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ON THE FRONTIER OPERATOR
by

FLORIN RADULESCU

1. INTRODUCTION

It is well known that there are many equivalent ways of introducing
a topology on a set : by Kuratowski closure operator, be the class of open
sets (closed sets), by neighborhoods. We shall study a new method to
define a topology, namely by the frontier operator, the relation bet-
ween the closure operator and the frontier operator and also the charac-
terization of connected sets, continuous functions using the frontier
operator.

2. DEFINITIONS

Let X be a set and let 2*¥ be the family of all subsets of X. Let us
denote the relative complement of A with respect to X by CyA whene-
ver A is a set. Let © be the void set.

Let (X, ) be a topological space. Let & be the family of t-closed
sets. The <-closure operator k: 2% +2% is defined by kA=n{Z : ZeF
and A c Z}; the ~interior operator i :2%¥ +» 2% is defined by id =
U{Z:Ze€ ~ and Zc A}; the t-frontier operator f:2% 2% i defined
by fA = kA n kCxA = Cy4(i4), whenever A € 2%,

Let k : 2¥ — 2% be an operator such that the following statements
hold for all 4, Be 2%;

ky k0 = 0.

ky'A < KA.

ks kkA = EA.

ke '(kA) U kB = kA u B).

Then the set 7, ={Z :Z < X and kCyZ = CZ} is a topology
on X and kA is the t,-closure of 4 (see [1], [2], [4]).
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Let ¢ : 2% +» 2% be an operator such that the following statements
hold for all A, Be 2% :

I,4X = X.
I,4A < A.
I,-iid = iA.

I,-(i4) n iB = i(4 n B).

Then the set v, ={Z:Z < X and iZ = Z} is a topology on X,
and 14 is the r,-interior of A (see [1], [2]).

A topological space (X, 7) is called connected if X is not the union
of two non-void separated sets A, B (that is:if k is the <-closure ope-
rator, then kA n B, kB n A are both void).

Let (X, 1), (¥, %) be two topological spaces. A function f: X+ ¥
is called continuous if and only if the inverse of each #-open set is t-open.

3. THE FRONTIER OPERATOR

We shall now give eight sets of independent axioms for the fron-
tier operator and construct the associated topology. Such a set is given
also in [4] but it differs from ours.

Lemma 1. Let (X, <) be a topological space and let Fy be the fron-
tier operator. The fololowing statements hold whenever
A, B c X (see [1]).

1). FoF A € A U FA.

2). CuF,A € CoF,CxFaA.

3). (AU FA) U (BU F,B)=A U B U Fy(4 u B).
4, C,F,A c CpF,B = CuF,N if M = A n B.

5). F:@ = 0.
6). Fo.X = 0.
7)-FaCxA = FEA.

Lemma 2. Let f: 2% ~ 2% be an operator such that the following
statements hold for A, B ¢ X

B,ffA < A v fA.
B,(AufA)u(BufB)y=A U BU f(A u B).
Ba'.m=0.
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Then the operator ClA = A u fA for A€ 2¥ is a closure operator
and the associated topology 18 7, ={A: A = X and fCxA < X A}.

Proof. From B, Cl@ = @. By virtue of axiom B, it follows that
ClA v CIB = Cl(A v B). By definition A4 < Cl4. BSince CIOIA =
Cl(4 v fA) = ClA v CifA)u ffA, by axiom B, it follows that CICIA =
ClA. Hence (1 is a closure operator and the associated topology is {4 :
Ac X and Cl0zxA = CzA} = =,.

Lemma 3. Let f:2% — 2¥ be an operator such that the following
statements hold for A, B < X. ’

B; 0,fA < OxfCxfA.
B,-Cufa n CafB = CyfMif M = A n B.
By fX = 0.

Then the operator Im : 2% — 2% defined by InA = C,fA for A€ 2X
s an i}nterior operator associated topology is 7, ={4: A c X andfd ¢
c CzA}. _

Prooif. By definition Ind < A. By axiom B; it follows that
InA n InB =In(A n B). By B, InX = X. Since InIndA = In(An
OxfA) = InA n InCOxfA = (A n OxfA) n CxfO.fA, by virtute of axiom
B;, InInA = InA. Hence In is an interior operator and the. associated
topology is {A: A < X and Ind = 4} = <,

Lemma 4'2yf= 2% +» 2% i3 an operator such that: B, - fCxA=
=fA holds for A € 2%, then the following statements are true, for i€ { 1,2,3} :

E, - f satisfies the axiom Be>f satisfies axiom Bj.

Proof. Whenever A€ 2% ffA < A U fA is equivalent to CxA n
N CxfA < CffA <= CxA n CxfCxA © OxfCzfCzA < B n CxfB < CxfCyx
fB, whenever B < X (that is B = CxA for 4 € 2¥) and E, follows.

Whenever 4, B€ 2%, (A U fA) U BU fB=A U B U fl4 U B)e
(NnCxfN)yn(Pn CxgfP)=M n CxfMif M=N n Pand N, Pe 2%,
N = CxA; P = CxB. Hence follows H,.

E, follows from @ = fX.

Proposition 1. Let f:2% + 2¥ be an operator which satisfies
one of the following sets of axioms :

8, = {By, By, B, By}; Sy = {By, By, B;, By};
8; = {By, By, By, Bj}; 8y = {By, By, B;, By};
Ss = {Bj, B, B, Bg}; 8y = {B}, By, Bj, By};
8, ={Bi, By, By, B}; 8y ={Bj, By B;, By}
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Using the notations from Lemma 2 and Lemma 3, the following
statements are true :
F, - Cl is a closure operator and the associated topology is «,.
F,+ In is an interior operator and the associated topology is =,.
Fyery=7x.Let 1=1 =1,
F,- The t-frontier operator is f.

Proof. By virtue of Lemma 4, if f satisfies one of the following
sets of axioms: 8), Sy, ..., S then it satisfies the axioms B,, Bj, B,,
B;, B,, B;, B,. By virtue of Lemmas 1 and 2, F, and F, follow.

Whenever A€ 2;, A€ 7, <« FA =fCyA < CyAd < A€ 1. Hence
T = Ty = T.

Whenever N € 2%, fN = CIN n CxInN. Because Cl is the t-closure
operator and In is the z-interior operator it follows that f is the =-fron-

tier operator.
Proposition 2. The sets of axioms 8,, 8,, ..., 83 are composed

of independent axioms.

Proof. We shall give a proof by exemples.

Exemple 1. Let X =f1, 2}, F:2% > 2% defined by FA = {1}

for A < X. Then F gatisfies B,, Bj, B,, B, B, but not B;, By because
FOQ = FX = {1}. Hence the axioms B, B; are independent of the
others. .
Example 2. Let X = {1, 2, 3}, f: 2% > 2% defined by f{2, 3} =
=f{1} ={1, 2}, P =fX =0, {1, 2} =f{38} =f{2} =f{1, 3} = X.
Then F satisfies the axioms B,, B,, Bs, B;, By but not B,, B; because
ffi1} = X and {1} v f{1} = {1, 2}. Hence the axioms Bj, B, are inde-
pendent of the others.

Example 3. Let X ={1, 2, 3} and f:2¥ ~» 2% defined by

0 =fX =f{1} = f{2, 3} =0; f{2} =f{1, 3} ={2}; fi3} =f1,2} =
={3}-f satingi%as B,f Bj, ;93, By, B‘{ b}ut not Bi B;{bzacauée}{l} U{ £3 U
u f{i} u {8} # {1} u {3} u f{1, 3}. Hence, the axioms B, B; are
independent of the others. '

Example 4. Let X = {1, 2} and f : 2% > 2% defined by f{1} = g}
{2} = {2}, @ = fX = 0. f satisfies B,, B, By, By, B, B;, but not B,
Hence B, is an independent axiom.

% CONNECTED SETS AND CONTINUOUS FUNCTIONS

We shall study now some problems concerning relativization, con-
nected sets and continuous functions.

(X, =) being a topological space, we shall denote with Cl,, In, and
Fr. the t-closure, t-interior and ~-frontier operators.

Lemma 5. Let (X, t) be a topological space (X, %) a subspace of
(X, t) and (Z, ¥') a subspace of (¥, ¥). Then whenever A = ¥, the
following statements hold :

R, FreqA = ClLA n ClL.CyA n Y.
Ry Fry(A n Z) < FidA.
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Proof. By the definition of relativization R, follows. Let T =
=YNnNCZXY=ZuT; ZnT=0) Frad =Cl.An ClLLC;ANY=
= (Cl.A n (CL.CzA) n Z)u(ClAnClLC;ANn T)u (CL.nCL(CyAn T)n X).
Hence Fry(A v Z) =ClL(4A u Z) n Cl.C,A n Z < FrqaA.

Using Lemma 5 we shall prove the following known statement :
Let (X, t) be a topological space and (¥, %) a topological connected
subspace of (X, ). Then the <-closure of ¥ is also a connected set.

Proof. Let M = CL.Y. Let ¥ be the relativization of + to M.
Whenever A is a subset of M such that Fry4A = @, by Lemma 5 it
follows that Fre(4d n ¥) = @ and since Y is connected, A n ¥ =@ or
AnY=Y.

We suppose that A n ¥ = Y <« ¥ < A. Since ClyY = CLLY n
nOLY =CL.Y and ClyA = A and Y < A it follows that Cl,yY < A.
Because A ¢ M = CL.Y it follows A = M.

It An Y =0, thenif B=CyA, Bn Y = Y and since B is also
a ¥ -closed set, using the same demonstration it follows that B = M and
A = 0. Hence M is connected.

Proposition 3. Let (X, <), (X, ¥) be two topological spaces
and let g: X — Y be a function. Then the following statements are equi-
valent.

Cy - g i8 continuos.

O gClA < ClagA for every A€ 2%,

Cs9gA v gFr.A < gA y Fragd, for every A€ 2%,

Cy- Clg™B < g71Cly B, for every Be€ 2Y.

Cs¢g'Buy Frg'B < g''B U ¢ 'FraB, for every Be 2Y,

Proof. For the equivalences () <+ C, < C, see [2]. Since for
every C, D€ 2%, g(C v D) = g0 u gD and for every E,Ge 2¥, g (E y @)=
=g 'E y ¢'F, it follows that C; e C; and C; < Cs.

3. THE FRONTIER AND COMPLEMENT PROBLEM

The Kuratowski closure and complement problem is as follows :
if A is subset of a topological space, then at most 14 sets can be con-
structed from A by complementation and closure. We shall study what
happens if we replace the closure operator by the frontier operator.

- Proposition 4. If (X, <) is a topological space and A < X,
then at most 6 sets can be constructed from A by applying the frontier and
the complement operator.

Proof. Let us denote Cxd by CA and Fr.A by fA. First notice
that fffA = ffA (see [3]). The six sets which can be obtained are the fol-
lowing: Ay = A, A, = fA, A;=CA, A, = ffA, As = OfA, A, = OffA.
It can be very easy verified that any other set constructed from A by
applying the frontier and the complement operator is equal of one of the
sets A, 4, ..., 44, because ffB= fffB, fB = fCB for every Be 2%,
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Example 5 Let @ and R be the set of all rational, respecti-
vely, real numbers ; I = CrQ. Let = be the usual topology on R and let
a,bin Rwitha <b.Let A =Qn {z:a<2z<b};

Then the sets A,, A, ..., 4, are distinct. (4, = A; A, = {z:
a<z<b}; Az =1In gz:a<z<b}; Ay ={a, b}; As ={z:2€ R and
R{a, b})
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