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Abstract

A model of intermittency based on superposition of Lévy driven Ornstein-Uhlenbeck processes
is studied in [6]. In particular, as shown in Theorem 5.1 in that paper, finite superpositions
obey a (sample path) central limit theorem under suitable hypotheses. In this paper we prove
large (and moderate) deviation results associated with this central limit theorem.
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1 Introduction

Lévy driven (or non-Gaussian) Ornstein-Uhlenbeck processes are widely studied in the literature;
they play an important role in theory (see e.g. Section 17 in [8] for the connections with the
selfdecomposable distributions) and applications (see e.g. [1] for their uses in finance).

Some recent results for superpositions of Lévy driven Ornstein-Uhlenbeck (OU for short) pro-
cesses are presented in [6]. In particular it was shown that, while the partial sums of finite superpo-
sitions obey the (sample-path) central limit theorem, partial sums of infinite long-range dependent
superpositions provide examples of intermittent processes. The phenomenon of intermittency has
been widely discussed in physics literature (see the references cited in [6]); for a formal definition
of intermittency appearing in the theory of stochastic partial differential equations see [2] and
Chapter 7 in [7]. The term intermittency is used in the literature to describe models exhibiting
high degree of variability and enormous fluctuations which escape from the scope of the usual limit
theory; moreover other terms as multifractality, separation of scales and dynamo effect are often
used interchangeably with intermittency.

The aim of this paper is to present large (and moderate) deviation results associated to Theorem
5.1 in [6], namely the (sample-path) central limit theorem for partial sums of finite superpositions;
see the next Theorem 1.1 with the correct expression of cx (in [6] there is a typo). Throughout the
paper we use the notation [z] := max{k € Z : k < z}. The theory of large deviations is a collection
of techniques which gives an asymptotic estimate of small probabilities on an exponential scale; see
e.g. [4] as a reference on this topic.

Theorem 1.1. Let {X®) : k € {1,...,K}} be independent one-dimensional stationary OU pro-
cesses, namely

dX®) (1) = =\ X B () + dZF) (At), (1)

where \, > 0 and {Z®)(t) : k > 1} are independent Lévy processes which satisfy suitable conditions
(see Assumption A (with equation (5)) in [6]; in particular, for all k > 1, they assume that the
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self-decomposable distribution of the random variables {X¥)(t) : t > 0} has finite moments of order
p > 2). Moreover we consider the partial sums

[t] K
Sk(t) =Y Xil(i), where Xpc(t) := > XW(t).
=1 k=1
Then
1
{CKN1/2 (Sk([Nt]) — E[SK([Nt])])}te[o,u converges to {B(t)}iepo1] as N — oo

(we mean the convergence in the sense of weak convergence in Skorokhod space DI[0,1]), where
{B(t)}+epo,1) is a standard Brownian motion on [0,1],

1/2
1+e 7
CK = (ZVar X )] 1_6 Ak> ; (2)

and Var[X®)] is the (common) variance of the random variables {X®)(t) : t > 0}.

We remark that we are implicitly assuming that cx > 0, namely we are neglecting the case
where ZW), ..., Z(5) are deterministic Lévy processes. Moreover, by (1), we have

XE)(4) = =Mt <X(k)(0) + /0 t e’\kst(k)()\ks)> . (3)

In this paper we present two kind of results:
1. large deviation principle of {W 'n > 1} with speed IV, for Gaussian OU processes;

2. for every sequence of positive numbers {ey : N > 1} such that ey — 0 and Ney — oo

as N — oo, a class of large deviation principles of {SK ([N']\)/;VI?[SK([N’]” in > 1} with speed
eN
1 / EN-
The second one concerns moderate deviations, which fill the gap between the two following regimes:

e the asymptotic Normality result in Theorem 5.1 in [6] (case ey = 1 and therefore only the
condition Ney — oo holds);

Sic(NDELSic (N, > 1

e the convergence of the centered sequence { } to the null function

(case ey = 1/N and therefore only the condition ey — 0 holds).

We conclude with the outline of the paper. We start with some preliminaries in Section 2. In
Section 3 we study some useful functions which play a crucial role in the proofs of the results.
Large and moderate deviation results are presented in Sections 4 and 5, respectively.

2 Preliminaries

In this section we present some preliminaries on large deviations and on Lévy processes.



2.1 Preliminaries on large deviations

We start by recalling some basic definitions on large deviations (see e.g. [4]). Let ) be a Hausdorff
topological space with Borel o-algebra B()). Let {uy : N > 1} be a sequence such that vy — oo
as N — oo, called speed. Let I : ) — [0,00] be a lower semi-continuous function, called rate
function. Then a sequence of Y-valued random variables {Yy : N > 1} satisfies the large deviation
principle (LDP for short) with rate function I and speed vy if

1
limsup — log P(Yy € C) < — inf I(y) for all closed sets C' C Y
N—oo UN yeC

and

1
liminf —log P(Yy € G) > — inf I(y) for all open sets G C ).
N—oo UN yeqG

A rate function I is said to be good if all its level sets {{y € Y : I(y) < n} : n > 0} are compact.
We also recall that a sequence {Yy : N > 1} is said to be exponentially tight (with respect to the
speed vy) if, for all > 0, there exists a compact set K, K, C Y, such that

limsupilog P(Yy ¢ K;) < —n.
N—oo UN
We conclude by recalling some large deviation theorems used in this paper. We apply Gértner

Ellis Theorem (see e.g. Theorem 2.3.6 in [4]) to prove the results with finite dimensional distri-
butions, namely Proposition 4.1 for large deviations and Proposition 5.1 for moderate deviations.
Moreover we apply Dawson Gértner Theorem (see e.g. Theorem 4.6.1 in [4]) to obtain sample path
large deviation results with respect to the topology of pointwise convergence; typically this is the
first step, and later we obtain sample path large deviation results with respect to the topology of
uniform convergence (namely Proposition 4.2 for large deviations and Proposition 5.2 for moderate
deviations) by considering suitable polygonal approximations of the processes.

2.2 Preliminaries on Lévy processes and OU processes

Here we recall some known results for Lévy processes and for Lévy driven stationary OU processes.
In view of what follows we refer to {Z®)(t) : t > 0} and {X®)(¢) : t > 0} in (1), or in (3).
Throughout the paper we use the symbol “i” for the imaginary unit.
Firstly we can say that
E[e7" O] = exp(t¥ 50, (9)).

where W, (-) is the logarithm of the characteristic function of the random variable Z®)(1); more-
over, for ar € R, by > 0 and a measure vy (called Lévy measure) with suitable properties, we
have

- ) b6? - .
B0 () = iag — kT + /R(e O —1 — 021 <1y (da). (4)
Moreover
i (12 £(s)dZ®) (1) 2o
E|e'/n ] = exp / U, (f(s))ds ) (for all to > ¢ > 0) (5)
t1

for all continuous and locally bounded functions f (see e.g. Lemma 15.1 in [3]). Furthermore, as far
as the logarithm of the (common) characteristic function of the random variables {X*)(¢) : ¢ > 0}
is concerned, i.e.

\ilx(k) (0) :=1logE [eigx(k)(t)}

which does not depend on ¢, we have

Uy () :/0 AW ) (B~ M5)ds (6)

(see e.g. Proposition 15.4 in [3]; it is a slight modification of equation (15.22) in that reference).



Remark 2.1. Throughout this paper we often deal with logarithm of moment generating functions,
usually denoted by U, instead of logarithm of characteristic functions. So, when V() is finite (we
usually assume that the logarithm of moment generating functions are finite in the neighborhood of
the origin), we have W(0) = W(—if). Thus, when ¥ ,u)(0) := log E[eez(k)(l)] is finite, we have

b6 i
\IIZ(k) (9) = apbf + T + /R(e 0 _ 1-— 9371{|x‘§1})1/k(da;)
by (4); moreover, when WV ) (6) := logEle XM (t O] (which does not depend on t) is finite,

Uy (0) :/0 eV ) (B M%) ds

by (6).

We recall that (6) yields the following formulas for the (common) expected value E[X *)] and
variance Var[X (¥)] of the random variables {X®)(t) : t > 0}, i.e.

E[X®] =E[Z2¥)(1)]
and

2

We also recall some details on the class of infinitely divisible distributions called self-decomposable
distributions. This class coincides with the class of stationary distributions of Lévy driven OU pro-
cesses (see e.g. Proposition 15.4 in [3]). A random variable Y has self-decomposable distribution
if, for all b > 1, there exists a random variable X ) independent of X, such that X is distributed

S % + X®) Self-decomposable distributions can be characterized in terms of the Lévy measures
which appears in the representation of their characteristic function (see e.g. Proposition 15.3 in

[3])-

Var[X*)] = %Var[ z® (1)) = = <bk+ /R xzuk(dx)). (7)

3 Some useful functions

In this section we consider some useful functions where N is fixed. These functions will appear in
the proofs of the asymptotic results as N — oo (both large and moderate deviations).

3.1 Some functions for the results on finite-dimensional distributions

Here we consider the functions An(-,¢,,) and {¥n (-, t,,) : k € {1,..., K}} defined below, which
play a crucial role in the proofs of the results for finite dimensional d1str1butions. More precisely we
mean the finite dimensional distributions of the processes with m time instants ¢, = (t1,...,tm)
such that

0=ty <t] < <tm.

So we often consider column vectors v,, = (vi,...,v,)" € R™, where (-) is the transpose
operator for vectors or matrices; we use the notation (-,-) for the inner product in R™ and 0,), is
the null vector in R™.

In view of what follows, we need some other notation. We start with the matrix T' = (thg)h’ge{l’m7m}
defined by

thz'_{ 1 for¢>h
0 forl<h-—1,

we denote by 7{,) the v-th row of the matrix 7" and, for §,, = (01,...,0,)" € R™ we have the
vector

T0,, = (TO)1,- .-, (T0,,)m)" € R™, where (T0,,)n = T(n)0,, }:94 (for h e {1,...,m}).



Moreover let LS{)(N) = (Lgv)(N), LY (N))™ be the vector defined by

0 forh<v-—-1
LY(N) :={ &,0(N) for h = v (8)
cho(N)(1 — e MWINGIZINt—al)y - for b > v 41,
where
e—)xk([Nth_l]—[Ntv}-i-l)(l _ e—)xk([Nth}—[Nth_l]))
chp(N) = [P, (for 0 <v<h<m) 9)
— ek
and

e—)\k (1 _ e_Ak([NtU]_[Nt'ufl]))

év,v(N) = [Ntv] - [Ntv—l] - 1 —e M

(for v € {1,...,m}); (10)

let QW(N) = (Q}(&)(N))h,fe{l,...,m} be the symmetric m x m matrix defined by (we consider the
case h > ()

0 for/<h<v-1
e ([Nt = [Nty
e (1—e (Nt =Nty 1Dy =27 (1 _ o= 2\ (INto] =[Nty 1))
;Z?(N) — 2 k(1- 1_keka 1))y n 22k (1 1_:72% 1))y for h— { — v
(14 M) (V) (L e M) Prame ORI o > =
h,v l—e & N I—e 2% =
chao(N)egy(N)(1 — e 2w(INtl=[Nto-1])) forh>0>v+1;
(11)
et ’ = ’ ooy D) e the vector defined by
let DYD(N) = (D"(N), ..., D (N))™ be th defined b
0 forh<v-—-1
DYPO(N) = CHe D for =y (12)

cho(N)e ™ for h > v+ 1.

Now we are ready to present the main functions studied in this section. We start with

AN(emv m) :=1ogE |exp (ZHKSK Nté]))]
(=1
m [Nt,] m [Nt)] K
=logE |exp ZHgZXK = logE |exp ZHgZZXk) ,
i= (=1 i=1 k=1

where N > 1, m >1and 0,, = (61,...,0,)" € R™. We remark that, by the independence of the
OU processes {X*) : k > 1}, we have

K m [Nt,]
AN b)) =D U k(0 L), where U (6, 1,,) :=1logE exp [ > 6, > XW(i) || . (13)
k=1 /=1 =1

In the next Lemma 3.1 we give an explicit formula for ¥y 1(0,,,t,,) (thus, by (13), we imme-
diately get an explicit expression for Ayx(6,,,t,,))-

Lemma 3.1. Let us consider the functions

cpék)(e) :=logE [exp (GX(k)(O)>]

and

o) () == logE [exp <9 /j il e*deZUﬂ(Aks))] (for j € {0,..., [Ntm]}).

5



Then, if Uy k(8,,,1,,) in (13) is finite, we have

mI =m

U e (Ops ) = 5 <Z<T9m>hch7o<zv>>

h=1

2 { (ak - / xuk<dx>> (L) (N), TO,,) + %’%TQW QU(N)TY,,)
p— [—1,1]
[Nty]—[Nty—1]

A Z /(/ exp (q)(N),T0m>e)"““>—1)Vk(dx)> du}.

Actually the equality holds even if Vi 1(0,,,t,,) is equal to infinity (and the right hand side is not
finite).

We remark that, by (4) and (6) (see also Remark 2.1), we have
gO(()k)(Q) = / )\k\ilzm(—iﬁe*’\ks)ds
0

00 b, (6 e AV s
= )\k/ (akHeA’“s + k(62) + / (e™0 R 96Ak5x1{|z|§1})y(dx)> ds
0 R

2 00
— (ak — / xl/k(dx)) o 20, A / < / (e70e ™ — l)yk(d:c)> ds.
[~1,1] 4 0 R

In our results Uy x(6,,,t,,) is finite in a neighborhood of the origin 6,, = 0,,. This yields the
finiteness of the moments of the involved random variables.
Proof. We remark that

m [Nt m [Nt i

D203 XU =203 e (X0 + [ eazon)

=1 =1 i= 0

by (3), and

%

i J
/ eAksdz(k)(/\ks) _Z/ e)\deZ(k')()\ks>
0 — Ji_1
7=1

(note that the summands {fjjq eMdZ®) (\s) 2 j € {1,...,[Ntpn]}} are independent, and indepen-
dent of X*)(0)). Thus

m [th] Nth

IS SIS IS Sl DENEY (X““ +Z / “Sdz’%ks))
=1 =1 J+1

=1 h=1i=[Nt),_,

m Y, [Nty] m [Nth] K j
DY e Mix +zeez > ey [ iz,
(=1 h=1i=[Nt,_1]+1 =1 i=[Ntp_1]+1 j=173-1

Moreover, if we exchange the order of the indices h and ¢ in the first sum and the order of (j,h)
and (i,¢) in the last sum, we get

Nt[]

> o, Z x®(
(=1 =
m [Ntp] [Ntm] . m [Ntp]
=> (T0,)n Y. e *x®(0)+ / e dZ®) (M\es) > (T9,,)n > e M,
h=1 i=[Ntp_1]+1 j=1 Ji~1 h=1 i=([Ntp_1]+1)Vj



Then we have a linear combination of independent random variables, namely

m [Nt ] [Ntm] i
Z%ZM%FMMNW+Z%m/eMWMM
=1 =1 j=1 i-1

where the coefficients {0;(N) : j € {0,1,...,[Nty]}} are defined by

m [Ntr]
0;(N) = (T0,,)n > e Mkl (14)
h=1 i=([Ntp_1]+1)Vj

thus, by the independence of the random variables cited above, we have

[Ntp]
VN Ons ) = 90 Go(V)) + 37 0B (8;(V)).
j=1

Now, in view of what follows, we consider a more explicit expression of 0;(N) in (14) in different
cases; namely for j = 0 and, for every choice of v € {1,...,m}, for j € {[Nt,—1]+1,...,[Nt,]}. In
order to do that we refer to {c,(N) : N > 1} in (9), which are bounded coefficients with respect
to N for every choice of v and h (and this will be important when we take the limit as N go to
infinity in the next sections). We have

m [Ntg] m
Oo(N) =D (T0)n > e ™ =>"(T0,,)ncno(N)
h=1 i=[Ntp,_1]+1 h=1

for j =0 and, for v € {1,...,m},

_ e~ (1 — e=Mk([Nto]—j+1)
0;(N) = (T6,,). ( — o )

e MIVEL S ()T, (15)
h=v+1

for j € {[Nty,—1] +1,...,[Nt,]} (note that we do not have any contribution to the sum in (14)
when h € {1,...,v —1}).

We also recall that, by (4) and (5) with f(s) = —ife* and (t1,t2) = (j — 1, ) (see also Remark
2.1), we have

J -
o®)(0) = / A 00 (—106M)ds
-1

7 ApS\2 .
= / 1 Ak <&k0€>\k5 + Im(&z) + /R(ewekk -1- 96’\ksac1{|x§1})1/k(dm)) ds
e

= (ak —/ xuk(dx)> (eI — MU=1))g
[_171]
22 _ 2Mk(—1))g2 J s
4 -1 \Jr

then we get (we consider the change of variable u = s — (5 4+ 1) in each integral over (j — 1, j) for




the last equality)

[Nty]
Uk (Os t) = +Z S oLE;v))
v=1j=[Nty_1]+1

[Nt,]

LA DS {(— /[M]xukwa:)) (2 — U)X

v=1 j=[Nty—_1]+1

220ki _ 226 (5—1) (N))2 J ~ s
+bk(e e . )(0]( ) +)\k/ (/ (eigj(N)eAk — 1)yk(d$)> ds}
j—1 \JR

= R A j M=)\
ar — zv(dx ekl — e eI ;
) + ; { ( k /[—1,11 o (d )) Yoo« )0;(N)

J=INt1) 41
b [Nt,] [Nto] .
WS @aeeongzen S [ ([ehe Ak(uw””k(d@du}'
G=[Nty_1]+1 J=[Nty_1]+1

So we have to manipulate the following three sums:
[Nto] e k] A(G—1)\g .

L. ZJ [Nty 1]+1( Ho—e k0 1))9j(N)7
Ntv . . ~

2 e (€ = RO (N)

N v .Z‘~‘ e (“ j—1)
3 e iy (fR(e 0;(N)eXk(uti=1 —1)uk(dm)) du.

We start with the sum 1. We take into account (15) and, with some computations, we get

[Nto] [Nto]
S MG = Y (- M)
j=[Nty_1]+1 J=[Nty_1]+1
[Nty)] ' m 1 — e w([Nto]=[Nty_1])
. (T@ ) Z (1 _ efkk([Ntv}ij“Fl)) + (1 o e*/\k) Z Ch,U(N)(TQm)h 1— 67)"“
:Ntv 1]+1 h=v+1
e~k (1 — e~ M ([Nto] = [Nty_1]) m B B
o (Ntv i 1= e )+ Y cno(N) (T (1 IRV,
h=v+1
Thus
[Nty]
ST (M = MTT(N) = (LE(N), TH,,).
J=[Nty_1]+1



Now the sum 2. We take into account (15) and, with some computations, we get

[Nty] [Nty] )
Do (@M@ = 3T NN (N))
j=[Nty_1]+1 J=[Nty_1]+1

[Nty] 2
_ (1 - 6—2)\k) Z | 62)\kj <(T9m)v 1 — e )
+1

j:[Ntvfl
[Nt] . M (1 — e Me(INE] D) m
+9 Z 2 k] ((Tem)ve (1 16 —~ )) e—)\k[NtU} Z Ch,v(N)(TQm)h
J=[Nto—1)+1 — ¢ hot1
[Nt,] m 2
+ Y e (fwmv] > Ch,v(N)(T9m)h>
J=[Nty_1]+1 h=v+1
1—e 2% 9 o A ([Nto]—j41)12
= m((Tﬁm)v) > (1 eMNnlm)
J=[Nty_1]+1
1—e 2 " [Nt] A A
+ 217_)%(TQm)U Z chw(N) (T )0 Z (1 — e (VR e A(INE =)
—¢ h=v+1 §=[Nty_1]+1
m 2 [Nty
1) ( > ch,v<N><Tem>h> >, e
h=v+1 J=[Nty_1]+1
14 e M 9
= T oo (Tm)0)” ([Nto] = [Nto—1]
2e~ M (1 — efkk([Ntv]*[Ntv—l])) e 2 (1 — 6—2Ak([NtU]—[Ntv_1]))
B 1—e 2 + 1— e 2M
m | — e MUNGI-INttD) oMo (] — e~ 2Nt [Nt
Y
+2(1+e )(T8,)s h_zﬂ chw(N)(TO,)n ( =" — =y
m 2
+ ( Z Ch,v(N)(THm)h> (1 — e~ 2w(ING]=[Ntoa])y,
h=v+1
Thus
[Nto]
ST (2N = MUY (G5(N))? = (10, QW (N)TH,,).
J=[Nty_1]+1

Finally the sum 3. We take into account (15) and, if we set
q:=[Nty]—j+1 (for g € {1,...,[Nty] — [Nty_1]}),
with some computations we get

e (1 — e MelINB]=j+1)) m

0;(N)eMU—Y = (19,,), R + e WINBIZIHD Ny (N)(T6,)n
— ¢ h=v+1
e "M (1 — e Md _ =
= (10,), L v S () (T8,
h=v+1



Thus

[Nt,]

Z / (/ (2B (NeRID l)yk(dm)) s
Nt'v 1 +1
Ntv] Ntv 1]
= Z / (/ exp D(m”’q)(N),TQm>e)‘k“> - l)yk(dac)> du.

O

3.2 Some auxiliary functions for polygonal approximations

Here we consider some auxiliary functions which play a crucial role when we check the exponential
tightness. These functions are defined by considering suitable polygonal approximations of the
processes.

More precisely, for to > t; > 0, we consider the auxiliary function \IIS\I?’O;)(-, (t1,t2)) defined by

[Nte]
\Ilg\‘;ﬁj)((é?l, 92), (tl,tQ)) logE |exp 295 Z X(k th — [th]) (k)([th] + 1) ,
(16)
where the pairs (01, 62) are such that (705)1 = 01 + 62 = 0. We remark that
2 [Nt,]
> o, Z X® (@) + (Nt — [Nt) X B ([Nt] + 1)
=1
2 [Nt,] 2
=Y 60y XM+ Y 0Nty — Nt X ([Ntg] + 1)
=1 =1 =1
2 Nte] 2
Z )+ 3 (Nt — [Ntg])e Nt X ) (0)
i=1 =1
2 [Nt€]+1 ]
+ ) 0p(Nty — [Ntg])e M INEFD = / eM3dZ®) (A s)
=1 j=1 “Ji—1
and, as far as the last sum is concerned, we have
2 [Nte]+1
D 0u(Nty — [Ntg])e™ M (INUIHD Z / e 3dZ ) (Aps)
/=1
j m
Z / ModZOOns) Y 0Nty — [Ng])e VD),
j=1 Ji-1 L[Nt +1>)
thus, for j € {[Nt,—1] +1,...,[Nty]}, the coefficient of f] eMsdZ ) (\s) is
2
Z 0s(Nty — [Ntz])e—/\k([Nté]‘f‘l)
[Nt +12>5

2
= 0Nty — [Ntg)e WD 110 vy 11yt (N1 — [Nty ])em Vet
l=v

10



with 6y = 0 for the case v = 1.
So, if we put the pieces together, we get

(=1

2 [Nt
S 0 { > X®6) + (Nt — [Nt) X B ([Ntg] + 1)}
i=1

[Nty]

- J
H(Pol) )+ Z Z 9§pol) (N) / ks g7 (k) (\es)
-1

v= 1.7 [Ntv 1]+1

;(pol) N2+ s 37 (k)
+9[Nt2]+1(]\7)/ e dZ (\gs)
[NtQ]

where, if we refer to the coefficients 6;(N) in the proof of Lemma 3.1 (see (14)), we have

2
OV (N) = Bo(N) + 3~ (Nt — [Nt])e M(INt+D),
/=1
- R Z?:l Oo(Nty — [th])e_Ak([Ntd'i_l) for j € {1,...,[Nt1]}
OV (N) = B,(N) 4+ BNt — [Ntz MVl
+1{j:[Nt1]+1}01 (Ntl — [Ntﬂ)ei)‘k([Ntl]+1) for j € {[Ntl] +1,..., [th]}
and .
) o s - i)
Then, if we refer to some expressions of the functions {(pgk_)w :j €{1,...,[Nta]}} in the proof of

Lemma 3.1 (here we also have to consider the case j = [Nta] + 1), we have

WP ((01,602), (t1,12))
[Nty]

( j( 1 (k) (pol) (k) (pol)
0 Py + Z Z (’01 1.5 (ijo (N)) - SO[NtQ]y[NtQ]+1(9[IIi;1)€2]+1(N))
v=1 J= [Ntv 1]+1

Moreover, by taking into account the structure of the coefficients éj(N ) in the proof of Lemma 3.1,
one can check that

e~ M(INt1]+1) (1 _ o= A ([Nt2]—[Nt1]) 2 B
(1 S ) + ;GZ(NW — [Ntg))e Ak ([Nt +1)
=1

IV (N) = 6,

and, for some bounded sequences {{d; pOI)(N) N > 1} 4,5 € {1,2}},

(dPD (N8 + dBD (N)Ba)e=AVE] for j € {1,..., [Nt1]}

—AgJ(1—e— Mk ([Nt2]—j+1)
92 (e k](l 16_65)% 21—J )—i—dggOl)(N)ei)\k[Ntﬂ

é(POl) N) =
() (pol) —Ae[Nt1] :

+1{j:[Nt1}+1}01d21 (N)e kLEVEL for j € {[Ntl] +1,..., [th]}
92d§1;2>01)(N>67>\k[Nt2} for j = [Ntﬂ +1.

Decomposition of the function in (16). We consider the following decomposition

WPV (61,62), (t1,12) = WLV (01, 0), (t, £2)) + WL (61, 62), (11, 12)),

where we define the first term only and, obviously, the second term is
WL (61,0), (11, 12)) = TP (61, 62), (1, 12)) — TRPD (61, 02), (11, 12)).
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More precisely, if we consider the coefficients

6P (V) for j € {0,1,...,[Nt]}
9§p01,1)(N) = 0y (e—kkj(l—fizﬁg[:tQ]—J+1)) + dg;ol) (N)e—)\k[NtQ]) for j € {[Ntl] +1,..., [th]}
0 for j = [Nta] + 1,

we consider the function \Il(p01 1)((91, 02), (t1,t2)) defined by

‘I’g\?ﬁ’l)((@h 02), (t1,t2))
2 [Nto]

= D) (K) (7(pol) (k) (pol,1)
= e OF DS DD e EPT ) + 0 v G (N):
v=1j= [Nty—1]+1

k 1,1
(actually the last term can be neglected because 90[(1\/)752}, NtQ}H(GEﬁ,C;Z]ll(N)) =0).

The following remark on the first function of the decomposition plays a crucial role in some
proof in the next sections.

Remark 3.1. The coefficients 9~j (N) in the proof of Lemma 3.1 can be expressed as the coefficients
0~J(-p01’1)(N) here, with different bounded sequences {{d;;(N) : N > 1} : 4,5 € {1,2}}; thus we can give
a formula for \Il(po 1)((91, 62), (t1,t2)) as the one in Lemma 3.1 for ¥y 1 ((01,602), (t1,t2)). Obviously
the sequences {Lm (N): N > 1}, {QW(N): N > 1} and {ng{’q)(N) : N > 1} in that formula

change accordingly but, for our aims, \IIS\F;%I’I)((%, 62), (t1,t2)) behaves like W 1 ((61,62), (t1,t2)) (as
N — o0).

So, in what follows, we concentrate the attention on the second function of the decomposition.
We have the following manipulations.

TR ((01,602), (t1,12))
2 e k 1 k I; k 1
o ol;1 A (po
=3 3 @V W)) = @ @ (N + e v O (V)

v=1 j:[Nt'ufl]“Fl

(%)

and, by taking into account the expressions of the functions M

which appear in the proof of

12



Lemma 3.1, we get

\Ilg\l;,oklg)((elv 92)a (tl, tg))

2 [Nty]
-y { (k - /[ , xukwm)) S M- eV (V) - 6P (V)

v=1 J=[Nty—_1]+1
b [Nt,] ' ) i
o2 WA= PEPT W) - (G ()]
J=[Nty—1]+1
[Vt] 1 5(pol) i 5(pols1) i
e Y / </ (€707 (SR aP TR (N)ek et 1))Vk(d$)> du}
j=[Nty_q)+170 R

+ <ak — / xl/k(dx)> M (INEl+1) (1 e_)"“)QQd(ngD(N)e_)‘k[NtQ]
[=1,1]

" %SQAk([Nt2]+1)(1 — e 2M)p2 (d(POD(N))?e—?/\k[Ntﬂ

1
+ )\k/ </ (e:cﬂgdggou(N)e*Ak[NtQ]e)‘k(uHNtQHl*l) B 1)yk(d$)> Ju
o \Ur

= (ak - / :):Vk(dx)> eIVt e_)"“)ﬁldg{d)(N)e_)"“[Nm
[_171}

+ %€2>\k([Ntl]+1)(l _ e—2>\k) |:02(d(p01) (N))2€_2>\k[Ntl]

4
“Ae([Nta]+1) (1 — o= A([Nt2]-[Nt1])
+20102d5 " (N e M+ (6 (1 _ ee—xk ) dgs™ (N )G_Ak[Nm])]
L NN (] _ o Me(INE] - [Nt])
+)\k/ (/ exp (3692(6 (11 :—Ak )+dé};ol)(N)e—/\k,[Ntz])e)\k(u—i—[Nn]))
0o \Jr —

(Pol) ( APy e— Ak [NE1] oA g (ut[Nq])
x (eP01dar (N)em kT ek - l)yk(daz)) du

+<ak—/ m(dw)) L= e (8) - TP (1 Py ()2
(—1,1]

1
+ )\k/ </ (e$92dég 1)(N)e)\ku B 1)1/k,(d$)> du
0 R

0 b -
= (Gk —/[ . xuk(dx)> F(1—e ) 2«9 d(p 1 Zfe”"“(l — e %)

2 k(1 — —Ak([Ntal—[Nh])
x [Zeﬁ<déi°“<zv>> + 2010, (N) ( Loe )

v=1

' Ak (1 — e~ Me([Nt2]=[Nt1])
+>\k/ (/ exp (iﬁ@z(e (1 16 - ) +d(ngl)(N)e—kk([Ntz}—[Ntl]))e,\ku>
0 R

1—e M

+ d;};ol) (N)e/\k([Ntﬂ[Ntl]))]

— e

1
x (eP0sT (N)eN 1)Vk(dx)) du + A / ( / (ea0edss (ke _ 1)vk(dx)> du.
0 R

4 Large deviations for the Gaussian case

In this section we always consider Gaussian OU processes, namely we assume that vy, ..., Vi are
null measures. Thus the moment generating functions {Lpék) :k e {l,...,K}} are finite everywhere;

13



more precisely, for all k € {1,..., K}, we have
by.6?
@E)k) (0) = arb + kT (for all § € R).

We start with a result for finite dimensional distributions. Note that, since vy, ..., vk are null
measures, 03 below coincides with ¢ by (2) and (7).

Proposition 4.1. We assume that vq,...,vk are null measures. Then the family of random
variables
tr
SK([Ntl])’m’SK([Ntm]) N> 1
N N
satisfies the LDP with speed N and good rate function A*(-,t,,) defined by
2
m (x'u*xv—l _ /l/)
X % L ty—ty—1
A (gmvzm) T Z(tv - tvfl) 20_8 )
v=1
-
where xg =ty =0, pu:= Zszl ar and 03 = Zle %’“ }J_FE,AZ .

Proof. Form >1and 0 =ty <t; < --- < t,, we set A(0,,,t,,) := fo:l U (0,,,t,,), where

Zmrim

m

GO t) =S (e — o 1) {ak@em)U T

v=1

bil +e M
41 —e Mk

(T80, |
thus, by taking into account the values p and o3, we have

— 0'2

A t) = D00 = t0o) { (T8 + (T80,

We want to apply Gartner Ellis Theorem. In order to do that, if we refer to the functions in
(13), we have to prove that

An(6,,,t -
lim N Oy tn) =A(,,,t,,)
N—o00
or, equivalently,
N A (N i R
i N k(O ) (17)

for each fixed k € {1,...,K}.
The limit (17) will be checked by considering the expression of ¥y x(6,,,%,,) in Lemma 3.1.
Firstly, by (9), we remark that

cho(N) = 1o 1—e™k (as N — 0),

e_)\k([Nth—l]+1)(1 _ e—)\k([Nth]—[Nth_l])) . e~k ifh=1
0 ifhe{2,...,m}

and therefore
m _)‘k

lim > "(T8,,)ncro(N) = —

N—oco 11— e~k

(TQm)l;

thus *)
i 20 o1 (T8, )nenp(N))
N—oo N

Then we check (17) noting that

=0.

Lglv)(N) B { ty —ty—1 for h=wv

li = .
N E>noo N 0 otherwise
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(because we always have bounded quantities divided by N except [Nt,] — [Nty,—1] in &, ,(V); see
(8), (9) and (10)) and

L) f B, ) forh=f=u
N—o0 N T

0 otherwise

(because we always have bounded quantities divided by N except [Nt,] — [Nt,—1] in QS,%)(N ); see

(11)).
Then Gértner Ellis Theorem can be applied and the desired LDP is proved if we show that the
function A*(-,t,,) defined by

0_2
= sup {20 Ty — Z v tv*l) {F‘(Tam)v + ;((Tem)v)Q}}

9,, ER™ =

coincides with the one in the statement of the proposition. In order to do that we consider a change
of variables in the supremum, namely the vector 7,, € R™ defined by

Y = (T16,,), (forve{l,...,m}).
Then we have Y )" 02, =Y 0" 1 Yo(Ty — 2y—1) (Where zg = 0), and we get

m 2
T x g
A (lm: tm = Ssup { § 'Yv v — Ty— 1 E (tv - tv—l) {/VYU + 2073}}

Yin eRm™ v—1

m 9 m (M _ u>2
Ty — Ty—1 05 9 . ty—ty—1 .
P e e 1 Y= b

YvER v tv—l f—

moreover, in order to get the inverse inequality, for all v € {1,...,m} we can take a sequence
{%(]h) : h > 1} which attains the supremum with respect to 7, € R, we have

_ m m 2
N @ ) 2 D98 @0 = @01) = D (o =t {M%ﬂh) +°(%§h>)2}
v=1

v=1 2
- Ty — T o2
— Ty—1
= (to = tom) QU = Sl + ()2
— ty — ty_1 2
and we obtain the inverse inequality by letting h go to infinity. O

Now we are ready to give the sample-path large deviation result.

Proposition 4.2. We consider the same hypotheses and notation in Proposition 4.1. Moreover let
{Wn : N > 1} be the family of stochastic processes defined by

Sk ([Nt])
KT (for t € [0,1]).

Then {Wyx : N > 1} satisfies the LDP with respect to the topology of uniform convergence, with
speed N and good rate function Itp defined by

Lp(f) = { Jo M (f(t),1)dt if f € AC[0,1] and f(0) =

00 otherwise,

Wi (t) :=

where f(t) is the almost everywhere derivative of f(t) and AC|[0,1] is the family of all absolutely
continuous functions on [0, 1].
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Proof. The proof consists of several steps, and we refer to the polygonal approximations {W](\}D o

N > 1} defined by

Nt — [Nt]
N
Firstly we check that {Wy : N > 1} and {W](\}D VN> 1} are exponentially equivalent (see

e.g. Definition 4.2.10 in [4]) with respect to the speed N, namely

WP () = Wy (t) + X ([Nt] + 1). (18)

N—o0 t€(0,1]

1 o
limsupﬁlogP ( sup ‘WA}) 1 (t) — WN(t)‘ > 5) = —oo for all 6 > 0.

In fact we have

{ sup ’W](\})Ol)(t) - WN(t)) > 5} = { sup Ve

<t - Nt> Xg(INt] +1)| > 5}
K

N+1 N+1
c{ max | Xk (i) > Né} = J {Ixx()| > Noy < | { ‘XUc ‘>N5}
k=1

ie{l,...,N+1} i1 -1

te[0,1] t€[0,1]

and, by the union bound and the stationarity of the processes,

N+1
P<sup WD @) - Wy ‘>5><ZP(Z‘X“ ‘>N5>;
te[0,1] i=1

thus, for all n > 0, we have

P ( sup ’W](\;)Ol)(t) _ WN(t)} > 6) < (N + 1)E |:e772£{:1 |X(k)(0)‘i| 6—77]V(57
tel0,1]

K
1 (pol) 1 1 X®)(0)]
—logP | sup ‘Wp ty—W, t(>5 < < log(N +1) + = logE |eMX Ol — s,
N (te[o,” N (0= WD) v sV 1) [ }

1 o
limsup — log P | sup ‘W](\? ) (t) — WN(t)’ >0 | =-nd
N—oo N t€[0,1]

(because Zle log E [e”'x(k)(o)‘] < oo for all n > 0 by the hypotheses), and we get the desired

exponential equivalence condition by letting 1 go to infinity.
Then, by Theorem 4.2.13 in [4] and this exponential equivalence condition, we have the following
statements.

1. It suffices to prove the LDP of {W](\?Ol) : N > 1} to get the desired LDP of {Wyx : N > 1}.

2. The LDP for finite dimensional distributions in Proposition 4.1 can also be stated for the
finite dimensional distributions of {W(pOI) :N > 1},

As a consequence of Statement 2 we have the LDP of {Wy, (pol) ', v > 1} with respect to the

topology of pointwise convergence; more precisely, by Dawson Gértner Theorem, {Wy (pol) . 7 >1}
satisfies the LDP with speed N and good rate function I1,p defined by

Iip(f) == sup A*((f(t1),-- -, f(tm)) tm); (19)

m2Lt,,

moreover we can check that the rate function It,p here coincides with the one in the statement of
the proposition (this can be checked with some standard computation; for instance see a part of
Lemma 5.1.6 in [4]).
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Then we complete the proof showing that {W](\F ol) : N > 1} is exponentially tight; in fact, by
Corollary 4.2.6 in [4], the LDP of {W](\}) VN > 1} holds with respect to the topology of uniform
convergence and this completes the proof by taking into account Statement 1 above.

So in what follows we check that {W](f o). N > 1} is exponentially tight. In order to do that
we refer to Theorem 3 in [9] which is proved as a consequence of Theorems 1 and 2 in the same
reference; see also [5] (Theorem A.1 in [5] coincides with Theorem 1 in [9]) and [10], and we have
to check two conditions. The first condition is

. . . 1 (pol) _
ngréo 11]{/11:;101) N log P([Wx " 7(0)] > R) = —o0. (20)
Then, for all v > 0, we have (in particular we take into account (18) and Wi (0) = Sﬁgo))

P(WEP(0)| > R) = P(ISk(0)| > NR)

K
< Elexp (718 (0))] e N < T E |exp (11X P (0)]) | eV
k=1

and

K
1 1
limsupﬁlog P(|Sk(0)] > NR) < —yR + limsup N ZlogE [exp (7|X(k)(0)]>}
k=1

N—o0 N—oo

thus (20) holds because > log E [exp (7| X®)(0)[)] < oo (by the hypotheses of Proposition 4.1).
The second condition to check is the following: there exist o,y > 0 and C' € R such that, for all
t1,t9 € [0, 1] with to > t1, we have

1 N o o
—logE [exp (7\W](\}D ) (t2) — W](\}D ) (tl)])} < C, eventually.
N (tz — tl)o‘

Then it suffices to show that there exist v > 0 and C' € R such that, for all ¢1,t2 € [0,1] with
to > t1, we have

1
limsup — logE

o (s
o [ 2
Nooo IV P to —t1

(thus we have a = 1/2). We remark that, for all v > 0, we have

wED (1) — o <t1>1)} <c (21)

N (o) (e}
E {exp (’HW}VP Dty — WP ”(tm)]

Vi
<E [exp <\/%(WJ(\}’OD (ta) — W (tl))ﬂ +E [eXp (%(W&p D(ty) — W (tl)))] :

moreover

K
ENY o (pol) (pol) )] (pol) < ( o v > )
log [exp [ ——— (WP (1,) — P ¢ SN v + (- , (t1,12) ) -
g [ p < T — tl( N (t2) N (t1)) ; Nk V-t vVh-6L (t1,t2)

Then, by taking into account the decomposition of the function in (16) illustrated in Section 3 (we

recall that here we are assuming that all the Lévy measures vy, ..., vk are null measures), we have
(pol,1) v v
. \I]N,k <:l: <_ /t27t1 b /t27t1) b (tlﬂ tQ)) = ’}/ ’Y
lim =V (|- ; , (t1,t2)
N—oo \/tQ_tl \/tQ—tl

by Remark 3.1, and

(p0172) 0 i0i
. \IJN,]C (:l: (_ to—t1’ t27t1> ’ (tl’ tz))
lim =0
N—oo N
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because we take the limit of bounded terms divided by NN; thus we get

(pol) " Y
lim YN (i( m’wsz;—tl)’(tl’m) I O gl (t.12)
N—o0 N k \/t2 — tl’ \/tQ _tl 1,02

PR S B L
YU VE=G  dl—e (VR0

Finally we have

1 Y
limsup — logE |exp | ———
N%oopN s [ p(\/t2—t1

Smax{éw’“«_\/t;ﬁ’tgjtl) tl,t2> Z‘Pk<<\/t27_t1’_\/tj—t1>’(tl’h))}

by Lemma 1.2.15 in [4], and the desired condition with inequality (21) can be easily checked. [

WD) 1) — 5 <t1>|)]

We conclude this section with a brief discussion on the difficulties in lifting the assumptions
beyond Gaussian case. In the proof of Proposition 4.1 it is not clear how to prove an extended
version of (17) with a more general limit function which depends on the Lévy measure vy (in place
of Ui(0,,,t,)); in fact, for each fixed §,, € R™, we need to take the limit as N — oo through an
integral of a function which depends on 8,,,. Moreover the limit function could be equal to infinity
for some §,, € R™; this could give rise to some difficulties for the application of Gértner Ellis
Theorem (the steepness condition for the limit function could fail) in the proof of Proposition 4.1,
and some difficulties to check (20) in the proof of Proposition 4.2.

5 Moderate deviations

We start with a result for finite dimensional distributions, namely the analogue of Proposition 4.1.
Here we do not restrict the attention on the case of Gaussian OU processes.

Proposition 5.1. We assume that, at least for N large enough, the functions {Vn (-, t,,) : k €
{1,...,K}} assume finite values in a fized open neighborhood I of the origin 0,, € R™. Then, for
every sequence of positive numbers {en : N > 1} such that ey — 0 and Ney — 0o as N — oo, the
family of random variables

{(5K<[Nt1J>—E[SK<[Nt1]>] stNtm])—E[smmmn])“:N>1}
INew VNex -

satisfies the LDP with speed 1/en and good rate function Y*(-,t,,) defined by

* - Ly — Ty— 2 - Ty — Ty— 2
T (zmvim) = Z(tv - tv—1)2(2 1) = Z 2(1)7

- Aty — ty—1)? 2ty — ty—1)
where xo = 0 and ck is as in (2) (see also (7)).

The finiteness of the functions {Uy x(-,t,,) : £ € {1,..., K}} in a fixed open neighborhood Z
of the origin 0,, € R™ yields the finiteness of the moments which can be obtained by considering
taking the derivatives for 8,, = 0,,,.

Proof. We start noting that, if we refer to the functions An (-, t,,) and {¥n x(-,t,,) : k€ {1,..., K}}
n (13), we have

VAN< mo m) (E[SK([Ntl])]7"'7E[SK([Ntm])])tr
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and
tr

VUNE O t) = | D EIX® @], Y EX® ()]

In what follows we prove that

1 1 1
I Unp (e 0,08 ) = (e 0, VUN (0,8 )) ) = =(0,,,ChB,.), (22
Jim e (Ue (=) ~ (e 0, Va0 ) ) = 50,0 Cut), (22

for a suitable (covariance) matrix Cj; this will imply that

1 1
li AN | ——=— 0ty )| — ( ———="0,,, VA )Y ) =Y., 1,
dm ey (3 (G on) = (G 0nte)) ) = 0ty

where Y(0,,,t,,) == 3(0,,,C0,,) and C := Z,{;l C%. Then Gértner Ellis Theorem allows to say
that the desired LDP holds with good rate function Y*(-,¢,,) defined by

T*(gmatm ‘= Ssup {ZG Ty — T m’m)}; (23)

6, eR™

moreover in the final part of the proof we show that the expression of Y*(z,,,t,,) coincides with
the rate function expression in the statement of the proposition.
The limit (22) will be checked by considering the expression of the function ¥y (-, ¢,,) in

Lemma 3.1. We start noting that, for each fixed k € {1,..., K}, \/J\}TN -8,, € Z for N large enough.

Thus, eventually, we consider the Mac-Laurin formula arrested at order 2 and we have

1 1
o 0t | — ( ——=—0,,, VINL(O,, L
N( Al (\/m B > < Nen wi (0 )>>
1 1 1 1
—en=( ——-0,,.C 0, ) +en-ol—-10.17).
6N2< NEN -m Nk NEN - > N O(NEN ‘L H)

where Cy i, is the Hessian matrix defined by

Nk ‘*—
80@9] i,je{1

s}

o e 119,112
and limpy_ 0 M = 0. Thus
Nepn

(o o) (i )

1 1 1 )
— 5 (B Oy om0 (- 18al?)

and we get (22) if we show that, for some limit matrix C (which will be specified below), we have

1
lim — . 24
dm Oy = Ci (24)
In view of what follows we consider the notation (c,, o(N))" := (c1,0(N),...,cmo(N)) and we

recall that ((p[()k))” (0) coincide with the stationary variance Var[X*)] in (7), namely

(go(()k))"(o) = % (bk + /RxQVk(dx)> :

19



Then, by taking into account the expression of ¥y 1,(6,,,t,,) in Lemma 3.1, after some computations
we get

by,

N Ot = 7 2o A O (V) e (V)T + 5@ (N)T

[Ntv [Ntv 1
+ Ak Z / / 220y, (da)du T DD (N)(DWD(N))*T

1 & , v Ok ot (0
Nz{ T g (V) e o(N) T + H QI (N)T
v=1
1 [Nty]—[Nty—1]
3 / Prg(de)(€ 1)y TUDRVN)(DEY (V)T
R q=1

Now, in order to check (24), we let N go to infinity. Obviously

LS~ (k . v
N 2 0" ()T ¢ 0 (N) (€, 0(N )T

in negligible because it converges to the null matrix as N — oo (because the numerator is bounded).
Moreover
_ b 1+ e~

tr
21w o~ )T Ty

by (11). Finally we remark that, if we set

Do) .— (p{el - plal)y with DY .= inf D{"(N)

N>1

and
D .= (D47 . D) with DIV .= sup D"V (N),
" N>1
forall v € {1,...,m} and i € {1,2} we have
[Ntv]—[Ntvfl} Y 2
: 1 tr 1y (v,q,%) (v,q,8) \tr e "k tr
Nim Zl T Dyt (D )T = | o= ) (b = )T T
q:

by taking into account (12) and by applying Cesaro Theorem; then we can say that

1 1 [Nty]—[Nty—1]
- 2 22k . s tr 1y(v,q) (v,q) tr
5 | elde)(E =) fim Do TR )T

1 [, 1+ e o
= 5 /I\Qfl}' l/k-(d.']f)m(tv — tv—l)T(v)T(v)'

So, if we put the pieces together, we can say that (24) holds with

m

14e M r
O =3 (ty — tu-1)5 {bk‘f‘/RxQVR(dx)}lT(t)T(”)

v=1

In the final part of the proof we consider some standard manipulations of the Legendre transform
in (23) with a change of variables in the supremum, namely the vector Yon € R™ defined by

v = (T(tg) 0,,), or equivalently v, := (76,,).

»Ym
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In fact we have Y 0" 0,2, = Y 0ty Yo(2y — Ty—1) where 2o = 0 and, noting that

1+e -
2 tr _ 2 tr
C = Z Cr = Z E:l — ty_ 1 {bk + /RiL‘ I/k(dw)} T — o T(U)T(v) =Ck E:l(tv — tv—l)T(v)T(u)
k=1v v=
(the last equality holds by combining (7) and (2)), we get
2 m
. c
Y(Ops ) = <e co,,) = % Z ) O T\ Tt ) = =5 D (b0 — tu1 )73
v=1
Then
* - Ty — Ty—1 Cx 9
T (z,,, ) = ty —ty—1) Su v 5 T
(East) = Dt~ to-0) s (o=t k)
= (Ty — Ty—1)? L (@ — mp1)?
= ty — Ty— = Sl
v:l( 1)26%((15@ —ty_1)? UZZI 262 (ty — ty_1)
and the proof is complete. O

Now we are ready to give the sample-path moderate deviation result.

Proposition 5.2. We consider the same hypotheses of Proposition 5.1. Moreover, for a sequence
of positive numbers {en : N > 1}, let {Wn(-;en) : N > 1} be the family of stochastic processes
defined by

Sk([Nt]) — E[Sk ([N1])]

\/ N/EN

Then, for every sequence of positive numbers {enx : N > 1} such that ey — 0 and Ney — oo as
N — oo, {Wn(;en) : N > 1} satisfies the LDP with respect to the topology of uniform convergence,
with speed 1/en and good rate function Inp defined by

Lps 1(f(t)) ; n _
I (f) ::{ Jo T*(f(t), 1)dt = dt if f € AC[0,1] and f(0)

%) otherwise,

Wi (tien) =

(for t €10,1]).

where f(t) is the almost everywhere derivative of f(t) and AC|0,1] is the family of all absolutely
continuous functions on [0, 1].

Proof. The proof follows the same lines of the proof of Proposition 4.2. In this case, for every
sequence of positive numbers {ex : N > 1} such that ey — 0 and Ney — 0o as N — oo, we have
to consider the polygonal approximations {W](\? Ol)(-; en): N > 1} defined by

Nt — [N1]

\/N/eN

in place of W](\? 01)(-) in (18). Here some parts are omitted (because we can simply adapt some parts
of the proof of Proposition 4.2) and we only give some details on the main differences.

Firstly we check that {Wx(;en) : N > 1} and {WJ(\?OI)(-;EN) : N > 1} are exponentially
equivalent with respect to the speed 1/ey. In fact we have

W (ten) = W(tien) + (XK ([Nt] +1) = E[Xk ([Nt] + 1)]) (25)

{ sup ’W](\})Ol)(t;EN) —WN(EEN)) > (5}

te(0,1]
Nt — [Nt]
= q sup
te[0,1]

\/N/sN

(X ([Nt] +1) = E[Xg ([Nt] + 1)])

>5}
K

N+1 N
e U{S ooz >/ 2s)
i=1

EN

21



and, by the union bound and the stationarity of the processes,

N+1

P<$m‘wwﬂt@@ ww@mw>5><§:p<§jx MXW®M> JVQ;
t€[0,1] 1 EN
thus

p ( sup )W pol) (tien) — Wi(t; EN)‘ > 5) < (N+1)E [6"25:1 |X<k)(0)—IE[X(k)(0)}|} o N/EN(S’
tel0,1]

log P ( sup ‘WA})OI (t;en) — Wi (t; 5N)‘ > 5)

te[0,1]
(5 (0)—E[ X (k) N
<log(N +1)+ ZlogE [emx (0)-E[X (O)H] N )
k=1 EN

N bﬁN+U+Zﬁﬁ%EPMW@%Wqu
- N _775 )

EN /N / EN
and we get the desired exponential equivalence condition noting that, if we take n > 0 small
enough to have Zszl logE [e”‘X(k)(O)*E[X(k)(O)”} < oo (this is possible by the hypotheses; in fact

the functions {goék) :ke€{l,...,K}} are finite in a neighborhood of 0 € R), we have

log P ( sup ’W](\?Ol)(t; EN) — WN(tHfN)’ > 5)

1/en te0,1]

log(N + 1) + 4, log E [en X OB Ol
\/ N/EN

Now we can simply adapt some parts of the proof of Proposition 4.2: we have the same state-
ments which follow from the exponential equivalence and Theorem 4.2.13 in [4] (obviously here we
have to refer to Proposition 5.1 instead of Proposition 4.1); we can consider again the application
of Dawson Gértner Theorem with the rate function Iyp defined by

Ivp(f) = sup T*((f( 1) f(tm))s L)

m>

<+ Nen

—nd | = —o0 (as N — 00).

instead of Irp in (19), and the rate function Iyip here coincides with the one in the statement of
the proposition; we conclude the proof showing that {Wy pOI)( ~N) : N > 1} is exponentially tight,
and we refer again to Theorem 3 in [9].

We give some details on the two conditions for the applications of Theorem 3 in [9]. The first
condition, namely the analogue of (20), is

lim limsup log P(|W](\}DOI)(0; en)| > R) = —oo0. (26)

R—o0 Noo /EN

Then, for all v > 0, we have (in particular we take into account (25) and W (0;en) = M)

Ve
PAWY™ )| > R) = P (|SK<0> ~ ElSk(0)] > @3)

< E [exp (7|Sk (0) — E[Sk(0)]])] e VN

K
=B [eXp (vZ X0 - E[X“f)(om)] e VNN,

k=1
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thus (26) holds because, if we take n > 0 small enough to have Zle logE {e”'x(k)(o)_E[xm(o)”} < 00

(this is possible as we said above), we have

lim sup log P((WP (0;en)| > R)
N—o0 / EN
K
< hifnsupaN (Z logE [exp (fy|X (0) —E[X®) (0 )] fy,/N/gNR)
— 00 k=1

= hmsupENZlogE [exp (’y]X R0y —E[X® (0 ﬂ yv/NeyR = —0

N—oo k=1

for all R > 0. For the second condition we show that there exist v > 0 and C' € R such that, for
all t1,t € [O, 1] with to > t1, we have

; 2l (pol) (. (pol) 1, . )}
lim su logE |ex 2% to; e W t;e <C 27
N P /8 g [ p< envia— 1t t1| N (2 N) N (1 N)’ ( )

(thus we still have o = 1/2; note that (27) is the analogue of (21) in the proof of Proposition 4.2).
We remark that, for all v > 0, we have

Y (pol) (pol)
E — W to: -W t1;
[exp <€N to —t1’ N (i) v l’gN)‘)]
<E [exp (7(WJ(\;)OD(t2;6N) - Wz(\}ml)(tl;SN))ﬂ
ENVE2 — 11

E (pOD t (pOI) t . .

+ |:€Xp <€N tQ—tl(W ( €N) WN ( 17€N)) ’
moreover

7 1 1
log [GXP <W(W}§°)(t2;g]\,) - Wz(\})o)(tlst)))]

K
(pol) —y ~
K {\p < <VN€N<'52 —1) VNenltz - m) ’(tl’m)
_ < +1 (—777)7V\II§\I;3€1)(<070)’ (tl,tg))>} .

NSN(tQ — tl)

Then, by taking into account the decomposition of the function in (16) illustrated in Section 3,
after some computations we can check that

- (pol.1) —y v
Hm ey ¥ + )  (t1,t2)
N=eo { A ( (\/NEN(t2—t1) \/N€N(t2—t1)> )

. < NENZIE; — 1) (—%W),V\I/?V’f’]j’l)((ojo)’ (t1>t2))>}

14 e 72
1—e ™ (Vig —11)2

1
=5t — t1)Var[X¥)]

and

im e (pol,2) — ~
]\}%oo N {\I/N,k (i <\/N5N(t2 —t1) /Nen(ta — t1)> ;(h,tQ))
‘< = (), VEE(0,0), (t1,t2))>} —0

N&N(tg — tl)
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(in particular we take into account Remark 3.1 for the first limit); thus we get

lim ey d 0O [+ U il | (t1, 1)
N—oco { Nk \/NEN(tg—tl) \/Né“N(tz—tl)

B +1 ) o
< N€N(t2—t1)( 7:7), VU ((0’0)7(t17t2))>}

14+e M 72
1-— 6_)"€ (\/tQ — t1)2.

1
=5t — t1)Var[X*)]

Finally we have

lim sup

LI [ ( i
) exp | ————
Nooo l/eN s ENVita — 1t

[\

WD (tysen) — WED (11: e r)
g

K
k
< 23" Var[x¢ k)L

2 1—6 Ak
k=1

by Lemma 1.2.15 in [4], and the desired condition is checked (in fact, for every choice of ¢; and ta,

(27) holds with C = g 2521 Var[ (k)} 1+e )‘k) -

Ak
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