors of order one and two in the
Edgeworth development:

Far(X,2) = =3 ealB, X)H(x), (3.9)
181=3
Fn,2(Xaw) = F;L72(X,$)+F;;72(X,l‘), (310)
with
1
[a(X,z) = o cn (B, X)Hp(x), (3.11)
|8l=4
) 1
F;L,2(X7$) = 7 Z Z (B, X)en(p, X) (B,p)(a:) (3.12)
We set 1
Qn(X,2) =1+ 7rn1(2 12X 1) + ~Tna(Sy 12X ), (3.13)

vn



where X712 X = (251/2Xn k)keN -

In Proposition 2.6 from [6] we prove the following. Let n € N. For every f € Cq Z(Rd) and for every
multi-index v with |y| <g¢

E(97 f(Sa(Y))) = E(@ (S, *W)Qu(X, W) + S—/QR@)(f) (3.14)

where W € R? is a standard normal random variable and the remainder R( )( f) verifies
[RP ()] < C(Lo(f) +n*Lg(f)e™") (3.15)

where C' > 1 > ¢ > 0 are constants which depend on 7, in (2.1)), on &, in and on M,(Y) for a
sufficiently large p.

The drawback of the above formulas and is that they apply to smooth functions. In order
to bypass this difficulty and to take into account more general functions (as we need in this paper),
we give a new statement in terms of primitives which we prove by using a regularization argument.
Given a function f : R — R and m € N we define by recurrence f(-% = f and

Tl 2 Td—1
() = / déy / dés--- / FE G, o Ea)da. (3.16)
0 0 0
So f(=™) represents a primitive of order d x m of f. We also consider the multi-index v(™) such that
Gv(m) = 0y ...0;%, s0 |v(™)| = d x m. We notice that for every ¢ € C°(R%) we have

/ FE™ (@07 o(@)dz = (—1)m / F(@)p(x)da. (3.17)

Then we can state the following more general result.

Lemma 3.1. Let Y € D(n,r). Let D C R be an open set such that D¢ has zero Lebesgue measure
and assume that there exist A,a > 0 such that

P(S,(Y) ¢ D) < Ae™™" (3.18)

for every n. Let f:RY - R be a function with polynomial growth which is continuous on D. Let
m 6 N and f&™ be as in . There exist C > 0, ¢ > 0, depending on A,a,m, n,r in , Ex N
and on My(Y') forp lm‘ge enough, such that the following properties hold.

(z) CLT: for every n,

E(f(Su(Y)) = B (Sa(G)) + 5 RO (f)  with (319)
RO < CLLa(F) + 0t 2e"Lo( 1)) (3.20)

)

(13) Edgeworth expansion up to order 2: for every n,

E(f(Sa(Y))) = E(f (5 2W)Qu(X, W) + @H W(f)  with (3.21)
[RZ ()] < C(Lo(FT™) +nPPe™ " Lo (f)), (3.22)

Qn(X, ) being defined in and W € R? denoting a standard Gaussian random variable.

9



Proof. We prove (3.21))-(3.22)), the proof of (3.19)-(3.20) being similar.

Let py,(x) denote the density function of ¥, YViw.T hen, with . some regularization kernel in C2°(R%),
BUE W) = [ FWQu(E 0)palu)dy
= [t e o )QuS )iy
e—0

= iii%/f*ws(y)Qn(Ei/Qy)pn(y)dy-

Here we have used the fact that f is continuous on D and D€ has zero Lebesgue measure, and also
the fact that |f * oo (¥)Qn(X, S %y)| < CLo(f)(1 + [y)))*" (with r the order of the polynomial
Qn(X,y)), which is integrable with respect to p,(y)dy. Now, using (3.17)),
(m) (m) _
Frpe(y) = (=) (O™ w00 (y).

It follows that, using (3.12) for smooth functions,

/ F*0:9)Qn(SY 2 pa(y)dy = ()N E@ ™ (FCM 5 00) (2, VW) Qn(W))

= ()[R (M 5 ) (Sa (V) + g REC™ 5 00)
1

= E((f * @) (S V) + =5 (DT RD (1 5 2),
with ,
R (fT™ 5 o) < Lo(F™ % ge) + n2e™ Ly (fT™ 5 02).

Since, for every € > 0,

Lo(fU™ % o) < OLo(f"™) and  Lasm(f™ * ¢2) < Lo(f),

we obtain

R (fC™ % @) < CLo(fC™) + n2e™ " Lo(f).

Moreover, E((f  ¢2)(Sn(Y))) = E((f * ) (Sn(Y))1s,(v)ep) + E((f * ©2)(Sn(Y)1s,(y)¢p). Now, for
every € > 0,

[E((f * ) (Sn(Y) s, myep)| < CLo(f)e™".

And since f is continuous in D and with polynomial growth,
L E((f * =) (Sn(Y))1s,(vyen) = E(f(Sn(Y))1s,(v)ep) = E(f(Sa(Y))) = E(f(Sn(Y))1s,v)en)

with [E(f(Sn(Y))1s,(v)¢p)| < CLo(f)e™ ™. So, we pass to the limit as € — 0 e we reach (3.21)) with
the estimate (3.22)) for the reminder. [

Let us mention some more facts which will be useful in our framework. We will work with an even
function f (so f(z) = f(—z)) which satisfies the requests in Lemma Since W and —W have the
same law, and the Hermite polynomials of order three are odd we have

E(f(SY*W)T, 1 (S7Y2X, W) =0,

10



so this term does no more appear in our development. Moreover consider a diagonal matrix I;(\) such
that I';(A\) = A; and such that A; > e,. Then a straightforward computation (using the non degeneracy
of ¥,, and of I;(\) and some standard integration by parts techniques) gives

E(f(SY2W)L2(S, 2X, W) = E(F(LY2OW) o (I 2 ()X, W))) + 7 (f)

with
Irn(f)] < CLo(f) X [|En — La(A)]] (3.23)

with C' depending on &,. Recalling that S,(G) = Law 1/2W we write as

E(f(Sa(Y))) = E(f(Sa(G))) + E(f( L2 ()W) Taa(I; (N X, W)))

1 1

(3.24)
+=ra(f) + =5 R (),

Rg;n( f) being given in 1) This is the equality that we will use in the sequel.

3.2 The case of trigonometric polynomials

We fix here the objects which will be taken into account and the results from Section we are going
to use.

Let Y = (Yj)ren denote the sequence introduced in Section For each t > 0 we consider the matrices
Cn(k,t),2,(t) € Maxa,n € N;1 <k <n defined by

cos(kt) sin( kL)

1 & .
C’n(k,t):( _gsm(%) iy ) and  ,( n; (k1) CE (K, t). (3.25)

Note that X,,(¢) is non degenerate: for & € R? one has |C,,(k,t)¢]? = €2 + ﬁ—igg > fl—z €] so that

IR L by 2 1.9
(=06, = 3 116l > | e = 1. (3.26)
We denote

We are concerned with

n

Su(t,Y) \FZZM (t,Y) \;EZCn(k:,t)Yk. (3.28)

k=1

Moreover, with the notation from (2.3), SL(t,Y) = P,(¢,Y) and S2(t,Y) = P.(t,Y).
We finally denote

St 5,Y) :( Sn(t,Y) ) Zop(tys,Y) = < Z:E’;?) ) (3.29)

11



We notice that, setting
Cn(k,t,s):(cn(k78)> and  n(t,s) = — Y Cu(k,t,s)C(k,t,s), (3.30)

then Cy(k,t,s),2,(t,s) € Myxa,n € N;1 <k <n and we have

Zni(t,s,Y)=Cy(k,t, s)Y, (3.31)
1 « 1 «

Sn(t,s,Y)=— Znk(t,s,Y)=— Chn(k,t,s)Yg. 3.32

(68.Y) = 7230 Zas(tn¥) = 1 3 Culht (3:2)

For 6 > 0, we define the following even functions:

F5(2) = 35 ljg)<s, T E€R,
@5(1’) = |ZC2’ F(s(l'l), T = ($1,$2) S R? (3.33)
\1/5(1:) = (1)5($1,$2)<I>5(1‘3,1‘4), T = (1'1,1‘2,1‘3,1‘4) S R?.

Notice that, taking m = 1 in (3.16]), we have
LO(F(S(_I)) = L0(<I>((;_1)) = LO(\I/((;_I)) =1, forevery d > 0. (3.34)
We are ready to state the results which will be used later on.

Proposition 3.2. Suppose that Y € D(n,r). Let P,(t,Y), Sn(t,Y), Sp(t,s,Y) be defined in ,

, respectively and let Fs, ®5, Vs be defined in . There exist C,c > 0 such that for
every d > 0 and n € N the following statements hold.

(1) For the function Fy, it holds

E(F5(Po(t,Y))) — E(F3(W))| < C(\/lﬁ + %e—m), (3.35)
where W is standard Gaussian in R.
(i4) For the function ®;, it holds
[E(®5(5.(1. ) ~ B@3(S(t. )] < O 7= + 37, (3.36)

and for any invertible diagonal matriz Is(\) € Maxa,

B(25(S0 (1, V) = E(@s(S (1, ) + - B@s( 20T ()2, Y), 1))
+%rn(t, D) + mRn(t, ds),  where (3.37)
I (t, ®5)| < C|Zn(t) — L) and  |Ru(t, ®5)| < C(14n3/2em),

W denoting a standard normal vector in R? and ¥,(t) being defined in .

12



(13) Let t, s be such that det ¥,,(t,s) > A\ > 0 and let I4(\) € Muyxa denote any invertible diagonal
matriz. For the function Vg, it holds

1 -
E(Ws(Sn(t,5,Y))) = E(¥5(Su(t, s, ) + ~E(@s(L/ W) Tua(l; (N Z(1,Y), W)
1 1
+Ern(t, s, Us) + WRn(t’ s,Us), where (3.38)
ra(t, s, Us)| < CISn(t,s) — LN and  |Ru(t,s, ¥s)| < C(1+n®2em),

W denoting a standard normal vector in R* and ¥,,(t, s) being defined in . We stress that here
C depends on Ay as well.

Proof. We first prove that there exists a > 0 such that for every § and n,
P(P,(t,Y) = +5) <e ™

In fact, the Doeblin’s condition Y € D(n,r) implies the following splitting (see Section 2.1 in [6]):

Y Law Xk Vi + (1 — xx) Uk, where xx, Vi, Uy are three independent random variables, xj has a Bernoulli

law of parameter p, € (0,1) (the same for every k), Vi, Uy take values in R? and the law of Vj is
absolutely continuous. We denote A, = N}_;{xx = 0} and we notice that, conditionally to Af, the
law of P,(t,Y) is absolutely continuous (because there is at least one Vj, acting). So P({P,(¢t,Y) =
+0} N AS) =0 and then P(P,(t,Y) = £J) <P(A,) = (1 —py)* = e "

We give the proof of , the other statements following by using similar arguments.

By , Sn(t,s,Y) is of the from S,(Y) in (just take Cp(k) = Cpi(t,s) in ) For
f = Ws, the set in is D =R2\ ({1 = 6} U {x3 = £6}) and P(S,(t,s,Y) ¢ D) = P(P,(t,Y) =
1) +P(Po(s,Y) = £0) < 2e7%". So, taking into account that ¥, (¢,s) > A, and (3.34)), the statement
follows by applying with m = 1. We finally notice that the constant C' in (3.23]) depends on A,
as well. O

Let us finally recall the “small balls property” from Section 3.2 in [6]. First, we consider P,(¢,Y") and
we note that hypotheses (3.8) and (3.9) in [6] hold. So, we can apply A of Theorem 3.2 in [6] (take
n = 1/n? therein): there exist C,c > 0 such that for every 6 > 0 and n,

—0 1 —cn
21;0)1?( |Pa(t,Y)] <n7f) < C(ﬁ te ) (3.39)

Then, we consider S,(t,Y). We have already seen in 1) that (3, (¢)€,&) > é|§|2, so again (3.8)
and (3.9) in [6] hold, and we are able to apply B of Theorem 3.2 in [6] (take | = a =1 and d = 2
therein): there exists C' > 0 such that for every § > 1, ¢ > 0 and n,

P( inf |Su(t,Y)] <n7?) < _c (3.40)

lt|<n ~onfle

4 Estimates based on Kac-Rice formula

In this section we will use Kac-Rice lemma that we recall now. Let f : [a,b] — R be a differentiable
function and let

wap(f) = inf](\f(x)lﬂf’(x)\) and  0qp(f) = min{|f(a)[, [f ()], was(f)}- (4.1)

z€la,b
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We denote by N, ;(f) the number of solutions of f(¢) = 0 for ¢t € [a,b]. The Kac-Rice lemma says
that if dq4(f) > 0 then

b dt
Nop(f) = Lap(d, f) 22/ (1)) Liswisoygg  for 0<8<dap(f)- (4.2)
Notice that we also have, for every § > 0

Ia,b(57 f) <1+ Na,b(f/) (43)

Indeed, we may assume that Na7b(f’) = p < oo and then we take a =ag < a1 < ... <ap < apy1 =0
to be the roots of f’. Since f is monotonic on each (a;, a;1) one has Iy, q,,, (5, f) < 1 so (4.3)) holds.
In the following we will refer this result as the Kac-Rice lemma.

We will use this formula for f(¢) = P,(¢,Y). We denote

6s(t.Y) = | PL(£, V)] x 2—151{|y|§5}(Pn(t,Y)). (4.4)

Then, essentially, the Kac-Rice lemma says that for sufficiently small §,, we have
BOVL(Y) ~ E( [ 65, (tY)dr) and
0

E(N2(Y)) ~ 2E</Omrdt/otqbgn(t,Y)gb(;n(s,Y)ds).

We make this precise in Lemma [4.2] below. Note that we will use the above representations in connec-
tion with the CLT - in particular we will use the CLT for (¢, (¢,Y), ¢s,(s,Y)) in order to estimate
E(¢s, (t,Y )¢5, (s,Y)). But we will have to handle the following difficulty: if ¢ = s then the random
vector (¢s, (t,Y), ¢s, (s,Y)) is degenerated, so, in order to avoid this difficulty, we have to cancel a
band around the diagonal. The main ingredient in order to do it is the following lemma:

Lemma 4.1. Let I = (a,a+¢) and let N,,(I,Y) = Ny gye(Pn(.,Y)) be the number of zeros of P,(t,Y)
in I. There exist universal constants C' > 1> ¢ > 0 (independent of n,a,e) such that

E(N(L,Y) 1w, (1.v)s2y) < CEY? +ne™m). (4.5)

Proof. Since the polynomial P,(¢,Y’) has at most 2n roots we have

2n
E(N:(LY) LN, (ry)z2y) = B(Va(Y) > 2) + > (2p + 1)P(Nu(1,Y) > p) (4.6)
p=1

so we have to upper bound P(N,(I,Y) > p). In order to do it we will use the following fact: if
f:la,a+¢€] — Ris p+ 1 times differentiable and has at list p + 1 zeros in this interval, then

gp—i- 1

sup | f(x)| < sup | f7F0 (@),
z€la,a+te] (p + 1)' z€[a,a+e]

An argument which proves this is the following: Lagrange’s interpolation theorem says that given
any p + 1 points z;,i = 1,...,p + 1 in [a,a + €] one may find a polynomial P of order p such that

14



P(x;) = f(xi) and sup,e(q a4 |f(2) — P(z)] is upper bounded as in the previous inequality. Then we
take x;,7 = 1,...,p + 1 to be the zeros of f and, since P is of order p and has p + 1 roots, we have
P =0 and we are done.

We denote My, = Supycq ate] \PT(L‘DH)(t,Y)\ and we use the above inequality for f(t) = P,(t,Y) in
order to obtain

( 5)P+1

(p+1)!

A reasoning based on Sobolev’s inequality and on Burkholder’s inequality (see the proof of Lemma
3.3 in the section “small balls” of [6]) proves that

P(N,(1,Y) > p) <P(|Py(a,Y)| < M x ) +P(M,, > M)

C
=
with C' a constant which depends on p and on M3(Y') (defined in ([2.2))).

We denote now 6 = M x ((2;):;,1

1
P(Myp > M) < WE(MTQL@)

and we estimate

P(|Pu(a,Y)| < 8) = OE(F5(Pu(a,Y))) with Fa(w)zl{msa}%-

We will use (3.35)): there exist C,c > 0 such that for every § and n, we get the existence of C,c¢ > 0
such that for every 6 > 0 and n € N,

1 1
— < —,—Cn
(RS (Pa(0.¥)) = BV < O =+ 5e7).
with W a standard normal random variable. Since |E(Fs(W))| < 5 we get

E(E5(Pa(a, )] < C(1 + %e—m).

This gives
P(|P.(a,Y)] <0) <Ci+ Ce™ "

and coming back
(2¢)P* —en . C

P(N,(I,Y) > p) < CM x

We optimize on M in order to obtain (for p > 1)

4/3

(p+1)12/3

We insert this in 1) and, since > %, p/(p + 1)12/3 < o0, we obtain || O
We fix now € > 0, we denote

B(N,(LY) > p) < C +Cem,

Ip =[ke,(k+1)¢) and D,.= Uo<k<nr/e Up=0,k—2 Ip x I;.
We also denote
Va(Y) = E(NZ(Y)) — (E(Na(Y)))? and
on(t,s,Y) = E(¢s, (t,Y)0s,(s,Y)) — E(s,(t,Y))E(¢s, (s,Y))
with N, (Y) defined in and @5, (t,Y) defined in (4.4).

(4.7)
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Lemma 4.2. A. Let 6, =n~? with § =5. Then

E(N2(Y)) = E(N, (V) + 2 / E(s, (. Y)ds, (s, Y))dsdt + R,

with ]
lim, — |R,| < Ce/.
n
B. And
(E(N,(Y)))* = 2/ E(¢s, (t, Y ))E(ds,(s,Y))dsdt + Ry

with Ry which verifies (4.9).
C.

VoY) =Vo(G) + 2/ (un(t,s,Y) —vp(t,s,G))dsdt + R, ¢

n,e

with Ry, . which verifies .
Proof of A. Step 1. We write

E(N2(Y)) = Ji(n) + 2J2(n) + 2J3(n)

with
Jin) = Y E(NIULY)), ()= Y E(N.(},Y)Na(lis, V)
0<k<nm/e 0<k<nm/e
Ja(n) = > ZE n(Li, Y )N (L;,Y)).
0<k<nm/e p=0
Note that
E(Na(I5, Y)No (I 541, Y)) < E(NG (I U T, Y) L, zuz, , v)=2))
Using (&5)
|[J2(n)| < C x g x (%3 4 ne™™)
so we get

hm ~h(n)] < Celf3,

We also have

E(N;(I5,Y)) = E(NZUEY) = NalIE, Y) w1z v)22))) + EWNVa (15, )

so using (4.5 again
hm | J1(n) — E(N,(Y))] < Ce/3.

Step 2. We want to estimate

k—2
L =te( Y Y MU YINGY)).

0<k<nm/e p=0

16
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We will use the Kac-Rice lemma for f(t) = P,(¢,Y) so we have N, (Y) = Nonr(Pn(t,Y)). We denote
60 (Y) = S0.nn(Pn(.,Y))) (see (4.1)), we take 6, = n=% =n~5 and we write

E(Nn (I, Y)No (15, Y)) = Ankpe + Bnkpe
with

Ankpe = EWNn(l Y)No(I;,Y) s, <5,v)})
Bnkpe = E(WNn(lpY)No(Ip,Y))1i5,55,(v)))-

Since P, (t,Y’) has at most 2n roots we get
By kpe < An°P(6, > 6,(Y)).

We use now the small balls property. Recall that 6,,(Y) = min{|P,(0,Y)|, |Py(n7,Y)|, w0, (Pp)} with
wo.x(Pp) = info<i<na(|Pa(t,Y)| + |P),(t,Y)]). By using (3.39) and (3.40) with 6 = 5, we get

C

n46

P(6u 2 6,(Y)) < supP(IPL(Y) < )+ B( inf [S,(t.Y) £5,) <
t>0 t|I<nm

(4.12)

So we get

k—2
% > D Bukpe < n% —0.

0<k<nm/e p=0

Moreover using Kac-Rice formula (4.2) (notice that 6,(Y") < pe, (k+1)e(Pu(+,Y)) for every k) we have

An,k,p,s =E (1{6n§6n(Y)} ¢5n (t7 Y>¢5n (Sv Y)dtds>

IgxIg
and consequently

k—2

DT Ankpe _]E<1{5 <5, y)}/ b5, (t,Y )5, (s, Y)dtds) = ane+ bpe

0<k<nm/e p=0

with

ne = E( 5. (£, Y )5, (5, Y)dtds)

Dn e
be = E(1(5.6,00) /D 05, (Y )95, (5, Y )dlds ).

Since Dy, . C [0,27)?,

65, (1Y )5, (5, Y )dtds < / b, ( tYdt

< (14 Na([0, na], P’( )%,

Dn e

17



N, ([0, n7], P, (-, Y)) denoting the number of roots of P),(-,Y) in [0, nx]. Since P, is still a trigonometric
polynomial of order n, it has at most 2n roots. Then the above quantity is upper bounded by (1+2n)?
and finally, using the small balls result (4.12)

C

nl—e

1
~bpe < Cn3P(5, > 0,(Y)) < —0

so (4.8) is proved.

Proof of B. The proof is analogous (but simpler) so we just sketch it. We denote by R, a quantity
such that hmn |Ry| = 0. Using again Kac-Rice formula and the small balls property

nm 2
e = (E(f 1{5n§5n<y>}¢5n<t,y>dt)) +R,

nm t

2/ dt/ E(15,<5,(v)3%6, (6 Y )NE(15, <5, (v)} D5, (5, Y ))ds + Ry,
0 0
nm t

2 /0 dt /O E(@s, (t, Y))E(és, (s, Y))ds + R,

o,y / E(6s, (1, Y))E(ds, (5, Y))dsdt + Rye + R,

Dn,s

with
Roc= [ s, (1Y), (5. Y)dsi.

In the notation of Section we have ¢5, (t,Y) = @5, (S,(t,Y)) and ¢, (¢, G) = @5, (Sn(t,G)). So,
by using (3.36]), we get

[E(ds, (t,Y)) — E(é5, (£, G))] < c(;ﬁ oo,

Recall that S, (t,G) = (P,(t,G), P,(t,G)) is a Gauss1an random variable of covariance matrix X, (t)
and, for sufficiently large n one has (X, (t)x,z) > 3 Lz? (see 43.25|> and (]3.26[). It follows that

! 1 —(Zn(t)z,x
B0, :6)) = [l 5Ltz gme 50

1 1.2 1 1 1.2
/R‘xg\/%e 5|2 dxzx/RQ(Sl{lleJ"}\/ﬂe gl dxq
n
< C.

IN

So E(¢s, (t,Y)) < C and consequently, for sufficiently large n
1
—|Rne| < ¢ | D, .| < Ce.
n n ’
Proof of C. We have proved in [6] that
1
lim —(E(Nn(Y)) — E(Nn(G))) =0

n n

so (4.11)) is an immediate consequence of (4.8) and (4.10). O
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5 Cancellations

Having in mind we will now estimate v, (t,s,Y) — v,(t,s,G). A careful analysis of this term
involve a certain number of cancellations.

Here we strongly use the objects and formulas in Section We recall the functions &5 and ¥s in
3.33)), so that ®5(S,(t,Y)) = ¢5(t,Y) (see (4.4)) and Vs(Sn(t,s,Y)) = ¢s(t,Y)¢ps(s,Y). Then (see
£_7§Dand recall that 6, = 1/n°)

Un(tv S, Y) = ]E(\I/(;n (Sn<t7 S, Y))) - E(@gn (Sn(tv Y)))E(q)5n (Sn(37 Y))) (51)

Lemma 5.1. Suppose that for every multi-index o with |a| = 3,4 the following limits exist and are
finite:

o
lim E(] [ ¥,2) = yoo(a).
=1
Then, for every e > 0,
L [ (ot 5, V) — vn(t, s, G))dsdt = —— x . + (5.2)
. on(t, S, on(t, S, S = 120 Y + Te .

with |re] < Ce and

Ys = (yoo(17 1a 27 2) - 1) + <y00(2727 17 1) - 1) + (yoo<17 17 17 1) - 3) + (yoo(27272’ 2) - 3)

Proof. Step 1. We use here Proposition (3.2). Recall that X, (¢) is the covariance matrix of Sy (¢,Y")
and by %, (t, s) the covariance matrix of S, (¢,s,Y) (see (3.25) and (3.30). We apply We stress
that the constants will depend on det ¥, (¢, s) which is larger than $A%*(c) > 0 for (¢,s) € D, (see
). We will also use the diagonal matrices Io = I3(\) with Ay = 1, A9 = % and Iy = I4(\) with

Al =X3 =1\ =\ =1 By (3.37)
E(®s, (Su(t,Y)) = E(®5,(Sn(t, G)))
R, (1 W) (I3 2 2,1, Y), W) (5.3)

)

1
WRTL (t, ¢5n)

and a similar expression holds for E(®s, (S,(s,Y))). The remainder r,(t, ®s,) verifies (3.23) with
Yn(t) — Io. We also recall that S,,(t,G) has the same law as E}ﬂ(t)W so, (with 7, (t, ®s,) which

verifies (3.23))),
1
E(®s, (Sa(t. G))) = E(®s, (S ()W) = E(@s, (/W) + —ra(t. ®s,).
Moreover, by (3.38]),

E(Ws, (Su(t,5. V) = B(Us, (Sa(t, 5, G))) + B (Ws, (I W)a(1 220 (1,5, ¥), 1))

1
+—rp(t, @5,) +
n

(5.4)

1
+ETTL(t757\I’5n) + Rn(t,s,\l’gn).

n3/2
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Here r,(t,s,¥s, ) verifies (3.23)) with X,,(¢,s) — I4. And, as above,
1
E(Ws, (Su(t, 5, G)) = E(Ws, (S)/2(t, )W) = E(Us, (L,*W)) + —ra(t. 5, Vs,).

Our aim now is to estimate v, (t,s,Y) —v,(t, s, G) (recall that v,(¢,s,Y) is defined in (5.1])). In order
to simplify notation we put

An(t,Y) = E(@5,(Su(t,Y))), An(t,s,Y) = E(¥s, (Sn(t, s, Y))),
Colt) = E(®s, (I W)Ta(ly > Z,(t,Y), W),
Caltys) = E(Ws, (L/*W)Tho(ly * Zu(t,5,Y), W),
—~ 1 1 ~ 1 1
R,(t) = ﬁrn(taq)én)‘FWRn(ta‘I)dn)? Rn(tas):Ern(tasa‘l’én)+WRn(t75a‘I’6n)-

With this notation and read
A(t,Y) = Au(t,G)+ %Cn(t) + R, (1),
An(t,s,Y) = Au(t,s,G)+ %Cn(t, s) + Rul(t, s)
and consequently
vn(t,s,Y) —vn(t,s,G) = %’yn(t, s) + Ru(t, s)

with

and

W(tys) = Cup(t,s) — Cp(t)An(s,Y) — Cpn(s)An(t,Y)
= E(Us, (I *W)Tpa(I; 2 Zo(t,5,Y),W)))
W) ) E(@s, (W) (12 2, (5, V), W)

—E(®s
—E(®s, (I * W) T oIy 2 Z,(t,Y), W) x E(®5, (I,/*W)).

Notice that in the above expression of v, (¢, s), W stands for a standard normal random variable which
is in dimension 4 in the first expectation and in dimension two in the following two ones. In order to
put everything together we take two independent two-dimensional standard normal random variables
W’ and W and we put W = (W’, W") € R* which is itself a standard normal random variable. Then

5, (I, *W")®s, (I, W") = W5, (1, W)
SO we obtain

'Yn(ta 5)
—1/2

= E(Us, (I *W)Tna(Iy 2 Z0(t,5,Y), W) = Too(Iy V2 Zo(t,Y), W) = Ta(Iy 2 Zu(s, V), W"))).
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We recall the deﬁnltlons of T}, 5, T} 5 given in (3.11)) and we write v, (¢, s) = v,,(t, 8) + 75 (¢, 5) with o/
which involves I and ~ " which 1nvolves I'” instead of I'. We will analyze them separately.
Step 2. Estimate of 7. Our aim is to prove that

1 ™ ™
n?/ (¢, s)dsdt = / / 1p, . (nt,ns)y,(nt,ns)dsdt — 0. (5.5)
n,e 0 0

The analysis is based on (3.12). There are two kinds of cancellation which are at work.

First cancellation (mixed multi-indexes). Denote my(I) the set of the multi-indexes a =
(a1, ..., ) with a; € I. Recall that W = (W', W") and notice that if a € m3(1,2) then H,(W) =
H,(W'). But, if a € m3(3,4), then one has Hy(W) = Ho (W3, W?) = H, (W)L, (W")?). This means
that, in the second case, a “change of variable” is needed: o = (a1, 2, a3) — @ = (1 —2, e —2, a3 —2):
for example (3,3,4) — (1,1,2) or (4,4,3) — (2,2,1). Having this in mind we go on and analyze ng

defined in (3.12)):

! I P 28,5, Y), W) = fz S B I P Za(t, 8, Y ) )en(p I P Zalt, 5, Y ) Hig py (W),
|p|=3|8|=3

! oIy P Za(8,Y), W) = —Z S B I P Za(t,Y))enlp, Iy P Za(1,Y)) Hig py (W),
|p|=3|8]|=3

YT P 7, (5,Y), W) = fz S B I P Za(s,Y))enlp, Iy Z0(5,Y)) Hig ) (W),
|p|=3|8]=3

where (3,p) denotes the concatenation. Notice that the multi-indexes in the first line belong to
ms3(1,2,3,4) while the multi-indexes in the second and in the third line belong to ms(1,2). We look
now to the sums in the first line. If all the elements of (3,p) belong to {1,2} then Hg (W) =

Hg ;) (W') and ¢, (B, I, 1,727 Zn(nt,ms,Y)) = cn(ﬁ,fgl/QZn(nt,Y)) so the corresponding term cancels.
In the same way, if all the elements of (3, p) belong to {3,4} then Hg , (W) = H(Eﬁ)(WN) and

en(B, 1, 12z Zn(nt,ns,Y)) = cn(ﬁ,l 12z Zn(ns,Y)) and the corresponding term cancels as well. We
remain with “mixed multi-indexes”, such that (3, p) contain at least one element from each of {1,2}
and of {3,4}.

Second cancellation (even multi-indexes). For each i = 1,...,4 the function W; — ¥y (Ii/ZW)
is even, so, because the symmetry argument

E(U5, (1> W) H .5 (W)) = 0

except the case when all the elements in (p, ) appear an even number of times (this means that
i;((p,B)) is even for every j =1,....4).

There are three types of multi-indexes which verify both conditions: take ¢ € {1,2} and j,p € {3,4}
(or the converse).

Case 3: p = (4,4,p), B=(i,4,p) (5.8)
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We treat the Case 1 (the other cases are similar). In order to fix the ideas we take i = 1 and j = 4,
so that p = (1,4,4) (all the other cases are similar). We compute

E((Cp(k, nt) Vi) ((Cr(k, ns)Yy)?)? Z CL0 (K, nt)C%2 (k, ns)C2 (k, ns)E HYl
l1,l2,l3=1

Since in the Gaussian case we have E([]>_, G%) = 0, we conclude that

Ap(Zy go(nt,ns,Y)) Z CL (k, nt) C212 (k, ns) 25 (k, ns)E HYl
l1,l2,l3=1

and then
en(p, Iy 12z, (nt,ns,Y)) =d,(p, I, 2z, (nt,ns,Y)) +cl(p, I, 2z, (nt,ns,Y))

with
2 1 n
o Iy P Zo(nt,ns, ) = 3 yoolln,d,ls) x — > ORI (k, nt)C212 (k, ns) O35 (k, nis)
Iy ,lg,l3=1 iyt
12 2 1 n 3
- 1,0 2,1 2,1 l;
CZ,(/),I4 Zn(ntansvy)) l_lzl: ln;cn 1(k7nt)0n Q(kans)cn J(k,TLS)(E(l_IlYk ) _ym(llyl2al3))'
1,62,03= = 1=

Since ‘C’%J(k:,u)‘ <1 for every 4,j € {1,2} and u > 0, we have

n

c(p, IZl/QZn(nt, ns,Y) ’

H — Yooll1,12,13)] = 0.

l1,l2,l3= 1 k=1 =1

And using 1) we get ¢, (p, 1;1/2Zn(nt7ns,Y)) — 0. This i 5 s

7r’ T
and t_TS are irrational. But this means that this is true dtds almost surely. Then, using Lebesgue’s

dominated convergence theorem (notice that the coefficients ¢,,,n € N are uniformly bounded) we get
[T ~1/2 ~1/2
/ / 1p, . (nt,ns)cn(p, Iy " Zpn(nt,ns,Y))en(B,1, '~ Zn(nt,ns,Y))dtds — 0.
0o Jo

So we have finished to prove ([5.5)).
Step 3. We compute now

1
hm2/ Al (t, 8)dsdt = hm2/ / A (t, 8)dsdt+O(e hm/ / A (nt, ns)dsdt+O(e),
n o n Dn,E 2 n n

where O(e) is uniform in n. We recall . As in the previous discussion we notice that we have two
kind of cancellations: if all the components of « belong to {1,2} or to {3,4} then the corresponding
term cancels. And for symmetry reasons one also needs to have each component of a an even number
of times. So the only multi-indexes which have a non null contribution are (up to permutations)
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a=(i,1,7,7) with i € {1,2} and j € {3,4}. More precisely, for every fixed (i,7) € {1,2} x {3,4} the
following multi-indexes bring a non zero contribution: (3,1, j, j), (¢, 7,1,7), (¢, 4, 4, %), (4, J, 1, 2), (J, ¢, J, 1),
(7,i,1,7). Besides all the forthcoming computations are independent of the chosen permutations and
we will simply assume that the multi-index is (7,4, 7,j) and multiply the final result by a factor 6.
Indeed, we observe that

vh (nt, ns) ZE (s, ( 11/2 )Ha(W))cn(oz,1;1/2Zn(nt,ns,Y))

with the sum over the multi-indexes of the form (up to permutations) o = (i,4,7,j) with i € {1,2}
and j € {3,4}. We fix such a multi index a = (4,1, 7, j) and we denote (with j' = j — 2)

p(a) gi+i—4 _ giti'=2,
Ula) - P() Y _ p(a)yx
41 +206+5—4) 40 +206+5 —2))
s t+s t s

Our first aim is to prove that, if £ are irrational, then

T w0

lim ¢, (o, Izl/QZn(nt,ns,Y) =U(a). (5.9)

We compute

E((Cn(k, nt)Yi)")*(Cu(k, n5)Yi)'7)?)

2
= Z Col (k, nt) OB (k, nt)CI=213 (k, ns) O =2l (k, ns)E HYl
I ,l2,l3,la=1
Then
Ao(I; ' Z, (0t ns, Y))
2 4
= pla) D Ci(knt)CLR(k,nt)C 31 (k,ns)CY 34 (k, ns) Hyl E(J]G5)
l1,l2,l3,l4=1 i
and finally
- 1< -
cnlay I 1/2Zn(nt,ns,Y)) = gZAQ(Q 1/22717,§(7”sz,ns,Y))
k=1
2
= pl@) Y ol ly) + (o, bz, I3, 1)
l1,l2,l3,l4=1
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with

c(a,ly, o, I3, 1) = Zc”l ke, nt)Co2 (k, nt)CI=28 (k, ns)CI =2 (k, ns)
k 1

(yoo(llal27l37l4 HBZ

1 < .
c(a,ly, o, l3,ly) =— E Cﬁ;ll(k,nt)Cf{b(k,nt)Cj 213(1{: ns)CJ 214(1{7,715)
n
k=1

HYl — Yo llal27l3al4))

Here B = (B!, B?) is a standard Gaussian random variable. Since E(H?Zl ka’) — Yoo (l1, 12,13, 14) we
get (o, l1,12,13,14) — 0. We analyze now ¢, («, l1,l2,13,14). By (A.4)), if Iy # Iz or if I3 # I4 this term
converges to zero. So we have to consider only

1 o ,
o1 1) = — 3 G (k) 2GR0 (ky ms) (oo (14,1, 1) — E((B')*(B")?)
k=1

Take first [ = 1 and I’ = 2. Then, using (A.3]), we have

d(a,1,1,2,2) = ch” 20572V (k,ns)*(yso(1,1,2,2) — 1)

- 4(1+ 2(i1+j - 4))(%0(17 1,2,2) = 1).

Andifil=0'"=1 (orif l =1’ = 2) we have

1< o
", 1,1,1,1) = = ok nt) 2092 (k, ns)?(yso(1,1,1,1) —
cp(a,1,1,1,1) nZCn(,n)Cn (k,n8)"(Yoo(1,1,1,1) — 3)

7oAy 2(z'1+j —4)) (Yoo (1,1, 1,1) = 3).

So (5.9) is proved and, as an immediate consequence we obtain
™ ™ 1/9
lim / / enla, I7V2 2 (nt, ms, Y))dsdt = 72U (@), (5.10)
nJo Jo

We compute now
lim B(Ws, (1 W) Ha(W)).

Notice that if i € {1,2} and j € {3,4} then (recall that ho(x) = 22 — 1 is the Hermite polynomial of

order 2 on R)
Hi .5 (W) = ha(W])ha (W] 5))
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so that
E(U5, (L *W)Ha(W)) = E(CI’(; (LW hy(W))) x E(®, ( 21/2W”)h2(W](’_2))
— (|32!50(Bl)h2( i) X E(|B2| do(B1)h2(Bj-2))

where B = (Bj, Bg) is standard normal. If ¢ = 1 then

2 1 1
E(|Ba| 8o(B1)h2(B1)) = E(|B2|)E(do(B1)(Bf — 1)) = BV -y~
and if ¢ = 2 then )
E(|Ba| do(B1)h2(Bz)) = E(|Bz| (Bf — 1))E(8(B1)) = —
So, discussing according to the possible values of 4, j, we may define
1 L
— i+
pij = p(—l) J
and we finally obtain, for a = (4,1, j, j)
1
lim E(Ws, (1;W) Ha(W)) = 5pi
and
o1
hgban/Dm8 v (t, s)dsdt = ;1 SPij X ((i,4,5, 7)) + O(e)
- TZ: +2z—|—j—2))xy*+0(6)
- Lt
-~ 120 Y

Step 4. We estimate r,(t,s) and r,(t) (see (3.38)) and (3.37)) respectively). Since Lo(Ps,) = 1 we
have |rp(nt,ns)| < ||X,(nt,ns) — Iy||. Let us compute X3’ (nt,ns). By direct computations on has
syt(nt,ns) = 5% (nt,ns) = 1 and X2 (nt, ns) = Ty (nt, ns) = 0. Moreover

k‘2 1 1 99
¥22(nt,ns) = ZE kntY ﬁzn2—> :c2dm:§zl4’.

k=1 0
The same is true for Sn*(nt, ns). We look now to 4’ (nt,ns) with i € {1,2} and j € {3,4}. Say for
example that ¢ = 1 and j = 4. Then we compute

E(Z) 1, (nt,Y)Z] . (ns,Y)) =

n

E((cos(kt)Yy + sin(kt)Y;2)(— sin(ks)Y; + cos(ks)Y2))

|37

(cos(ks) sin(kt) — cos(kt) sin(ks)) = %Sin(k(t —5)).
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Then, by using the ergodic lemma, if t_TS is irrational we get
I~k 1 [
271174(nt, ns) = - ; - sin(k(t — s)) — yp /0 sin(u)du = 0.

The same result is obtained in the other cases. We conclude that lim,, r,(nt,ns) = 0 dtds almost
surely. Since |rp(nt,ns)| < 1, we may use Lebesgue’s convergence theorem and we obtain

|rn(t, s)| dsdt = / Ip, . (nt,ns) |ra(nt,ns)|dsdt — 0.

n2
n [0,77}2

v,e

For 7y, (t) the same conclusion is (trivially) true.
Step 5. Estimate of R, (t,s, ¥s, ). By (3.38]) we have

|Rn(t737\1/(5n)| S C(l + n3/2 X e_cn)

with C' a constant which depends on r, 7 from on My,(Y) from and on the lower eigenvalue &,
defined in for the covariance matrix ¥, (¢, s). We have proved in that this lower eigenvalue is
lower bounded uniformly with respect to n so we conclude that the constant C' in the above inequality
does not depend on n. Consequently

sup sup |Rn(t,s,¥s,)| <C < oo
n (t7s)€Dn,E

and then
1 1

n2 Dy e \/ﬁ

Similar estimates hold for R,,(t, ®s, ). Since W is standard normal, direct computations show that

| Ry (t,s,¥s, )| dsdt — 0.

E(@s, (1 W) Taa(ly 2 2a(t,7), W) < €

and so
1 _ _
S B, (W21 208, ), W)E@s, (1 W) T o (I 2 Z0(5,Y), W) dsdt = 0
D e

So we have proved that

% |§n(t, s)} dsdt — 0

n,e

and the whole proof is completed.
O

A Ergodic lemma

The following lemmas are based on the ergodic action of irrational rotations on the Torus.
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Lemma A.1. Set a a positive number such that & € R/Q, f a 2m—periodic function and ¢ > 1 a
positive integer. One gets

1 n 1 21
T}i_{gong:lf(ka) =2 ), f(t)dt, (A.1)
N Ny 1 2
nlz*;onkzz ! K0 = i gyan /0 f(ydt (4.2)

Proof. We denote by CJ_(R) the space of continuous 27 periodic functions. We set

mo={sectm| [owar=o}.

and

& ={f@)=o(w+0a)— o) | 6 €5 ®R)}.

Let us first prove that £ is dense in Hy. We take T a continuous linear form on Hy and we extend it
to CY_(R) by taking T(¢) = T(¢ —m(¢)) with m(¢) = 2 $(t)dt. We have to prove that if T vanishes
on &£ then T' = 0 (in virtue of the Hahn-Banach Theorem, this implies that £ is dense in #Hg). The
Riesz Theorem ensures us that there exists a finite measure g on R/27Z such that

2

Vo € C3,(R), T(¢) = i o(x)dp(z).

Since T'f = 0 for every f € &, for any integer n > 1 one has

2w 2

¢(x +najdu(z) = | ox)du(x),
0 0

and since the sequence na is dense modulo 27 one deduces that for any y € R\ Q:

2m 2m

; o(z +y)dp(z) = ; ¢(z)dp(x).

By the continuity of ¢, this is true for each y € R. As a result, p is invariant under translations and
necessarily it is the Lebesgue measure up to a multiplicative constant. Hence, we get that T' = 0 over
Ho and that £ is dense for the uniform topology. Finally, this preliminary consideration enables us
to consider that f(z) = ¢(z + «) — ¢(x) in the statements and (A.2). Then, the conclusion is

immediate since an Abel transforms gives us

‘%Z’iz(@((kﬂ)a) ~ plka)) | < 2||¢||ooi§n: <(k+1)q_kq> e
k=

n nd
1 k=1

U
In the following Cy,(k,t) is the matrix introduced in (3.25)).
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Lemma A.2. For everyi,j,1,I' € {1,2} and every t,s such that t,s,t+ s,t — s are irrational one has

1
4142347 —2)

1~ -
lim — > Cil(k,nt)*CIY (K, ns)? =
k=1

(A.3)

Proof. We treat just two examples: take i = 1,5 = 2,1 = 1,1’ = 2. Then

Col(k,nt)2CH (k,ns)> = (coskt x %cos ks)? = i X f;(cos(k‘(t +5)) + cos(k(t — 5)))?
- % y T;(COSQ(k(H §)) + cos?(k(t — 5)) + 2 cos(k(t + 5)) cos(k(t — 5)))
= % X nz(cosQ(k(t +5)) 4 cos®(k(t — s)) 4 cos(2kt) — cos(2ks))).
Then, the ergodic lemma (with ¢ = 2) gives

IR L 1 1 2 1
ligbn - I;Cf{l(k,nt)zc'fl’l (k,ns)? =2 x 1759 %3 /0 (cos®(u) 4 cos(u))du = I3
Take now 1 = 2,7 =2,1 =1,I' = 2. Then
il 2 il 2 k. k 2 1 K : 2
Crl(k,nt)°CE (k,ns)* = (— sin kt X — cos ks) =% — (sin(k(t + 5)) + sin(k(t — 5))
n n n
1 4
= 7% k—4(sin2(k:(t + 5)) +sin?(k(t — s)) + cos(2kt) + cos(2ks))
n
Then, the ergodic lemma (with ¢ = 4) gives
lim 1 i Col(k,nt)>CHY (k,ns)? = 1 X X 2/2ﬂ(sin2(u) + cos(u))du = 1
non L o 4 2 x5 0 20°

k=1
0

Lemma A.3. For every j,i,l € {1,2} and every t,s such that t,s,t + s,t — s are irrational one has
1 <& , A
lim =~ Cil(k,nt)Cj? (k, nt)C3 (k, ns)? (A.4)
non

k=1
n

1 . , . .
= lim— > Ci(k,nt)C5*(k,nt)CJ" (k,ns)CY? (k,ns) = 0.
non
k=1
Proof. All the computations are analogous so we treat just an example: [ =i = j = 1. So we have
CM (k,nt)CL2(k,nt)CLY (K, ns)? = cos(kt)sin(kt) cos? (ks)

_ %sin(%t) cos?(ks)
= (sn(k(2 + ) + sin(k(2t — 5))) cos(ks)

= é(sin(k:(Qt + 2s)) + 2sin(2kt) + sin(k(2t — 2s)))
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and using the ergodic lemma with ¢ = 0 we get

n

1
lim — E CLY(k,nt)CL2(k, nt)CH (K, ns)? =
non
k=1

(o

1 2m
X oo X 4/0 sin(u)du = 0.

g

Lemma A.4. For every iy, is,13,l1,l2,l3 € {1,2} and every t,s such that t,s,t+ s,t — s are irrational
one has

1 < . . .
lim — > Gt (k,nt)Ci2 2 (k, nt) Cis s (K, ns) = 0. (A.5)
k=1

Proof. The poof is similar in all cases so we treat just an example: i1 = 1,49 = 2,i3 = 2,1 =l =
I3 = 1. Then we deal with

k k 1
cos(kt) x Esin(kt) X Esin(ks) = — X isin(2kt) sin(ks)

B
(]
—_

= X Z(cos(k:(% +5)) — cos(k(2t — s)))

And using the ergodic lemma with ¢ = 2 we get
lim 1 Zn: K X 1(cos(k(Qt +5)) — cos(k(2t — s)))
4

n n n?
k=1

= 2i7r</02ﬂ cos(u)du — /027T cos(u)du) = 0.

g

B Estimates of some trigonometric sums

Forn e N;i=0,1,2 and b € R \{27p; p € N} we put

n

1 k!
Shi(c) = — > — cos(bk).

k=1
We also denote ) .
b= i 1220 (B.1)
peN pV1

The aim of this section is to prove the following lemma:

Lemma B.1. There exists a universal constant C > 1 such that for every n € N i = 0,1,2 and
€ Ry\{27mp;p € N}

[Sp,i(c)] < —-. (B.2)

2 Q

The first step is the following abstract estimate:
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Lemma B.2. A. Let f € L*(0,1) and let ¢(x) = Y32 f(x — k)1 1) (2). There exists a universal
constant such that for every k <n

C
) cos(bx) ? I fll5 - (B.3)

B. Moreover there exists a universal constant C' such that, for1=0,1,2

/On quﬁ(w) cos(bx)dx

C
< =171, (B.4)

and in particular, taking f =1,

/ x—l cos(bzx)dr < (B.5)
0

n

>l Q

The same estimates hold if we replace cos by sin.

Proof of A. We denote ag = fo x)dx and

1 1
ap = / f(z) cos(2mpz)dx, B, = / f(x)sin(2mpx)d.
0 0

Then using the development in Fourier series of ¢ we obtain

/kn ¢(z)cos(br)dr = ap /kn cos(bx)dx

+Zozp/ cos(2mpzx) cos(bx)dx + ﬁp/ sin(2mpz) cos(bx)dx.
k
1
We write )
cos(2mpzx) cos(bx) = §(cos((27rp +b)z) + cos((2mp — b)x).

and we use a similar decomposition for sin(2mwpx) cos(bz).
Notice that for every 8 > 0 one has

2T

S? and

/ cos(0z)dx
k

/ sin(fx)dx
k

Using these inequalities we obtain

= *|a0|+2(|ap|+|ﬁp|<2 m™+b \27r1297r—b|>)

o0

x) cos(bx)

C 12 C
< Slaol+ = ( (Iap!+|ﬁp|)2) <</l

3
Il
—



B. We just treat the case i = 1 (the other ones are similar). We write

n k+1
1/0 xo(x) cos(bx)d / Y (z) cos(bx)dr + — Zk‘/ ’ ¢(z) cos(bzx)dx

n

with ¢ associated to g( ) = xf(z). Using (B.3]) (notice that HgH2 <1 fll)
1

) cos(ba)da| < Q x 1 HfH2

Moreover
1 n k+1
— k (bx) (bx)
n; /k ¢(x) cos(bx) Z/ ¢(x) cos(bx)d

so that, by (B.3]) we upper bound the above term by

C 1 C
< — = = = .
x) cos(bx)dx| < — XX - I1£1l 2 112

And (B.5) is a particular case of (B.4)) with f =1 (so that ¢ =1). O
We recall that

n

1 K k
Spilc) = — Z — cos(a—), with a = nb.

n
We also denote

o(x) = kz (k+1—2) 1{k<x<k+1} and Jpi(c) = nl”/o z'¢(x) cos(bx)dx

1 no L
Ii(c) = 711”/0 x’cos(bx)dx:/o x' cos(ax)dz.

We also define S, ;(s) and J, ;(s) by replacing the cos by sin.
We will prove the following estimates:

(B.6)

(B.7)

Lemma B.3. Let a = bn with 0 < b. There exists a universal constant C' such that, for i =0,1,2

190400 = 1z (et + Shale) + D) — o) +
b,ilC _1+b2/4 4 b,i\S 9 b,i\C b,i\C 2 b,ilS En

with |e,| < C/n.
Proof. Let us prove (B.8) for i = 1 (the proof is analogous for ¢ = 0 and ¢ = 2). We write
n (k+1)/ k ak
=1 — - = —) )dzx.
Sp1(c) = Iy (c) ; /k . (a: cos(az) — ~ cos(* )) .

Moreover

(k+1)/n k ak k
/k (x cos(ax) — - cos(;))dm =

(k+1)/n
N /k: (cos(aw) — cos( :))dzv + Ok

/n
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with [0, x| < 1/n? so that Y 7_, 6nr = €n, with |&,| < C/n. We write now (recall that a = nb
b k 1 b

(k+1)/n (k+1)/n x
i / (cos(ax) — COS(%))CLT __ak d:c/ dy sin ay
k

" Jk/n n " Jk/n /n
(k+1)/n z k
—a—ésina—k—a—k dm/ dy(sinay—sina—>
2n non Jym k/n n
2L (k+1)/n x Y
:—b—isin%—a— dg;/ dy dzcosaz
2n n n Jk/n k/n k/n
2 (k+1)/n
— _Lk; sin ak _ o’k (k+1— 2)%cos(az)dz
2n n 2n k/n

Summing over k this gives (with &, of order % and which changes from a line to another)

b a2 Nk D/ k+1 2
Spi(c) = Ipi(c) +en+ 55{,,1(8) + 5 Z - /k/ cos(ax)( p—— a:)
k=1 n

b a2 (k+1)/n E+1 2
= Iyi(c)+en+ 55’1)71(5) + 5 ; /k;/n :L'COS(CI:L’)( . a:)

b b2 1 /M
= IDa(e) +en+ 551(s) + + x 2/ x¢(z) cos(bx)dx
2 2 n*

b b2
= Ib71(c) +éen+ 551)71(8) + EJbJ(C).

The same computations give

b v?

Sn,l(s) = Ibyl(s) +é&n — §Sn,1(c) + Ejb’l(s)'
We insert this in the previous estimate and we get
b b? b b2
Sb,l(c) =en+ Li(c) — 5]5,1(8) — ZSb’l(c) + Zjb’l(s) + 5Jb,1(c)

and we are done. [

Proof of (B.2)). By (B.4) and (B.5

[ Joi(s)| + [Ji(c)] + [bi(s)| + [ Ti(c)] <

so (B.2) follows. O
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C Non degeneracy

In this section we discuss the non degeneracy of the matrix 3, (¢, s) which is the covariance matrix of
Sp(t,s,Y). Direct computations show that:
1 - k2
SE(ts) = Shs) =1, SEts) =Tt =Y,
k=1
n

1 k(t — 1 k
50(ts) = Syt s) = - > cos (ns) St s) = T2 (t,5) = - >, 2
k=1

1~k
E}L74(t, S) — 24,1('[:’ S) — *Zi:g’(t? S) — 7273«,}2(25, S) — E Z ﬁ cos
E#Z(t’ S) = Ei’l(t, S) - 2%4@’ S) — Ei,?;(t’ S) —0.

We define (¢, s) just by passing to the limit (for fixed ¢ and s):

1
»hit,s) = ¥33(t,s) =1, X22(t,s) = 2b4(t,s) = 3

SW(ts) = TH(t,s) = ot

5
T T=t—s

S24(t5) = $A2(ts) = 27cosT — 2sinT + 72sinT

7'3 T:t—S’
St s) = St s) = —523(t,5) = —5P2(t,5) = 0T

)
T T=t—s

»h2(ts) = B2t s) = B3, s) = B3t s) = 0.

Then it is easy to check that there exists a universal constant C' > 1 such that for every 4,5 =1,...,4
and every 0 < s <t

. . C(t—
sup [S(1,5) - (1, )] < L9
[t—s|<ne n

(C.1)

Notice however that, if £ — s ~ n the above inequality says nothing. So our strategy will be the
following: we consider a first case, when t — s < /n and then we use the non degeneracy of (¢, s)
(which we prove in the following lemma) in order to obtain the non degeneracy of ,,(¢, s). And in the
case v/n <t — s < nm we use the estimates from the previous section in order to obtain directly the
non degeneracy of ¥, (¢, s).

Lemma C.1. For every € > 0 there exists A(e) > 0 such that for every t and s such that |t — s| > ¢
one has

det (¢, s) > A(e). (C.2)

Proof. We first prove that det X(¢,s) > 0 for every t # s. Let (X¢):>0 denote a centred stationary
Gaussian process whose covariance function is r(t,s) = I'(t — s), with I'(7) = sin7/7. Recall that X
has smooth paths (see e.g. [4], Ch. 1, Sect. 4.3). It is known (see Ex. 3.5 in [4]) that if the spectral
measure of X has at least an accumulation point (in our case the spectral measure is 1),/ <1dz) then,
for t # s, the law of £ = (X¢, X/, X5, X!) is non degenerated - consequently the covariance matrix

33



is non degenerated. Straightforward computations give that (¢, s) is the covariance matrix of £, so
det X(¢,s) > 0 when ¢ # s.

Now, if i # j one has lim;_s oo X7 (¢,8) = 0, so that lim; s, det X(¢,5) = 1/9. As a consequence,
for some M > 0 one gets det X% (t,s) > 1/18 for |t —s| > M. If |t — s| € [, M] the function
(t,s) — det X(t,s) is continuous, so it achieves a strictly positive minimum. The statement now
follows. [J

Corollary C.2. Let b, < 2. For e > 0 let X(e) be given as in Lemma [C-1 Then there exists n(e)
such that for n > n(e) one has

1
inf  detX,(t,s) > 5)\(5). (C.3)

e<|t—s|<b«n

Proof. Suppose first that £ < t — s < n'/2. Then

A(e)

N | =

et D, (1, ) > det D(t, ) — [det Ty () — det (t,5)| = Ae) -~ >
n

for sufficiently large n.

We consider now the case t — s > n!/2. We will use with b = t_TS in order to prove that all the
terms out of the diagonal are very small, so the determinant will be close to the product of the terms
of the diagonal which is (almost) §. We look to

1 . k2 -
Y2t s) = = Z L cos k(tns) = Sp2(c)

n n2
k=1

Since t — s < by,n it follows that b = ths <b, < 271 and this guarantees that b= min{b, 27 — b, }. Since
nb =t — s > \/n, for sufficiently large n we have bn > \/n and so, by (B.2)

C
Y2 (t,s)| < — — 0.
(9] <
The same is true for the other terms out of the diagonal. [J
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