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Abstract

We prove that Haldane exclusion statistics (ES) can be included in the more
general class of standard interacting Fock spaces (IFS). This result provides a
standard rule to assign in a consistent way the parameters of the most general
exclusion statistics and, through the results of [4], it shows that there is a
canonical one-to—one correspondence between these parameters and the families
of orthogonal polynomials associated to an arbitrary measure with moments
of all orders. Such a correspondence has been discovered in a multiplicity of
particular cases (see for example [5], [9]). Thus our result gives a rule to identify
immediately the family of orthogonal polynomials associated to a given ES.
Moreover it allows to extend the ES in a natural way to infinitely many species
and in particular it suggests a standard way to take the thermodynamic limit
of these statistics.

1 Introduction

Let us begin by a brief exposition of the main idea on Haldane exclusion statistics
(ES) [6] as described in [2]. In Quantum Statistical Mechanics (QSM) any
statistics is described by a partition function. Consider a system of N identical
particles, each of which can occupy K independent states corresponding to
energies 1 ...k (alternatively we may think of the index j = 1,..., K as
labeling sites or species, ...). For such a system the partition function has the
following structure:

On(xy...2K) = Z an(ni...ng)x . 2 (D) (1)

n; €N
ny+..tng=N
where x; = exp(—¢;/er), i = 1...K. A K-uple (ny,...,ng) of natural in-
tegers, i.e.a sequence of occupation numbers for the different states, will be
called a configuration. The function «(n;...nk) which weights all possibles
configuration has the following properties (see [1]):

(a) a(ny...ng) >0



(b) a(n...nk) is a symmetric function [ensuring that no particular ¢; is pre-
ferred].

A function a : N¥ — R satisfying these properties defines the statistics
which the identical particles obey. In the case of Haldane’s ES the function
a(ny ...nk) must satisfy two additional conditions:

(¢) a(ni...ni+1...ng)<a(ni...n;...ng)Vi=1...K

(d) there exists a number p € N such that a(p + 1,,n2...nx) = 0 and
a(ny...ng) >0ifmax{n; : i < K} <p.

Tlinski, Gunn and Ilinskaia (see [2]) have constructed an Hilbert space H,
called fractional-dimensional Fock space (FDFS), with the property that (1) is
a weighted partition function

Z=Qn(x1-..xx) = Tr(f(N)e )

where the trace is meant in H,
H = Z Eij
J

is the usual Hamiltonian of an ideal gas, N; (j = 1,..., K) is the number op-
erator counting the number of particles in the j—th species) and f(N) (denoted
Id in [2]) is a self-adjoint operator (a function of the occupation numbers of
each species) characterizing the ES. The trace of the operator Id (always finite
because of property (d) above) has been called in [2] the fractional dimension
of the Hilbert space of these configurations.

We show in this paper that the fractional-dimensional Fock space is in fact
a particular case of a standard interacting Fock space.

2 One mode interacting Fock spaces (IFS)

In this section we recall some properties of the one mode interacting Fock spaces
and we refer to the survey paper [3] for a discussion of the general case. The
one mode interacting Fock spaces T'(C) is defined as follows: as a vector space
I'(C) is the direct sum of 1-dimensional sub—spaces

I(C)=Cln > (1)
n=0

The space C|n > is called the n—particle sub—space. On T'(C) one defines a
Hilbert space structure by prescribing that: (i) the sum in (1) is orthogonal, i.e.
different n—particle sub—spaces are orthogonal; (ii) the norm of the vector |n) is
given by

(nfn) = An (2)



(iii) the creation operator is well defined by the prescription
atin>=n+1> (3)

Notice that, because of (2), condition (iii) implies that, if A, is zero, then all
Ak with £ > n must also be zero Therefore the adjoint of the creation operator
(annihilator) is uniquely defined by the condition:

A
aln+1>= 224 n

n
with the convenction that 0/0 = 0. Moreover one has

(n,n) = (a"(n—1),n) ={((n—1),an) = )\:il n—1,n—1)=...

A\n An_1 A1 An
> 2= . e = —
> 1 An—1 An—2 Ao Ao

which, together with (2) gives Ag = 1.

3 Inclusion of the one mode FDF'S into the one
mode IFS

In order to establish the connection between IFS, orthogonal polynomyals (see [4])
and the ES it is useful to introduce the numbers

= ;o Ao =1
A1 0

so that
n
)\n = H wj
§=0
It is clear that the sequence (w;) uniquely determines the IFS. Moreover
aln+1>=wpt1|n >
ataln >= wy|n >
In [2] the additional condition
N|n >= af ap|n >=n|n > (1)

is required. In order to satisfy also this condition we introduce a new creation
operator aa’ , defined by the condition:

ag |n >=ap|n+ 1 >=azat|n >



thus, in the notation (1):

aa’ =atTan

since N, hence ay, is self-adjoint also for the interacting scalar product, the
adjoint of aj is
ap = ana

Therefore

aa’a0|n >= aa’aNa|n >= wnagoqvm —1>=wpa,_1atayn —1>=

2
wpd_jatn—1>=w,a?_|In>

If we want
aa’ ag =N

we must then have
wna%_l =n

o\ /2
Qp_1 = w_
n

(n + >1/2
Qp
L"TL—‘,—I

which, given (2) below, coincides with the result of [2]. Summing up:

LEMMA (1) The FDFS of [2] (hence Haldane ES in the case of a single species)
is isomorphic to the IFS uniquely defined by the prescriptions:

or

Equivalently

Wnt1 =1—gn (2)
and wy,+1 = 0 as soon as the right hand side of (2) becomes negative.
PRrROOF From the above discussion.

REMARK The right hand side of (2) shows why in the Haldane statistics we
must restrict to finite dimensional spaces. In fact if n > 1/g the right hand
side of (2) becomes negative and this is incompatible with the positivity of the
scalar product which requires

wnp >0 vn

The general connection between the w,’s and the Jacobi coefficients of orthog-
onal polynomials is described in [4].



4 IFS for many species

We fix a number K < +o0o, representing the number of species, (the case K <
+oo can be treated in a similar way) and, for each j = 1,..., K let be given a

one mode IFS {T'(C), (\Y’),,}. On the algebraic tensor product of vector spaces
H=aXI(C)=T(C)®...9'(C)

we consider the Hilbert space structure induced by the tensor product of the

scalar products defined by the ()\%J ))n as explained in section (??). Then we
define the global N—particle structure as follows: we refer each IFS

{r(©), A)n}
to an orthonormal basis
In; > n; €N i=1,....K
and we define the global N—particle space by

Hn = @ Clni>®...0|ng >
ni+...4+ng=N

an orthonormal basis of Hy is
[n1,...,ng >=|n1>®...Q |ng > ; n+...+ny=N
Introducing the multiple number operator
N: =N ®...9 Ng
where N; (j =1,..., K) is the number operator of the j—th species in H:
Nj|ni,...,ng >=njni,...,ng >
and the operator

K

ni+...+nkg Li=1

we see that the scalar product on Hy is defined by
(& muy = EWrnervre) = (& Wanevr(c)

where (£, - 1)gnyp(c) denotes the usual scalar product on @VT'(C) (i.e. the
one coming from the tensor product of the usual scalar products). With these
notations it is easy to see that

H5=®HN

N>0



is a standard IFS with weights Wy given by (1). The fact that the operator Wy
does not factorize: this fact corresponds to an interaction, among the different
species, of a purely statistical nature, i.e. not encoded into the dynamics, and
justifies the name interacting Fock space.

REMARK A more general interacting Fock space can be obtained by replacing,
in (1), the operator Wy by

Wy = Z an(ni, ..., )N, ...,ng >< Mg, ..., 0|
ni+...+ng=N

where « is a function of (ny,...,nk). In the notations of [2], the operator Id
is the direct sum of all the operators Wyx. The case (1) corresponds to the
factorization

an(ni,...,nKg) = Ha(ni)

5 The IFS of Haldane’s ES: the case of many
one mode species

Consider now a system of identical particles obeying Haldane’s ES with param-
eter g. We suppose first that g = 11»’ p > 1. Let K € N be the dimension of
the states Hilbert space H of a single-particle. As we said in the introduction
we can as well say that we have K species of particles j = 1,..., K each of
which has a state space of dimension 1: H; = Ce;. All the species having the
same statistical parameter g. To each species j = 1, ..., K we associate the IFS
{I(C), (A)),,} as in section (4). We define the Hilbert space of the system with
K species to be the space introduced in section (4), i.e.:

H=DI'C)=T19T2®..0Tk

Introducing the global N-particle spaces as in section (4), we define the scalar
products:
VNeN, VYuve Hy (u,v)n = (Wn(u),v)n

where (-)n is the natural scalar product on Hy and
k
Wylng,...,nk) = AUAND AP |ng, o ngk)
REMARKS:

(i) The function a : N — R which weights the different occupation numbers

in the partition function (1.1) is determined by the sequences ()\%jj) , Ny =
1...p),5=1,...,K, by:

a(ny...nx) = AN L AE) Y (ny...ng) € NE



(ii) In the Ilinski, Gunn, Ilinskaia’s interpretation of Haldane’s ES the )\%jj) are
given by:

) =(1=g)1=29)...(1=(;—1)g), j=1..K

with the convection that w,, = 0 if the right hand side of the above identity
is negative or equivalently
A9 =0

if n > 1/g. Any way both the function  and the A,,; j =1,..., K depend
essentially on the parameter g.

(iii) One easily verifies that Wy : Hy — Hy is a positive self-adjoint operator.
Moreover, Vu € H and VF € Hy

(F,F)NZ()@ <U®F,WN+1(U®F)>N+1 =0

This property ensures that Vu € H. The creation operator a*(u) : Hy —
Hp 1 is well defined. For allu € H, the annihilation operator is, by defini-
tion, a(u) : Hy4+1 — Hy the adjoint of a™(u) for the scalar product (-)y.
As usual we note a;j = a*(e;), a; = a(e;) i = 1... K, where {e1...ex} is
a fixed orthonormal basis of H. We shall denote I';(H, (Wnx)n>1,9) the
standard interacting Fock space constructed in this way.

We will now prove that the Haldane exclusion g—statistics coincides with the
vacuum statistics of the operators

E_BHN _ e—ﬁNl ®R...0 e—ﬁNK

THEOREM: A system of identical particles obeying Haldane’s exclusion statistics
with statistical parameter ¢ is the standard IFS T'j(H; (WN)NZi;g) over the
Hilbert space of the single—particle state.

The corresponding creation and annihilation operators verify the following
relations:

A

ajlni...n;...ng)= 3 Yy n,—1,...,ng > (1)

(n%_l)
anall=0 i i @

We have also
[aia a]] [aja aj_] =0 if i F (3)
AN A(Ni+1)

+,. = i P i 4
i @i A(Ni—1) % AN, )
At =gt —o vij=1...K (5)
a0y =0 , Vi=1..K (6)



Proof. To proof that Haldane’s ES is realized in I';(H, (Wn)n>1,9) we just
have to show that the partition function corresponding to this standard IF'S is
the same as the one of Haldane’s ES. Generally for an ideal gas the partition
function of N particles is given by:

Qn = Tr(e M)

where H = Zfil €;N; is the Hamiltonian, IN; is the number operator of the i—th

species, N = Zfil N; and the trace T is expressed in any orthonormal basis
of the Hilbert space of the states of the N particles (see K. Huang: Statistical
Mechanics, p. 196, p. 213). In our case this gives:

Qn = Z (nl...nK|e_BH|n1...nK)N
ni+..ng=N
= Z a(nl...nK)e_Bml .. e PernK
nit+..ng=N

Given our choice of a(n;...ng) @y has been shown in [2] to be exactly the
partition function of Haldane’s ES.
The relations (2)—(6) are easily verified.

6 The IFS of Haldane’s ES: the case of many
species, many modes

In the case g = %, m > 1 and with m and p coprime, we can suppose that

we have K species of particles each of which with m independent states, i.e.
H; = C™. We can also say that we have p blocks each of which has w species
of particles with Hilbert space of dimension 1 for each species. Generalizing the
above procedure we fix an ortho—normal basis (eg )) of H; = C™, we denote

a;tk =at (eéj )) and we say that this creator generates the sub-species (j, k) of

the j—th species. We assume for simplicity that each species (and sub-species)
has the same statistical parameter ¢’ = 1/p, but with essentially no changes in
the construction below we could as well deal with the case in which the the (j, k)
sub-species has parameter g, = 1/p; . This would include the most general
statistics considered by Haldane. With these notations we get:

1) For each species j = 1...K we have a standard IFS
1
Iy=Ty (Ka (WN;')N;'ZD 5) = &N, Ky,

of the type considered in section (5). More explicitly:

m
_ +7jy N — |pl m . —
Ky, = span {aj’1 ey 0) =[0Gy E nj; = Nj
i=1



2) The standard IFS for the whole population of K species is:

K K
r=Qr;, = Q|PkKy,
j=1 j=1 \ N,
= @ @ Ky, @ Kn, ®...® Kny,

NeN LNi+...4+Ng=N

- @HN

NeN

where V N, the weight operator Wy : Hy — Hpy, defining the scalar
product on Hpy through the identity:

(u, V)N = (W (u),v)
({-, ) being the usual scalar product) is given by

(&3]
Wy = Z WN1®---®WNK
Ni+..4+Ng=N

and the operators Wy, are defined as in section (5).

REMARK. The above construction allows to realize any partition function of a
system of identical particles, whose structure is given by the equation (1) by
means of a standard IFS.
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