ASYMPTOTIC BLOW-UP ANALYSIS FOR SINGULAR LIOUVILLE TYPE
EQUATIONS WITH APPLICATIONS.

D. BARTOLUCCI®! - G. TARANTELLO®!

ABSTRACT. We generalize the pointwise estimates obtained in [2], [17] and [30] concerning
blow-up solutions of the Liouville type equation:
—Au=z[**W(z)e" in Q,

with © C R? open and bounded, a € (—=1,400) and W any Lipschitz continuous function which
satisfies 0 < a < W < b < oo. Mainly, we focus to the case where the parameter a € N, whose
analysis is much more involved due to the non radial behaviour of blow-up solutions. In the
worst situation there is no chance (in general) to resolve the profile in the form of a solution of
a Liouville equation in R?, instead we need to adopt iterated blow-up arguments.

Moreover, we refine our blow up analysis to a class of planar Liouville type equation arising from
the study of Cosmic Strings (cfr. [24],[31]). In this context, we are able to distinguish between
a single blow-up radial profile and the case of multiple blow-up profiles, typical of non radial
solutions. As a consequence we obtain a (radial) symmetry result which is interesting in itself
but also relates to the ”sharp” solvability issue concerning the planar problem (1.27)-(1.28)
discussed below.

Keywords: Blow up solutions, Non radial bubbling, singular Liouville type equations, Cosmic
Strings.

1. INTRODUCTION

The analysis of Liouville-type equations [20] with singular data [23], has attracted much attention
in recent years due to their application to several issues of interest in Mathematics and Physics,
such as Chern-Simons and Electroweak self-dual vortices [27], [30], [34], conformal metrics on
surfaces with conical singularities [1], [4], [6], [32], statistical mechanics of two-dimensional tur-
bulence [10] and of self-gravitating systems [33] and cosmic strings [24], [31], and more recently
the theory of hyperelliptic curves [11].

Existence (and multiplicity) results for such class of equations (see for example [5], [16], [19],
[21] and references therein) are based on topological and variational methods that require in
an essential way the compactness property of the solution set. To this purpose, refined blow up
techniques have been developed for the description of the ”local” asymptotic profile of solution
sequences around a (blow-up) point, where ”bubbling” phenomena develop, see [8], [9], [17], [18],
and more recently [2], [15], [28], [35].

In this note, we shall contribute in this direction and provide pointwise estimates for the profile

2000 Mathematics Subject classification: 35B45, 35J60, 35J99.

W Daniele Bartolucci, Departmento di Matematica, Universita’ di Roma ”Tor Vergata”,
Via della ricerca scientifica n.1, 00133 Rome, Italy. e-mail: bartoluc@mat.uniroma2.it.

2 Gabriella Tarantello, Dipartimento di Matematica, Universita’ di Roma ”Tor Vergata”,
Via della ricerca scientifica n.1, 00133 Rome, Italy. e-mail: tarantel@mat.uniroma2.it.

() Research partially supported by PRIN12 project Variational and perturbative aspects in nonlinear differ-
ential problems ERC PE1_11, and by FIRB project Analysis and Beyond.

1



2 ASYMPTOTIC BLOW-UP ANALYSIS

of a solution sequence in the situation where ”"multiple-bubbles” occur. To be more precise, let
us mention that, after introducing suitable coordinates, one can ”localize” the problem around
the origin and so analyse the behavior of a solution sequence u,, € C°(B,) satisfying:

—Au, = |z W, (z)e¥n in B,,
[un() — un(y)] < co, for [o] = y| =, W

f |x]2a"Wn(x) eln < ¢,
B

with suitable constants cg > 0, ¢; > 0 and B, := {zx € R? : |z| <7}, r > 0.
We shall assume that:

0<a<minW, <maxW, <b< +oo, max|[VW,| < A, (1.2)
B, B, By
and let
ap = o € (—1,400), as n — 400; (1.3)

and (by taking r smaller if necessary) we also suppose that u,, admits the origin as its only blow
up point in B,. In other words,
V 0 < e < r there exist C; > 0 (depending on ¢) such that:

maxu, — +0o, limsup <max un> < (.. (1.4)
B n—+oo \ Br\B:

By well known results, we have the following;:
Theorem 1.1 ([9],[18],[8],[7]). If u, satisfies (1.1) and (1.4) and if (1.2)-(1.3) hold, then along
a subsequence we have:

|22 W, (x) e — 87(1 + a)dg, as n — 400, (1.5)

weakly in the sense of measures in B,, where §y denotes the Dirac delta with pole x = 0. In
particular, ¥ € € (0,7) we have:

/ |22 W, () e¥n — 0, / |22 W, (x) e¥n — 87(1 + a), as n — +oo. (1.6)

>

e<|z|<r

Furthermore, in the situation where a ¢ N, it was shown in [2], [17] that after scaling the
sequence u, behaves as a ”single” bubble around the origin. More precisely, by setting:

Zn € Byt up () = maxun, 7 =) and (g,)20Fn) = 1,71 (1.7)
B

so that,
|zp| — 0, 75— +o00, e, =0, as n — +o0,

the following holds:

Theorem 1.2 ([17],]2]). Assume (1.2), (1.3) and let u,, satisfy (1.1) and (1.5). Then with the

notation in (1.7) we have:

(1) if @, = a =0, then

Tn

(1+ Z2wa 0]z — :Un|2)2

<C, Viz|<r, VneN; (1.8)

up(z) — log



(2) if oy = >0 and o ¢ N, then,

i) [Zn] — 0,as n — 400, (1.9)
En

Tn

i1) |un(x) —log <C, Vi]z|<r, VneN; (1.10)

(1+ s We @l — 2 20+9))
for a suitable C > 0.

Remark 1.3. The assumption that u, admits uniformly bounded oscillation on 0B, is crucial
for the validity of (1.5) in Theorem 1.1 as well as (1.8) and (1.10) in Theorem 1.2, as discussed
in [28].

Our first contribution will be to show that (1.10) remains valid also when,
ap, = a € (—1,0), (1.11)

see Theorem 4.1. Although this fact is not surprising, its proof still requires some care in view
of the weaker regularity of the solutions in this case, and it has been included in section 4.

While, for a > 0, we observe that (1.10) implies that:
un(0) = maxu, + O(1), asn — oo, (1.12)
B

sup (up(z) + 2(1 + ayp) log(|z])) < C, VneN. (1.13)
By
In fact, it follows from the analysis in [30] (see Corollary 5.2.24) that (1.13) implies (1.12) and
moreover (1.13) always holds when «a,, = a ¢ N. On the other hand, for o € N, (1.12) may not
be satisfied (together with (1.13) and (1.10)) due to the richer structure of the solution set of
the planar ”singular” Liouville equation:

~AU = |z|**eV  in R?
{ f |$’206U < 400, (114)
R2
which occurs as the so called ”limiting” problem satisfied by the profile descibing u,, after blow
up. Indeed, in view of the classification result in [26] (see also [13],[14]) we know that, for oz € N,
every solution of (1.14) admits (in complex notations) exactly the following form:

U(z) = log T 2 2€C, (1.15)
(1+ safa 2 = €F)

for every 7 > 0, £ € C.

On the other hand, when o ¢ N, then (1.15) holds only with £ = 0 (to avoid multiple valued
solutions) and every solution of (1.14) is radially symmetric in this case. In other words (1.14)
admits non-radial solutions only if a € N.

In addition we observe that, for @ > —1, every solution of (1.14) must satisfy:

/ 2> eV = 8n(1 + a), (1.16)
R2
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which justifies (1.5). Furthermore, we can use (1.15) with,
a=NeN, 7=71,— 400, 0#& —0, and 7,|&,|> — 400, (1.17)

to obtain a solution sequence u,, of (1.14) with a = N (or equivalently of (1.1), with a,, = N € N
and W, = 1), for which there holds:
if z, : 2Nt = ¢, then, as n — oo,

xn — 0, and wup(z,)=maxu, = 1, = +00, (1.18)
n(0) = un(n) = —log (Tulza PN ) 4+ 0(1) = o0 (1.19)
un(xn) + 2(N + 1) log(|x,|) = log (Tn‘wn’2(N+1)) +0(1) - (1.20)

and therefore both (1.12) and (1.13) fail for u,, together with the pointwise estimates (1.10).
In addition, if we consider,

0n(@) = wn(|zal) + 2(N + 1) log(|a]), (1.21)

then we check easily that (along a subsequence) v, admits N + 1-blow up points (in the sense of
Brezis-Merle [9]) which (up to a rotation) coincide with the distinct N + 1-roots of the identity.
This will be our guiding example in the investigation of the blow-up behaviour of a sequence u,,
satisfying (1.1) and (1.5) beyond (1.10) To this purpose, we recall that in Theorem 5.6.51 of [30]
it has been shown that actually (1.12) is a necessary and sufficient condition for the validity of
(1.10), whenever a,, = a > 0, hence also when a € N. Thus, (1.12) and (1.13) are equivalent
(and always hold for 0 < a,, = a ¢ N), and by virtue of (1.19) and (1.20), we expect such
conditions to be formulated only in terms of the quantity: 7,&, = Tn.%'flv *1, Indeed,we show in
Corollary 2.4 below, that (1.12) (or equivalently (1.13)) fails, if and only if 7,2, |>®") — oo,
as n — +o00, or in terms of the notations in (1.7),

[Za] — 400, as n — 40o0o. (1.22)
En

In this situation, we prove that the following pointwise estimates hold:

Theorem 1.4. Let u, satisfy (1.1), (1.5) and suppose that (1.2), (1.3) hold with « = N € N.
Assume (1.22), with x,, and €, defined in (1.7). There exist (N + 1) sequences {&jn}j=1,.. N+1
such that

€nj — &, as n—4oo,Vji=1,--- N+1, (1.23)
and up to a rotation {&1,--- ,En41} define the distinct (N +1)-roots of unity, i.e. & # &, j # ¢
and §§V+1 =1, forany j=1,--- ,N + 1. Furthermore, by setting:

Zng = |Tnl§jm, J=1,--- N +1,
there holds:

up(z) — é‘fgg"““””“)(x)‘ =0 <1 + 4|y, — N|log <1 + ’|x||>> , Vx| <r, VneN,
L,
(1.24)
where -
USAT N ) () = log = lz| <7 (1.25)

27
N+1
Wn(0)T,
(1 + s e zj!2>
J:
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Remark 1.5. Notice that (1.24)-(1.25) imply for u,, an asymptotic behaviour analogous to that
of the explicit example illustrated above, in particular (1.19) and (1.20) hold for u, as well.
When o, # o = N (see assumption in (ii) of Theorem 1.2) then the pointwise estimate (1.24)

involves the error term: |a, — N|log (%), which concerns the behaviour of u, in the "neck”
region obtained after scaling the domain at a rate of lower order than |z,|. In general it cannot

1

) = O(1), as actually it occurs for

be avoided, although we may wonder if: |, — N|log

blow-up sequences satisfying the cosmic string equation (1.27) discussed below , see Theorem
5.10 and Theorem 5.11 for details.

Remark 1.6. In account of the example discussed above, it is natural to ask whether or not

N+1
in (1.25) it is possible to replace the product term: [[ |z — 2, j|> with (in complex notations)
j=1
x
|eN Tt — N+ 2 Clearly, when [l < C, then we can certainly use such a replacement in (1.10).

En
On the other hand, when (1.22) holds, to operate such a replacement in (1.25), it would require
to show that the sequence & ; in (1.23) should be (almost) Zn1-symmetric itself, in the sense
that, the well known identities valid for the k-th symmetric product of the (N + 1)-roots of the

unity, would remain valid for the (N + 1)-sequences {&n1,--+ ,&n,N+1} up to an error term of
e
order W) (n large), for any k = 1,--- ,N. For example for N = 1, this would require
En
that,
x
|€n|‘£n,1 + én,?‘ < C7 Vne N7 (126)
n

for a suitable constant C' > 0.

Such an estimate has been established in [3] for blow-up solutions of a planar elliptic problem
obtained (after stereographic projection) from solutions of a mean field equation on S%. Actually,
in [3] the authors show a much stronger property, namely that &1, + o, = 0, for any large
n € N, a fact which we believe true also for blow-up solutions of the cosmic string equation
(1.27) considered below. In this respect, we refer to Remark 7.5 in [31] for more details,.

More precisely, in the construction of cosmic strings, one is interested to characterise the set of
B > 0 such that the equation:

—Au = |z[Net + e in R? (1.27)
admits a solution u satisfying:
1
8= 27T/(|gc|2Neu ey, (1.28)
R2

see [24], [31]. From the analysis in [24], [31] we know that, except for the exceptional value
a = ﬁ, where (1.27)-(1.28) is conformally invariant and 8 = 4(N + 1) (see also [12]) , for
a # ﬁ this is no longer the case, and so far the solvability issue for (1.27)-(1.28) is fully
understood only for a restricted range of parameters a > 0 and N > —1, or in the radial setting.
On the other hand, it is known that (1.27)-(1.28) admits non-radial solutions (for suitable choices
of the parameters: a > 0, N > 0 and () which also exhibit a blow up behaviour, see [31]. Thus,
to understand the solvability of (1.27)-(1.28) beyond the radial framework, it is necessary to
grasp the blow-up behaviour of (possibly non-radial) solution sequences of (1.27)-(1.28). This
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task has been recently carried out in [31] according to different choices of the parameters a > 0
and N > —1. In particular, the analysis of [31] indicates possible ranges of B's where one can
exclude the presence of non-radial solutions, in the same spirit of [3]. In this direction we mention
that, for a sequence u,, satisfying:

—Au, = |z|?Netn 4 e®™nin R2,
(1.29)

Bn = (Jz|?Nevn + e@n) — 4(N +1),as n — +00,
]R2

from [31] we know that necessarily a > TESY) and w, must blow-up, possibly at infinity. To be

N+1)
more precise, let us start to describe what happens when in (1.29) we take N ¢ N.

Lemma 1.7 ([31]). If -1 < N ¢ N, then (1.29) holds if and only if either

1 1
1) —<a< sup u, — +oo and sup {u, + By log(|z])} = —o0, Ve >0,
(1.30)
as n — 400, or,
(11) <a<1l sup uy, - —o0 and sup {u, + Bylog(|z|)} — +oo, ¥V R > 0, (1.31)

N+1 le|<R e[>R
as n — +o0.

We can better interpret (1.31) by setting:

n(2) = Un <ﬁ2>+ﬁnlog<| ) (1.32)

so that u, extends smoothly at the origin and satisfies:

—Au, = |x\/\"ea" + \:U|7"e“a" in R2,
(1.33)
Bn = o= [ (lz[Pre + |z me®@) — 4(N +1), as n — 400,
RQ
where A\, = B, —2(N +2) and v, = aff, — 4. Furthermore, (1.31) can be stated equivalently as
follows:

max U, — +0o

|z|<e

sup {uy, + B log(|z])} — —o0,as n — 400,
|z|>e

(1.34)

Ve>0.

In other words, for 0 < N ¢ N, Lemma 1.7 states that: either w, (when m <a< ﬁ)

or u, (when ﬁ < a < 1) admits the origin as its only blow-up point. See [31] for details.
Such blow-up behaviour agrees exactly with that described in [24] for radial solutions, and it
has motivated us to establish the following:
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Theorem 1.8. Let 0 < N ¢ N, there exists g > 0 such that for m <a< ﬁ and
B e (4N +1),4(N +1)+eo) or for ﬁ <a<1landpBe (4N +1)—ep,4(N + 1)), problem

(1.27)-(1.28) admits a unique solution which is also radially symmetric.

The symmetry result of Theorem 1.8 is sharp, since from [24] it is possible to exhibit values of
a € (%, %), 0<N¢Nand g = % corresponding to which problem (1.27)-(1.28) admits both
radial and non radial solutions.

More precisely, we show (also when N € N) that any sequence u,, satisfying (1.29) is necessarily

radially symmetric provided that,

for z, € R? : uy(z,) = mMax tn, there holds: \:L‘n\Q(NH)e“"(‘”") — 0, a8 n — +00.  (1.35)
R

See Theorem 5.8.

As before, we shall show that, when N ¢ N, then (1.35) is automatically satisfied. More generally,
we shall provide a profile estimate for u, of the type (1.10) under the more general assumption
that |z, [2N*tDetn(zn) < O (please compare with (1.13)). We refer to Theorem 5.10 for details.

Again we are left to analyse what happens when

|2V D gun(@n) oo (1.36)

which can occur only if N € N. To this purpose, we start by observing that when N € N then
(contrary to Lemma 1.7) we can only claim that the blow-up set S of u,, and the blow-up set S
of u,, satisfy: S # (0 if and only if 0 ¢ S, and so in principle the origin could be a blow up point
for u, or for u, regardless on whether m <a< ﬁ or ﬁ < a < 1. Thus, to provide
pointwise estimates analogous to (1.24) we need to be more specific about this possibility, and
SO we assume:
. 1 1 3
lfm<a<m, then 0%5,
(1.37)

ifﬁ<a<1, then 0¢S.

We prove the following:
Theorem 1.9. Let u,, satisfy (1.29) and assume that (1.36) holds with x, € R? : wu,(z,) =
MAX Uy, Then N € N and there exists (N + 1)-sequences {&;n}j=1,.. N+1 such that
R
§nj — &, as n— 400, Vji=1,--- ,N+1, (1.38)

and (after a rotation) {&;}j=1... n+1 define the distinct N + 1-roots of unity.
Moreover, for e > 0 sufficiently small and vy,(x) = up(|xn|z) + 2(N + 1) log(|z,|) we have:

vn(én,j):énax)vn%—i—oo, as n—+oo,j=1,--- JN +1.
e\sy

Furthermore, if (1.37) holds, then for z, ; = |zn|&n; we have:

(Bn — 4(N +1))log (1> — 0, as n — +o0, (1.39)

||
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and,

elin (zn)

up(z) — log

— 1 _ . < 2'
+ (Bn —4(N + 1)) (log (1 +g:1f-1-1~1,111\/+1 x sz])) <C,zeR

( ) N+1
(1 + e 17 = 2nl%)

(1.40)
In concluding, we mention that the information about the Z y 4 1-symmetry of the blow-up points:

& j=1,---,N+1,of v, in (1.23) and (1.38), relies upon a Pohozaev type identity, which allows
one to obtain (in complex notation) the following (N + 1)-identities:

N+1
26 )
J#i,j=1
At this point, one can show that,
(1.41) holds if and only if {&1,- -+ ,&En+1} define the (N + 1)-roots
of the value (—1)N& & - Eny1 # 0.

1 JE—
&—&

N, Vi=1,---,N+1. (1.41)

(1.42)

Acknowledgments: It is a pleasure to express our gratitude to R. Tauraso and C. Pagano,
from whom we learnt [22] a nice proof of (1.42), which we have included in the Appendix.

2. PRELIMINARIES AND FIRST ESTIMATES

We will denote by C' > 0 a suitable positive constant possibly depending on the given data
and whose value may change even from line to line. Furthermore, we use the notation of O(1)
to denote a quantity uniformly bounded from above and below, with respect to the variables
considered (e.g. n € N, x € R? etc..). As usual, we let B,.(z0) = {x € R? ||z — 20| < } the ball
with center o € R? and of radius r > 0.

We recall from [9] that, for a sequence u,, defined in a domain Q C R?, a point xo € 2 is called
a blow up point for u, in Q, if there exists a sequence of points {yx} C Q : yp — xo and a
subsequence uy,, such that,

Un, (Yr) = +00, as k — +oo.

The following Lemma is essentially proved in [2].
Lemma 2.1. Let u,, be a sequence of solutions of (1.1),(1.2),(1.8). For r, > 0, define
Vp(2) = Un(rnz) + 2(1 + a)log(ryn), |z <7yt (2.1)

satisfying:
—Av, = |22 W, (rp2) €V, in {|2] <t (2.2)
By passing to a subsequence if necessary, for any 0 < R < rr;! the blow up set Sg of v, in Bg

is finite. Moreover for any compact subset Qg C Bgr \ Sgr, there exists a constant Cy (depending
on Qo, R, co, c1) such that,

[vn(21) — vn(z2)| < Co, V {21,22} C Qo.



To simplify notations, and without loss of generality, we let
W,(0) = 1. (2.3)

We start our discussion with the following important information about the blow-up behavior
of u, in the situation where (1.22) holds.

Lemma 2.2. Let uy, satisfy (1.1) and assume that (1.2), (1.5) and (1.5) holds with o« = N € N.
If there exists {yn} C By : u(yn)+2(an+1)log(lyn|) — +o00, then there exists a constant d > 1
such that:

— <l g ¥neN (2.4)

In particular, for any € > 0, there exists C. > 0 :

sup {un(x) +2(an + 1) log(|z])} < Cc, Y n €N, (2.5)
(1+e)di|zn|<|z|<r
and,
|22 W, (x)e" — 0, as n — +oo. (2.6)
2d1|zn | <|z|<r
Proof. We start with the following:
Claim: along a subsequence:
Un () + 2(ay, + 1) log(|zn]) — +oo. (2.7)

To establish (2.7) we argue by contradiction and assume that,

Un(Tn) + 2(an + 1) log(|zy,|) < C, (2.8)

with suitable C' > 0. From (1.5) we know that necessarily |y,| — 0 and so uy,(y,) — +00. As a
consequence, also uy(z,) — +oo. We define,

Un(x) = un(en®) — un(vn),
which satisfies,
—AU, = |z]? W, (epz)e, in {|z| < re,t},

U(%) =0 =maxU,,

a'"/
= [ |z Wy(enz)elU — 4(N +1),as n — +oo,
{lz|<ren'}

Tn

and from (2.8) it follows that < C. As a consequence (along a subsequence): U, — U,

En
uniformly in CZ , with U satisfying (1.14). Therefore, from (1.16), we see that for any § > 0 we
find R = R(0) > 0 such that for large n € N we have:
1
= / 220 W () ¢ > (a4 1) — 0. (2.9)
T

{lz|<Ren}
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On the other hand, by considering v,, in (2.1) with 7, = |y,| we find that

Up, <yn> — +00, as N — +00;
Yn|

Yn_

oo Tynl

and so, along a subsequence, v,, admits a blow up point yg = hrn in the unit circle.
n—

Therefore we can apply Theorem 1.1 to the sequence vy, (z + o) w1th an, =0 and

20,
Wm(x):Wn( <x+)>‘ I in By,
|Yn| |Yn| 2
and conclude that, Ve > O:
1
o / |22 W, (z) e¥n — 4, as n — 4-o00. (2.10)
T

{lz—yn|<enlynl}

n) un (Yn)

Since = |yn |62(1+an> > |yple20+en) — 400, as n — 400, we see that, for large n € N,
B, 1y.|(yn) N Bre,, =, and in view of (2.9) and (2.10) we get a contradiction to (1.5). So (2.7)
is established.

lyn| _
En

Next, to establish (2.4), we argue by contradiction and on the basis of (2.7), assume without
loss of generality that, along a subsequence,

|ynl

— 0, as n — +o0. (2.11)
||

Now we consider v, in (2.1) with r = |x,|, namely
Un(2) = up(|zn|2) + 2(1 + ap) log(|zn|), 2z € Dy :={|z] < r|xn|_1}.

satisfying:
—Avy, = |22 W, (2) e, in D,

[ 122 Wi (2) €' — 4(N +1),a8 n — +oo, (2.12)

with Wy ,,(2) = Wy, (|zp|z). Since by assumptions u(yy,) + 2(ay, + 1) log(Jyn|) — +o0, in view of
(2.11) we find that,

Up, <|in‘) (yn) + 2(Oén + 1) log(|yn!) + Q(Oén + 1) 10g (|yn||> — 400, as n — 400,

Yn

and o] 0. In other words v,, admits a blow up point at the origin. Thus, in view of Lemma

2.1, we are in position to apply Theorem 1.1 to v,, and for ¢ > 0 sufficiently small, conclude
that:

1
o / |22 W (2) €Vn — 4(N +1),a8 n — +00.
T

On the other hand, v, (

point also at zp := lim E
n—-+00

|> — +00, and therefore (up to a subsequence) v, admits a blow up

X

|xn
T and |zo| = 1. Therefore, as above, for ¢ > 0 sufficiently small, we
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conclude that:

1
o / 2|29 W (2) €V — 4,88 n — +00,
T
B:(z0)

and this is impossible, by virtue of (2.12). As a consequence (2.4) and (2.5) holds. In other
words, we have verified that, for € > 0 sufficiently small, the following hold for w,,:

Un(xn) + 2(ay + 1) log(|zy|) — +00,a8 n — 400,

sup  {un(x) + 2(an + 1) log(|z))} < C, Vn €N,

|z <2e|zn|
sup {un(z) +2(an, + 1) log(|z])} < C, Vn €N,
(1+e)|@n|di <|z|<r

and so we can apply Proposition 5.5.45 of [30] to conclude that,
|z 2 W, (z) €% — 0,as n — +o0,
2d1|zn | <|z|<r
and we obtain (7). O

Remark 2.3. As we know from [28] (see also [30]), in general properties (2.4)-(2.5) fail when
we remove the assumption of uniformly bounded oscillation of u, on 0B,.

As already discussed in the Introduction, from Lemma 2.2 we readily derive the following:

Corollary 2.4. Under the assumption above there holds:
— = 400 <=  sup {un(x)+2(an +1)log(|z|)} = +o0, as n — +oo. (2.13)

n 0<|z|<r

Proof. Clearly if (1.22) holds then necessarily

sup {un(z) + 2(an + 1) log(|z])} > un(xn) + 2(an + 1) log(|zy|) — 400,88 n — +o0.
o<|z|<r

Viceversa, if there exists yn, € By : Uy (Yn) + 2(ay + 1) log(|yn|) — +00, then we can use Lemma
2.2 to see that necessarily,

Un () + 2(ay + 1) log(|zy|) — +00,a8 n — 400,

|20

or equivalently o = F00, as claimed. O
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3. THE PROOF OF THEOREM 1.4
Throughout this section we let w,, satisfy (1.1) with,
ap, > a=NeN, (3.1)

and assume that (1.2), (1.5) and (1.7) hold. Furthermore, by replacing u,, with u, (5z) +2(o, +
1) log (2) we can assume for simplicity that,

r=4. (3.2)
As above we define,
Un(2) = up(|lznlz) + 2(1 + ap) log(|zyn| ), 2z € Dy := {|z| < 4|xn|_1} ,

which satisfies (2.12) with Wy, (2) = Wy, (|zp|z). In view of Lemma 2.1 and Lemma 2.2 the
following holds for w,,.

Proposition 3.1. There exist (N + 1) sequences {&jn}nen, j € {1,---, N +1} such that (along
a subsequence) we have:

i) &in — &y vn(&n) = +00, as n — 400, (3.3)
and v(&n) =v(&in) +0(1), as n— +oo, Vje{l,--- ,N+1}
N+1
i) |22 W (|2n|2)e — 87> 0, (3.4)
j=1

weakly in the sense of measures on compact subsets;

iii) For e > 0 sufficiently small and a suitable constant C' > 0 there holds:

evn(fj,n)
vn(2) — log 5 5| < Cr, (3.5)
(1+ S Walealéin)lz — &nl?)
Vzilz—=¢&|<e Vje{l,--- ,N+1}
Proof. According to Lemma 2.2, we know that,
sup  {vn(2) + 2(an + 1) log(|z])} < C, (3.6)

4
2d1§|""§m

and the blow-up set S of v, is not empty and it is contained in the annulus {ﬁ < |z| < 2d1}.

Thus, by setting S = {&1,--- ,&m}, m € N, for g9 > 0 sufficiently small, we can consider:
§jn € Bey(&5) = v(§jm) = max v(z), (3.7)
Beo (5])

and obtain that (along a subsequence):
&im — &y vn(&in) — +00, as n — 4o00. (3.8)

Furthermore, as already observed in the proof of Lemma 2.2, we can apply Theorem 1.1 and
Theorem 1.2 to v, with o, = 0 and conclude that,

2|20 W (|2 2) e — 8mde; s (3.9)
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weakly in the sense of measure in B.,(&;). In particular (3.5) holds in B.,(¢;) for any j €

{1,---,m}. Moreover, from (2.6) of Lemma 2.2, we know that,
|22 W, (|| 2) V7 = / |22 W,, (z) e¥n — 0, as n — +o0,
2d1 <|z|<4|zpn |t 2d1 |xn|<|z|<4

and therefore

1
o / 122 W (|| 2) €V7 — 4(N + 1), as n — +oc. (3.10)
T
|z|<2dy
_ N+1
Thus, by simply using Lemma 2.1 for v, in Qg = Bagq, \ U B, (&), by (3.5) we find that
j=1
max vy, = —vp(&1,0) +O(1), as n — +o0, (3.11)
0
and in particular,
e'Un(fj,n)
ol ):O(l),as n—+oo, Vje{l,--- ,N+1}. (3.12)
evn n

Consequently, by (3.9) and (3.11), we find:

1 1 «
— / |22 W, (|| 2) 72 / |22 W, (|| 2) ¥ | +0(1) — 4m, as n — +oo.
27 s
|2I<d I=1\ lo—¢51<e0
Therefore from (3.10), we get that m = N + 1, and in this way also (3.4) is established. O
Remark 3.2. Since v, <|;—Z|> = maxvn — 400, without loss of generality, we can assume
(along a subsequence)
i = In o, &1, as n — +00. (3.13)
|25
Therefore, by setting
x
Wn, = Up, (\xn\) = up(zn) + 2(an, + 1) log(|z,)), (3.14)
n
and
ewn
Un(z) = log L (3.15)
o N+1
2
) (o

as an immediate consequence of Proposition 3.1 and (3.11) we obtain
Corollary 3.3. For every R > 2d; there exists a constant Cr > 0:
|vn(z) = Un(2)| < Cr, VY |z| <R. (3.16)
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Our next task is to control the behavior of v, in the region {x € R? : 2d; < |z| < ﬁ}, beyond
the estimate (3.5).

To this purpose, we exploit the uniform bounded oscillations of u,, on 0By, which enables us to
obtain a Green’s representation formula for w, in By, as in [8], [2] and [28]. From [2] and [28] we
know that a ”sup+inf’-type estimate holds for u,, in By, in the sense that there exists a suitable
constant C' > 0 (depending only on the given data) such that,

max iy, + min u, = maxu, + minu, < C,
By 9By By Bs

see [2], [28]. In other words,

min u, = —up(zy) + O(1). (3.17)
OBy

On the other hand, from (3.11) and (3.13) we also know that,
Un(0) = —up(x,) + O(1), (3.18)

and consequently &, (x) = u,(x) — u,(0) satisfies:
— A&, = |z W, (z)e"  in By
|€n(z)| < C on 0OBu.
Therefore, we can use Green’s representation formula for &, in B4 and conclude that,
1 Y o
Up () — un(0) = 5= /log ( g > |3/|2 "Wa(y) eun(y) dy + ¢n() (3.19)

27 lz —yl
By

with ¢, a smooth function uniformly bounded in C2_(B4) N C°(By). After scaling, an analogous
representation formula can be derived for v, as follows:

1
Un(2) = 0(0) + — / tog (1Y) (g2 W () ¥n 3 dy + 6 (Jeal2) = (3.20)
2 |z =y
1
et on / tog (2 [y2 Wi () € ®) dy + gu(fenlz) + O1),  (3.20)
27 |z =y
and in particular,
1 z—
Vn(2) = —%/ = yy\ 2220 W () €9 W) dy + |2, V(|2 2). (3.22)

Thus, by setting:
M, = / |2 W, () e @) diz,
By
we can argue exactly as in [2] or [28] (see Lemma 5.6.54 in [30]), to show that

M 4
Vn(2) +wn + =—loglz|| < C, 2d; < |z| < —, (3.23)
27 |z |
and
M, =z C drg
\Y — | < —, 2d; < < —= 3.24
‘ un(2) + or 22| = 22 1< 2] < ENE ( )
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for n large enough, 79 € (0,1) and a suitable constant C' > 0. Details about (3.23), (3.24) can
be found in Lemma 4.4, which deals with the more delicate case where o, — a € (—1,0), see

also Remark 4.3.

Next we provide the following useful estimate about the rate of convergence of M,, towards

8(N +1).
Lemma 3.4.

1 -1
|M,, —87(1 + ap)| < C (log <x>> ,  as m— —+o0.

0]

Proof. In view of (3.23) and (3.24) we have

() = O(1) — w1 ];i; log <|xl|> + (2(1 +an) - 1;4:> log (@)

M, =x T
Vup(z) = ————75+0 (W) ,

27 |z|?

in R|zy| < |z| < 3 which we use to analyse the Pohozaev identity on the shrinking ball

1
Buo = {m < || log (w) } ,

/ <(V, Vup)(z, Vuy,) — %(az, 1/)|Vun|2> + / |x|(2°‘"+1)Wn eln —

0Bn,0 0Bn,0

and

that is

[ e O w,) e
Bn,O

By using (3.26) we can estimate each term in (3.29) as follows

Iy = / (22 W, + 2 - V(P W) e =
Bn,O

/(2 + 200 |22 W, e+ I o = 2(1 4 ) My, + Iy o,

B
where
I = / (2 + 20 ) 2> W etn + / (- V(log(Wy))) |z W, etn,
Bl\Bn,O Bn,O
satisfies
2(1+Otn) 20
€ Mp _ x
|Il,n,0 §C<|xn‘> |$n| 52 —2(1+an) / ’ ‘Min da—+
n ‘[L‘| 27

Bl\Bn,O

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Mp,

1 - u cn 2(14+an) 1 — 52 4+2(1+an)
|z | log | — |z|* Wy e < C | — log | — +
|Zn| 5 £ ||

n,0

1 1) e
Clzp|log <\x\> <C <log (W)) ,as n — 400.

Concerning the last term in (3.28) we find

|| Gt ethn = (3.31)

8Bn,O

1 2(1+amn) £, 2(1+am) T M _2(1+an)
o (lmox (7)) () - w "
n n 27
(1zal1og (%))
1 —(1+an)
C (log <||)> ,as n — +oo.
Tn

Concerning the first term in (3.28) we can use (3.27) to find, after a lengthy but straightforward
calculation that,

/ <(y, V) (2, Vi) — ;(:L‘71/)|Vun|2> _ (3.32)

8Bn,()

M, \* 1 M,\? 1\\ "
2r( — | — 27| =—) +O(log | — ,as n — +00.
27 2\ 27 ||

At this point, by using (3.28), (3.29) together with (3.30), (3.31), (3.32), we obtain
Mo 2 1 -1
s <n> +0 <log <>> =214 ap)M,, as n — +o0,

27 |z
and (3.25) is established. O
Proposition 3.5. For any R > 2d; there exists a constant Cr > 0 such that
[vn(2) = Un(2)| < Cr(1 + 4|an — Nl[log(|z])]), ¥ R < |2] < dfan| " (3.33)
Proof. At this point (3.33) is an easy consequence of (3.23) and (3.25). In fact we have

|vn(z) +wp +4(1 4+ N)log (|z]) | = (vn(z) + wp + % log (]z\)) +

(50 1o D) — 401+ a0 1)) + (401 + ) o (=) ~ 41+ ) o (1) | =

O(1 + 4o, — N[log(|2)]), V¥ R < |2] < 4faa| ™,
and the proof of Proposition 3.5 is completed. O

Finally, we are left to show that the blow-up points of v, given by: {{1,- -+ ,{n+1}, define, after
a rotation, the distinct (N + 1)-roots of the unity. To this purpose, we start to establish the
following,
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Lemma 3.6. For any R > 2d; and € > 0 sufficiently small let D . = {z € B\ UN+1 B. (Q)}.

There holds:
N+1

max |V, (z) + 4 Z P § ’2 — 0, as n — +o0. (3.34)
Y

DR,s

Proof. By using (3.22) we see that
Vun(2) = Ini(2) + In2(2),

where

1 z—
Ta®) = =52 [ ZoallWin() €%, and o) < Claal, V2] < R

Concerning I, 1 we can use (3.4) in order to estimate,

N+1

z—&; 1
@Y SoSle | [ e ) ey | o) <
=t 2R<Jy 4]
C / ly[?*m eVn dy | +o(1), as n — +oo.
2R< |y|<Alzn|~?

In view of (3.23) we easily check that, i ly[?9n e¥n dy — 0, as n — +o0, and (3.34)
2R<y|<Afzn |~

is established. O

On the basis of (3.34) we have:

Lemma 3.7. Let {&1,- -+ ,&n+41} be the blow up set of vy, in (3.3), then
N+1

§
—9 . Vie{l,---,N+1). 3.35
Ve J%sz g e H 339

Proof. The proof is based on the following well known Pohozaev identity around each blow up
point:

1
/ ((V, V)V, — Q\an\zv> + / 2|22 Wy o (2) €Vny = (3.36)
9B (&) OB (&)
/ V (|22 Win(2)) e¥n, (3.37)
B:(&5)

for any € > 0 sufficiently small. There is no loss of generality in assuming ¢ = 1 so that we are
reduced to prove that,
N+1

w: Z\sl EF (3.38)
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We pass first to the limit in (3.36), (3.37) as n — +oo, and then as € — 07. Indeed, by using

Lemma 3.6 and since v = é:g', we find:
li Vu,)V Liuf2r) =
Jm (v, Vo) Un—i\ vV | =
835(51)

2

LR R HCE AN PR LN G-6)) =-a _
/ el 2 el g 4Z|z—€l2 SR Fral

B-(&1) i=1
2
N+1 N+1
z—& (z = &)) z—§& (2 = &)
16— + 32 + 16
( |z —&1f3 Z |z = &llz — &2 |z — &1 ZQ |z — &/
835(51) j J
2
N+1 N+1
1 / =& (z = &)
- 6—— +32 +16 ET N
2 ( |Z—€1|3 Z |Z—€1||Z—€g|2 |z — &1 Z_; |z — &/
0B:(&1) J
N+1 Z—g N+1 2
8 / 2 + ! : 3.39
2 |z—5lr|z—sj|2 =& Z rz—w (3.39)
335(51)
where we have used that,
z—&1
—— =0. 3.40
/ |z = &3 (3.40)

0B. (51)

At this point we pass to the limit as € — 07 and conclude, after a lengthy but straightforward
calculation, that:

NAL o g
. . 2 o Sl TS5
EILI(I)lJr ngrfoo / ((V Vu,)Vu, — 7|an| ) 327 Z I (3.41)
838(51)
Moreover, by using (3.9) for the second term in (3.36), we have:
/ 2|29 Wy (2) €¥nr — 0, as n — +00. (3.42)
0Bc(&1)
Finally, we write
/ V (|22 Wy p(2)) ¥ = 20y, / é]z\%‘”wl,n(z) eVnt (3.43)
Be(&1) Be(&1)
|| / (Vlog(W1 ) |22 W1 n(2) eV — 1671'N|§1’27 as n — 400,
1
BE(fl)
(where we have used (3.11)) and (3.38) follows. O

Corollary 3.8. After a rotation, {&1,- -+ ,En+1} define the (N + 1)-roots of the unity.
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Proof. From (3.13), we know that |{1| = 1 and so, after a rotation, we can assume that &; = 1.
Moreover, in view of (3.38) and (1.42) (proved in the Appendix) we also know that the points
{&1,--- ,En41} provide the distinct (N + 1)-roots of n = (=1)V¢1&a -+ Eny1 # 0. Since & = 1,
then necessarily n = 1 and the desired conclusion follows. O

At this point the conclusion of Theorem 1.4 easily follows simply by scaling back to w, the
results established above. O

4. THE BUBBLING BEHAVIOR OF u,: CASE « € (—1,0).

In this section we prove the following

Theorem 4.1. Let u, satisfy (1.1),(1.4),(1.2)-(1.3). If a € (—1,0), then % — 0 and (1.10)
hold.

As mentioned in the introduction, the idea of the proof is the same as in [2] with some tech-
nical modifications where we take advantage of an improvement introduced in [30]. We will be
very sketchy about those parts which can be recovered as a straightforward adaptations of the
arguments provided in [2], [30].

Proof. In view of (1.7) we have |z,| — 0 and &, — 0, as n — +00. Moreover, in view of (1.5),
for any fixed a € (—1,0) we can assume that

[ lsPVate) et < 87— g, (4.1)
B3

for some 9, € (0,87|a|). Let Uy : R?2 — R be defined by

1
Ua (y) = log 99

(1 + mmz(lﬂx))

The next proposition is the analogue of the results established in Step 1 in [2] in case a,, = a €
(0,400) \ N. The blow up argument used there has to be modified in this situation where we
take advantage of the more recent result established in [7].

Proposition 4.2. It holds
(i) lim k=l —o,

n—+oo &n

(ii) wn(y) converges to U, in CL (R?) N Wi’g(RQ) NCE.(R?\ {0}), for any q € [1, ).

loc > af

where

Wn(Y) = Un(Eny) — un(2n), |yl < 45;1' (4.2)
Proof. To prove (i) we argue by contradiction and assume that, along a subsequence,
Pl S o vren. (4.3)
Eny,

In the rest of the proof of (i) we will freely pass to subsequences which possibly will not be
relabeled. For any z € Ay := {z € R? |z, + |z, |2 € Ba} let us define

ak(z) = Uny, ($nk + ’$nk|z) + 2(1 + Oz) log |$nk|
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Then 4, satisfies
2a

W (xn, + |Tn,|2) ek in Ay,

Tn

‘xnk’

—Adyy, =

In particular, in view of (4.1) we have

/

k

2«
.'Enk

|Zny, |

42| V(tn, + 7o |2) e < 81— 9, <87, VEkeN. (4.4)

Hence, along a subsequence, the standard blow up analysis of Brezis-Merle and Li-Shafrir applies
to 4y in B, for r € (0,1) and in view of (4.4) allows us to conclude that the origin cannot be a
blow up point for . In other words, there exists C' > 0 such that

Uk (0) = up, () +2(1 + @) log|zp, | < C, VEkeN. (4.5)
Thus (passing to a subsequence if necessary), in view of (4.3), we can assume that,
—Ime gy € B2\ {0}, (4.6)
Eny,

Let us define @y (2) = up, (Tn, + ny,2) — Un, (Tn, ) in Dy = {z € R? |z, + ep, 2 € Ba}. Then

2c

V(zn, +eng?) Wk in Dy,

and

Wk (z) < wg(0) = 0.
Since the above mentioned concentration-compactness results, and more specifically Theorem
2.1 in [7], applies to wy in Br(yo), for any R > |yo|, we conclude that wy is uniformly bounded

in Br(yo). At this point, by a diagonal argument, we find a subsequence of @y which converges
- 2, - .
to w in CP (R?) N W2{(R?) N CE(R?\ {0}), for any ¢ € [1, ‘%'), and w satisfies

( —Au?:\z—y()]mew in R?,

J 12 = yol* e < +oo, (4.7)
]RQ

[ w(z) <w(0) = 0.
By the results in [26], and in view of (2.3), we know that

- 1
w(y"i'yO) = log 2

(1+ srrkaply20+)

and we see that the last condition in (4.7) can be satisfied if and only if yo = 0, in contradiction
to (4.6). Hence (i) holds, and we can use the arguments above for

. In
wnlo) = i (- 22).
to establish (7). 0
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Let
M, ::/]x|2a"Vn(x)e“”
By

and recall that in view of (1.3) and (1.5)

M, =8n(1+ ay,) +0(1), as n — +o0. (4.8)
For later use we also recall that
/\y|2an — 8r(1+ ). (4.9)
R2
Let 7, be defined as
M,
yn:§—2an—1:3+2an+o(1), as n — 400. (4.10)

Remark 4.3. Lemmas 4.4 and 4.5 below show the main differences with respect to the estimates
in [2]. Since in that case o > 0, then, in the the corresponding version of Lemma 4.4 (see
(3.12) and (3.13) in [2]) one always finds the number 2 replacing min{~y,,2}. The point is that
Y gets close to 17 as a N\, (=1)". A similar problem shows up in the decay of the quantity

|y|2en ew”(y). As a consequence, some terms which was negligible for a > 0 in the analysis
of the first PohoZaev identity (see Lemma 4.5 below) cannot be neglected. Actually this point is
crucial to the understanding of the rate of convergence of M, — 8m(1 + «v,). This is why the
situation where o € (—1,0) is slightly more subtle. However we will take advantage of a refined
arqgument adopted in Lemma 5.6.54 in [30] which makes the proof simpler.

Lemma 4.4. For any n large enough, we have

M, 4
wa(y) + 5 ~loglyl| <€, 3 <yl < —, (4.11)
and o
M, vy 3
Vw, — ———— 4+ 0(g,), 3< < —. 4.12
Vun) + e | € iy + O, 3<hl< S (1.12)

Proof. We will denote by O(1) various quantities uniformly bounded with respect to n and
x € By in C%-norm and by C various uniform and positive constants which may vary even from
line to line. By using the Green’s formula, Proposition 4.2 and (4.9) as in (3.11), (3.17) in [2] or
either as in Lemma 5.6.54 in [30] we find that,

1
wa(y) = — og | 2L ) 2P W(ens) en (s +0(1), ¥ [y < 4e=t, (4.13)
2 Jyz<y T\ ly — 2l

and in particular we obtain the following property for w,:
for every small o > 0, there exists R, > 4 and n = n, € N, such that,

My,
wp(y) < — <2ﬂ_ - O'> In|y|+ O(1), V|y| > 2R,, Vn >n. (4.14)
In view of (4.8), then (4.14) implies that
o C C
12200 W (£,2) e (2) < e VY |z| > 2R,, (4.15)

ik
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for any n large enough. We continue to use (4.14) to refine our estimate. In view of (4.10), for
any a € (—1,0) we can choose 0 = o(«) > 0 sufficiently small in (4.14) to guarantee that

Yo —20>1, VYneN. (4.16)

Thus, we may conclude that,

/ o (|2 |22 W (en2) ey < €, ¥n € N, (4.17)
(1<)
We will use the following inequality

lyl|2| 1 * 1
log < 2|log |2|| + (log | —— +1log(2), Y|yl >3, V|z| < —, 2 #y, (4.18)
ly — 2| ly — 2| En

whose proof can be found in (5.6.34) in [30]. By using (4.13), (4.15), (4.17) and (4.18) we obtain

M, z
‘wn(y)+log|y]' < 271/ ) log< |y! | )
(a1 L) ly — 2|

1
/ llog ||| |2]22" W (enz) €¥n(£)dz + € log(
™ Je< 2y {ly—=I<1}

|22 W (£,,2) eWn(2) g, 4+ 0 <

)dz-l—C'SC’,
ly — 2|

for any 3 < |y| < i In particular this proves (4.11) so we readily deduce that

0(1) 1
< < — 4.1
herr VBSII< (4.19)

|2 W () €n(2) =
for any n large enough. Concerning (4.12), we first use Green’s representation formula to obtain,

M, y 1 Yy y—=z 2 wp(2)
Vwn(y +:/ {_}Z%W%Z@” dz + O(en),
W) o WE = am e \BE Ty —ap g TV ED) (&)

where 3 < |y| < % Notice that

y y—z lyl
v < ,WMZS,Vz#yeDuz{w—d< }
lyl>  ly—=z| = |y — 2| 2
Next, we will use the identity
y y—z |2| { Iy}
— = = , Y0yl >3, Vz : S |ly—z| > 4.20
W B Tl —a v—zl= (4.20)

By using (4.20), for any |y| > 3 we find,
v y—z | [ 12l
Wyl ly =2 lylly =2~y

On the other side, if |y| > 3, then |z| > 2|y| implies |y — z| > %‘ and then (4.20) shows that

Vz€eDy:= {|y—z| > ‘y’}ﬂ{|z| < 2|y|}.

y y—z |2| 2 { rm
= - = <, VzeDg=qly—z> N{lz] > 2y[}.
2 ly =z lylly—=2] ~

3
Therefore, for any 3 < |y| < =, we have

M, y
\V4 -n_J
’w“”+2wwv

< In,l(y) + In,Q(y) + In,?)(y) + O(€n>7



where 5 )
Ta) = 5= [ gl Wien) el
Dy 1Y —
1 z
Lo = [ e cnas
Do
1 L 20 wp(z)
Ins(y) = g mM "Wienz) e m\*)dz.
D3
By using (i) in Proposition 4.2, (4.16) and (4.19) we obtain
C C | 2| C 3
< = 4 = <= <yl < =
haW S (Etin [ et S g YIS
{3<[z[<2ly[}
and C C c 3
Inaly) = 7o T S s V<<
{l21>2]y[}

23

On the other side, since z € D; implies |z| > h;—‘, then by using (i7) in Proposition 4.2 and (4.19),

we see that

1 C C 1
Inqi(y) < / dz < / dz < ,
" D, [y — 2| |z tt ly| 7+t Jp, ly — 2] [y

for all 3 < |y| < %, as claimed.

Let us define
on = min{v,, 2},
and let 7,, be any sequence of strictly positive numbers. Then we have

Lemma 4.5. There exists a constant C > 0 such that

1 _T"(Qn_l)
Proof. Scaling back to u, and using (4.11) and (4.12) we find

M,

up(z) = %log|31:| + [2(1 +ap) — ];47:} <log <Eln>> +0(1),

and

Vuy(x) = My 2 +0 ((En)@nl + 1> ,

2m |zf? |[en

for any 3 < |z| < % We use the second Pohozaev identity in the region

By {m e <1og (1))} |

that is

| Rl + oV (aPoVa@)] @ @do - [ o i@ et @as

n Bn

dun > 1 9
I [(8) - 2%,

do.

(4.21)

(4.22)

(4.23)

(4.24)
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Since a € (—1,0) then Vu, is not continuous near the origin. Therefore one should first show
that such an identity, well known in the smooth setting, still holds in this case as well. The proof

of this fact is rather standard and we sketch it in the Appendix, see section 7.

Substituting (4.22) and (4.23) in both sides of (4.24) and recalling (i7) in Proposition 4.2 and
(4.10) we obtain

/~ [2la2 V(@) + 2 V (a2 V()] (@) — / e Vi () et (@) do =
B

n

(8 )’Yn_l 1 _Tn(’Yn_l)
2+2anﬁn—|—01/ M dx+0 (10 <>> =
220 O [, 5, Tafr e

1 —7n(n—1)
(24 20p,) 8, + O(1) (log 6) , as n — +00,

u,\* 1 ) 1 /M2 1
/agn o [(m) ~ gVl d“—/agnz(ﬁ el
(en) ! G

/(9§n ]a:\ O( \33|gn+1 +0 ’x|29n

M2 1 _Tn(Qn_l)
— 4+ 0(1) (log <€>> as n — 400.

and

do =

47
Therefore we conclude that
1 *Tn(anl)
M, = 8n(1 — ay) + O(1) (log 5) )

as claimed. O

At this point we can prove Theorem 4.1. Indeed, in view of (ii) in Proposition 4.2, we already
know that (1.10) holds for |z| < 4e,, and we are left with showing that

4
lwn(y) +4(1 4+ ap)loglyl| < C, 3 < |y < ~ (4.25)

n

Let us choose any sequence 7, such that
Tnlon —1) > 1,V n €N,
in Lemma 4.5. Then we can use (4.11) to conclude that

|wn (y) + 4(1 + o) log Jy|| <

1 —Tn(on—1)+1
) <c

M M
wn(y) + s log lyl|| + | == — 4(1 + o) | [log |y|| < C 4+ O(1) ( log —
2T 2w 5

n

which proves (4.25). O
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5. BLOW-UP ANALYSIS FOR THE COSMIC STRING EQUATION.

Throughout this section we assume that w, satisfies (1.29) and we let u,(z) = u, (#) +

Bn log ( 1 ), which satisfies (1.33).

[l

We shall denote by S and S respectively the (possibly empty) blow-up set of w, and .

~

Observe that if z € S and z # 0 then %5 € S. Furthermore, as shown first by Chen-Li [14], we

||

know that any solution of (1.27)-(1.28) satisfies the following:
ou

lim (u(z) + Blog(j])) < +oo, lim (2:-Vu(z)+p)=0 and lim —5(z)=0, (5.1)
ol—+-+oc ol >-+o0 el
! w_ _ PA—af) U [ au_ aB(B—4(N+1))
27T/|CC’2N€ _4(1—a(N+1))7 %/@ = 41— a(N+1) ) (5.2)
R2 2

for0<a#ﬁ,whileﬁ:4(N+l) fora:ﬁ.

Both (5.1) and (5.2) are based on the following Green’s representation formula for v and Vu,
namely:

u(x) —u(T) = % /log <Ii:z=> (|y\2N eu(y) + eau(y)) dy, V x,T € R?, (5.3)
R2
Vu(z) = ;ﬂ/ (;_—yyp) (\y[QN ety 4 eau(y)) dy, (5.4)
RQ

and a suitable Pohozaev’s type identity, see [12] and [31] for details.

As a consequence of (5.1) and (5.2), we obtain the following necessary condition for the solvability
of (1.27)-(1.28):

4 4 2
min{,4(N+ 1)} <pB< max{,él(N + 1)} , and 8 > max{,Z(N—i— 1)} , (5.5)
a a a
see [24] and [31] which include also a discussion on when (5.5) become also sufficient.
From (5.5) we see that a solution sequence u,, of (1.29) is allowed only for m < a, and in
particular, in view of (5.2), there holds:
1 1
%/\x]yve“” — 4(N +1) and 27r/e’“‘" — 0, as n — +o0. (5.6)
R2 R2

Furthermore, for u, satisfying (1.29), we must have:

SUS #£0, (5.7)
as otherwise, along a subsequence, we could pass to the limit (in any reasonable norm) and
obtain a solution of (1.27)-(1.28) with g = 4(/N+1), in contradiction to (5.5). To avoid additional
technicalities, we shall focus to the case:

1 1
ither ————
elther 2(N—|—1)<a<N+l or N1

<a<l, (5.8)
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where, from [31], we can claim the following:
Proposition 5.1. Assume (5.8) and let u, satisfy (1.29). Then the following alternative holds:

i) either 3Ry >0 : sup u, — +oo, and sup {u,+ Bylog(|z|)} = —o0, as n — +o0
|x|<R0 |I|2RO

(5.9)

it) or VR>0: sup u, — —o0, and sup {u, + Bylog(|z|)} = +o0, as n — +oo. (5.10)
|z|<R |z|>R

Namely, either: S # 0 and 0 ¢ S, or: S =0 and S = {0}. Furthermore, whenever (5.9) holds

then necessarily a < min {1, NLH .

Proof. Properties (5.9) and (5.10) are direct consequences of Proposition 2.2 and Theorems 2.3
- Therem 2.4 (for m <a< ﬁ) and Theorems 2.6 - Theorem 2.7 (for g < a) in [31],
which we apply to our situation where (in the notations of [31]) we have: > = 4(N + 1).

Furthermore, when (5.9) holds, and so S # (), then we can use Lemmata 5.11-5.12 in [31] to find

that, ¢ < min {1, Ni-s-l} in this case. O

Actually, by following [31], we can be more specific about the behavior of u,, by considering a
suitable re-scaled sequence. To this purpose, for € > 0 fixed sufficiently small, we let:
rn >0 : % / (Jz[Vetn + e%n) = 4(N + 1) —e. (5.11)
z|<rn
Clearly we have:
Lemma 5.2.

i) (5.9) holds <= 3Jrog>0: 0<7r, <7rp,VneN;

ii) (5.10) holds <—= r, — +00, as n — +o0.

At this point, we consider the following re-scaled sequence:
Definition:

2
If (5.9) holds, then let v, (x) = up(rpx) + 2min {N +1, } log(ry); (5.12)
a

2
If (5.10) holds, then let v, () = up(rpx) + 2 max {N +1, } log(ry). (5.13)
a

The sequence v, satisfies:
—Av, = sljn\xPNe”" +e2 e =g, in R2,

1 (5.14)
Brn = 5= [ gn(x)dx — 4(N +1),as n — 400,
R2
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where the parameters €1, and €2, are specified as follows:

(i)

1 1 1
if —— .9) hol 1 .10) hol 1
i SN+ 1) <a< Nl and (5.9) ods,orN_i_1 < a < 1and (5.10) holds, (5.15)
then,
ein=1 and e, = rz(l_a(NH)); (5.16)
(i)
1 1
if AN D) <a<y 1 and (5.10) holds, or Nl < a < 1and (5.9) holds,
then,

2(a(N+1)-1)

E1n =14 and e, = 1. (5.17)

Observe that in any case €1, > 0 and €2, > 0 are uniformly bounded from above and at most
one of them can collapse to zero, as n — +oo.
We denote by S the (possibly empty) blow-up set of v, and by S; the (possibly empty) blow-up

set of the sequence:
~ x 1
oo = () + i ()

€1,n o €2.n AT .~
|x‘2(N+2)—Bne " ’x|4—aﬂne " =10n

which satisfies,

—Av, = in R?,

(5.18)

Bn = % [ gu(z)dz — 4(N +1),as n — +o0.
RZ

We can apply the blow-up analysis developed in [31] for sequences satisfying equations of the
type (5.14) and (5.18) and in view of (5.6) conclude the following:

Lemma 5.3. Let

_ |0, forzy#0,
N(zo) = { N, forxzy=0.
Then,
1
i) If =9 € S1 then %almlxﬁNe”” — 4(1+ N(x0))0z,, (5.19)
weakly in the sense of measures in B,(xo);
i) If 0 € Sy then Wiﬁ)ﬁg — 4(1 4 N)do, (5.20)

weakly in the sense of measures in B,(0).

Proof. We just apply to v, and v,, the Proposition 4.15 or the Proposition 4.24 and the Proposi-
tion 4.25 (according to whether €1 ,, — 0 or e2,, — 0) of [31] which, in view of (5.6), immediately
yield to (5.19) and (5.20). O

Since, from (5.11) we have:

1
9 gn(z)dr =4(N +1) — ¢, (5.21)
<1
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by virtue of Lemma 5.3 we see that,
0¢5 and 0¢5. (5.22)

As above we set:

un (Zn)

£, = e 2NFD | with 2, € R? : u,(x,) = MaX tp. (5.23)
We derive the following:
Proposition 5.4. Suppose that (5.9) holds. Then u,(x,) = TAX U, — +oo and we have:

1 1
(1) of m <a< N+l then (along a subsequence) the following alternative holds:
i) either M <C, S =0,v,—=U, as n — +o0, (5.24)
En
uniformly in CZ,, (RZ) , with U satisfying (1.14) (with « = N );
i1) OTM—)-FOO, as n — oo, N € N and
€n

Sy = {&, -+ ,&n+41} is formed (up to a rotation) by the distinct (N + 1)-roots of unity (i.e.
§JN+1 =1,Vj=1,--- N+ 1); moreover:
1 N+1
2N Jvn
gﬁmm e 4 Z O¢;s (5.25)
7=1
weakly in the sense of measures on compact sets.

Proof. We start with the following:
Claim:
S1#0 < x, # 0 and (along a subsequence) u,(x,) + 2(N + 1) log(|z,|) — +oo. (5.26)

To establish the claim, suppose first that: S; # 0 then, along a subsequence, 3¢, — & # 0 :
Un(&n) — 400. Since,

< a <1 then N € N, and alternative ii) holds.

o (2) 2 wal6) > o (5.27)
n
and in view of (5.22), we find a constant d > 1:
1 Ty
<R <. 5.28
d " |rn| ( )
As a consequence x,, # 0, and since,
_ Ln ||
Un(2n) + 2(N + 1) log(|xn|) = vn o +2(N +1)log ik (5.29)
n n

then, from (5.27) and (5.28) we derive that, w,(x,) + 2(N + 1) log(|z,|) — +00, as n — +o0.

To establish the viceversa, we use again (5.29) with w,(x,) + 2(N + 1) log(|z,|) — 400, as n —

+o00. Therefore, if we assume by contradiction that v, (f—:) = DIHR%X v, < C, then necessarily
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|f—:| — +o0. But 0 ¢ §1, and so we have also that, v, (f—:) +5n log (l%“) < C'.As a consequence,

Un (f—:) — —o0, which is impossible, since from (5.21), it yields to the following contradiction:

1
AN+1)—e= o / gn(z)dx — 0, as n — +oo.
7
lz|<1
In particular we have also verified that,

Un <$n> = max v, > —C, (5.30)
Tn R2

for suitable C' > 0. In conclusion, v, (f—:) — 400 and (5.28) holds and thus, S; # () and the
Claim is established.

Next, we proceed to establish part (1) of our statement, where we take: m <a< ﬁ To
obtain 7), we observe that (by virtue of the claim) in this case we have: S; = () and z,, — 0. In

particular, in view of (5.30), we obtain:

—C <, (LUH) = maxv, < C, (5.31)
Tn R2

and, by well known elliptic estimates, we deduce that v, is actually uniformly bounded in
[Shin (R?). Therefore, along a subsequence, we derive that,

loc
€2.n — €2 > 0 and v, = U, uniformly in C?2 (RQ) as n — +oo, with U satisfying:

loc
—AU = |2]?NeV 4 9eV  in R?,

5.32
B=5 [ (|z|*NeV 4 e2e"V) < +o00. (5.32)

27
R2

To conclude that actually e3 = 0, we recall that 0 ¢ §1, which implies:

1 1
bn=on / gn(@) = - / (l2*"e" + e2e®) = 4(N +1), &s n — oo

R2 R2

On the other hand, for €2 > 0, we know that every solution of (5.32) must satisfy (5.5), and so
B > 4(N + 1) in this case. As a consequence €3 = 0, and the proof of 7) is completed.

To complete also the proof of ii), we use again the Claim above, (5.22) and Lemma 5.3, to see
that necessarily S; must contain exactly (N + 1)-points, and in particular N € N in this case.
Furthermore, to account for (5.21), we see that at least one element of S; must belong to the
unit circle. At this point, as in section 3, we can further deduce that (up to a rotation) S; is
formed by the distinct (N + 1)-roots of the unity, and refer to [31] for details.

1

Finally, to conclude the proof, we need to consider 7 < a < 1, and rule out the possibility

that S; = () in this case. Indeed, if by contradiction, S; = ), then as above we would find:
E1n —€1>0 v, = U, as n — +oo, (uniformly in CZ_(R?)).

But now, in view of (5.12), we find that U satisfies:
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—AU = eq|z[?NeV + eV in R?

5.33

6:if(51’x‘2N€U+€aU):4(N+1), ( )
R2

which is impossible, since for £; > 0, we know that every solution of (5.33) must satisfy (5.5),

while in case e = 0, then 8 = 2 (cfr. [13]). So in any case: 8 < 4(N + 1) and we arrive at the

desired contradiction. So Sy # 0 in this case, and the proof is completed. O

Analogously, we obtain:

Proposition 5.5. Assume that (5.10) holds.

(1) if < a < 1 then (along a subsequence) alternative i) and ii) hold for v,.

N +1

1 1
(2) if ANT D) <a< N1l then N € N and alternative ii) hold for vy,.

Proof. Since (5.22) holds for v,, we see that (1) and (2) follow exactly as above, we omit the
details. 0

From Proposition 5.4 and Proposition 5.5 we can derive the following;:

Corollary 5.6. There exists a constant d > 1 such that,

|| 1 r

N If 2 < C then - < -2<d 5.34
/L) f " = l _ " — 9 ( )
i1) If 7871 — +o0 then p 7|56n| d. 5.35

Proof. The inequality in (5.34) follows simply by observing that,

2(N +1)log (m) = Up (mn) ;
En €n

and under the given assumption, then we know that (5.34) holds.
On the other hand, when i) holds, then S; # () and therefore, I%%X Up = Un (x—”> — 400, and

Tn

(5.35) follows from (5.22). O

Corollary 5.7. If N ¢ N, then uy, is radially symmetric about the origin, for large n € N.

Proof. As N ¢ N only part (1)-i) of Proposition 5.4 and Proposition 5.5 can occur. Therefore,
as stated in Lemma 1.7, we have:

1 1 1
either SV ED) <a< Ni1 and (5.9) holds, or N1 < a < 1land (5.10) holds.  (5.36)

Furthermore, % < C, and from part ¢) of Corollary 5.6 also follows that |f—:| < C'. Consequently,
along a subsequence, we have:

T . :
gan — 0, =" —x9, v, — U, uniformly in C’f)c(]R2), as n — +0o,
Tn
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with U(z) satisfying (1.14) and U(zo) = maxU. Since N ¢ N, we know that U must take the
R

expression:
-

(1+ 5y 14
(see [14], [26]), and consequently we find that, zo = 0. In other words, ¥ — 0 and by (5.34),
we may conclude that,

U(z) = log for some 7 > 0,

2(N+1))27

z—n — 0, as n — +o0. (5.37)
n

At this point, the remaining part of the proof follows by means of the following (more general)
result:

Theorem 5.8. Suppose that u,, satisfies (1.29) and (5.37) holds. Then z,, = 0 and u,, is radially
symmetric about the origin, for n € N large.

Proof. In view of (5.37) we are dealing with the situation described in (5.36). Furthermore, by
part i) of Corollary 5.6, it is equivalent to consider the following re-scaled sequence of {uy,}:

Un(2) = up(enx) + 2(N + 1) log ey, (5.38)
satisfying:

2(1—a(N+1 :
— A, = 270 WD) gavn |z*N evr  in R2

1 5.39
— E%(lfa(NH))e“”" + |:L°]2N e’ = B, = 4(N +1). (5:39)
2T R2
with €, > 0 and x,, € R? defined in (5.23), and
Un(x—n) =maxv, =0, 207V 40 as n— +oo.
€n R2
Therefore, along a subsequence, we have:
1
vp(z) = V() = log 5 uniformly in CE¥(R?), (5.40)
1 2(N+1)
( EEES A
as m — +o00. Moreover, since 0 ¢ §1, we find a suitable constant C' > 0:
sup |vp(z) + Bploglzl| < C, |z >1 neN (5.41)
|z[>1

To proceed further, we argue by contradiction and assume that u, (and so v,) is not radially

Oy, : vy,
symmetric. In other words, %(m) # 0. Since, 8—119(@ — 0, as |z| = oo (recall (5.1)), we find
UYn € R2:
Ovy, ovy,
Tl 122 (y,)| = My, > 0.
B0 ‘aﬁ(y) >0
By replacing if ith — 200 1 that M, = 2% (4,)
y Tep a'cmg if necessary, — - wi 5y We can always assume tha =55 Wn).
We consider:
1 Ov,

wy(z) = ﬁn%(l‘)a
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which satisfies:

—Aw,, = (aei(lfa(NH))ea”" + |:L’|2N e”") Wy, =: hp(2)
wp(r) -0 as |z| = o0 (5.42)

maxg2 [wy ()| = wy(yn) = 1,

and moreover we have,

2m
/ wy, (recos,rsind)dy =0 Vr >0, (5.43)
0

/ (aE (1=a(N+1) gavn |52V ””) wy, dz = 0. (5.44)
R2

By the decay property of v, in (5.41), we can use Green’s representation formula for w, and
write:

1 1 a .
W () = o /R2 log <|3; — y|) (ae (1—a(N+1) gavn 1|y 2N ¢ ”) wpdy. (5.45)

Actually, by using (5.44), we can express (5.45) equivalently as follows:

wp(x) = 1/ log# (as (1=a(N+1)gava 4y, 2N ”") wpdy  for x # 0. (5.46)

x Yy

lz] |z

We are going to estimate the integral in the right hand side of (5.46) in order to provide uniform
(decay) estimates on w, as |x| — +o00. To this purpose, for given R > 1 sufficiently large and
|z| > 2R, we split the integral in (5.46) over the following different regions: Dy := {|y| < R},

T
D, {R<|y|< 2 o= flo—u < B oy (< <ot} o {le -2 4
and D5 := {|y| > 2]|z|}, so that we have:
n 1 — | [ |hn(y)| dy = J; 5.47
e Z/ogxy‘r\yz (5.47)
I
Next, we estimate each of the terms above as follows:
1 1
Ji = 2/ log | T || ["n(y)ldy
"I ol = Tal
< ilog 1+£ / (aei(lfa(N+1)) avn+’ |2N vn> dy (548)
27 |z ) Jr2

< Cilog <1+R> ;
||
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and
1 1
Jo = — 1 hn(y)| d
2= 50 |, og P |hn(y)| dy
< 10g2/ (agi(l—a(N—i—l))eavn + Iy evn) dy (5.49)
21 J{lyl=Rry

2(1—a(N+1)) 1
< <R2(2a(N+1)1) + RQ(N+1)> )

where in the last estimate, we have used (5.41) together with the fact that 8, \, 4(NV + 1), as
n — +00.
] ]

x
Furthermore, since for y € R%: |z —y| < 5 we have: |y| > 5 » We can estimate

1 1
Js /1%rmww
D3 L Y

p— % z 3
ENET
< sup (as,%(l_a(NH))e“”" + |z e””) / log dy
lyl> 12! {-ml<2} T~ T (5.50)
1 1
< —|z* sup (asi(lfa(NH))e“”” + |2 e“") / log (> dg
2yl {lel<1/2} €l

o 200N +1) 1
=3 |x’2(2a(N+1)—1) + ‘$|2(N+1) ’
where again we have used (5.41).

1
Similarly, by setting D} := {2 <

x Y

x|l

< 2} N {]y| > %‘} again by (5.41) we also get

1 1
= [ og o)l dy < 5 [ |iog (1) dy
"D ol = T TP ol = T
1 1
< - ’.73‘2 sup (aei(lfa(NJrl))eavn + |£C’2N evn) / log ’ df (5‘51)
2Tyl {1<ig<2} | I€]
2(1—a(N+1))
aeny 1
< C <|$|2(2a(N+1)—1) + |x|2(N+1)> :

Finally, we observe that for y € R%: |y| > 2|z|, there holds:

_
|z

L Y

x|z

y x

lyl  yl

—_ )
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and as a consequence we obtain the estimate:

1
Js = — 1
5 QW/DS 08

1
< — log <1 + ‘y|> (aei(lfa(NJrl))eavn + |y’2N e””) dy
™

|z]

2(1-a(N+1)) aBn
2 [ a€ Wl (=l dy
< Cs |z a,Bn/ log <1+|:c|> (H —3
|| Ds Y ||
1 lyl\ (L2177 dy
+ Cs |z|? / lo <1+>< —
ol (!wlﬁ"” P 1z} \lyl ER
ae2(1—a(N+1)) 1
< C + / log (1 + [£
5 <‘x’2(2a(N+1)—1) IECEN (1+1€D)

3 ge20-a(N+1) 1
=G5 |ac|2(2a(N+1)—1)+ 2(N+1) |-

o7 || re)ldy

1\ da(V+1) 1\ 2(N+2)
= = d
(@) (e ] y

|z
(5.52)
Since by assumption: a > m, the above estimates implay that, for any € > 0 there exists
R. > 0, such that:
sup |wp(z)| < e. (5.53)

|z|>Re

Therefore, if we let y, € R%: w,(y,) = 1 (= maxp: |wy]|), then, |y,| < R, for suitable R > 0.
Moreover, from (5.42) and standard elliptic estimates, we deduce that, along a suitable subse-
quence, the following holds:

W, — w  uniformly in 0120? (Rg) and y, — Yo as n — 400,

with w satisfying:
—Aw = |z eV w
w(yp) = 1 = maxp: |w| (5.54)
fo% w (rcos, rsind)dd =0, r>0.

with V' given in (5.40). But this is impossible, since we know (see e.g. [3]) that for N ¢ N the
only bounded solution of equation in (5.54) is given by:

o 1 2(N+1
! (2(N+1>>2T( )

wo(r) = ,  with r = |z],

() 0

which obviously cannot satisfy the integral condition in (5.54). In this way, we have reached a

contradiction which allow us to conclude the Proof of Theorem 5.8 and of Corollary 5.7 as well.
O

From Theorem 5.8 and the uniqueness of radial solutions of (1.27)-(1.28) established in [24], [25]
we can conclude the following:
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Corollary 5.9. Let N ¢ N and m <a# ﬁ < 1. There exists eg > 0, such that for every
B : |B—4(N +1)| < &g satisfying (5.5), problem (1.27)-(1.28) admits a unique solution and

moreover such solution is radially symmetric about the origin.

We observe that Corollary 5.9 is sharp, in the sense that for 5 away from 4(N 4 1), it is possible
to exhibit non-radial solutions of (1.27)-(1.28). We refer to [24] for details.

As already observed by the arguments provided in [31] it is reasonable to believe that the
statement of Corollary 5.9 remains valid also for N = 1, and ﬁ <a<l.

The analysis above allows us to obtain the following extension to u,, of the pointwise estimates
(1.10) (namely of Theorem 5.6.51 of [30]) :

Theorem 5.10. Let u, satisfy (1.29) and (by recalling (5.23)) assume that,

[l <C, (5.55)
En
then
(Bn —4(N + 1)) log (;) N0, as n — 400, (5.56)

and the following estimate holds:

eln (zn)

un (Tn)
(1+ SNT1)2 |z — @, [2NHD)

up(z) — log + (Bn — 4N + 1)) log (1 + [z — z|)| < C, x € R?,

(5.57)
with suitable C' > 0.

Proof. As before, we may use the rescaled sequence vy, in (5.38) which satisfies (5.39) and (5.41).
Furthermore, along a subsequence, the following holds:

In 20, 6%(1_“(N+1)) — 0, as n — 400, (5.58)
En
and in complex notations,
1
vn(2) = U(z) = log 5, @S 1 — +00, (5.59)

N+1
<1+W|ZN+1_ZO+ |2)

uniformly in C'I%C(Rz). Notice, that we may have: zg # 0 only if N € N. Therefore, if we combine
(5.59) with (5.41) we obtain that,

elin(Tn) ||

vn(2) — log — + (B —4(N +1))log <1+> <C,VzeR
(+ S5 — P e

(5.60)
Next, we establish (5.56). To this purpose, we recall (via (5.2)) that,

A —aN+1) 1 [ 40 —a(V 1) sq_avtry L / avn
(Bn 4(N+ 1)) - aﬁn o /6 - aﬁn En 2w c ’
R R
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and by means of (5.41) and (5.59), we know that,

/e‘“’” — /e“U, as n — +oo.
R2 R2

As a consequence, as n — +00,

(Bn—4(N+1))log (;) = g2(=a(V+1) 159 <1) A -alV+1)) 1 /eaU +o(1) | (5.61)

En alBy, 27
R2

Next, by combining Lemma 5.2 and Corollary 5.6 we know that, if <a< ﬁ then

N1
Brn > 4(N + 1) and &, — 0, while for ﬁ < a < 1 then §, < 4(](V+)) and e, — +o0.
Whence, (5.56) readily follows from (5.61). At this point, we can finally conclude (5.57). Indeed,
if (along a subsequence) |E"| — 0 then from Theorem 5.8 we know that z,, = 0, and in this case
(5.57) follows as a consequence of (5.60) and (5.56). On the other hand, if (along a subsequence)
|§—:| — 1 # 0 then |z,| = O(e,) and again we deduce (5.57) from (5.60) and (5.56).

O

Theorem 5.11. Let u, satisfy (1.29) and suppose that,

N eN and M—>+oo as n — 4oo.
En
If (1.37) holds, then there exist (N+1)-sequences {&n}j=1,... N+1 such that, fore > 0 sufficiently
small and vy () = up(|xn|x) + 2(N + 1) log(|zy|) (along a subsequence) we have:
) — — ,
Un(&n.j) érsl(ag Up, — +00
gn,j — §j>
as n — +o00, and (after a rotation) {&;}j=1,... N+1 define the distinct N + 1-roots of unity.
Furthermore,

(Bn—4(N+1))10g< !

0]

) — 0, as n — o0,
and for zpj = |xn|&n,j:

eln (zn)

un(z) — log

un (zn) Nt1
(14 53 T e = 2ngl?)?

+ (B —4(N + 1)) (log (1 + r.r}irjl\]+1 T — an’)) <C,
V z € R2, with suitable C > 0.

Proof. According to (1.37) we see that,
1 1 1
ither ——— ——— and (5.9) hold
ei er2(N+1)<a<N+1an (5.9) ho 5,00 o

and in particular, when ﬁ < a < 1, then necessarily |z,| > C. Therefore, by taking into
account Corollary 5.6 i), it is convenient to consider (similarly to (5.14)-(5.16)) the following
re-scaled sequence:

<a<land0¢ S holds, (5.62)

() = up(|zn|x) + 2(N + 1) log(|zy)),
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satisfying:
—Av, = |x|2N€vn + |:En|2(1—a(N+1))€avn —. fn in RQ,
. (5.63)
Brn =5 [ fu(x)dx — 4(N +1),as n — +oo,
R2
where we keep in mind that,
0 < |, |2370N+D) < ¢, (5.64)

Furthermore, in view of Proposition 5.4 and Proposition 5.5, for the blow-up set S; of v,, we
have (up to rotation):

51:{517"')§N+1}:€i7é§j and §7{V+1:§§V+1:17 fOrZ;é]G{l,,N+1},
while, in view of (5.22), 0 ¢ §1, with §1 the blow up set of v, (x) = vy, (#) + By log (%)

Since for v, and Vv, is available the following Green’s representation formula, given as follows:

on(@) — 0n(F) = — /log <|x_ y') Faly)dy, ¥ 2.7 € R,

27 |z — y|
R2

Von(z) = — /< Ty )fn(y)dy, V2 eR?

S 2 ) \|e—yP?
R2
which we easily obtain by scaling (5.3) and (5.4), (valid for u,), we can argue exactly as in the
previous section (see also [31]) to derive the necessary estimates and obtain the blow-up profile
of v, around each of its blow up point. More precisely, it is possible to establish the following;:
for € > 0 sufficiently small and for ;,, € B:(§;):

Un(é-j,n) = én(aéx) Un, j = ]_’. .. 7N+ 17
e\sy

there holds:
evn(fj,n)
énj — & and  |v,(z) — log 5| < C, (5.65)
’ v (€jn) 9
(1+ 22 o — g 2)

Vo € B:(§;), and suitable C' > 0.

Furthermore, by recalling that 0 ¢ S1, one can also show that,

vV R > 1 sufficiently large and £ > 0 sufficiently small, there exists C' > 0 (depending only on R
and €):

N+1

|on(z) = va(@)| < C, V2,7 € Br\ | B:(¢), (5.66)
Jj=1

On(2) = n(T)| < C, ¥ 2,7 € Byp. (5.67)

Furthermore,

MX Vp = Un <H> = up(xn) + 2(N + 1) log(|zn|) = 400, as n — +oo,
Tn

so, without loss of generality, we can assume:
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§in = Ton] 5 &, as n— +oo.
As above, by (5.65), (5.66) and (5.67), we may conclude that,
evn(gj,n)
o) O(1) and [vn(x) — vn(€1,n) + Brlog(lz])| < C, V 2] > 2.

Thus, we can combine the above estimates as follows:

”n(fln)
on() ~ log ——— S T+ (Bu— AN+ 1)log (1 +[a]))| <€, (5.68)

(1 + Sw Il = &l

V = € R?, which we easily scale back to u,, and obtain:

etn(n) ( || >
+(Bn—4(N+1))log (1 +—— )| <C,  (5.69)

|z |

un(z) — log

Un(xn)
(1+ 8(1+N P) H ‘1' Zj,n|2)2
vV z € R2.

At this point, to conclude (1.40), we need only to show (1.39), which clearly holds in case |z,|
is uniformly bounded from above and from below away from zero.
So, according to our assumption, we need only to account for the following situation:

i)m<a<ﬁand|$n|—>0,

(5.70)

i7) ﬁ <a <1 and |z, — +o0.
Notice that under (5.70) we have: (5, — 4(N + 1)) log (‘ ‘> > 0 for large n.
Furthermore, as above we find:

41—-a(N+1)) 1 .
(B — 4V + 1)) = Tt TR f e
n Rz
1 1—a(N+1
|2, |27 (NHD) %/e“”" <M+o(l)>,as n — +00.
R2
By virtue of (5.68) we can easily check that: [ e — 0, as n — 400, and in view of (1.39)
R2

we conclude that,

(B — 4(N + 1)) log (| 1n|> _

. 1 1 1—a(N +1)
2(1—a(N+1)) 1 el avn 1 )
|| og< n,) 2ﬂ/e < N+ 1)a + of )>—>0, as n — +oo
R2

So (1.39) is established, and (1.40) follows from (5.69). O
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It is clear that when (5.9) holds, then (5.57) and (1.40) express suitable extensions of (1.10) and
(1.24) to the cosmic string solution-sequence u,, in Br. More interestingly, when (5.10) holds,
(i.e. the origin is a blow up point for u,), then from (5.57) and (1.40), we can read pointwise
estimates for ,, around the origin, analogous to (1.10) and (1.24), which more precisely (see
Remark 1.5) can be expressed as follows:

Corollary 5.12. Assume (5.10), then, along a subsequence, we have,

fin() ~ 1 i) C, 2] <1
Un\T) — 108 n(@n) N 1 L
(1+ e(N+12 + | | N+1))
with suitable C' > 0, and there holds:
i) If — |$n| — 0,as n — +o0, then v, =0 =2, and uy(0) = —u,(0) + O(1),
1 [Tl N Tn :
it) If — — L #0,as n — +oo, thenTp = ——5 =24, Vji=1,--- ,N+1,
En |2 |2 ’
i11) Ifﬁﬁ—i-oo as m — +00o, then Ty = —7 and?mj:g]i, Vi=1,---,N+1,
En |Zn| |Zn[€5n]

with &, as specified in Theorem 5.11.

6. APPENDIX: THE PROOF OF (1.42).

In this Appendix we report the proof by R. Tauraso and C. Pagano [22] of (1.42).

The proof of Lemma (1.42).

Set
N+1
P(w) = H (w—w;)=wlT! 4 Zakw
j=1
Then
N+1 N+1
P (wy) = H (w1 —wj), and P (w;)=2 Z H (w1 —wj).
=2 |A|=N—1

AC{2,- N+1}
Hence, by means of our hypothesis we find:
N+1 N+1

NP/(Wl) = 2w H (w1 —wj) Z — = W1P"(W1)7

. - W1 — Wy
7j=2 7j=2
and the same holds for all i =1,--- ;N 4+ 1, that is

NP (w;) —w;P'(w;), Vi=1,---,N+1.

As a consequence we find that, the polynomial

N
Q(w) := NP'(w) — Zk (N +1—k)apwtL,
k=1
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admits degree less then N and at the same time admits NV + 1 distinct roots, namely: Q(w;) = 0,
Vi=1,---,N+1. Whence Q(w) =0, and therefore ay =0 for k = 1,--- , N, or in other word:
P(z) = 2N*! — qq, as claimed. O

7. APPENDIX: THE PROOF OF (4.24).

First of all, let us turn our attention to the Pohozaev identity (4.24). We have the following:
Claim: Let n € N be fixed. Then:
If a € (—1,0) then Vu, € L>®(B1(0));

If a = —1 then |Vuy| < C (log (ﬁ));

If a € (—1, —%) then |Vu,| < (W’%)’ for a suitable C' > 0.

The proof of the claim uses the Green’s representation formula (4.13) and well known potential
estimates based on the Holder’s inequality. We skip it here since it is rather standard.

Since u, is smooth away from the origin, we can apply the Pohozaev identity in ¢ < |z| < 7,
for any 0 < ¢ < r,, < 1. By using the claim and the fact that (by standard elliptic regularity
theory) w, is continuous, we see that the terms which show up at the inner boundary |z| = ¢
must vanish in the limit as € — 0%, and so we obtain (4.24). O

REFERENCES

[1] D. Bartolucci, On the best pinching constant of conformal metrics on S* with one and two conical singularities,
Jour. Geom. Analysis 23 (2013) 855-877.
[2] D. Bartolucci, C.C. Chen, C.S. Lin & G. Tarantello, Profile of Blow Up Solutions To Mean Field Equations
with Singular Data, Comm. in P. D. E. 29(7-8) (2004), 1241-1265.
[3] D. Bartolucci, C.S. Lin, G. Tarantello, Uniqueness and symmetry results for solutions of a mean field equation
on S? wvia a new bubbling phenomenon, Comm. Pure Appl. Math. 64(12) (2011), 1677-1730.
[4] D. Bartolucci, A. Malchiodi, An improved geometric inequality via vanishing moments, with applications to
singular Liouville equations, Comm. Math. Phys. 322 (2013), 415-452.
[5] D. Bartolucci, F. De Marchis, On the Ambjorn-Olesen electroweak condensates, Jour. Math. Phys. 53 073704
(2012); doi: 10.1063/1.4731239.
[6] D. Bartolucci, F. De Marchis, A. Malchiodi, ”Supercritical conformal metrics on surfaces with conical singu-
larities”, Int. Math. Res. Not. 2011, (2011)(24), 5625-5643; DOI: 10.1093/imrn/rnq285.
[7] D. Bartolucci, E. Montefusco, Blow up analysis, existence and qualitative properties of solutions for the two
dimensional Emden-Fowler equation with singular potential, M?.A.S. 30(18) (2007), 2309-2327.
[8] D. Bartolucci, G. Tarantello, Liouville type equations with singular data and their applications to periodic
multivortices for the electroweak theory, Comm. Math. Phys. (3) 229 (2002), 3-47.
[9] H. Brezis, F. Merle, Uniform estimates and blow-up behaviour for solutions of —Au =V (zx)e
sions, Comm. in P.D.E., 16(8,9) (1991), 1223-1253.
[10] E. Caglioti, P.L. Lions, C. Marchioro & M. Pulvirenti, A special class of stationary flows for two dimensional
Euler equations: a statistical mechanics description. II, Comm. Math. Phys. 174 (1995), 229-260.
[11] C.C. Chai, C.S. Lin, C.L. Wang, Mean field equations, hyperelliptic curves, and modular forms: I, Preprint
2014.
[12] R. M. Chen, Y. Guo, and D. Spirn, Asymptotic behaviour and symmetry of condensate solutions in electroweak
theory, J. Anal. Math., 117 (2012), 47-85.
[13] W. X. Chen, C. Li, Classification of solutions of some nonlinear elliptic equations, Duke Math. J. 63(3)
(1991), 615-622.
[14] W. X. Chen, C. Li, Qualitative properties of solutions of some nonlinear elliptic equations in R*, Duke Math.
J. 71(2) (1993), 427-439.

“ n two dimen-



(15]
(16]

(17]
(18]

(19]
[20]

(21]

(33]
(34]

(35]

41

C.C. Chen, C.S. Lin, Mean field equations of Liouville type with singular data: sharper estimates, Discr. Cont.
Dyn. Syt. 28(3) (2010), 1237-1272.

C. C. Chen, C. S. Lin, Mean Field Equation of Liouville Type with Singular Data: Topological Degree, Comm.
Pure Appl. Math. 68(6) (2015), 887-947.

Y.Y. Li, Harnack type inequality: the method of moving planes, Comm. Math. Phys., 200 (1999), 421-444.
Y.Y. Li & 1. Shafrir, Blow-up analysis for Solutions of —Au = V(z)e" in dimension two, Ind. Univ. Math.
J., 43(4) (1994), 1255-1270.

C.S. Lin, C.L. Wang, FElliptic functions, Green functions and the mean field equations on tori, Ann. of Math.
172(2) (2010), 911-954.

J. Liouville, ” Sur L’ Equation auzx Différence Partielles
J. Math. Pure Appl. 36 71-72 (1853).

A. Malchiodi, Morse theory and a scalar field equation on compact surfaces, Adv. Diff. Eq. 13 (2008), 1109-
1129.

C. Pagano, R. Tauraso, Private communication.

E. Picard, De lintégration de l’équation Au = e* sur une surface de Riemann fermée, J. Crelle, 130, (1905).
A. Poliakovsky, G. Tarantello, On a planar Liouville-type problem in the study of selfgravitating strings, J.
Differential Equations 252 (2012), 3668-3693.

A. Poliakovsky, G. Tarantello, On singular Liouville systems, Analysis and Topology in Nonlinear Differential
Equations, PNDLE 85 Birkhauser Basel, (2014).

J. Prajapat, G. Tarantello, On a class of elliptic problems in R?: symmetry and uniqueness results, Proc.
Roy. Soc. Edinburgh, Sect. A 131 (2001), 967-985.

G. Tarantello, Multiple condensate solutions for the Chern-Simons-Higgs theory, J. Math. Phys. 37 (1996),
3769-3796.

G. Tarantello, A Harnack inequality for Liouville type equations with singular sources, Indiana. Univ. Math.
Jour., 54(2) (2005), 599-615.

G. Tarantello, A quantization property for blow up solutions of singular Liuoville-type equations, Jour. Func.
An. 219 (2005), 368-399.

G. Tarantello, ”Self-Dual Gauge Field Vortices: An Analytical Approach”, PNLDE 72, Birkhduser Boston,
Inc., Boston, MA, 2007.

G. Tarantello, Blow-up analysis for a cosmic strings equation, arXiv:1506.02018, 2015.

M. Troyanov, Prescribing curvature on compact surfaces with conical singularities, Trans. Amer. Math. Soc.
324 (1991), 793-821.

G. Wolansky, On steady distributions of self-attracting clusters under friction and fluctuations, Arch. Rational
Mech. An. 119 (1992), 355-391.

Y. Yang, ”Solitons in Field Theory and Nonlinear Analysis”, Springer Monographs in Mathematics, Springer,
New York, 2001.

L. Zhang, Asymptotic behavior of blowup solutions for elliptic equations with exrponential monlinearity and
singular data, Commun. Contemp. Math. 11 (2009), 395-411.

d210g)\ A _
+ 0,

dudv 2a2 T



