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We introduce the quadratic Fermi algebra, which is a Lie algebra, and calculate the vac-
uum distributions of the associated Hamiltonians. In order to emphasize the difference
with the Bose case, we apply a modification of the method used in the above calcula-
tion to obtain a simple and straightforward classification of thdtmensional Meixner

laws in terms of homogeneous quadratic expressions in the Bose creation and annihila-
tion operators. There is a huge literature of the Meixner laws but this, purely quantum
probabilistic, derivation seems to be new. Finally we briefly discuss the possible multi-
dimensional extensions of the above results.
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1. INTRODUCTION

The program ofjuadratic quantization was introduced in the paper [7] where the realizability of this
program was proved by explicit construction of the Fock representation of the renormalized quadratic
Bose algebra (see Definition (3) below for the non renormalizetbde version). In the paper [6]

the current algebra of the quadratic Bose algebra Revas identified with a corresponding current
algebra ofs/(2, R). This allowed to include the problem of constructing representations of the renor-
malized quadratic Bose algebra into the general theory of factorizable representations current algebras
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of Lie algebras (see [15] and the bibliography therein) and its extension to quantum Levy processes
on x-bi-algebras (see [8], [16]). Combining these techniques with the fact that the irreducible unitary
representations of (2, R) are classified, in [6] a class of unitary representation of the quadratic Bose
algebra was built and the vacuum distributions of the generalized field operators were identified with
the3 non standard (i.e. non Gauss or Poisson) Meixner distributions.

The problem of the existence of a Fermi analogue of the quadratic Bose algebra was investigated
in [1] where:

(i) a natural candidate for the role qbiadratic Fermi algebra was constructed (see Definition
(1) below);

(i) the Lie algebra isomorphism between the quadratic Fermi algebraléadR) was proved
(this in particular implies the Lie algebra isomorphism between the quadratic Fermi and Bose alge-
bras);

(iii) it was shown that the quadratic Fermi and Bose algebras cannetdmemorphic for the nat-
ural involutions induced by their explicit constructions in terms of Fermions or Bosons respectively.

The nonx-isomorphism result, mentioned in item (iii) above, naturally rises the problem of iden-
tifying the vacuum distributions of the field operators in the Fock representation of the quadratic
Fermi algebra. This problem is solved in section 2.1 of the present paper. From this one can deduce
a weaker form of the above mentioned nefsomorphism result, namely that there cannot exist a
x-isomorphism between the two algebras mapping the Fermi quadratic annihilator into a multiple of
its Bose analogue. In fact, if suchxasomorphism existed, then the restriction of the Fock states of
the two representations to the Cartan sub-algebras of the two algebras should give rise to the same
class of probability measures. However, comparing the results of section 2.1 below with those of [6]
(see also section 3 below) one immediately verifies that this is not the case.

In section 3 below it is shown that the method developed for the calculation of the Fermi vacuum
distributions can be applied to the Bose case leading to a very simple and elegant classification of all
possible vacuum distributions of homogeneous quadratic Boson Hamiltonians in terms of Meixner
laws. On both of these topicseparately, there exists a vast literature [10], [9] for vacuum distri-
butions of quadratic expressions of usual Boson fields (where however the connection with Meixner
classes was missing) and [12], [13] for the probabilistic aspects of Meixner laws and the connection
between the two was established in [6] using the theory of orthogonal polynomials. The method used
here is different and we have reasons to believe that it can be extended to the multi-dimensional case
(in this case the orthogonal polynomial method can only be applied to products of Meixner measures).
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The problems related with the multi-dimensional case are briefly outlined in the final section 6.

We emphasize that the present paper is only the beginning of our investigation the quadratic Fermi
algebra. In this direction there are many deep problems which have not yet an answer. Among them
we mention:

(1) the existence of the Fock representation the current algebraRsvef the quadratic Fermi
algebra (for this the methods of [6] should be sufficient);

(I1) in case of existence, the vacuum distribution of the corresponding fields;
(1) the validity, also in the Fermi case, of the no-go theorems proved in [17], [6], [3], [4].
These problems are now under investigation.

Finally let us mention that, after completing the present paper, we received the very interesting
preprint [18] including a different approach to the notion of multi-dimensional Meixner random vari-
ables, based on the quantum decomposition of a classical multi-dimensional random variable with
all moments and on its characterization in terms of commutators (see [2]). This naturally poses the
problem to clarify the mutual relationships between these two approaches.

2. THE QUADRATIC FERMI ALGEBRA: slp(2,C) AND slp;(2,C)

Recall that thel-mode CAR algebra, denot€dAR(1), is thex-algebra with identityl, generators
{a,a™, 1} called theFermi creation and annihilation operators and relations

{a,a} ={a",a"} =0 ; {a,a™}:=aa" +ata=1 ; (a")*=a (1)

As a consequence of (1), one has = a2 = 0 which implies that bothu*a andaa™ are
orthogonal projections. Because of (1) the dait™, a*a} is a partition of the identity. Thus, for a
1-mode representation, the quadratic algefers a*2, aa*} = {0,aa™} is generated by the single
projection, hence it is abelian. A possible candidate for the role of (non-trivial) quadratic Fermi
algebra is constructed as follows. Consider 2hmode CAR algebra, denotedAR(2), i.e. the
associative:-algebra with identityl », generatorsa;, aj (4,7 = 1,2) and relations

aj = (aj)" 5 Aana} ={af,af}=0 ; i,j=12 @)

{ai,aj} = aiaj + ajai =: [ai,a;—]_l,_ =0, - 1p

Lemmal — In the above notations, defining

F~i=aiaz ; F":=ajaf =(F7)" ; Np=Np:=ajas+afa
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the followingquadratic Fermi commutation relations hold:
[F~,F*]=—Np+1p=Mp ;  [Np,F']=[Mp,F*]=2F" 3)
[N, F7]=[Mp,F"]=-2F" ; [X,1p]=0, X =F~ 4)

Remark Notice thatNr # 1 therefore the right hand side of (3) is not equal to zero. Denoting
Si:=Ft ; S:=F  ; S3:=Np ; Sp:=1p
(3), (4) become equivalent to

[S1,82] = =S3+ S0 5 [S3,51]=-25 ; [S5,52] =25 5)
[So, X]=0 ;5 (S1)"=52 ;5 (S3)"=8; ; (S0)" =50 (6)

Definition 1 — The 4-dimensional complex-Lie algebra with generatorsS;, S, S3, Sp) and
relations (5), (6) is called the quadratic Fermi algebra and dengdied2, C). Its 3-dimensional
complexx-Lie sub-algebra with generatof$y, So, Mr := —S35 + Sp) is called the Fermsi(2, C)
and denotedir (2, C).

2.1Vacuum expectations of quadratic Fermi Hamiltonians

The following problem naturally arise$Vhich are the vacuum distributions of the field operators of
the algebrasir(2,C)?

To discuss this problem we define, foy5 € R, the homogenous quadratic Hamiltonian:
H = a(a?al + a;ag) + ﬂ(afa; + asaq) (7)

and the associated time evolution, uniquely determined, on the polynemigébra generated by the
a;,a; (i = 1,2), as the solutions of the equations

i

daj(t) :=ilH,a;(0)]  ;  a;j(0)=a;,j=12 (8)

Lemma2 — Supposey, [ are arbitrary real numbers, such that

w=+va2+p2>0 9)

Then the Heisenberg evolutionsaf ;" , i = 1, 2 are given by:

al (t) = (cos wt + = sin wt) al + s sinwt - ag (10)
w w
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ag (t) = <cos wt + % sin wt) ag — ?sin wt - ay (11)

PROOF: Denotinga;(t) := e aje~ (j = 1,2), the commutation relations imply that

dar(t) _ () - iBag(t) dar(t) _ _nan(t) + iBaf (t) (12)
dt dt
with initial conditiona-(0) = a; . Equivalently:

a1 () —a 0 0 —p a1 (1) a1 (1)

d | aa(t) , 0 —a p 0 as(t) . ax(t)
- — =:1J 13
at| aiy |~ 0 8 a0 af (t) et (13)

ag (t) -8 0 0 « az (t) az (t)

In the notation (13), the exponentiel’ is easily calculated becausel> = (o2 + (2) - 1
= w? - 1. Therefore

coswt — % sin wt 0 0 — % sin wt
exp (itJ) _ 0 cos w't — % sin wt % SiI'l wt 0
0 % sin wt coswt + = sinwt 0
—% sin wt 0 0 coswt + % sin wt

and this is equivalent to equations (10), (11).

Lemma3 — Denote

F(t) = (o, €™ Meho) (14)
Then, withw given by (9),f satisfies the equation
2 df 32 ixe}
(1 g sin wt) o 50 sin wt (coswt+ " smwt> f; f(0)=1 (15)

PROOF: Let f(t) be given by (14). We have

df . ; ) ;
i iB(bo, €™ atf ad o) = iB(tho, azar e ).
Using the identity:
eitHaiﬁ-aé‘r _ eitHail—efitHeitHa;—efitHeitH — ai&- (t)a; (t)eitH (16)

and substituting; (¢) a3 (¢) from Lemma 2, we get:

= 1500, af (6 (0 o) a7)
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2 . 9
{Xe" ) )
= ——sinwt <cos wt + — Sinwt> (1o, aga;e’tHw()) + iﬁﬁ—Q sin2 wt (o, a2aleZtH¢0)
w w w

Using (17) and
(Yo, azag €™ apg) = (1o, (1 — af az)e™ o) = (3o, e ahg) = f(t)

we get:

- 1d d 2 ) 2 d,
<¢0,a2a16”H1/)0> = zﬁdj; & d—J; = —% sin wt (cos wt + % Sinwt> f+ 2 sin? wtd—j;

which is (15). The initial condition (33) is obvious.

Lemmad —

w

(1o, € Hapg) = (cos wt — L sin wt) elot, (18)

PrROOF: By direct calculations one can check that the function (18) is the solution of the differ-
ential equation (15).

Theorem1 — The vacuum expectatiof{t) = (v, 1)) is the characteristic function of the
Bernoulli random variableX with distribution

px($)=%(<1—g)5(x+a+w)+(1+%)5(w+a—w)). (19)

PrRoOOF: DenotingF' the Fourier transform, from Lemma 4 one has:

Ft [(cos wt — la sinwt) emt] = %Ffl [(1 — E) ellwta)t | (1 + g) ei(afw)t}

w w

:%((1—%)5(w+a+w)+<1+g>(5(x+a—w))

Remark: Notice that the limit of (19) a&» — 0 in such a way thatv/w — ¢ € R exists and
(independently of) is equal to

pox(z) = d(x) (20)

Definition2 — For varyinga: andg the family (19) can be easily seen to coincide with the class of
all Bernoulli distributions. The class correspondigie: 3 will be called thel -st Fermionic Meixner
classes. The-d Fermionic Meixner class, correspondigdo= (3, consists of the singlé&measure
(20).
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3. 1-MODE BOSE QUADRATIC HAMILTONIANS

In this section we recall some known facts about quadtatiode Hamiltonians. LefH, a™, a, o}
be the (unique up to unitary equivalence) Fock representation dfthede canonical commutation
relations (CCR). This means that is a Hilbert space, with scalar product denoted(by), vy €

H is a unit vector, called vacuum, and’, a are operators oft{, called respectively creation and
annihilation operators such that, for eack N, vy is in the domain ofa™)", the linear span of the
vectors(a™)™y is dense i (i. e. 1 is cyclic for polynomial algebra generated &y anda) and
on this domain thé-mode CCR and the Fock relation

[a,at] =1 ; ay =0 (22)

are satisfied.

Definition3 — The4-dimensional complex-Lie algebra with generato(§?, T, T3, Tp) central
elementl}, and relations

1
[T, T5) =T5+ §To s I3, =210 5 [13,15] = —2T% (22)

() =T ;3 Ty)'=T ; (To)'=T (23)

is called the quadratic Bose algebra and denetgd (2, C). Its 3-dimensional complex-Lie sub-
algebra with generatord’;, T», M := T + $1p) is called the Bosel(2, C) and denoted!(2, C).

Remark In the notation (21), the identifications:

1
T :=a2/2 ; Ty:=a"?/2 ; T3::a+a—|—§

give a concrete realization of the quadratic Bose algebra on the space of the Fock representation of
the Heisenberg algebra. Note the difference with Schwinger bosons. Schwinger uses a doublet of
bosons (see for example [19], [20]) while we use a singlet.

The most general symmetric, real homogeneous, quadratic expression in the variablésis
the form:
1 1
H:= 3@ (aJr)2 - §&a2 + Bata (24)

wherea € C, § € R. H is not identically zero if and only if
la]* + 6% >0 (25)

Without losse of generality it can be assumed that R, .
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In fact if « = |ae?, whered € R, then the gauge transformation

a—a:= 6—16/2a : at - at = 616/2614-

leaves invariant the commutation relations (21) and the quadratic Hamiltéhianterms ofa and
a™ becomes:
1 2
= Yol (@ +47) +
2|a\ (@")"+a* )+ pata
H generates th@—parameter unitary group; = e/’ and the Heisenberg evolution of any

operatorA under this group (we can simply say undéy is defined byA(t) := e Ae="H

Lemmab — Leta, # € R satisfy (25) and leb denote the positive square root of
w? = (% — a? (26)
Then, ifw # 0 the Heisenberg evolutions af a™ underH are given by:
at(t) = <cos wt + % sin wt) at + ig sinwt - a (27)
If w =0, the limit of the expression (27) as— 0 gives:

at(t)=(1+ipt)a" +iata (28)

Remark Notice that the invariance of the evolutions (27), (28), under change of sigmagblies
their independence on the choice of the real square raot of
PROOF: Notice that

D) _ ilH,a(0) = ~ifa(t) - iaa* (0 (29)

With the notationsi; = a(t), a; = da(t)/dt, from (29) we get, fore # 0

. . . 1,
wza;F = —ifa; — az ; af = —é ar — — Qg (30)
o e’

Taking the time derivative of this equation and using (29), (30) we get

) 1. . . . i3 .
—éa—_—a:(z*:zﬁoﬁ—i—zaa:—ﬂa—écH-zaa
o i a o

Therefore in the notation (26), sina& (0) = a*, from (29) we get

i+w?a=0 ; a(0) = —ifa —iaa™ (31)



FERMIONIC MEIXNER CLASSES AND LIE ALGEBRAS 525

Thus,a(t) is the solution of equation (31). Looking for a solution of the form
a(t) = Acoswt + Bsinwt
we finda = A; —ifa —ica™ = wB so that
i o +
a(t) = (coswt — — sinwt | -a — — sinwt - a
w w

Taking the adjoint of this, we get (27).

Finally it is clear that (28) is the limit of (27) as — 0 and that (28) satisfies the adjoint of
equation (29) with initial conditiom™ (0) = a™*.

Lemma6 — Denote

F(t) = (3o, ey (32)

If w £ 0 then, withw given by (26),f satisfies the equation
2 2 .
<1 + afsm wt> o = 2 Sinwt <coswt + Zﬁsimmt) fi; f0)=1 (33)
w? dt 2w w
PROOF: Let f(t) be given by (32). We have

B2 o, 0 y0) = g, a6 g

Using the identity:

eitH ()2 = ¢itH g+ emitH gitH o+ o—itH gitH _ o (1) g+ (1) itH (34)

and substituting. ™ (¢) from Lemma (5), we get:

d (16" ;
di; = ?(¢0>a+(t)a+(7§)€m¢o>
o? 7] " o "
= ——sinwt <coswt + sinwt) (v, aa™e™ qpg) — — 5 sin 2 Wt (1o, a2e ™))
2w w 2w?
Since

(o, aa™ ™ ipo) = (o, (1 + a*a)e™ o) = (o, e o) = f(1)
and according to (34),

- 2 df
2 itH _ W
(vo, a"e™go) = io dt
we get:
df a? | i3 . o o df
i sin wt (Coswt + " smwt) f- Esm wt%
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which is equivalent to (33). The initial condition (33) is obvious.

Lemma7 — Forw? # 0, the vacuum expectation of the evolution operator is

w w

1/2
; 2e Pt
ﬂﬂWwM“%M( (35)
(1 + B) e*itw + (1 _ ﬂ) eitw

1/2
o—iBt /

& f(t) = (Yo, eitH(ﬂ’w)¢0> = ( ; B . t)
coswt — 1Zsinw

PROOF: By direct calculations one can check that the function (35) is the solution of the differ-
ential equation (33) with the initial condition (33).

Lemma8 — If w? = 0, then the vacuum expectation of the evolution operator is
e iBt/2

F(t) = (o, €M ap) = a—ip)”?

(36)

PROOF: Repeating the proofs of Lemmata (5), (6) we find that

1. the Heisenberg evolutions af o™ are given by:
a(t) = (1 —ift)a—ifta™ 3  a"(t)=(1+ift)a” +ifta

2. f(t) satisfies the following differential equation:

2
a+ed - Lt

(iBt +1)f
with the initial conditionf(0) = 1.
One checks directly that (36) is the solution of this equation.
Remark Notice, the the expression (36) is the limit of the expression (35) as0.

4. THE MEIXNER DISTRIBUTIONS

In this section, following [12], [13] we recall some known facts about Meixner distributions and
Meixner classes. For an historical discussion on their origins we refer to [14] or to the Appendix of

[5].

Recall, for completeness, that thel Meixner class is the Poisson and 1hst one is the Gaussian.
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4.1 Theb5-th Meixner class

Definition4 — A real valued random variabl€ is said to have Meixner distribution with parameters
a>0,be (—m ), neR,J >0 (orto belong to théth Meixner class) if its density function is

s ) = S (Ui | (5., o= 00)

2

(37)

Lemma9 — The characteristic function of the Meixner random variaklewith parameters

5
it X COS% iy t
E(") = | ——— e (38)

at—ib
cosh R

a,b, 1, d1s

For the proof, see [12].
4.2 The4-th Meixner class: Negative Binomial (Pascal) distributions

Definition5 — A real valued random variablg is said to have Negative Binomial (or Pascal) distri-
bution with parameter8 < p < 1,r # 0, 1 € R, andd # 0 (or to belong to the 4th Meixner class)
if its probability density function is given by

P(z; r,p,pd) =) < ; ) p'(1—p)"é(x —nd — p)

n=0

where, by definition, for any € R, k € NU {0}:

(7“)::7”(7’—1—1)...(7"—&—]{—1) ; kZl;and<T>::1
k k! 0

4.3 The3—d Meixner class: Gamma distributions

Definition6 — A real valued random variabl¥ is said to have the Gamma distribution with param-
etersa, # > 0, 1 € R (or to belong to the 3-d Meixner class) if its density function is

x — a_le_(x_u)/e
bx (x7 a, 07 /’L) = ( H?[—\(a)ea 1[0,00) (39)

Lemmal0 — The characteristic function of the Gamma random varidbleiith parameters
a,d,uis
) —itp
B = S — 40
(™) = T =000 (40)

PrROOF: This is a well known fact (for example, see [21]).
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5. MEIXNER DISTRIBUTIONS AND QUADRATIC BOSEHAMILTONIANS
Theorem2 — Suppose that the condition
—w?=a?=-32>0 (41)

is satisfied. Then the vacuum expectatfgt) = (1o, ¢®*4)y), with H given by (24), is the charac-
teristic function of the Meixner tygerandom variable with parameters

w+ B 1

a=2lw| , b=2ilog p. L op=—y 521 (42)
More explicitly:
— 1/2 2-%
92— iBt _ (itB/2 (COS2_> (43)
(1 + g) eTiw 4 (1 — g) eltw cosh ‘”T”’

PROOF: The idea of the proof is to fit the parameterd, 1 andd, given by (42) with those of
the characteristic function given by Lemma 9uH < 0, thenw = —i|w|. Hence,

6(7,7&/2 — 6|u)|t — e—iwt (44)

Using the definition ofv, we have

A 2 @2 2 (N2 _ 1 4
(wW+B)(w—-p)=w*—-p o = (i) & o gy (45)
In particular from this and (42) it follows that:
e_ib/Qzelog%:wﬂ—ﬁziia <:>eib/2:7w._ﬁ (46)
o w—0 iQ
Using (46) and recalling that is purely imaginary and, « are real, we find:
b _ —ib/2) _ Y

cos 5 = Re (e ) = (47)

From (44, 46) we have:

cosh 4= b1 <€at/2€—ib/2 n 6—at/2€ib/2> 1 (e—iwt w+f 4wt W 5)
2 2 2 )

= lﬁ <(1 + é)e_it“’ + (1- ﬂ)e““’) _1 <(1 + g)e_itw + (1- 5)6““) cosé (48)

w w 2
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Replacing (47) and (48) in the characteristic function (35), we obtain:

. b\ 21 at —ib\ 21
el(B/2)t (cos2> <cosh 5 )

. ~1/2 -1/ . —3 .\ V2
e—zﬁt/Q (i) / (1) <w +/8 e—zwt + w ﬁ 6zwt>

Q0 2 Xe} Xe}

—if3t/2
= V2e (49)

(=G5

which is the vacuum expectation given by Lemma 7.

Definition 7 — We say that two characteristic functions(t) and ¢.(t) are equal up to simple
transformations ifs; (¢) can be transformed intg,(¢) by applying a finite sequence of the following
transformations:

“time shift” ¢(t) — o(t)e™ m € R
“independent copying”s(t) — ¢(t)? ; qg>0
“time rescaling”:¢(t) — ¢(kt) ; k #0.

Propositionl — Up to simple transformations the characteristic function of any Meixner random
variable of typeb, can be reduced to a vacuum expectation of the form (35) for some homogeneous
guadratic Bose HamiltoniaH satisfying (41).

PROOF: Consider the Meixner type V random variabtewith parameterga, b, 6, 1) and put:

a=9 cosé - ; B—gtamé (50)
2 2 ’ S22

Then the vacuum expectation of the quadratic Hamiltonian, specified by these parameters, is the
characteristic function, iy s,/ (t) of Meixner distribution with parameters, v, §’, andy/, where:

ad = 2w|=2 gtané 2— g(cosé)_1 :
B B 272 202

= = ) a
“ cos?(b/2) i
e%,,/ E %\/taHQ%—(cosg)*Q—l-%tan%
2! i%(cos &)1
z'—i—tan% b .. b ib
= — =2 _=cos- —isin- =e2

i~1(cos §)~1 2 2
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and, thereforey = b, ;' = $b ands’ = 1. For anyd, ;1 we have:

Papsu(t) = ei“t(e_w/tﬁba,b,lﬂ,u’ (t)*
This proves the statement.

Theorem3 — Suppose that
deth=—-w?=0 (51)

Then the vacuum expectatigitt) = (1o, e 4)) is the characteristic function of the Gamma
distribution with parameters

a=1/2 . 6=8 , p=p/

PrRoOF: This follows from Lemmata (8) and (10).

Remark 2: It is easy to verify that the characteristic function of any Gamma distributed ran-
dom variable, up to simple transformations, is the vacuum expectation of some Bose homogeneous
quadratic Hamiltonian satisfying (51).

Theorem4 — Suppose
deth=—-w? <0 (52)

Then the vacuum expectatigitt) = (1o, e’ 1)) is the characteristic function of the Negative
Binomial distribution with parameters

2w i B—w ;
o if B <0 B22if g <0
and in both casesg € (0, 1).
PrRoOF: From Lemma 7 we have;
' 1/2 12
f(t) = 2e _ itz (WL it W i
(1 + Q) e—itw + ( _ ﬁ) ez‘tw 2w 2w

In our case since? > 0, for p defined as in (53), one has

_ﬁ—w_ ﬂQ—MZ

“Btw  (Brwp

1—p

therefores — w andg + w have the same sign.
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Case(l) : 8 > 0. In this case

and )
. . —-1/2
F(t) = pM2et (1= (1= p)ei)

Using this we get the series expansion around 0

f(t) _ Ke—iut Z Cn(l o p)ne—indt

n=0

where the coefficients, are given by Newton’s binomiaty = 1 and

— 1/2
113 2 1_</) Cms1

n

1 d" 1
Cp = —

n! dx" /1 —x

=0

(53) implies thatd) < 1 —p = g% < 1 and the series converges uniformly for allFrom this it

follows that the inverse Fourier transform pis

PRI =5 [ trna=3 ( . >p-1/2<1 e

which is density function of the Pascal distribution with parameters (53).

Case(ll) : 5 < 0. In this casé) < w < —f = || and, in the notation (53):

1/2

i 1/2 ~1/2
F(t) = 2e” _ oilwtB)t/2 ( 2w > / (1 B —w e—i?wt) /
<1+/B) 6—itw+(1_g> pitw 18] +w 16 +w

w

= pibtyl/2 (1 _pe—idt>_1/2

and the discussion is as in Case (l).

Proposition2 — The characteristic function of any Negative Binomial distribution is, up to sim-
ple transformations, the vacuum expectation of sdrtmensional homogeneous quadratic Bose
Hamiltonian satisfying (51).

PROOF: Given0 < p < 1,7 # 0, u € R, andd # 0, let the parameters andj be:

2
a= 1—<p) . B=1 (54)
2—p
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Then the vacuum expectation of the quadratic Bose Hamiltonian, specified by:thesgs is:

.y C o\ 1/2
f(t) — p/1/26—z,ut <1 _ (1 _p/)e—zd t) /

where
b 2 p
= 2o 2= [1-(1- (") | ="

? s ( (2 p)) 2-p
2 ) 2 \ !
w+p8 2—-p\2-p 2—p\2—0p
1—w

/ — . d/:_2

It i w

Let us apply the following (simple) transformation:
F(t) — e (e F x>
where\ = 4. We have:

f(t) = fo(t) =p" (1 -1 _p)eidt) T it

Applying again Newton’s binomial formula: and repeating the computations of Theorem 4 one
finds thatf(t) is the characteristic function of the distribution

s a
Z( )p’”(l—p)"é(w—dn—u)
n=0 n

Which is the negative Binomial distribution with parametgrs, 1, andd.
We summarize Remarks 1-3 in the following theorem:

Theorem5 — The characteristic function of any Meixner type IlI,1V,V distribution is, up to a
simple transformation, the vacuum expectation of some 1-dimensional homogeneous quadratic Bose

Hamiltonian.

6. n-DIMENSIONAL CASE

Leta;, a,i = 1,2,...,n be Bose annihilation and creation operators, satisfying CCR:

7

la;, a;] = [af,aj] =0 : [ai,aj] =0 : i,j=1,2,...n



FERMIONIC MEIXNER CLASSES AND LIE ALGEBRAS 533

Because of the commutativity of the creators (annihilators), the most general Hermitean quadratic
expression in the;IE which is real homogeneous of degikEs:

n n n
HA,C = z Aijajaj + Z Zijaiaj + Z C’Z-ja;raj (55)
3,j=1 3,j=1 3,j=1
whereA;;, C;; € C.

The Hermiteanity condition foff 4 ¢ and the mutual commutativity of creators (resp. annihila-

tors) imply that one can suppose that
A = AT (transpose) C=C* (56)

Denote thex-component vector&:;) and(a;") by a anda*. Then, up to an additive constant, one

can rewrite the Hamiltonian (55) in matrix form:

1 1 c A a
AC 2(a a* +aAa) +a*Ca 2((1 ,a)(A C’) (a*) (57)

Theorem6 — There exist: x n matrices®(¢) and ¥ (¢) such that:

o) v\ __(.1(cC A
o) a0 ) \"2\ 4 ¢

Moreover, denoting), the vacuum vector, characterized &y = O forall j = 1,2,...n, one

has

T2 Qet(@(1)) Y2 det (€)1

<w07 eitHAch/10> — (det (I)(t)eiCt)
PrROOF: This result was proved by Friedrichs and extended by Berezin ([9] pg. 122).
Lemmall — &(¢) satisfies the following equation:

A7 —i[C, AT + (CATIC - AP =0 (58)

with the initial conditions?(0) = 1, ®(0) = —iC.

PrRoOFE: From the definition it follows that
o v -C —-A o v
a® v, o (59)
at\ v @ A C U P

U= —iCT —iADd ; & =iATV +iCd (60)

In particular,
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Let us expres¥ using (60):
gty (é - z'cé) (61)
1

Substituting this forr into (60) we obtain:

% (114—1 (ci) _ iC(T))) — _iC (114_1 <<i> — z‘C’(i)) —iAD

—iAT'S 4+ (CA™ =AYb +i (A— CAT'C) D =0
Multiplying by ¢ and taking the adjoint, we have:
AP 4+i(CA™T - ATIC)P + (CATIC - A) 2 =0
which is (58). The initial conditions are clear.
6.1 Vector valued Meixner random variables

Recall that a random variablg, with values in a finite dimensional real vector sp&tédentified to
its dual space) is defined by a linear map

X : V — real valued random variables

An homogeneous quadratic Bose Hamiltonfdrof the form (55), is uniquely determined by a
pair (A, C') whereA is a symmetric compled x d matrix andC' a complex self-adjoint matrix. The
set of such pairs has a natural structure of finite dimensional real vector space, that wé/feaate
the map

(A,C)— Hac € {self-adjoint operatofs
is clearly real linear. It is known that eadhy ¢ can be identified to a real valued classical random

variable with respect to the vacuum vector.

Definition8 — In the above notations,1g,—valued random variabl& is called of Meixner type
if for each(A, C) € V; the characteristic function of 4 -y coincides with the vacuum characteristic
function of H 4 ¢:
E (e"%4.0) = (g, etHacyy)

where H 4 ¢ denotes the homogeneous quadratic Fock Bose Hamiltoniandwdttgrees of free-
dom, v, the corresponding vacuum vector alidhe expectation with respect to the random variable
Xa0)-

Remark From Theorem (6) we then know that Definition (8) is equivalent to require that

E (")) = det(d(t) - D)7/ (62)
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where®(t) is the solution of equation (58).
6.2 The case of commuting andC

Theorem7 — Let A, C bed x d Hermitian complex matrices. L&i(t) be as in Theorem (6) and
suppose that

[A,C] =0 (63)
and denotéc;) (resp.(3;)) the eigenvalues ofl (resp.B) and
Wi =5 o} (64)

Then

1/2
4 B n —itB;
(det @) V2 = ] ¢ (65)
4 W g .
j=1 \ coswjt — L sinw;t
J

Remark: In particular, under the assumptions of Theorem (7) the vacuum distribution of the
symmetric operatofl 4 ¢, given by (57) is a product of Meixner distributions.

PROOF: The identity
(det ®e'C") 2 (et )12 (det e"Ct)_l/2 — (det )~ V/2 ¢it(Br+0at-+0n)
SinceA andC commute Eg. (58) is equivalent to
O+ (C? - AHd =0 (66)

Furthermore condition (56) implies that thealgebra generated byyandC is abelian. Therefore,
denotinge;; (i,j = 1,2,...,n) the components ob in the basis of eigenvector @f, the equation
for each component are mutually independent. For the off-diagonal components we have:

d2 . . d . y y
@@‘j =0 ¢i;(0)=0 %d’ij(o) =0 i # ]
With the obvious solutiom;;(t) = 0. For the diagonal components we have:

d? 9 : ‘
@@'z’ +wigy =0 ¢i(0) =1 $ii(0) = —if3;
wherew; is given by (64). Solving this equation, we have:
¢ii(t) = cosw;t — @ sin w;t

Wi

Thus® is a diagonal matrix and from this (65) immediately follows.
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6.3 The 1-dimensional case

Consider the simplest quantum model with the Hilbert sg@ce L?(R) and the pair of creation and
annihilation operators™ anda satisfying[a, a™] = 1. Denoteyy € H the vector (vacuum) such that
ag = 0. We will determine the explicit form of the right hand side of 65 whe# 1. In this cased
andC are real numbers anb|(¢) is a complex valued function.

Theorem8 — If n = 1 then the following identity holds

—iCt)2
B(1)e'ChH 12 = V2 ‘ 67
e (4 D) et (1= Do) 0

w

where

= VOTAP (69

PROOF: Let us verify the equality (67). From Theorem (6) one gets

d{ & U , o U
dt<¢ @)‘”L(\p q>> ©9)

P =—iCP—iAV  ; ¥ = —iCV — iAD (70)

or

The initial boundary conditions are
d0)=1, ®0)=—-iC; T0O)=0, U(0)=—id (71)
From this one can show thét(t) has the form
d(t) = % Kl + S) e Wt 1 (1 — S) ei“t]
and this proves the relation (67).
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