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Abstract

Markovian evolving graphs [2] are dynamic-graph models where the links among
a fixed set of nodes change during time according to an arbitrary Markovian rule.
They are extremely general and they can well describe important dynamic-network
scenarios.
We study the speed of information spreading in the stationary phase by analyzing
the completion time of the flooding mechanism. We prove a general theorem that
establishes an upper bound on flooding time in any stationary Markovian evolving
graph in terms of its node-expansion properties.
We apply our theorem in two natural and relevant cases of such dynamic graphs:
edge-Markovian evolving graphs [24, 7] where the probability of existence of any
edge at time ¢ depends on the existence (or not) of the same edge at time ¢ — 1;
geometric Markovian evolving graphs [4, 10, 9] where the Markovian behaviour is
yielded by n mobile radio stations, with fixed transmission radius, that perform n
independent random walks over a square region of the plane. In both cases, the
obtained upper bounds are shown to be nearly tight and, in fact, they turn out to
be tight for a large range of the values of the input parameters.

1 Introduction

Markovian evolving graphs and Flooding. Graphs that evolve over time are cur-
rently a very hot topic in computer science. They arise from several areas such as
mobile networks, networks of users exchanging e-mail or instant messages, citation
networks and hyperlinks networks, peer-to-peer networks, social networks (who-trust-
whom, who-talks-to-whom, etc.), and many other more [2, 11, 8, 21, 16, 22, 23].
Markovian evolving graphs are a natural and very general class of models for evolving
graphs introduced in [2]. In these models, the set of nodes is fixed and the edge set at
time ¢ stochastically depends on the edge set at time t—1: so, we have an infinite sequence
of graphs that is a Markov chain. It is important to observe that, on one hand, these
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models make the underlying mechanism of how the graph evolves explicit; on the other
hand, they are very general since, by a suitable choice of the matriz transition probability
yielding the graph Markovian process, it is possible to model several important network
scenarios such as faulty-networks and geometric-mobile networks (such scenarios will be
described later).

In [2], the hitting time and cover time of random walks in some specific cases of
Markovian evolving graphs have been analytically studied. We instead investigate the
speed of information spreading on general Markovian evolving graphs. Reaching all
nodes from a given source/initiator node is typically required to disseminate or retrieve
information: this task is performed via suitable protocols that aim to achieve low delay
and message overhead. However, when the network topology is highly dynamic and
unknown, (e.g. unstructured peer-to-peer networks, faulty/mobile networks, etc), it
is very hard to design efficient protocols for that task and, as a result, the flooding
mechanism is often adopted [6, 12, 13, 19]. In the flooding mechanism, any informed
node (i.e. any node that has the source message) always sends the source message to
all its neighbors. So, the source is informed since the beginning and, clearly, any other
node gets informed at time step ¢ iff any of its neighbors (w.r.t. the edge set at time ¢)
is informed at time step t — 1.

The completion time of the flooding mechanism (shortly flooding time) is the first time
step in which all nodes of the network are informed.

It is important to observe that flooding time in dynamic networks plays the same role
of diameter in static networks. Indeed, flooding time and diameter represent “natural”
lower bounds for broadcast protocols in dynamic networks and static ones, respectively.
For this reason, flooding is often used in order to evaluate the relative efficiency of
alternative protocols, especially in networks with unknown dynamic topology [6, 12, 21].

Our results. We study flooding time in stationary Markovian evolving graphs, i.e.,
when the initial graph is random with a stationary distribution of the underlying Markov
chain [1]. In network mobility simulation, this corresponds to the important concept of
perfect simulation (see [18, 5]).

We prove an upper bound on flooding time in any stationary Markovian evolving
graph. This upper bound is expressed in terms of the parameterized node-expansion
properties satisfied by the stationary graphs. As far as we know, this is the first analytical
result on the speed of information spreading in so general dynamic models.

We then show the tightness (so the “goodness”) of this bound in two relevant and
natural dynamic scenarios: edge-Markovian evolving graphs (in short, edge-MEG) and
geometric Markovian evolving graphs (in short, geometric-MEG).

Edge-Markovian evolving graphs. In several networks scenarios, there is a strong depen-
dence between the existence (or the absence) of a link between two nodes at a given time
step and the existence (or the absence) of the same link at the previous time step. Im-
portant examples of this behavior arise in faulty communication networks, peer-to-peer
networks!, and social networks.

We thus consider edge-MFEG, special Markovian evolving graphs, recently studied in
[7], which are a time-discrete version of the reciprocity graph model introduced in the
context of evolving social networks [24]. At every time step, every edge changes its state
(existing or not) according to a two-state Markovian process with probabilities p(n) and

!Notice that, in some of these settings, there is an underlying physical network that supports the
abstraction of point-to-point communication.



q(n) where n is the number of nodes. If an edge exists at time ¢ then at time ¢ + 1 it
dies with probability ¢(n) (i.e. death-rate). If instead the edge does not exist at time ¢,
then it will come into existence at time ¢ + 1 with probability p(n) (i.e.birth-rate). For
brevity’s sake, functions p(n) and g(n) will be simply denoted as p and ¢, respectively?.
Observe that setting ¢ = 1 — p yields the (time-independent) dynamic random graph
model [8] where links, at every time, are chosen independently at random. So, edge-
MEG are (in turn) a wide generalization of dynamic random graphs. Observe that when
0 < p,q < 1, the stationary distribution is unique.

We first prove that stationary edge-MEG, yielding connected graphs, satisfy certain
parameterized node-expansion properties. Thanks to these properties, we can apply our
general result and achieve an upper bound on flooding time. The obtained bound is
shown to be tight whenever flooding time is 2(loglogn): this includes, for instance, the
relevant case where the expected node-degree is O(polylog n). In general, our upper
bound for edge-MEG is thus at most an O(loglogn) factor larger than the optimum.

In [7], it has been studied the mazimal flooding time in edge-MEG with respect to
any initial probability distribution. In that paper, in fact, almost tight bounds for the
worst-case flooding time have been derived. However, those results do not say whether
flooding can be (significantly) faster in stationary edge-MEG. Interestingly enough, our
stationary bound implies that, whenever the birth-rate p is O(1/n!*¢) and the death-
rate g is O(np/logn), there is an exponential gap between the stationary case and the
worst-case. An exponential gap also holds whenever p = O(logn/n) and ¢ = O(py/n)
(for instance, set ¢ = polylog n/n).

Geometric Markovian evolving graphs. We consider a model of evolving graphs that is
based on node mobility. It is the discrete version of the well-known random-walk model
[4, 9, 14]. In this model, denoted here as geometric-MEG, nodes (i.e. radio stations)
move on a region of the plane (typically a square region) and each node performs,
independently from the others, a sort of Brownian motion. At any time there is an edge
(i.e. a bidirectional connection link) between two nodes if they are at distance at most
R (typically R represents the transmission range). We make time discrete and consider
a square grid as a node support-space (see Section 4 for details). This model can also
be viewed as the walkers model [9] on the square grid.

Differently from edge-MEG, geometric-MEG yield spatial stochastic dependency among
the dynamic edges, i.e., the probability of an edge depends on the existence of other
edges.

Similarly to the edge-MEG case, we first prove that stationary geometric MEG, yielding
connected graphs, satisfy certain parameterized node-expansion properties. We then
apply our general result and achieve an upper bound on flooding time. The obtained
bound is shown to be tight whenever flooding time is Q(loglogn). Informally speaking,
this happens whenever (i) the transmission radius is not “almost” equal to the diam-
eter of the square region and (7i) the maximal node-velocity is less than the message-
transmission speed. Both assumptions are satisfied by most of real mobile networks. In
general, our upper bound is thus at most an O(loglogn) factor larger than the optimum.

Further mobility models. The node-expansion properties of geometric-MEG are mainly
due to the fact that the stationary distribution of node positions is almost uniform. In
this paper, we provide formal results and proofs only for flooding in geometric-MEG.

2Hence, any inequality p < (>)b(n) means that p(n) is eventually not larger (not smaller) than b(n).
The same holds for ¢ = g(n).



However, our expansion technique can be applied to any mobility model yielding a
uniform or almost uniform stationary distribution of node positions. Several variants of
the random waypoint model, one of the most commonly used mobility models [17, 4],
enjoy this uniformity property. Among the others, we mention the random-direction
model with reflection (also called the billiard model) [3, 18, 20], the random waypoint
on a torus [14, 15, 18, 20] and the random waypoint on a sphere [18]. Furthermore, the
uniformity property is also satisfied by the walkers model on a toroidal grid [10].

To the best of our knowledge, our results are the the first analytical (tight) bounds
on flooding time for natural and relevant models of mobile networks.

We finally remark that our flooding analysis does not take care about the interference
problem in message transmissions: this is typically managed at the MAC layer of a
wireless network architecture [3, 8]. The impact of message interferences in geometric-
MEG is a further interesting issue which is out of the scope of our work focussing,
instead, on dynamic-connectivity properties of MEG.

Organization of the paper. In Section 2, we prove our upper bound for flooding time
in general Markovian evolving graphs. The results for edge-MEG and geometric-MEG
are described in Sections 3 and 4, respectively. Finally, further generalizations of our
general theorem and some potential applications to other important classes of evolving
graphs are discussed in Section 5.

2 Markovian evolving graphs: the general theorem

Through this paper, the set [n] = {1,...,n} will represent the set of n nodes. Let
G = ([n], E) be a graph and I C [n] be a subset of nodes. We denote by N(I) the
out-neighborhood of I, i.e.

N({I)={ven]\I:{u,v} € E, for some u € I}

Given a source node s € [n], the flooding process can be represented by the sequence
{I; C [n] : t € N} where I, is the subset of informed nodes defined recursively as follows

{ Iy = {s}

I = LUN(I)

Notice that the subset N(I;) refers to the graph at time step ¢. Let T'(s) be the first
time step such that all nodes are informed. The flooding time is the maximum T'(s) over
all possible choices of source s.

Definition 2.1 (Markovian evolving graph) Let G be a family of graphs with the
same node set [n]. A Markovian evolving graph M = {G; : t € N} is a Markov chain
with state space G.

A stationary Markovian evolving graph is a Markovian evolving graph M = {G; : t € N}
such that Gy is random with a stationary distribution of M.

The following definition concerns a sort of parameterized node-expansion. This is a
key-ingredient, in our analysis of flooding in Markovian evolving graphs, to cope with
the difficulties due to the stochastic dependence.

Definition 2.2 (Expander) A graph G = ([n|, E) is a (h,k)-expander if, for every
set of nodes I C [n] with |I| < h, it holds that |[N(I)| > k|I|.



The above definition naturally extends to random variables and their probability distri-
butions.

Definition 2.3 (Expander IT) Let X be a random variable with values in a family of
graphs with the same node set [n]. Then X is a (h, k)-expander with probability p if

P (X is a (h,k)-ezpander) > p

In this case, we also say that the probability distribution of X yields an (h, k)-expander
with probability p.

We are now able to provide our main result for general stationary Markovian evolving
graphs.

Theorem 2.4 Let M = {G; : t € N} be a stationary Markovian evolving graph.
Assume an increasing sequence 1 = hy < hy < -+ < hy = n/2 and a decreasing
sequence ki = -+ = ks of positive real numbers exist such that, for every i =1,...,s,

the stationary distribution of M yields an (h;, k;)-expander with probability 1 — 7714' Then

flooding time in M is w.h.p.
Z log h /huL 1
log(1 + k;)

Proof. We first give an idea of the proof. Since by Theorem’s hypothesis, the
distribution of Gy is the stationary distribution of the Markov chain M, then for every
t € N, r.v. G4 has the same distribution of Gj.

Let us call my = |I;| the number of informed nodes at time step t; at the beginning
we have my = 1. Since every r.v. Gy is an (hy, k1)-expander w.h.p. then, as long as
my < hi, the recurrence

mey1 2 (1 + k1)my (1)

holds w.h.p. Indeed, whatever the stochastic dependence were till time step ¢, the node-
expansion property guarantees that |N(I;)| is at least kym;. The closed form of the
above recurrence is my > (1 + k1)'my, hence

o ((estn/mo)

log(1+ k1)

time steps are enough to get m; > h; w.h.p. However, the latter bound might be
o(1) and this requires some technical care to be treated. Now, let ¢; be the smallest
time step such that m;, > h;. From that time step on, we cannot use Recurrence (1)
anymore, but as G is also an (hg, ko)-expander w.h.p., as long as m; < hg, the new
recurrence Mmy414¢, = (1 + k2)myyy, holds w.h.p. By solving the recurrence, we obtain
Myse, = (1+ k2)bmy, = (14 ko)thy. So the number of time steps required to reach ho
informed nodes is w.h.p.

log(ha/h log h
O(Og(2/1)>+0( 0g N1 >
log(1 + k2) log(1 + k1)
We apply this way of reasoning over all sequence of expansion parameters and we thus
get that at least n/2 nodes will be informed within a number of time steps that is w.h.p.



within the bound of the theorem.

Once there are n/2 informed nodes, a symmetric argument shows that the number of
non-informed nodes decreases at the same rate.

We now provide the formal proof. Let us call t = )7 , ¢; where

o log(h,/h,_l)
" log(1+ k)

The proof is splitted in two parts: in the first part we prove that after O(¢) time steps,
there are at least n/2 informed nodes w.h.p.; in the second part we assume to have at
least n/2 informed nodes and then prove that, after further O() time steps, all nodes
will be informed w.h.p.

First part (From 1 to n/2). For i = 0,1,...,s, let T; be the random variable defined by

T, =min{t € N : m; > h;}

where my is the r.v. counting the number of informed nodes at time step t. We now
show that Ty € O(t) w.h.p.

Claim 1 Ift; > 1 then
1
P (T; —T;—1 > 2t;) < 2

Proof. (of Claim.) For ¢ € N define the events

& = {mun_, = +k)miiir )
Zl = Ampisn, < hi}
-th = {mtJrTiﬂ (1 + kl }
Firstly, it holds that 3
Z1 C 2 (2)

Indeed, if the number of informed nodes were less than h; in time step ¢t + T;_1, then
they would be less than that in the previous time step. Moreover, we have that

Indeed, if mjir, , > (1 4+ ki)mj_147, , for every j = 1,...,t, then it holds that
mysr,_, = (1 + k;)Pmr,_,. By considering the complementary sets, we get

cUg (3)
j=1

Finally, define #; = [t;] = {%W and notice that since ¢; > 1 then t; < ¢; < 2t;.

Since mq, , > hj_1, it holds that

hi
(Mg, <hi} € {mmTi_l < h,_lmTil} S (4)

3In what follows, we omit superscript  to simplify the notation



We also easily have that {m; ..  <h;} C Z;. Now we can evaluate
P (T; =Ty >2) <P (T =Ty > 6) =P (myp,, < i)

=P ({mfi_,'_TFl < hl} n Z{i) < P (]:ﬂ n Z{i)

In the second line we used (4), in the third (3), and in the fourth line we used (2).

For j = 1,...,%;, r.v. Gj is a (h4, ki)-expander with probability at least 1 — 1/n%;
indeed G has the same distribution of Gy and this one is a (h;, k;)-expander w.h.p. by
hypothesis. Hence P (£;] 2;) < 1/n*. We can bound #; < nlogn: indeed, we surely
have h; < n and k; > 1/n. This gives the bound

5
P(Ti_n—1>2ti><i4<7
n n

U
(Theorem’s Proof follows). Let {a(j)}; be a subsequence of {0,1,...,s} defined recur-
sively as follows: a(0) =0,

[0}

a(j) =min{ a €[] : Z ti>1
i=a(j—1)+1

if the set is not empty, and
a(j) =s  otherwise

Let us call j the last index of sequence {a(j)} so that a(j) = s. For every j =1,...,7,
define

By using union bound, we get

J
P (T, >2t) < Y P (Tagy) — Tag—1) > 21())
j=1
In what follows, we show that, for every j = 1,...,, it holds that

. 1
P (To) — Tug—1) > 21(j)) < = (5)

n2



By definition of a(j), If a(j) = a(j — 1) + 1 then t,;) > 1; hence

P (Ta() — Tai-1) > 20(5)) = P (Tag) — Ta()—1 > 2ta())

Thus, from Claim 1 we get (5).
Assume now that a(j) > a(j — 1) + 1 and observe that, by union bound, it holds that

P (To) = Tag-1) > 20()) < P (Tagy-1 = Tag-1) > 1(35))
+P (Ta() = Ta)-1 > 1(5))
If MT, ) > hs = n/2 then the first part is proved. Otherwise, let
v=min{i € [s| : my,,_, <hi}

The graph is w.h.p. a (h., ky)-expander and it holds that mr,;_
w.h.p. that

y S h.; so, we have

Tog-1tl # Z (14 ky)m Ta(i-1)

Since v is the minimum index such that mr, o S h.,, we also have that mr Gon > hy—1
and so w.h.p.

MT,;_1)+1 > (1+ k’Y)h’Y—l

If (1 + ky)hy—1 > hg = n/2, then, in this step, we achieve n/2 informed nodes w.h.p.
Otherwise, define
I'=min{i € [s] : hy > (14 ky)hy_1}

Claim 2 T > a(y).
Proof.
B log(hi/hi—1)
Zt Z log(1 + k)

log(hr/h~y—1) <

ng (/M) = S 0o+ 1)

> -
log(

where we used the fact that sequence {k;} is decreasing and the definition of I'. Since

v 2 a(j —1)+1 then
r r

1<) i< ) ok
=7

i=a(j—1)+1

But, by definition, «(j) is the smallest index that satisfies

d
(Theorem’s Proof follows). Thanks to the above claim and the (h., k+)-expansion prop-
erty, we get
Tony+1 = (L4 Ey)hy1 > hro1 2 ha)—1

Since
{ma,;_ 1 +1 > hag)—1} = {Tag)-1 < Tag-1) +1}



then we have that
P (Togy-1 = Tagi—1) > (7)) P (Tagy-1 — Tag-1) > 1)

< P (Go is not an (h, k)-expander) < —
n

Finally consider P (Ta(j) — To(jy—1 > l(j)). If t,(;) = 1 then we can apply Claim 1 and
get
. 1
P (Tag) = Tagy-1 > 17) <P (Ta) = Ta1 > ta) < 3
Otherwise, if

_ 10g(ha()/hai)-1)
O™ Tog(1 4 kagj)

then hq(jy < (1 + kq(j))ha(j)—1 and since, by the expansion property, it holds w.h.p.

<1

To 2 (L +kagy)mr, g,

we have that
P (Ta(j) = Ta(j—1 > 1(7)) <P (Tag) — Togy-1 > 1)

1

<P(mT(n (1+ kag))m MT, - 1)<E

Thus, we can conclude that

P (Ta(j) — Tai-1) > 2U(5)) < P (Tagg) — Tagy—1 > 1)) +

. 2
+ P (Tagj)—1 — Tug—1) > 1(j)) < ok
J 2 1
andP (T > 2t) < ;P To) = Tagi—1) > 210)) € 5 <~
‘7:

Second part (From n/2 to n).

In the first part we showed that after O(¢) time steps there are at least n/2 informed
nodes w.h.p. In this second part, define for ¢ € N the random variable m; that counts
the number of non-informed nodes at time steps t, i.e. m; = n — my. At the beginning
of the second part, we have mp, < n/2 w.h.p.

Given a graph G = ([n], F) and a subset of nodes J C [n], let us define
W(J)={uelJ : {u,v} € E, for some v € [n]\ J}

Observe that if J is the set of non-informed nodes in a fixed time step, then W (J) is
the set of nodes that will be informed in the next time step.

Claim 3 Let G be a (h,k)-expander, then for every set J C [n] with |J| < h it holds
that

(W= =l

k+1



Proof. For every set J C V it holds that N (J\ W(J)) C W (J). So, if |J| < h we have
that |J \ W(J)| < h and, from the definition of (h, k)-expander, it holds that

(WD = IN(T\NW)| = EJAW()| = k(]| = [W(J])])

d
Since r.v. Gy is w.h.p. a (h;, k;)-expander, the previous claim implies that if m;—1 < h;
then the recurrence

k;
1+ k;
holds w.h.p. If ¢y is the first time step such that m;, < h; then the closed form of the

mg—1

My < M1 —

t
recurrence is M4y, < (ﬁ) my, and, in order to have myy¢, < hi—1, it suffices to have
1

1\ _
(155 ) <o )

If¢> % then (6) is satisfied. Thus, for each stage i = 1,...,s, we have the
same expression of the first part, and the proof can proceed in the same way.

Formally, for each i = 0,1,...,s define the r.v. T; = min{t € N : m; < h;}. Symmet-

rically to the first part, it comes out that Ta(j_l) — Ta(j) €O (Z?:(Ja)(j_l)H ti> w.h.p.
O

An easy consequence of Theorem 2.4 is the following

Corollary 2.5 Let M = {G; : t € N} be a stationary Markovian evolving graph.

Assume a decreasing sequence ky > -+ = ky, o of positive real numbers exists such that,
for everyi=1,...,n/2, the stationary distribution of M yields an (i, k;)-expander with
probability 1 — 7714 Then flooding time in M is w.h.p.
n/2 1
10) -

Definition 2.1 naturally extends in the following way. We will need this generalization
to include geometric-MEG (see Section 4).

Definition 2.6 (Markovian Evolving Graph II) Let G be a family of graphs with
the same node set [n]. A Markovian evolving graph G = {G; : t € N} is a sequence
of random wvariables with state space G and such that there exist both a Markov chain
X ={X; : t € N} and a function f so that Gy = f(Xy).

A stationary Markovian evolving graph is a Markovian evolving graph G = {G; : t € N}
such that Gy is random with a stationary distribution of X translated by f.

It is not hard to show that Theorem 2.4 easily extends to the above generalized definition
of Markovian evolving graphs.

10



3 Edge-Markovian evolving graphs

We recall the model introduced in [7, 24]. An edge-MEG M (n,p,q) = {G; : t € N} is
a Markov chain such that G; = ([n], E;) with

E = {e € <[2‘]> L Xy(e) = 1}

where {Xi(e) : e € ([g])} are independent Markov chains with transition matrix

\ 0 1

q 1l—gq

Remind that p is the birth-rate and ¢ is the death-rate and notice that an edge-MEG
is a Markovian evolving graph according to Definition 2.1. Observe that if 0 < p, ¢, < 1
the Markov chains {X;(e) : ¢t € N} are irreducible and aperiodic; so there is a unique

stationary distribution
- (e55)
Te=|—,——
p+q p+gq

Hence, the stationary distribution of M(n,p,q) is G, (i.e. Erdés-Rényi distribution
in which each possible edge occurs independently with probability p) where here and in

the sequel
p

pP+q
Stationary edge-MEG enjoy the following node-expansion properties.

p=

Theorem 3.1 Let M(n,p,q) be an edge-MEG such that p > '™ for a sufficiently

n

large constant c. Then, the stationary distribution of M(n,p,q) yields, with probability
at least 1 — #, a (h, n—f)—expander for1 < h< % and a (h, %)—empander for % <h< 3.
The proof of the theorem is a simple consequence of the following lemma.

N 1 . . .7 1
Lemma 3.2 Let p > ¢=2* for a sufficiently large constant c. With probability 1 — —;

for Gy, 5 it holds that for any I C [n] with |I| < 3,

y
IN(I)| > min{' '”p,"}
C C

Proof. Fix the constant ¢ = 28. We first consider the case when |I| < % and prove

that, with probability at least 1 — %, it holds |[N(I)| > ‘I‘Tnﬁ. Then we consider the case
% < |I] < % and prove that, with probability at least 1 — -1, it holds [N(I)| > 2.

Let m = |I| < %. For any u € [n] \ I consider the random variable X, so that X, = 1 if
u € N(I) and X, = 0 otherwise. Since P (X, = 1) > mp we have

E(ND= Y E[XJ=(n-mmp
w€[n]\I
> (n— ;) mp = %nm[)

11



From Chernoff’s bound we get

~ 072)2

1 1
P (1N < L) < e~
C

c—4

< efimlognﬁ < n-TTm
Therefore .
P<31g[n1,1<|f|<1/zs:|N(f>|<nmﬁ)
C
D SR J (NOEP)
ICn]
1< |1l < 1/p
el o\, L1/7) ,
< ——m < m m
< (m)n I
m=1 m=1
1 _c-s _e—12 _4
< Zn T £nfoKn
p

[I] = m < §. Notice that [N(I)] < 2 if and only if

Now consider the case where = <
N(I)) such that [A] > n —m — %. Hence

there exists a set A C [n] \ ({

P (31 C il =ms v < 2) = (1) (" )

From the following inequalities

C 3l

~log(en) ~log(en) A( 1 l)
emnp np < em clogn — emnP C]ogn+c

o (™) < ()™ « emloglen) —
(m) < (G)" <

o (L) = () = (0 < (3) < (eo)

° (1 —ﬁ)li < e—mp|Al < 6—mﬁ(n—

we get
~ log ¢
P (31 C [, 1] =m: IN(D)| < &) < emmP(imi 8w
<e s
Hence .
n n
P(3rCn,-<|I|<~=:|INUI)|<~
(rem.s<imey: <)
n
< P(EIIC | =m: NI gf)
> C [, 1] =m: IN(I)| < -
ICn]l/p<m<n/2
[n/2]
< Z e 5 <ne s <n?
m=[1/p]
0

where the last inequality holds for sufficiently large n.
The expansion properties of stationary edge-MEG, stated in Theorem 3.1, allow us to

apply Corollary 2.5 and, thus, getting the following
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Theorem 3.3 Let M(n,p,q) be a stationary edge-MEG such that p > clo% for a
sufficiently large constant c. Then flooding time in M(n,p,q) is w.h.p.

logn . )
@) — + log log(n
(g + oetosto

Proof. Thanks to Theorem 3.1, we can apply Corollary 2.5 with sequence

. " for1<i< |4
i:
5ofor |3 <i<t

(&7

Thus we obtain that the order of flooding time is w.h.p. bounded by

[1/p] [n/c]—1

1 1
s T (1 L
; ilog(1+ “2) iz%};ﬁl ilog(1+ &)
n/2 1
) D
el ilog(1+ %)

We now evaluate the above sums separately. For the first sum, by using Z?il% <
logm + 1, we have

le/? 1 B log%—i—l B <10gn>
~ jlog(1+"2) log(1l+ "2) log(np)

For the second sum, by using log(1 + x) > logx for = > 1, we have

[n/c]—1 [n/c]—1

1 1
Z ilog(l1+ 2) < Z ilog 2

log &
i=[1/p]+1 i=[1/p]+1 08 i

[n/c]—1 1 n 1n/cl—1 R
< —dx = [— loglog —] = O(log log(np))
[1/p] zlog 2= €T (1/p)

For the third sum, we apply log(1 + x) > z/(1 + z) for x < 1 and get

n/2 n/2 n

2 feaE < 2

i=[n/c] i=[n/c] el

n/2 n/2
c 1 c c
-2 (i) X Grmew
i=[n/c]| i=[n/c|
O
Next theorem gives a lower bound on flooding time in stationary edge-MEG.

Theorem 3.4 Let M(n,p,q) be a stationary edge-MEG such that p > clo;gln for a
sufficiently large constant c. Then flooding time in M(n,p,q) is w.h.p.

QCiﬁ%)

13



Proof of Theorem 3.4. Consider the sequence M(n,p,q) = {G; : t € N} | where
each graph Gy, is random with distribution G,, 5. For a sufficiently large ¢ (say ¢ = 4),
it holds w.h.p. that, for every t = O(n), the maximal node degree of G is O(np). Then,
by evaluating the maximum number of new informed nodes at every time step, we get
the thesis. 0
By comparing the upper bound of Theorem 3.3 and the lower bound of Theorem 3.4 we
obtain the following

1

Corollary 3.5 Let M(n,p,q) be a stationary edge-MEG such that ¢X%5™ < p < nloslogn

n n

for a sufficiently large constant c. Then flooding time in M(n,p,q) is w.h.p.

© (st)

4 Geometric Markovian evolving graph

We introduce a model of dynamic graphs that is a discrete version of the random walk
mobility model for radio networks [4]. In the latter model, nodes (i.e. radio stations)
move on a bounded region of the plane (typically a square region) and each node per-
forms, independently from the others, a sort of Brownian motion. At any time there is
an edge (i.e. a bidirectional connection link) between two nodes if they are at distance at
most R (typically R represents the transmission range). In our model we discretize time
and space. We choose to keep constant the density (i.e. the ratio between the number
of nodes and the area) as the number n of nodes grows. The node region is a square of
side y/n and the density equals to 1. This choice is only for the sake of simplicity and
all the results can be scaled to any density d(n). The nodes can assume positions whose
coordinates are integer multiple of a resolution coefficient € > 0. Formally, nodes move
on the following set of points
Lue = {lie.je) |1, € N i j < )

At any time step, a node can move to one of the positions of L, . within distance r
from the previous position. The positive real number 7 is a fixed parameter that we call
move radius. It can be interpreted as the maximum velocity of a node*. Formally, we
introduce the move graph M,y = (Ln.e, Ep rc), where

En,r,e - {<X7Y) ’ X,y € Lme d(x,y) < T}

and d(-,-) is the Euclidean distance. A node in position x, in one time step, can move
in any position in I'(x), where I'(x) = {y | (x,y) € Eyr¢}. The nodes are identified by
the first n positive integers [n]. The time-evolution of the movement of a single node i
is represented by a Markov chain {P;; ; ¢t € N} where P;; are random variables whose
state-space is L, . and

P(Pi1=x) = { T MX (Pit)

0 otherwise

“Indeed, a node can run through a distance of at most 7 in a unit of time.

14



In other words, P;; is the position of node 7 at time ¢. Thus, the time-evolution of the
movements of all the nodes is represented by a Markov chain P(n,r,e) = {P, : t € N}
whose state-space is Ly ¢ X Ly X -+ X Ly ¢ (n times) and

Pt:(Pl,t7P2,ta"'7Pn,t>

Let us fix a transmission radius R > 0. A geometric-MEG is a sequence of random
variables G(n,r, R,€) = {G; : t € N} such that G; = ([n], E;) with

Ey = {(i,4) [ d(Piy, Pjr) < R}

Clearly, a geometric-MEG is a Markovian evolving graph according to Definition 2.6.
As for the stationary case, we observe that the stationary distribution m; of Markov
chain {P;; ; t € N} is (see [1])

IC(x)]
2yern. T)]

Notice that m; is almost uniform since, for any two positions x and y, the values m;(x)
and 7;(y) can differ by at most a constant factor. Moreover, the stationary distribution
of P(n,r,€) is the product of the independent distributions m; for all ¢ € [n]. We say
that a geometric-MEG G(n,r, R,e) = {G; : t € N} is a stationary geometric-MEG
if the underlying Py is random with the stationary distribution of the Markov chain
P(n,r,e) = {P, : t € N}. Notice that if G(n,r,R,e) = {G; : t € N} is a stationary
geometric-MEG then all random variables G; are random with the same probability
distribution that we call stationary distribution of G(n,r, R, €).

Stationary geometric-MEG enjoy of the following expansion properties.

i (X)

Theorem 4.1 If e < 1 and cy/logn < R < +/n for a sufficiently large constant c, then
constants o, B > 0 exist such that, with probability 1 — %, the stationary distribution of
G(n,r, R, €) yields:

o A (h,a%)-expander for 1 < h < aR?;

o A (h,ﬁ%)—e:cpander for aR? < h < n/2.

Proof. Let m = [v/5n/R]. Consider the partition of the square /n x \/n into m x m

congruent sub-squares, called cells. Every cell can be identified by the pair of indices
(i,7), for 1 < i,5 < m, such that i is the index of row and j is the index of column of
the cell. Let ¢;; be the subset of the points of L, . that fall into the cell (4, 7). Notice
that the side length ¢ of a cell satisfies R/(v/5 + 1) < £ < R/+/5. Thus, any point of a
cell is at distance less than R from any point of a side-by-side adjacent cell.
Through the following, we assume that the positions of the nodes are random with the
stationary distribution of the Markov chain P(n,r,€). Moreover, we say that a node
belongs to a cell whenever its position belongs to the cell. Let N;; be the random
variable counting the number of nodes in cell ¢; ;. Now, we prove a simple but crucial
claim.

Claim 4 Ife <1 and R > cy/logn for a sufficiently large constant c, then a constant

A > 1 exists such that, with probability 1 — %, it holds that, for every 1 < 1,7 < m,

R2

Yy S Nij < AR?
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Proof. Firstly, consider a fixed cell (¢, 7). For every u € [n], let X,, be the {0,1} random
variable that is 1 iff node w is in the cell ¢; ;. Clearly, these are independent random
variables and it holds that N; ; = > ] X,. As for the probability distribution of X,

we have that

u€ln

P(X,=1) = Y mux)

Since m,(x) = 5= Lol it is easy to see that, if € is sufficiently small (say € < 1)

yeLn, T
then there is a constant v > 1 such that, for every x € L, , it holds that

1 Y
< mu(x) <
V‘Ln,e ‘Ln el

)

This implies that

|Cij| ¥les
’ < PX,=1 < J
V| Ln,el | L.l

By taking into account the side length of the cells, it is easy to verify that

R2 ‘Ci j| 2R2
— < : < —-—
10n |Ln,| 5n
It follows that
R? 2vR? R? 2vR?
<P(X.u=1)< TS EN] <
Toyn ST Xu=D < == and 350 < B[Nl < =5

Now, in virtue of the Chernoff’s bound, if R > cv/logn, for a sufficiently large constant
¢, then a constant \ > 1 exists such that

R2
5~ S N;; < AR®
with probability at least 1 — # Since the number of cells is less than n, a simple

application of the union bound proves the thesis of the claim. O
Let B be the event that occurs when, for every 1 < i,j < m,

R2

\ < Nij < AR?

where A is the constant of Claim 4. We now prove event B implies the expansion
properties stated in the thesis of the theorem.

Claim 5 If event B holds then the graph induced by R and by the positions of the nodes
is a (h,a%)-expander for 1 < h < aR?, where a = 1/(2)).

Proof. Let I C [n] be such that |I| < aR?. Consider a node u in I and let ¢; ; be the

cell that contains u. Since B holds, NN; ; > RTQ. All the nodes in ¢; j are adjacent to u.
Thus, there are at least N; ; — || nodes that are adjacent to u and that are not in 7. It

follows that
2 2

R 2 R 2
l > . [\ > aR? > aR
|N( )| = NZJ ‘ | = A = 2\

In other terms, |N(I)| > Oz%m. O

Claim 6 If event B holds then the graph induced by R < \/n and by the positions of the
nodes is a (h,ﬁ%)—empander for aR? < h < n/2, where 8 = #.
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Proof. Let I C [n] be any subset of nodes with |I| < n/2. We say that a cell is black if
it contains at least a node in I. We say that a cell is white if it does not contain any
node in I. Let B be the random variable that is the set of black cells. Let J be the
random variable defined as follows

J={uen]|ugl AN Jc€ B : node u belongs to c}

Now, two cases are possibile: either |J| > BR+/|I| or not. Firstly, suppose that |J| >
BR+/|I]. Since every node in J is in a black cell, it holds that J C N(I), and thus

IN(D)| > |J] = BRV|I|

In other terms, N(I) > 8 ﬁ]l | and the expansion property is proved.

Consider now the case |J| < BR\/|I|. We say that a row (column) of cells is black if all
the cells of the row (column) are black. Similarly, we say that a row (column) is white
if all the cells of the row (column) are white. A row (column) that is neither black nor
white is said to be gray. Notice that a gray row (column) contains at least two adjacent
cells such that one is white and the other is black. Let B, and B, be, respectively, the
number of black rows and the number of black columns. Three cases may arise.

[Br > 1]: Observe that in this case all the columns are either black or gray. Let Y be
the number of gray columns. It holds that

Y >m-B, > m— -~

Since event B holds, the number of nodes in non-black cells is bounded by AR?*(m?—|B|)
and thus
ARY(m? —|B)) > n—|1|-1J| > n—|1|-6RVI]

It follows that
n —|I| — BR+/|I|
|B| < m2 - \R2

By combining this bound with the previous bound on Y we obtain

v > n— = BRVI|I| _ n—|I| - BRI
- AR2m - A2v/5nR

where the last inequality follows from m = [v/5n/R] and R < v/n.

Observe that every gray column contains at least a white cell that is adjacent to a black
cell. So, all the nodes belonging to those white cells are included in N(I). Since event
B holds, it follows that

R’ n— 1| = BR/|I]
INO)| > Y= > R( W )

Now, recalling that § = &, |I| < n/2, and R < \/n, it is easy to verify that

n—|I| — BR\/|I|
N e BV

It follows that |N(I)| > SR+/|I| and the expansion property holds.

[B. > 1 (and B, = 0)]: This case is symmetric to the previous one.
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[B, = 0 and B, = 0]: In this case, all the rows and columns are either gray or white. Let
Y, and Y, be the number of gray rows and the number of gray columns, respectively.
Since there are neither black rows nor black columns, it must be the case that every
black cell belongs to both a gray row and a gray column. As a consequence it holds that
Y,-Y. > |B|. Without loss of generality, assume that Y, > Y.. Then Y;? > |B| and
thus Y, > /| B|. Since event B holds and every gray row contains a white cell adjacent
to a black one, it holds that

IN(D| = Yr

R? R?
7 = |B|7

By using again the fact (implied by event B) that every cell contains at most AR? nodes,
VI
we have that [BIAR? > || and thus v/[B] > Y2 Tt follows that

IN(D| > @ > SRV

and the expansion property holds. O
Since, by Claim 4, event B occurs with probability at least 1 — 4, Clalms 5 and 6 imply
that also the expansion properties will hold with probability 1 — O

Thanks to the general bound given by Corollary 2.5, the above expansmn properties can
be exploited in order to bound the flooding time in stationary geometric-MEG.

Theorem 4.2 Let G(n,r, R, €) be a stationary geometric-MEG. If e <1 and cy/logn <
R < /n for a sufficiently large constant ¢, then flooding time in G(n,r, R, €) is w.h.p.

O (ﬁ + log log R)

Proof. From Theorem 4.1, the stationary geometric-MEG G(n, r, R, €) enjoys, with prob-
ability 1 — #, of the following expansion properties:

° (h,aR%)—eXpander for 1 < h < aR?
° (h,ﬁ%)-expander for aR? < h < n/2.
Thus, by applying Theorem 2.4, we obtain that flooding time is w.h.p.
aR? 1 n/2 1

We now evaluate the above two sums separately. For the sake of convenience, set
T = aR?. Tt holds that

T T
1 9 Z T
hzlhlog(l—l— hzlhlog (14+ L) (T +h)
This holds because (T Ty =1 /2 for h < T. Moreover,
1 T _ T
S Wlog(1+ L) (T+h) ~ T log(T) +

T 1 T T
+ Zh:2 hlog(14+Z) (T+h) < 1+ fl z(T+z) log(1 +%)d$
= 1+ [ loglog(1 + £
log log(T) + ¢
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where ¢ is a constant. Therefore we have shown that

aR?

1
Z ————— = O(loglogR)
2
i hlog(1+ o)

Now consider the second sum. By using the inequality log(1 + x) > > 15 we have that

n/2 n/2

3 1 S Vh + BR
R ~
e hlog(1+ ﬁﬁ) W hBR

B n/2

<—ont X &

h= ozR2

where the last inequality comes from inequality

B

< -
Vh+BR< (1+ \/a)\/ﬁ
for h > aR?. Moreover, it holds that
n/2
n
2 U R I R

By combining the above inequalities we obtain

n/2 1
1 +
Z hlog(1 Ry S 2 m{f
h=aR?2 Og( +6ﬁ)
that is,
L2 1 vn
2 o G+ ~ 9w
h=aR? g Vh

O
We remark that the proof of the expansion properties of Theorem 4.1 only relies on
the fact that the stationary distribution of node positions is almost uniform. In fact
we can get the same expansion properties for any mobility model yielding a stationary
distribution of node position that is uniform or almost uniform. As mentioned in the
Introduction, several relevant mobility models enjoy of this uniformity property. So,
thanks to our Theorem 2.4, we can get an upper bound on flooding time similar to that
of Theorem 4.2.
Next theorem shows a lower bound on flooding time in stationary geometric-MEG.

Theorem 4.3 Let G(n,r, R,€) be a stationary geometric-MEG. If € < 1, then flooding

time in G(n,r, R, €) zswhp
\/ﬁ
Q(R+r

Proof. Since the geometric-MEG is stationary, it is not hard to see that, w.h.p., at
time O there exist at least two nodes u and v that are at distance greater than /n/2.
Consider the flooding process with source node v. Let xg be the position of v at time 0.
For any ¢, let d; be the minimum distance from xq that node u has ever reached during
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the first ¢ time steps. It is immediate to see that dyy1 > dy — r. Since dy > /n/2, it
holds that d; > \/n/2 —r - t.
Let D, be the maximal distance from x( that any informed node has ever reached during
the first ¢ time steps. It is easy to see that Dyy1 < Dy + R+ r. Since Dy = 0, it holds
that Dy < (R+r)t.
Let 7 be the time step in which node u gets informed. It must be the case that D, > d.
It follows that

(R+7)r > Dy > dy > V/n/2—1-T1.
It follows that 7 > v/n/(2(R + 2r)). Therefore, the flooding cannot be completed in
less than 2 (%) time steps. O

By comparing Theorem 4.2 and Theorem 4.3 we obtain the following

Corollary 4.4 Let G(n,r, R,€) be a stationary geometric-MEG. If e < 1, r = O(R),
and cy/logn < R < vn for a sufficiently large constant c, then flooding time in

loglogn
G(n,r,R,€) is w.h.p.
Vn
@( ;

Under the very reasonable conditions of the above corollary, the general bound on flood-
ing time in Markovian evolving graphs thus turns out to be asymptotically tight for
stationary geometric-MEG.

5 Conclusions

As a general remark, we can say that our results provide an analytical evidence of
the phenomenon that certain node mobility do not slow down information spreading.
In [7], some cases have been shown where certain dynamicity even significantly speeds
up information spreading. Our general upper bound for Markovian evolving graphs
has been used by considering node-expansion properties of connected (random) graphs.
However, since such graphs are dynamic, we strongly believe that our approach may
work below the connectivity threshold of such random graphs as well. To this aim, it
might be useful to consider a dynamic version of the parameterized node-expansion
properties similar to that used in [7]. This would allow us to provide new strong upper
bounds on flooding time in stationary Markovian evolving graphs that are almost never
connected. Such results would be an analytical evidence of the phenomenon that node
mobility can even speed up information spreading.

Our method provides “good” upper bounds in Markovian evolving graphs having an
almost homogeneous topology. Another important issue is to investigate evolving graphs
that are somewhat non homogeneous. For instance, we can consider mobility models
yielded by node random walks over highly-irregular support graphs. A further instance
is that yielded by the random-waypoint model over a non-convex, irregular region.
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