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1 The Boson Fock space

In this lecture we outline the main ideas underlying the new, white noise, ap-
proach to classical and quantum stochastic calculi. We refer to [AcLuVo00],
[AcLuVo99] for more details, and to [AcSk99], [AcFrSk00], [AHKO00], [Sni00]
for more recent developments on stochastic calculus with higher powers of
the white noise.

A standard way to construct white noises is through Fock spaces. One
could give an abstract, purely algebraic, definition of Fock space but in this
lecture we describe a concrete representation which is most often used in the
physical literature because it is well suited for explicit calculations. Such
a representation can be used whenever the 1-particle space is concretely
realized as an L?*-space over some measure space (finite or o—finite) (S, u1).
In this case the n-particle space can be realized as the space Ly (S", ®" )
of all the symmetric, square integrable functions on the product space

Sti=8SxSx%x...x8 (n — times)

with the measure ®"u, which is the product of n copies of the measure p. In
the following we shall fix the choice

S =R? ; it = Lebesgue measure

Let | = L?(R%) be the Hilbert space of functions on R? with the inner
product

(Fo) = [ Tl foeF ()

and F,, = Lgym(R"d), n = 1,2, ... be the Hilbert space of square integrable
functions of n-variables in R, symmetric under the permutation of their
arguments. The elements of F,, are called n—particle vectors. For an element
, € Fn we write 1, = ¥n(s1,...,5,), s € R? and one has ¥, (sy,...,8,) =
Yn(Sx(1)s - - - Sx(n)) for any permutation .

Definition 1 The symmetric representation of the scalar Boson Fock space
F is the direct sum of the Hilbert spaces F,

F=PLyn®R" ==~ (2)
n=0 n=0



Here we set Fy = C. So, an element of the Boson Fock space F is a sequence
of functions

U = {10, 91,92, ...}
where vy € C, Y, € F,, n=1,2,... and
IR = 3 146 gy < o0 ®)
n=0
More explicitly
1012 = [0 O + Z/ ) (51, ..., )2y ... s (4)

The inner product of elements ¥ = {1,}>2, and ® = {¢,}>2, from F is
given by

(U, P) = Z(@/Jm On) @/JOQZSO—I-Z wn S1y vy 8n)On(S1, .-, 8p)dsy ... dsy

n=0
(5)
The vector ¥ = (1,0,0,...) is called the vacaum vector. [t describes the
state of the system in which no particle is present.

Remark. More generally, if H an abitrary Hilbert space then one defines
the Boson Fock space F over H as the symmetric tensor algebra on H:

r Gy
n=0

where ®, means the symmetric tensor product.

2 Creation and annihilation operators

We define now the annihilation and creation operators on F. They play an
important role because as we will see a very wide class of operators in F (in
particular all bounded operators) can be expressed in terms of annihilation
and creation operators.



Definition 2 For any f € F; one defines the annihilation operator
A(f): Fn— For n=12...
by the following formula: the annihilation operator annihilates the vacuum
A(f)®o =0 (6)
and, if ¥ = (0,...,0,¢,,0,...) € F,, then ¥ is in the domain of a(f) and
a(f)¥ = P, where & = (0,...,0,¢,-1,0,...) € F,,_1 and

Gt o) = Vit [ )t s, 7)
One defines the creation operator
AY(f) Fo—= For n=0,1,2,...

by the following formula: any ¥ = (0,...,0,v¢,,0,...) € F, is in the domain
of AT(f) and AT(f)¥ = &, where ® = (0,...,0,$n41,0,...) € Fny1 and

1
qﬁnﬂ(sl,...,snﬂ):\/n_HZf(si)wn(sl,...,gi,...,snﬂ) (8)
=1

Here §; means that this argument is missing.

Remark. Using shorter notations one can write (109) and (7) as

A )nt(S1se s 501) = /0 / o) tn(sns e s)dsn (9)

n+1
1

(AT () nsa (51, -+ s Snp1) = N ;f(si)z/}n(sl, B Sny1)
(10)

In particular the action of the creation operator A*(f) on the vacuum
U, := (1,0,...) gives the 1-particle state

AT (f)®o = (0, f,0,...)

and the action of the creation operator on the 1-particle state ¥y = (0,1(s1),0,...)
gives the 2—particle state

A1 = (00,5 Gt + Tt 0. ) = (005 ot via ..
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The exponential vectors

() = = @(f)) (11)
are defined by
n 1 -
WO (st 0) = o= Hﬂsj) (12)

Vectors in F for which all components, with the exception of at most a
finite number are equal to zero are called finite particle vectors or simply
number vectors. The number vectors form a dense set in the Hilbert space
F. We denote this set D.

Proposition 1 The creation and annihilation operators are adjoint to each
other. On the finite vectors one has

(@, A()¥) = (A7(f)®, V) (13)
Proof. It is enough to check (8) for n—particle vectors
(Pr—1, A(f)Vn) = (AT(f) D1, Vs) (14)
The identity (86) follows from (81) and (75). More details are in the proof
of Proposition 77.
3 Annihilator and creator densities
In the notations of section (2) define
Ds = {y € Flp™ € S(R™)} (15)

In the remaining of this chapter, unless otherwise specified, all the n—particle
vectors shall belong to Ds. Define moreover

D% = {¢p € D™ =0 for almost alln € N } (16)

D(a) = {w €Ds : Y nllp™|* < oo} (17)

n=1



and notice that D(a) is a vector space containing both the number and
the exponential vectors with test functions in S. Define the annihilation
density™V a,

(asih) ™ (s1,...,50) = Vn+ 1" (s, s1,...,5,) ; scRYneN
(18)
The right hand side of (7) is well defined whenever it makes sense to speak of
the values 1™ on any point, for example when (™ is in the L?*—equivalence
class of a continuous function for each n, and the sequence of functions
{(as)™} defines an element of F. This is surely the case if 1 is in D(a).
Thus, for any ¢t € R? the annihilator a, is a densely defined operator which
maps D(a) into F.
From (85) it follows that the map a; is weakly measurable and therefore,
for any square integrable function g, the integral

Atg) = | s g(s)a, (19)

is well defined as a Bochner integral on D(a). That it is a pre-closed operator
will follow from Proposition 107 below. The explicit action of A(g) on vectors
in D(a) is deduced from (8) to be, for n € N:

(A(g))™ = /R A5G (0a) 51, 0) = VT T /R s G (5,5,

(20)
For example the explicit action of A(g) on the exponential vectors is also
deduced from (4) and it is simpler:

Ay = [ dsgoyasy = [ dsao 00 = o5 )

The creation density a is defined for ¢) € Dg by
1« _ .
(af) ™ (sy.. . 5,) = 7 Z 5(s — s V(s . 5. sp) (22)
i=1

The d—function on the right hand side of (85) shows that the creation density
a®(t) is not an operator but a sesquilinear form on the number vectors.
The following Proposition shows that the condition of Definition 7?7 below is
satisfied if we choose the domaian D to be the number vectors.

, Sn)



Proposition 2 For any square integrable function g there exists a preclosed
operator At (g), defined on the n—particle vectors, represented by continuous
functions, by the relation

(AT ()™ (s1,...,5,) = \/_ngl Disty ooy 8i,8n)  (23)

Moreover, on the n—particle space, A (g) is bounded with norm less or equal
ton'? || g || (L*-norm of g) and, on D(a), AT (g) satisfies the relation

(AT (9),¢') = (¥, A(g)¥') (24)
Proof. Let ¢ be as in the statement. Then, using the definition (86) of
A (g):
1 n
n) 112__ (n—1) (n—1)
| (A% (g))™ |P= - ;(gﬂm 295%5 )
1,j=
where

Gi(S15- oy SiyeySn) = 9(85) w;nfl)(sl,...,si,...,sn) ::w("*l)(sl,...,éi,...

Since 11 is a symmetric function it follows that

g0t g0 ) < Ngat ™ Vlllggd™ VIl = gl D)
and therefore
I (AT (@)™ 1P< nllgl* vV
This shows that AT(g) is a well defined operator on the domain D(a),
bounded on each n-particle space. To prove (10) we compute:

(- Al) = T, (A = VT [ dsate) .0 s, )
_Z\/n+ /ds /1/1 (S$1,...,8 )w'(nﬂ)(s,sl,...,sn)
:Z\/n+1/dsgs/J(n)(s,...,sn)lpl(nﬂ)(s,sl,...,sn)

n+1

_Z/ds/dsl /dsnl\/—ngz (S1y- 3 8ir s Snit)

¢/(n+1)(817827”'75n+1) = < (9)¢,¢>



Lemma 1 The following formulae hold on D, :

(a(t))at (t2)0) ™ (51, . .., 50) = (25)
= Zé(tQ - Si)@/J(n)(Sl, ceey 52‘, ey Snytl) + 5(t2 - tl)z/)(")(sl, ey 3n>
i=1
(a+(t1)a(t2>¢)(n)<317 T Z O(ta — Si)w(n)(sb ceySiy ey Spyt1) (26)
i=1

Proof. Define

¢tn+1 (8155 8nt1)
= <a+(t2)¢)(n+1)<517 S 75n+1) -
1 n+1

- Jntl Z(S(tz - Si)¢(")(31, ey Siy ey Sna1)
i=1

#™*1),, is a distribution with values in F, 1, i.e. for any g € S

(n+1)
|:/dt2g(t2)¢t2:| \/— Zg w(n 517"'7§i7"'73n+1)

Now, applying a;,, as defined by (85), we find

(n)
{atl /dtw(tg)gzﬁb} (S1,.-+,80) =

= g(t)"™ (s1, .. sn) + > gls)V™ (- 8, )
— [ dtaglta)6ts ~ 001, 50)
+Z(5t2—8 w()(tl,...,éi,...78n)

/dtZQ(t2) \% n+1 (nJrl)(tlaSl?"'aSn)



Therefore in the sense of distributions:

(a(t1)¢t2)(n) (817 s 7871) =Vvn + 1¢1(€Z+1) (t17 S15-+ 4, Sn) (27>

and from (94) we get (88), (89) is proved in a similar way.
Remark. Comparing (88) and (89) one deduces the Boson commuta-
tion relations for a scalar Boson white noise

a(tl)a+(t2) - a+(t2)a(t1) = (5(t2 — tl)

4 Stochastic integrals with respect to the Bo-
son Fock white noises

In this chapter we shall discuss white noises and stochastic integrals in R?
rather than in R because exactly the same formulae are valid in the 1- and

in the d-dimensional case.
In section (4) we have defined the operators

A(F) = (F, A) = /

R4

dsF,as A+(F):<F,A+>:/ dsF,al  (28)

R4

when F' is a complex valued function on R. The generalization of these
integrals to the case when F' is an operator valued function are called right
stochastic integrals with respect to as (resp. al). One has also to define the
left stochastic integrals

(A F) — / dsa,F, : (AT F)— / dsa* F, (29)
R4 R4

and the two-sided stochastic integrals

/dsFSa;tGS : /dsa:Fsas (30)
Rd Rd

Let D2 be as in (??) and let £ be a space of maps from R? to linear operators
from a dense subspace of Dg to F with the property that the maps

s (U, Fyp) s s |Fall?; ¢,0 € D§

are locally integrable. Clearly s +— a, then a € £, while s + a is not in L.

10



If P, denotes the projection onto the n—particle space of the Fock space
then for any ¢ we can write

F,=Y PFP =Y F"™
n,k n,k

Remark. By inspection from formulae (108) and (109) one can guess
that, even if the integrand F, is bounded, in general the stochastic inte-
grals will not be bounded operators. So a precise definition of the notion
of stochastic integral should always specify the domain of vectors where this
inegral is defined. The general scheme we shall adopt to define stochastic in-
tegrals is the following. If G denotes any of the integrands in formulae (107)
or (108) or (109), I denotes the corresponding stochastic integral and 1 an
arbitrary vector, then I will be characterized by the following two properties:

(i) The n—particle component of It is the Bochner integral of the n—
particle component of G-

( /R d dsGs¢)n - /R ds (G)”

(ii) The n—particle component of G4t is explicitly computed using the rules
of the previous section.

In the following sections we shall show how these general principles work
in concrete applications.

5 Right annihilator integrals
Let DY =: D and L := £L(D) be as in section (6).

Definition 3 The right annihilator stochastic integral of F € L 1is the ope-
rator:

Y = /Fsasgbds = (F*", Ay := /FSASwds (31)

where the integral is meant as a Bochner integral in the Fock space. It is
defined for each ¢ € Dg such that as) is in the domain of Fy for each s and
the vector valued function s € R — Fyaz) is Bochner integrable.

11



The explicit form of the right annihilator stochastic integral on the n—particle
vectors can be obtained easily by using the same technique as in section (4).
In fact one has that

(as) ™ = Vn + 19" (s, ) (32)
where (") (s, -) is the function
(515, 8,) € RM s D (5 51 s,) (33)

Therefore (107) is equivalent to

/ Fagpds =Y vVn+1 / dsFyp™ (s, ) (34)

n>0

In particular on the exponential vectors this explicit form is

[ R, = [ sy (35)

where the right hand side of (107) is a usual Bochner integral. The right
hand side of (81) is defined on the set of the exponential vectors 1y with
test function in H; such that the vector valued function s — f(s)F(s)yy is
Bochner integrable. From Definition 107 we have that,

(F*, A) = / Fauds (36)
In case S =R and F' = x/F with I = [0, ¢] we shall simply write
t
(F,A,) = / Foa.ds (37)
0

Thus the right annihilator integral maps functions F : R? — £(D) into
elements of £(D).
From (7) and (81) we deduce the estimate

H/ Fsasds

<Y VL [ ds|Ft sl = [ dsIEND s )
n>0
(38)

12



The definition of exponential vector implies that

(N + D)2 (s,) = fls)ey” (39)
therefore (81) implies that for any exponential vector ¢y one has
| [ Fatses| < [ 1506010l (40)

A sufficient condition for the finiteness of the right hand side of (87) is that
vector valued function s — f(s)F(s)i(s) is Bochner integrable.

6 The left creator stochastic integral

Definition 4 The definition of left creator stochastic integrals is the natural
extension of formula (??) for the scalar case:

(n)
</a;rFt1/1dt> (81,...,Sn \/_Z 817~~-;§i7--~78n)

(41)
Definition 107 has a meaning for any measurable function Fy and, given such
an F', the natural domain of its left creator stochastic integral is

D (/ athdt) = {w‘i H((/ “?Ftwdt> () . OO} “2)

or, more explicitly, a vector v is in D (fa Ftdt) if and only if

[e.9] 1 n

2 fo |22

=1 ! /Rdn i=1
We want now to obtain an estimate on the norm of [ a} Fidsy which gua-

rantees that the stochastic integral exists. This is given by the following
theorem:

2

SOU)" (815, 84,0y 80)| dsy...ds, < 00 (43)

Lemma 2 Let ™Y belong to D(F,) for all s € RY. Then one has, for each
neN

‘ P, ( / dsastw)

2
gn/mm”uww /MWN+ (Fyp)D)2

(44)

13



In particular

< / ds|| (VN F 1) Fu||? (45)

H [ dsatp

Proof. The norm square of (107) is

1 ) o .
//dsldsnﬁ Z((Fsiw)(nfl)(sl,...,si,...,sn),(stlﬁ)( 1)<51,...,S]’,...,8n)>

.3

(Fo) " V(1,80 e sa) || 1(F ) " (5100, 8, 80) || =

S%i/dsl...dsn

ij=1
n2

= [ s [ sy sl () sl = [ sl
n R4 Rd(n—1) R

Corollary (2). Let L, be a function with values in B(F) such that
(i) For any 0 < T' < 400 sup ||Ls|le < v/Cr (ii) Ls and LT commute with

s€[0,T
every a;, aj , P, t € R, k € N.
Then )
'Pn/dsajLst¢ < OTn/ds||Pn_1Fs¢y|2 (46)

Proof. From Lemma 107 the left hand side of (75) is less or equal than
Crn [ ds||Pcs L]

and, using (ii) and (i) the thesis follows.

7 The normally ordered two—sided integral

Definition 5 The 2-sided (normally ordered) integral

/ dsb? F,b,

is defined, weakly on the exponential or number vectors by:

(e, / dsbt Fubyn) — / ds(b,€, Fybyn) (47)

14



In particular, on exponential vectors one has

(. [ dsbiEubws) = [ dsT)9(5) (s, Fuvy) (49

Lemma 3 For any n € N and for any exponential vector 1y one has the

estimate
(n)]|?
(/ dsbstbswf)

< /d5|f(5)|2||(N+1)1/2¢f|!2 (50)

gn/mV@Wmawwz (49)

In particular

‘ / dsb? F,b);

Proof. Using bsi)r = f(s)yy, the left hand side of (109) becomes

‘K/wwﬂ@ﬂwfm

and, because of (??) this is

Sn/wwﬂwWWV@F

i.e. (107). (108) is obtained from (107) by summing over all n.

8 Operator valued distributions: scalar test
functions

Since a white noise is an operator valued distribution, we begin by recalling
in some generality the definition of this notion™.
For e = 0,1 denote

Sw = S e 2o 2

where S(R?) coincides with S(R?) as a set but is a complex vector space for
the action of the complex numbers defined by

(\ f) € C x S(RY) 5 A f € S(RY)

15



Then, for any &1,...,e, € {0,1} the topological space
SRHY' @ ... @ S(RY)™ (52)

(algebraic tensor product) is naturally embedded in S’(R") hence it inherits
the topology of the duality (S'(R™), S(R")). The completion of the space
(75) for this topology will be denoted

(s®H e ..« S(Rd)5">/ (53)

An n-linear functional on the space (75), continuous for this topology cor-
responds to a distribution which is linear on the test functions in the spaces
S(R%)® with ¢ = 1 and anti-linear on the test functions in the spaces with
e=0,1.

Definition 6 Let H be a Hilbert space and let D C H be a dense subspace.
An operator valued distributions on R? with domain D C H is a sesquilinear
form AT on that domain with values in the tempered distributions S := S(R?)
and with the following additional properties:

(i) for each function g in the Schwartz space S there exists two linear opera-
tors A(g), A*(g), having D as an invariant domain i.e.

AgpCD ; A (9DCD (54)

and such that, A(g) and A" (g) are adjoint of each other on D, i.e. for any
§neD

(AT(&,m),9) = (A(g9),m) = (£, AT (g9)n) (55)

where the brackets () in the left hand side of (81) refer to the duality (S',S)
and in the remaining two terms denote the scalar product in H.

(i) for any &, m e D, n €N, e1gy...... en € {0,1}, and with the notation
X, ife=1
X _{X+, ife=0 (56)
the map

(1 ®...0gn) ESRHT @ ... 0 S(RH™ = (£, A% (g1) ... A (g,)n)

(which is well defined because of (7)) defines an element of (S(Rd)e1 ®...Q
/
S(Rd)6n> .

16



Remark. From the above definition it follows that the map g — A*(g) is
linear and the map g — A(g) is antilinear. In the following we shall use the
notation

A = [ asgoe o A= [ dear 67

9 x—algebras of distributions

Usual distributions can be multiplied only at the cost of a rather elaborate
formalism, but operator valued distributions have a natural structure of *—
algebra defined as follows.

The algebra generated (algebraically) by the identity in H and the ope-
rators A(f), A*(g), with f,g € S(R?) is a x—algebra of operators on the
common invariant domain D, called the polynomial algebra in A, A*.

Definition 7 For any &,mn € D, n € N, g;...... en € {0,1}, the unique
/
element of (S(Rd)61 ®...® S(]Rd)s"> defined by

(1 ®...®gn) € S(R™) > (£, A% (g1) ... A7 (gn)m) (58)
will be denoted
agl...ay (59)

This notation amounts to extending to arbitrary products of the operators
A(f), At (g) the notations (??) as follows:

A (gy) ... A% (gn) =: /Rd dsy ... /Rd ds,gi*(s1) .- g5 (sn)agt ... asr  (60)

where

- _Ju ife=1
g-{% A (61)

Lemma 4 Let P({a,a™}) denote the free unital complex x—algebra generated
by the symbols
{a,a™} (62)
the map
at...afm = ait. . a (63)

s1 0 Yy,

s a vector space homomorphism.

17



Proof. Clear

We use the homomorphism defined in Lemma 108 to define a structure
of x—algebra on the distributions (108). This homomorphism will not be,
in general an isomorphism because among the A(f), A*(g) there will be
some algebraic relations. The best known examples of these relations are the
commutation relations.

Definition 8 Let q be a complex number. The operator valued distribution
A, AT is said to satisfy the q—commutation relations if the identity

A(f)AT(9) —qAT(9)A(f) = (f.9); YfgeS (64)

holds for any f,g € S, where (f,g) denotes the standard scalar product in
L*(RY), i.e.:

(fr9)= | F(@)g(w)da (65)
R
The corresponding distribution identity is
asa —qafa, = 5(t — s) (66)

The commutation relations (85) with ¢ = +1 and with the additional relations

asa; — azas = atal —afal =0 (67)

define the Boson distribution algebra.

The commutation relations (85) with ¢ = —1 and with the additional rela-
tions
asa; + a5 = ala +afal =0 (68)

define the Fermion distribution algebra.
The commutation relations (85) with

¢=0 (69)

and without additional relations, define the Boltzmannian (or free) distribu-
tion algebra

18



10 States on distribution algebras

Let A(g), A*(g) be an operator valued distribution in the sense of section

(8).

Definition 9 A state on the x—algebra with unit generated by the operators
A(g), AT (g) is a normalized positive linear functional ¢ on this algebra with
the additional property that for any n € N and for any e1,...,e, € {0,1},
the map

NR...0¢g, €ER'S— (A% (g1) ... A (gn)) (70)

1s a Schwarz distribution on Q"S.
For the distribution defined by (1) we will use the notations

€1 En €1 En

gp(a51 .. .asn) = <a51 ) ..a5n> = (€1, ..., En; Sty 5n) (71)

Thus, by definition

(A (g1) ... A" (gn)) = /Rd . /Rd dsi...dspgi'(s1) ... g7 (sn)(ast ... a5r)
(72)

Proposition 3 Any state on the polynomial algebra of A(g), A*(g) (g € S)
determines a family of distributions ™ (e1,...,e,) @" S

VM (er, ... En: S1y. .., 50) (73)

The distribution (7) satisfies the following positivity condition

g (sna) - g1 (Shny )9 (Sa) - - g7 ()

n
w( )(1 _€h17"'71 _6]’th7€k17"'7€knk78h17"'7ShTLh7Sk17"'7SkTLk) 2 0 (74>

(summation and integration over all variables being understood.

Conversely any family of distributions with the above properties defines a
unique state on the polynomial algebra.
Proof. Condition (81) expresses the positivity of

N 2

(DA™ (gia) - A" (grn,) | ) (75)

k=1

19



Conversely, given the family (™) one can use (109) to define a linear func-
tional on the polynomial algebra and (81) expresses the positivity of this
functional.

So, for example, when we say that the mean value {as) of the distribution
as is equal to a constant, say ¢, we mean that, for every test function g, one

has
[ dsats)e = ta@) = [ dsats (76)

Rd

11 Normally ordered white noise equations
in R?

Given a notion of stochastic integral, one can study the problem of the
meaning, existence, uniqueness and unitarity of the corresponding integral
equations. We will study integral equations of the form

E/t = YE) +/ LOl(S,t)}/sast + (77)
Rd

+ / Llo(s,t)aj}/;d8+/ Lll(s,t)an;ans—i-/ Loo(s,t)Ysds
Rd Rd Rd

where the coefficients L. ./(s,t) (g, = 0,1) are linear operators acting on
Hs such that,

i) for any (g,&’ =0,1) and s,¢ € R?, the operator L. . (s,t) is bounded;
ii) defining
x| Leo (s, )| =2 i(s,1) (78)
then for any bounded set B C R?, the functions
s € R I(s, 1) (79)

are integrable for each ¢ € B and the set of integrals, as a function of t € B,
is bounded.

20



iii) for any bounded set B C R? there exists a constant L > 0 such that,
for any natural integer k one has:

/ . / dsy...dsgl(s1,t)l(s2,81) ... U(Sk, Sp—-1) < — (80)
R4 Rd l{'
uniformly in ¢t € B.

In section (12) we shall can give examples of coeflicients L. ./(s,t) which
satisfy condition iii).
We shall write equation (107) in the notation

Y, =Y, +/ L. (s,t)dAE ()Y, (81)
R4

where summation is understood in the indices ¢, €’ € {0, 1}.
In this notation we define the k—th iterated approximation solution of
equation (81) by

= /R Lear(s,)AAZ ()Y, (83)

The iterated series, associated to equation (107) is

RO (84)

k

00
=0

In this section we shall fix the set

So = {f € L*(R?) : max{]| flloc, | fll2} < 1} (85)

and we shall denote £(Sp) the corresponding set of exponential vectors. It is
known that Sy is a total set in F.

Theorem 1 Suppose that the coefficients of equation (107) satisfy conditions

i), i), iii) and moreover
1
Ll < (56)

the iterated series (?77) converges, strongly in norm on E(Sy) to a solution of
this equation uniformly in bounded subsets of R?.
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For the proof of Theorem 107 we shall use several lemmata.
Lemma 5 label2 Let L. . (s,t) (e,¢' = 0,1) be linear operators on Hg sati-

sfying the conditions i), i) and iii), then for anyt € B C R? being a bounded
set, n € N and f € &y one has:

In particular, Yt(k) defined by (75) verifies that

2

P, / Leor(5,1)YodAZ (s)1)g

< 8n/z<s,t)ds(\|pn_1mf\|2 + (| P Yaty|?)
(87)

1P D0 < 8n/d8 (s, ) (1Paea YU 7 + 1P Y P gl?) - (88)

Proof. First of all,

The Schwarz inequality

2
Pn/ LE,E,(s,t)dAjl(s)Y;wa>
R4

Pn/Ls,s’(sat)}/SdAil(s)wf

(s

(M an integer M and a; real numbers), implies that for any n € N

2
| 25>
e,e'=0,1
Now we investigate the quantity in the right hand side of (89) term by

term according to varies ¢, &’.
By acting as to the exponetial vector, we deduce

l

2

P, / Le o (5,1)VadA (s)0;

P, / L. oY dAZ (s)1;
Rd

(89)

2

Pn/L01(Sat)szaswfds

< HfH%/HPan(s,t)Y;wa?ds <

< IFIE [ ds ts, ) PaYoos s (90
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From (17.9.4) one has

and from (17.9.6)

2
<n [asiolpovelr o

Pn/ds ng(s,t)answf

2
< ' < Iflon [ ds Us, Dl PaaYotel* - (92)

Pn/ds L1 (s, t)a Yiasthy

Finally the usual properties of Bochner’s integral imply that

Because of our assumption (85) on f, the sum of the left hand sides of (90),
(91), (92), (93) is less or equal than

2

Pn\/dSLgo(S,wY;lpf

< /ds 1(s,1)|| P Y| (93)

Q/ds l(s,t)HPnY;z/JfHQ—i—Qn/ds (5, 8)| Par Yoty |? <

< 2n/ds Us, ) (| Paca Ystop |I” + [| P Ysws |1)

and this is (87). To deduce (88) one simply applies (87) to the definition of
y k+D).

Lemma 6 If the series
> v | (94)
k=0

converges uniformly on a bounded set B in R?, then for each t € B there
exists a unique operator Yy on Hg ® E(Sy) such that

>y =y (95)

k

e
=0

and the series on the left hand side of (95) converges strongly in norm on
E(Sy), uniformly for t € B. Moreover the function — Y; is a solution of
equation (107).
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Proof. We know that there exists an operator Y; on Hg ® £(Sy) such that
(95) holds. And the estimates of Lemma 108 also imply that the stochastic
integrals of Y; for the basic integrators exist. To prove that Y; satisfies equa-
tion (107) it will be sufficient to prove that, for each n € N, P,Y; satisfies
equation (107). To show this, we use the estimate of Lemma 108 to deduce
that

N
P, / Leo(5,t)YodAZ ()¢ — P, / > Leo (s, t)YVAAL (s)y|| <
R4 RY 3
<sn [ 3 IPYPulis s (96)
R4

k=N+1

By assumption, for each t € B, the function s — [(s,t) is integrable. The-
refore the right hand side of (96) tends to zero by dominated convergence as
N — o0.

Letting N — oo in (96) we see that Y satisfies equation (107) and this
ends the proof.

Lemma 7 Let I,, ;(n,k € N) be positive numbers satisfying the inequality
In,k+1 S Cn([n,k + [n—l,k) (97)

where ¢ > 0 is a constant, then
Lnjpin < (2en)* Y I (98)

Proof. By iterating the inequality (97) we see that the right hand side is
equal to

en(endy - +enly_y 1 +c(n— 1)Ly k-1 +c(n— 1)1 _2k_1)

(en)2(Lyjr + 2001 oy + 4
(Cn)3(ln,k—2 + 3L 1 k2 + <
(en)*(Lno + haln_10 + hal,

IA AN IA

where the coefficients h,, satisfy

hy, < 2F
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and from this (98) immediately follows.
Proof of Theorem 107. Introducing the notation

Ly (s) = |25 g2
we have from Lemma 108

I (t) < /ds I(s,t)8n(1p i (s) + L—1x(s))

therefore, arguing as in Lemma 7

Lipa(t) < 16Fn* Z Lo(sk / /d51 dsgl(s1,t)(s2,51) - U(Sk, Sk—1)

m=n—k
(99)
But for any s, € R?
T P Y, 2 Y 2 ||f||2m
mo(sk) = [[PnYots|I* = [[Yol|
and without loss of generality we can assume that
1Yol =1 (100)

Moreover, according to assumption iii), the multiple integral in (99) is domi-
nated by L*/k!. In conclusion

16L

1P D)7 < (101)

m=n—k

Since for large m the sequence ||f]|*™/m! is decreasing the sum in (24) is
majorized by
e

(n—k)!

Therefore
(16L)F nP|| fI[?0+)

k-1 (n—k)

k
1P D07 <

So in order to estimate
k+1
[V D)2
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we are lead to estimate the series

nfl P dt wllf P A e
B L nlJ8 7 lIf1I%e 102
; (n—k)! dt* t:oze (n—k)!  dtk —o (102)

moreover, because of our assumption (85) on the test functions f, we can
restrict our attention to the case in which ||f|| = 1 in (102). (We could have
put || f|| = 1 directly in (101), but it is convenient to leave it to show the
opportunity of introducing Bell numbers depending on a parameter). In this
case by Leibnitz rule the expression (102) is

i (’Z) k" By(k — h) (103)

h=0

where By(k — h) are the Bell numbers of order 2 as defined in [CKS 98].

Under this assumption denoting

c:=16L (104)
we have
k k
k" B (k—h)
PY, "y |12 < KBy — h) = (k) Y oo 20—
(105)

Now, since all the terms involved are positive, clearly

kh BQ(k; h Bo(k — h)
i (Z h') (Z =) )

h'=0

and, from [CKS 98] we know that this is
< efGy(1)/2

where (G5 is an analytic function. Therefore

IV D02 < Go(1)k(ce)t /2 (106)
But if ce < 1 or, equivalently, if
< 1
16e

the series on the right hand side of (106) is convergent.
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12 An example

In this section we produce an example of coefficients which satisfy condition
(?7). Let, for s,t € R?

Leer(s,t) = Le oo (Is)xpo, 1 (15D (3, 1) (107)
where Le,e’ S B(Hs) (6,8/ =0, 1),
0 if 2¢ICR
= = 1
xi(z) { 1 if zel (108)

YRy = Cand ¢: S@ x S@ — C are continuous functions (S@ is the
unit sphere in R?) and

t=|tfteR?; |t|eRy; te S (109)

is the polar decomposition of t+ € R%. Then, denoting by o4 the volume of
the d-dimensional unit ball:

/ . / dsy...dsgl(s1,t)l(s1,82) ... 1(Sk, Sp—1) =
R4 R4

/ / “rdpdsy ... py T dprdSexo.g(p1) X (0,00 (P2) - - X[0,pn1) (Pn)-

(81, 0)p(82,81) - .. p(81, SV (p1) - . Y(pr) <
< (11 ]t / ap / dps.. / o) - (ow) =

(R e(s)dp)”

_ d—1\k k _k
= (P lelfob~—

Therefore, if B C R? is a bounded set and ¢ € B, condition iii) is satisfied.
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