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Abstract

We propose a new technique to control quantum states by exploiting
the decoherence due to the coupling with environment. With this tech-
nique we can get any target state, in a stable way and in an exponentially
small time, as a stationary state of a semigroup (master equation) canoni-
cally derived from a microscopic Hamiltonian model. The stationary state
of the system depends (i) on the interaction with the environment; (ii) on
the initial state of the environment and it “inherits” some properties of it
in a sense that will be explained in sec. 5 of the present paper. Moreover
this is true not only for by thermal or vacuum environments but also for
more general non-equilibrium environments. We prove that, by appropri-
ately choosing this control parametes (interaction system–environment,
initial environment state) one can drive the system to an arbitrary pre–
assigned quantum state.

1 Introduction

Recent developments of technology greatly improved our ability to control in-
dividual quantum systems. This brings quantum technology beyond academic
research to the level of concrete industrial programs [1, 2]. For the require-
ments of any quantum technology the requirement of stability is essential: it is
not only required that at time T the system is in a given quantum state, but
also that it remains in this state sufficiently long time to allow the manipula-
tions required by quantum computation. One possible way to achieve this goal
is to exploit a general principle of the stochastic limit[3, 4, 5, 6], namely: under
explicit and easily realizable conditions, the interaction of a quantum field with
a discrete system (e.g. an N-level atom) drives the system to a stationary state
which is uniquely determined by the initial state of the field and by the form of
the interaction.

Already now many manipulations on microscopic objects are achieved through
their interaction with appropriate fields (for example, a creation of entangled
state with ion trap (ions + phonon) or with cavity QED (atom + EM field) have
been already reported [7, 8, 9, 10].) The scenario we are proposing generalizes
this approach by extending it to a large class of interactions and integrates it
with the additional requirement of stability. In some sense, this scenario realizes
the converse program of the stochastic limit: there one starts from a given in-
teraction and a given state of the field and looks for the corresponding Langevin
and master equations and their stationary states. Here one starts from a state
of the system, say atom or lattice, and looks for an interaction and an initial
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state of the field such that the associated master equation will drive the system
to the given state. In other words: in our approach the initial state of the field
and the interaction Hamiltonian are seen as control parameters.

The advantage of the stochastic limit approach is that it gives a quite ex-
plicit description of the parameters which control the final state of the system.
Therefore, if we are able to act on these parameters by suitably choosing the
initial state of the field and the interaction, we could drive the system, in a
stable way and in an exponentially small time, to a large class (in principle,
any) of pre-assigned states.

In this paper, we consider the conditions on the microscopic systems which
realize the above scenario. As shown in sec.2, it is easy to write down a gen-
eral master equation which drives any quantum state to a given target state.
Our interest in this paper is to derive this master equation from a microscopic
Hamiltonian model. This allows to make clear the physical conditions to realize
this control. From sec. 3 we show that as far as the system degrees of freedom
are finite for any target states we can always find an appropriate microscopic
model. We also discuss the concrete conditions on the initial state of the envi-
ronment. For a given target state, the initial state of the environment can be
chosen in a variety of ways whereas the condition for the interaction are more
restrictive. This means that, in real experimental situations, one can choose an
easily realizable initial state which depends on the individual case. In sec. 5,
we show that the system has the “assimilation property”, i.e. if the initial state
of the environment is non-equilibrium (resp. equilibrium or vacuum) for the
free environment Hamiltonian, then the system is driven to a non-equilibrium
(resp. equilibrium or ground) state for the free system Hamiltonian. In the
equilibrium case, this assimilation property is true for rather general models,
but in non-equilibrium case, it appears as a consequence of the specific choice of
the interaction. In sec. 6 we discuss purification as a special case of our general
framework: any pure state can be obtained by a general assimilation property
with a vacuum environment. As an example in sec. 7, the singlet state of two
spin-1/2 particles.

2 A master equation driving to a pre–assigned
state

Let us consider a master equation

d

dt
ρ(t) = L∗ρ(t) (1)

with GKSL generator [12, 13]

L∗ρ(t) = −i[H, ρ(t)]− γ
∑
j 6=k

pj

(
1
2

{
L†jkLjk, ρ(t)

}
− LjkρtL†jk

)
(2)

with H, pj , Ljk given respectively by

H =
∑
j

εj |µj〉〈µj |,
∑
j

pj = 1, (pj ≥ 0), (3)
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Ljk = |µj〉〈µk|, L†jk = |µk〉〈µj |. (4)

Notice that ∑
jk

pjL
†
jkLjk = 1,

∑
jk

pjLjkρL
†
jk =

∑
j

pj |µj〉〈µj |. (5)

Therefore one can rewrite the master equation as

L∗ρ(t) = −i[H, ρ(t)]− γ
∑
j,k

pj

(
1
2

{
L†jkLjk, ρ(t)

}
− LjkρtL†jk

)

+γ
∑
j

pj

(
1
2

{
L†jjLjj , ρ(t)

}
− LjjρtL†jj

)
= −i[H, ρ(t)]− γ (ρ(t)− µ)

+γ
∑
j

pj

(
1
2
{|µj〉〈µj |, ρ(t)} − 〈µj |ρ(t)|µj〉|µj〉〈µj |

)
, (6)

where
µ :=

∑
j

pj |µj〉〈µj | (7)

One can see that, denoting ρmn(t) = 〈µm|ρ(t)|µn〉, (2) becomes equivalent to

d

dt
ρmm(t) = γ(pm − ρmm(t)), (8)

d

dt
ρmn(t) =

(
i(εn − εm)− γ

(
1− pm + pn

2

))
ρmn(t). (9)

Thus the state of the system is driven to the final state (7), i.e.

ρ(t)→ µ, as t→∞ (10)

Notice that the convergence in (10) is exponential and its speed of convergence
is given by γ−1 which is thus interpreted as life time of the initial state ρ(0). It
means that if can we realize a physical system which is described by this master
equation, we can control a system so that its state is driven to the target state µ.
In the following section, we prove that the stochastic limit technique [ ] allows
to solve this problem, i.e. to construct microscopic models from which to derive
the master equation (8), (9) and the explicit form of the life time γ.

Moreover these microscopic models are based on relatively simple, dipole
type, interaction Hamiltonians. More precisely we prove that, given any state µ
(cf. (7)) of a finite dimensional system, one can find an appropriate dipole type
coupling of this system with a quantum field (concretely this means to specify
the form of the operator D in the interaction (13)) such that the system will
be asymptotically driven to the given state (in the sense of (10)) whatever its
initial state is.

The explicit from of the operator D, as a function of the target state, will
be given in section (5) below.

The practical implementation of the corresponding dipole interaction will of
course depend on the system and on the target state and has to be discussed
case by case. However just the possibility, in principle, of such a “control by
decoherence” is quite a non trivial fact. We prove this possibility and we give
an explicit and constructive description of the solutions.
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3 A Microscopic Model

In the following sections, we show how to derive the master equation of sec.2
from a microscopic Hamiltonian model through the stochastic limit[3, 4, 5].

We consider the following Hamiltonian system:

Htot = HS +HB + λHI , H0 = HS +HB (11)

where, for the same µj as in (3), (7)

HS =
∑
j

Ej |µj〉〈µj |, HB =
∫
dk ω(k)a†kak, [ak, a

†
k′ ] = δ(k − k′) (12)

HI =
∫
dk
(
g(k)Da†k + g∗(k)D†ak

)
(13)

and D is a system operator that will be specified in Section (5). For the initial
state of the boson-field, we consider a general mean-zero gaussian state which
is represented by the covariance matrix [3](

〈a†kak′〉 〈akak′〉
〈a†ka

†
k′〉 〈aka†k′〉

)
=

(
α

(+)
k δ(k − k′) fk δ(k + k′)
f∗k δ(k + k′) α

(−)
k δ(k − k′)

)
(14)

where

α
(+)
k = |ck|2n(k) + |sk|2(n(k) + 1) (15)

α
(−)
k = |ck|2(n(k) + 1) + |sk|2n(k) (16)
fk = cks

∗
−kn(k) + c−ks

∗
k(n(k) + 1). (17)

Notice that this is a squeezed state (i.e. fk 6= 0) which can be obtained from
the gauge invariant state of the ãk ã

†
k-field, with covariance(

〈ã†kãk′〉 〈ãkãk′〉
〈ã†kã

†
k′〉 〈ãkã†k′〉

)
=
(
n(k) 0

0 n(k) + 1

)
δ(k − k′) (18)

by means of the Bogolyubov transformation(
ak
a†−k

)
=
(

c∗k sk
s∗−k c−k

)(
ãk
ã†−k

)
(19)

(cf. chap. 2 of [3] for details) where

|ck|2 − |sk|2 = 1. (20)

4 The Master equation

In the following discussion, we assume that we can build up the system Hamil-
tonian HS such that the genericity condition [5]

ωji = Ej − Ei = ωj′i′ ⇔ i = i′, j = j′. (21)
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is satisfied. Under this condition, using the stochastic golden rule of [7] (Chap.
5), we can obtain the master equation for the reduced density matrix:

d

dt
ρt = +i[∆, ρt]−

∑
i 6=j

Γij

(
1
2
{L†ijLij , ρt} − LijρtL

†
ij

)
(22)

where the Lij are given by (29) and

∆ =
∑
ij

∆ij |µj〉〈µj | (23)

∆ij = ∆(−)
c,ij + ∆(+)

s,ij −∆(+)
c,ji −∆(−)

s,ji, (24)

Γij =

{
Γ(−)
c,ij + Γ(+)

s,ij (Ej > Ei)
Γ(+)
c,ji + Γ(−)

s,ji (Ei > Ej).
(25)

Γ(−)
c,ij = 2π

∫
dk |gij(k)ck|2 (n(k) + 1) δ(ω(k)− ωji) ≥ 0 (26)

Γ(−)
s,ij = 2π

∫
dk |gij(k)sk|2 (n(−k) + 1) δ(ω(k)− ωji) ≥ 0 (27)

Γ(+)
c,ij = 2π

∫
dk |gij(k)ck|2 n(k) δ(ω(k)− ωji) ≥ 0 (28)

Γ(+)
s,ij = 2π

∫
dk |gij(k)sk|2 n(−k) δ(ω(k)− ωji) ≥ 0 (29)

ωji = Ej − Ei, gij(k) = 〈µi|D|µj〉g(k) (30)

Notice that, because of the δ-function in (26)-(29), only those pairs ij with
ωji = Ej − Ei > 0 give a non-trivial contribution since ω(k) > 0.

∆(−)
c,ij = P.P.

∫
dk
|gijck|2 (n(k) + 1)

ω(k)− ωji
(31)

∆(−)
s,ij = P.P.

∫
dk
|gijsk|2 (n(−k) + 1)

ω(k)− ωji
(32)

∆(+)
c,ij = P.P.

∫
dk
|gijck|2 n(k)
ω(k)− ωji

(33)

∆(+)
s,ij = P.P.

∫
dk
|gijsk|2 n(k)
ω(k)− ωji

(34)

Notice that the Γij are strictly positive. Moreover if the condition

Γij = Γi (35)

holds, we can rewrite the master equation (22) as

d

dt
ρt = +i[∆, ρt]− Γ

∑
i 6=j

p̃i

(
1
2
{L†ijLij , ρt} − LijρtL

†
ij

)
(36)

where
p̃i =

Γi
Γ
, Γ =

∑
i

Γi (37)
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Comparing this master equation with (2), one can verify that the two equa-
tions coincide the Hamiltonian part in (36) commutes with the dissipative part
whenever H = −∆, γ = Γ, pj = p̃j . Therefore to guarantee the convergence

ρt →
∑
i

pi|µi〉〈µi| (38)

it is sufficient that condition (35) and the identities

γ = Γ ; pj = p̃j (39)

Now, let us consider how to satisfy the condition (35) for a given family
{p̃j}. Introducing the notation

N (k) = |sk|2(n(−k) + 1) + |ck|2n(k) ≥ 0 (40)

we can write

Γij =


2π|dij |2

∫
dk |g(k)|2(N (k) + 1)δ(ω(k)− ωji) (Ej > Ei)

2π|dji|2
∫
dk |g(k)|2N (k)δ(ω(k)− ωij) (Ei > Ej)

(41)

where
dij = 〈µi|D|µj〉. (42)

We will only consider control environment states which satisfy the additional
condition which is implied by the set of conditions:

n(k) = n0(ω(k)) ; ck = c0(ω(k)) ; sk = s0((ω(k)) ; ω(k) = ω(−k) (43)

N (k) = N(ω(k)) (44)

under this condition (41) becomes

Γij =
{
|dij |2QijNij (Ej > Ei)
|dji|2Qij(Nij + 1) (Ei > Ej)

(45)

where
Qij = 2π

∫
dk |g(k)|2δ(ω(k)− |ωji|) > 0 (46)

and
Nij = N(|ωji|). (47)

Our goal is to solve equations (45) in the unknowns dij (control interaction) and
Nij (control environment state) subject to the additional conditions (35, (37)
and (39) which introduce the dependence on the target state. The Qij , given by
(46), are additional control parameters, but in our case we will consider them
as given. Introducing these conditions, (45) becomes equivalent to

γpi = |dij |2QijNij ; for Ej > Ei (48)
γpi = |dji|2Qij(Nij + 1) ; for Ej < Ei (49)

It is clear that, for any choice of the decay rate γ and of the target state (i.e. the
pi’s) there exist a multiplicity of solutions depending on our choice of the dij ,
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Qij , Nij . This variety of choice will be very useful in the explicit construction
of the control mechanism.

It should be emphasized that the freedom in the choice of the environment
state is ample but not unlimited. For example if the target state is faithful (all
pi > 0) then equation (48) shows that the control state cannot be the Fock state
(for which Nij = 0 for all i, j). In the following sections we will show how to
exploit this freedom in some concrete cases.

Let us summarize the properties which the Hamiltonian should have.

1. HS is discrete and is diagonal in the same basis which diagonalizes the
target state µ.

2. The spectrum of HS is generic in the sense of (21).

3. HS must have a lowest eigenvalue and the eigenvalues Ei of HS must be
ordered from the lowest one while the p̃i are ordered from the largest one.

4. The dij = 〈µi|D|µj〉 satisfy the equations (48), (49).

5 Assimilation of the state

In this section we prove the “assimilation lemma” (1) which shows that, for non
degenerate target states, there is a universal relation between the control state
of the environment and the target state of the field.

In the final part of this section we explain in what this relation is a natural
extension of the fact that an equilibrium environment (at a given temperature
for the free evolution) drives a system to an equilibrium state at the same
temperature (for its own free evolution)

Lemma 1 Suppose that:

(i) the coefficients Γij of the master equation (22) satisfy condition (35), so
that the master equation (22) takes the form (36), (37).

(ii) The probabilities (p̃i) satisfy the conditions

0 < p̃i 6= p̃j ; ∀ i 6= j (50)

Then the (p̃j) are decreasing functions of the energies (Ej) and, if condition
(43) is satisfied (i.e. the density of quanta in the environment state is a function
of the energy density) then the following universal relation holds:

Nij = N(Ei − Ej) =
1

p̃j
p̃i
− 1

=
1

Γj
Γi
− 1

; ∀Ej < Ei (51)

Remark. The relation (51) is universal in the sense that it is independent of
everything but the two energy level involved (Ei, Ej) and the pair correlations
of the fied. The explicit formula for the quotient Γj/Γi,

Γj
Γi

=
1 + | tanh(ωij)|2

n(ωij)
n(ωij) + 1

| tanh(ωij |2 +
n(ωij)

n(ωij) + 1

(52)
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Proof. Solving (45) for Nij with we

Ei > Ej (53)

we get

Nij =
Γij

Qij |dij |2
, Nij =

Γji
Qij |dij |2

− 1. (54)

Therefore (54) is equivalent to

Nij =
Γij

Qij |dij |2
=

Γji
Qij |dij |2

− 1

and, because of (35), (37) this is equivalent to

Nij =
Γp̃i

Qij |dij |2
=

Γp̃j
Qij |dij |2

− 1 (55)

From this equation we obtain

|dij |2 =
Γ
Qij

(p̃j − p̃i) (56)

Since Γ, Qij ≥ 0, this and assumption (53) imply that p̃j is a decreasing function
of Ej . Finally, using (50) and (55) we find

Nij =
p̃i

p̃j − p̃i
(57)

which is (51). To prove universality notice that the expression of the quotient
Γj/Γi in (51) is given by (35), (25), (26)–(29). Therefore assumption (43) implies
that, for Ei > Ej

Γi = Γij = Γ(+)
c,ji + Γ(−)

s,ji = 2π|c0(|ωji|)2n(|ωji|)|dij |2Qij+

2π|s0(|ωji|)2(n(|ωji|) + 1)|dij |2Qij

Γj = Γji = Γ(−)
c,ij + Γ(+)

s,ij = 2π|c0(|ωji|)|2(n(|ωji|) + 1)|dij |2Qij

+2π|s0(|ωji|2)n(|ωji|)|dij |2Qij
Therefore, for Ei > Ej :

Γi
Γi

=
|c0(ωij)|2(n(ωij) + 1) + |s0(ωij)|2n(ωij)
|c0(ωij)|2n(ωij) + |s0(ωij)|2(n(ωij) + 1)

=
|c0(ωij)|2 + |s0(ωij)|2 n(ωij)

n(ωij)+1

|c0(ωij)|2 n(ωij)
n(ωij)+1 + |s0(ωij)|2

Let us consider two typical cases for the choice of ck and nk. Of course, it is
always possible to consider other cases which are combination of the following
two situations.
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5.1 squeezed vacuum environment

The simplest case corresponds to the squeezing of the vacuum state. In this
case, since n(k) = 0, we get

N (k) = |ck|2 − 1 = |sk|2 (58)

Clearly, it is always possible to choose ck so that N (k) satisfies (57). This means
that we squeeze the ak-field with a mode-dependent squeezing parameter.

5.2 non-squeezed but non-linear temperature state

We can also think non-squeezed but non-linear temperature state. In this case,
since ck = 1 (sk = 0) we get

N (k) = n(k). (59)

and again it is always possible to chose the density n(k) so that N (k) satis-
fies (57). Comparing (58) and (59), one can see the similarity of the roles of
squeezing and number density modification, which is the replacement of |ck|2
by n(k) + 1 in (58).

Notice that, when the target state is a thermal equilibrium state for HS , i.e.

p̃j
p̃i

= eβ(Ei−Ej), (60)

from condition (57),

Nij =
1

p̃j
p̃i
− 1

=
1

eβ(Ei−Ej) − 1
=

1
eβω(kij) − 1

, (61)

where ω(kij) = ωij = Ei − Ej . This tells us that a thermal state of the (free)
environment at a given temperature drives the system to thermal state for its
free Hamiltonian at the same temperature. In the general case, n(k) is not the
usual Gibbs factor but something else which can be described by a non-linear
temperature β(ω(k)) as

n(k) =
1

eβ(ω(k))·ω(k) − 1
(62)

Because of the assimilation Lemma (1) this is equivalent to the following relation
for the target state.

p̃j
p̃i

= eβ(ω(kij))·ω(kij). (63)

So the nonlinear temperature function describing the stationary state of the
system is the same one describing the control state of the environment. In this
sense we say that the non-linear temperature environment drives the system
to the same non-linear temperature state of the field. Notice that this non-
trivial “assimilation” occurs as a consequence of an appropriate choice of the
coupling to the environment, i.e. of the dji whereas in the linear case of a tem-
perature environment (i.e. an usual equilibrium state) this is a quite general
phenomenon[3, 11], (See also [14].) If the dji don’t satisfy condition (56), the
non-linear temperature environment drives the system to a different stationary
state. (See also [11].)
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6 Purification

In this section, we discuss the case where the target state is pure,i.e.

p̃0 = 1, p̃1 = p̃2 = · · · p̃N = 0 (64)

for E0 < E1 < E2 < · · · < EN .
One can get such a pure state with the control procedure which we discussed

in this paper. From conditions (57) and (56), we choose di0 and Ni0 as

|di0|2 =
Γ
Qi0

, (65)

Ni0 = 0. (66)

As for the other dij and Nij , we choose as

|dij |2NijQij = 0. (67)

Notice that (67) meets with dij chosen as (56), as far as Nij and Qij are fi-
nite. Threfore the sufficient conditions for this purification is (56). Under these
conditions, the state of the system converges to the lowest eigenstate |µ0〉〈µ0|,
obeying the master equation (36). This process can be understood as cooling
the system by the vacuum. The energy which the initial state of the system has
is released to the environment throught the coupling given by (65). Notice that,
since dij = 0 for j 6= 0, Nij doesn’t affect this dynamics for j 6= 0 . In other
words, the initial energy is released by the direct transition from some energy
level to the lowest eigenstate.

However, as discussed in the previous section, this cooling effect by the
vacuum environment is more universal. As the thermal environment has as-
similation property for a a large class of dij , the vacuum environment generally
drives the system to the lowest eigenstate of the HS . (In fact, the vacuum en-
vironment is the low temperature limit of the thermal state.) From this point
of view, the specific choice for dij is not necessary for this cooling procedure.
The necessary and sufficient condition for this cooling is the same with the con-
dition for the assimilation in a linear temperature case (see previous section).
Therefore dij 6= 0 for all i 6= j is a sufficient condition for this thermal (vac-
uum) assimilation. Once one can prepare N (k) = 0 (it means vacuum state of
the environment), the state of the system is driven to the lowest energy eigen
state through the proper but much more general interaction which satisfies the
condition [14].

7 Example:
Entangled state with Spin-Boson model

Let us illustrate our technique with one important example, that is, driving to
the singlet state a system made of two 1/2-spin particles.

We consider the system Hamiltonian

HS =
4∑
j=1

εj |φj〉〈φj | (68)
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where

|φ1〉 =
1√
2

(
|+〉A|−〉B + |−〉A|+〉B

)
(69)

|φ2〉 =
1√
2

(
|+〉A|−〉B − |−〉A|+〉B

)
(70)

|φ3〉 =
1√
2

(
|+〉A|+〉B + |−〉A|−〉B

)
(71)

|φ4〉 =
1√
2

(
|+〉A|+〉B − |−〉A|−〉B

)
. (72)

σ(j)
z |±〉j = ±|±〉j , j = A,B. (73)

Notice that the Hamiltonian (68) can be rewritten as

HS = ασ(A)
x ⊗ σ(B)

x + βσ(A)
y ⊗ σ(B)

y + γσ(A)
z ⊗ σ(B)

z + δ (74)

i.e. like a standard Heisenberg model, where

σ(j)
x |R〉j = |R〉j , σ(j)

x |L〉j = −|L〉j , σ(j)
y |U〉j = |U〉j , σ(j)

y |D〉j = −|D〉j

|R〉j =
1√
2

(
|+〉j + |−〉j

)
, |L〉j =

1√
2

(
|+〉j − |−〉j

)
,

|U〉j =
1√
2

(
|+〉j − i|−〉j

)
, |D〉j =

1√
2

(
|+〉j + i|−〉j

)
,

α =
+ε1 − ε2 + ε3 − ε4

4
, β =

+ε1 − ε2 − ε3 + ε4
4

(75)

γ =
−ε1 − ε2 + ε3 + ε4

4
, δ =

+ε1 + ε2 + ε3 + ε4
4

(76)

or

ε1 = +α+ β − γ + δ, ε2 = −α− β − γ + δ (77)
ε3 = +α− β − γ + δ, ε4 = −α+ β + γ + δ. (78)

Once one can control the parameters α, β, γ, (and δ), one can always prepare
the Hamiltonian so that it becomes generic in the sense of (21).

ωij = εi − εj i = 1 i = 2 i = 3 i = 4
j = 1 0 −2(α+ β) −2β −2(α− γ)
j = 2 +2(α+ β) 0 +2α +2(β + γ)
j = 3 +2β −2α 0 −2(α− β − γ)
j = 4 +2(α− γ) −2(β + γ) +2(α− β − γ) 0

We write the target state as µ =
∑
j pj |φj〉〈φj | with

p1 ≥ p2 ≥ p3 ≥ p4. (79)

The conditions for HS we listed in the end of sec. 4 require to choose the
parameter α, β, γ, δ so that

ε1 < ε2 < ε3 < ε4. (80)
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As for the interaction Hamiltonian with a bosonic environment, we take

HI = D

∫
dk g(k)a†k + h.c.

=
∑
i 6=j

∫
dk gij(k)|φi〉〈φj |a†k + h.c. (81)

where
D =

∑
i 6=j

dij |φi〉〈φj |, gij(k) = 〈φi|D|φj〉g(k) = dijg(k). (82)

The free Hamiltonian of the boson-field is

HB =
∫
dk ω(k)a†kak, [ak, a

†
k′ ] = δ(k − k′).

From (57), the proper dij for the control is obtained as

dij = eiθij
(

Γ
Qij

)1/2√
pi − pj , for i > j. (83)

When pi 6= pj , the initial state of the field should satisfy

Nij =
pi

pj − pi
. (84)

with Nij given by (47), (44), (40) and (18). Now let us consider the case when
the target state is |φ1〉〈φ1|. From the discussion in the previous section, we find
that

d1j = eiθ1j
(

Γ
Q1j

)1/2

, j = 2, 3, 4, and other di<j = 0 (85)

is a sufficient condition. In addition, for simplicity, we assume that

Q1j = Q(i.e. it does not depend on j). (86)

In this case one possible choice of D is for example

D =

√
Γ
Q

∑
j=2,3,4

|φ1〉〈φj |. (87)

Notice the following condition holds:

Γ =
1
3
Q〈φ1|DD†|φ1〉. (88)

This tells us that the life time of the initial state Γ−1 depends on the choice of
operator D. More precisely, the speed of the convergence is proportional to the
norm of D†|φ1〉. In the general case without the additional condition (86), the
Γ is constrained as

1
3
Q(m)〈φ1|DD†|φ1〉 ≤ Γ ≤ 1

3
Q(M)〈φ1|DD†|φ1〉 (89)

where
Q(m) = MinjQ1j , Q(M) = MaxjQ1j . (90)
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Appendix

Introducing a pair of independent creation and annihilation operators ξ1(k),
ξ†1(k), ξ2(k), ξ†2(k) with commutaion relations

[ξi(k), ξ†j (k
′)] = δijδ(k − k′) (91)

acting in a Fock space H0 with vacuum vector Φ0

ξi(k)Φ0 = 0, i = 1, 2, (92)

the GNS representation of the ak, a†k- field will respect to the state (18) becomes

ãk =
√
n(k) + 1ξ1(k) +

√
n(k)ξ†2(k)

ã†k =
√
n(k) + 1ξ†1(k) +

√
n(k)ξ2(k). (93)

The Schrödinger equation in the interaction picture is therefore

d

dt
U

(λ)
t = −iλHI(t)U

(λ)
t (94)

where

HI(t) = eiH0tHIe
−iH0t

=
∑
ij

∫
dk g∗ij(k)|µj〉〈µi|ake−i(ω(k)−ωji)t + h.c.

=
∑
ij

∫
dk g∗ij(k)L†ij

{
c∗k

(√
n(k) + 1ξ1(k) +

√
n(k)ξ†2(k)

)
+sk

(√
n(−k) + 1ξ†1(−k) +

√
n(−k)ξ2(−k)

)}
e−i(ω(k)−ωji)t

+h.c.

=
∑
ij

L†ij

(
Ξ(−)
c,ij(t) + Ξ(−)

s,ij

†
(t) + Ξ(+)

c,ij

†
(t) + Ξ(+)

s,ij(t)
)

+ h.c. (95)

Ξ(−)
c,ij(t) =

∫
dk g∗ij(k)c∗k

√
n(k) + 1 ξ1(k)e−i(ω(k)−ωji)t (96)

Ξ(−)
s,ij

†
(t) =

∫
dk g∗ij(k)sk

√
n(−k) + 1 ξ†1(−k)e−i(ω(k)−ωji)t (97)

Ξ(+)
c,ij

†
(t) =

∫
dk g∗ij(k)c∗k

√
n(k) ξ†2(k)e−i(ω(k)−ωji)t (98)

Ξ(+)
s,ij(t) =

∫
dk g∗ij(k)sk

√
n(−k) ξ2(−k)e−i(ω(k)−ωji)t (99)
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The stochastic limit describes the quantum dynamics in the regime of weak
coupling (λ→ 0) and large times (t→ t/λ2). Under rescaling the time t 7→ t/λ2,
the Schrödinger equation becomes

d

dt
U (λ)(t/λ2) = −i 1

λ
HI(t/λ2)U (λ)(t/λ2). (100)

and the quantum field undergoes a frequency dependent rescaling

ak →
1
λ
e−i

t
λ2 (ω(k)−ω)ak (101)

The main result of this theory is expressed by the stochastic golden rule [3, 4, 5]
according to which in the limit λ→ 0:

1. for each Bohr frequency ω, the rescaled field (101) becomes a quantum
white noise (or master field) bω(t, k) satisfying the commutation relations

[bω(t, k), b†ω′(t′, k′)] = δωω′2πδ(t− t′)δ(ω(k)− ω)δ(k − k′) (102)

2. the solution U (λ)(t/λ2) converges to the solution of the white noise equa-
tion

d

dt
U(t) = −ih(t)U(t) (103)

where the white noise Hamiltonian is given by

h(t) =
∑
ij

L†ij

(
b
(−)
c,ij(t) + b

(−)
s,ij

†
(t) + b

(+)
c,ij

†
(t) + b

(+)
s,ij(t)

)
+ h.c. (104)

and the master fields (white noises) are

b
(ε)
x,ij(t) = lim

λ→0

1
λ

Ξ(ε)
x,ij(t/λ

2), x = c, s, ε = ∓. (105)

In this case the commutation relations (102) become:

[b(ε)x,ij(t), b
(ε) †
y,i′j′(t

′)] = δxyδεε′δωjiωj′i′ Γ
(ε)
x,ijδ(t− t

′) (106)

where

In addition, the commutation relation between Ut and these noise opera-
tors are obtained as

[b(−)
c,ij(t), Ut] =

∑
j′i′

δωjiωj′i′ (Γ
(−)
c,ij − i∆

(−)
c,ij)Li′j′Ut, (107)

[b(−)
s,ij(t), Ut] =

∑
j′i′

δωjiωj′i′ (Γ
(−)
s,ij + i∆(−)

s,ij)L
†
i′j′Ut, (108)

[b(+)
c,ij(t), Ut] =

∑
j′i′

δωjiωj′i′ (Γ
(+)
c,ij + i∆(+)

c,ij)L
†
i′j′Ut, (109)

[b(+)
s,ij(t), Ut] =

∑
j′i′

δωjiωj′i′ (Γ
(+)
s,ij − i∆

(+)
s,ij)Li′j′Ut, (110)

where

3. From the step 1, by means of a standard procedure one can deduce the
Langevin and the master equation (cf. [3]).
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