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ABSTRACT. We prove an affirmative answer for a question of V. Jones concerning
the struciure of the commutant of the representations obiained by restriction to
PSL(2,Z) of the representations in the discrete series of PSL(2, R). We prove that
the commutant algebra is generated by the Toeplitz operators having cusp forms
a3 symbols,

In this paper we describe the von Neumann algebra of Toeplitz operators with
automorphic symbol with respect to a discrete fuchsian subgroup I' of PSL(2,R) (=
SU(1, 1)) of the first kind. The Toeplitz operators are acting on the Hilbert space
of square summable analytic functions on the unit disk D (or the upper half plane)
endowed with the measure corresponding to the m-—th element m,, in the discrete
series of unitary representations of PSL(2,R).

We show that the commutant of the image of the group PSL(2, Z) in the represen-
tation mm |psrz,z) coincides with the algebra of Toeplitz operators with automorphic
symbol. In this identification the (eventually unbounded and square summable)

elements in the commutant of PSL(2,Z) are in a bijective correspondence with dif-

* Miller Research Tellow




269

ferentials

k= k(z,w)(dz)"(dw)" ,z,w € D
that are invariant under the diagonal action of T on D x I and that are square
summable over a fundamental domain D for I'in D x D. This correspondence also
extends to the linear space of intertwiners between the corresponding representations
of PSL(2,Z).

In this way we find an affirmative answer to a question of V. Jones {[VI1], [GHJ,
par. 2.4]).

By using the von Neumann algebra of Toeplitz operators with automorphic symbol,
we get an alternative description of the type I, factors associated to free groups.
‘We hope that eventually, using this new representation, a solution to R. V. Kadison’s
question (see also [Sa), problem 4.4.44) on the isomorphism class of the von Neumann

algebras of free groups, could be found.

Let us recall ([GeGr), [Be]) that the Lie group PSL{2,R) has a discrete (analytic)
series of representations #,,,, m € N, m > 2, in the space H,,, of analytic fanctions in
L*(D,vm), where vy, is the measure on the unit disk D that is absolutely continuous
with respect to the Lebesgue measure A and has demsity (1 — |zJ3}™2, m > 2.
The representation mm acts by the formula #,(7)f = flmly]- Recall that for each
k € N, k 2 2, one has a natural action of PSL(2,R) on functions on D, acting

unitarily on L*{D, 14}, defined by the formula
(Fllel}(z) = j(a, 5" f(ez), 2 € D, @ € PSL(2,R),

where j{a, z) is the modular factor. Also recall that the modular factor for a 2 x 2

matrix @ in PSL(2,R) with entzies (¢, d) on the second line is defined by the formula
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Je,z)=(ez+d}, ze D,

Let I' be a lattice subgroup in PSL{2,R) of finite covolume that is fuchsian of
the first kind (iShi]). By [GHJ], [VJ2| the algebra of bounded operators on H,, that
commute with #,(I') is a type Il; factor Ay, The coupling comstant ({MvN]) for
Anm C B(H), i.e., the real dimension of Hy, as left module over A, (see [GHJ]),
depends linearly on the covolume of I'in PSL(2,R} (see [GHJ], [VJI2], [AS], [Col).

Recall from [GHIJ], par 2.4, that basic estimates in the theory of automorphic
operators ([My], p.42) show that the multiplication operator on H,, by a cusp form
f with respect to T, of positive weight p, is a bounded intertwiner T between the
representations of I' on H,, and H,, ., obtained by restriction of #,, and respectively
of Tmyp to T, for all myp € Nym 2 2,

QOur main result is

Theorem 1. The linear space of all bounded intertwiners between the representations
Tem|r 608 Toaple is the closure (in the weak operator topology) of the linear span of
the operators (T;*)*(TF") for all cusp forms f,g with respect to I' of weights ¢ and
respectivelys q ~ p and for all positive integer numbers g > p. Here, when q = p we

let g be o constant function.

The proof of this theorem will be essentially a consequence of Proposition 3 which
identifies intertwiners for the representations |l and . ,|T' with sutomorphic
kernels & = k{z,w) on D x D that are analyiic in the first variable and antianalytic
in the second.

Recall {{Ogg], [Shi], [My]) that an automeorphic cusp form of order p for T’ is an
analytic function f on I that vanishes at the cusps of T and is invariant under the

action of I' € PSL(2,R) on functions on D (i.e. fl,fy] = f for all ¥ € T'). Recall that-
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for PSL(2, Z) there exists only one cusp that corresponds to 0 € D (or the point at
the infinity if we use the upper half plane formalism).

We will first mention some consequences of our main theorem.

Corollary 2. Let as above A, be the von Neumann algebra of all lincar bounded
opesrators on the Hilbert spuce H,, that commute with 7,,(T). Then A, is the closed
linear span (in the weak operator topology) of the operators of the form (TFYTr on
H,,, where f,g are cusp forms for T' having the same order p (when p = 0 we let f,g

be constant functions).
Note that by Theorem 3.3.4 in [GHJ], (see also [AS}}, A,, is isomorphic to
(An)e, where t = (dr,, )" covol(T),

and (dy, )~ is the inverse of the formal Plancherel dimension ({Dix]) of 7, as an
element of the discrete representation series of PSL(2,R). Recall that for any type
I factor M we denote by M, the isomorphism class of the type Il factor eMe
where e is any projection in M of trace £,

In particular, when T' = PSL{2,Z), we get by ([Vo], [Dy], [Ra]) that L(T) =
Me(C) ® L{F;) and it follows that A, is isomoerphic to a certain type II; factor
L{F) associated to the reduced algebra of the type I]; factor of a free group (see
[Dyl, [Ra]).

In this way, using the von Neumann algebra of Toeplitz operators with antomorphic
symbol, we get an alternative description of the type I} factors associated to free
groups. o

A different and independent approach to the fact that :uhe operators T, where f is ‘

any L* function on D automorphic with respect to I', are generating the commutant
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algebra A, has been discovered by Curt McMullen.

The identification mentioned in the introduction of the elements commuting with
% (T) with differentials & = k(z,w}(d2)™(d@)™, z,w € D that are invariant under
the diagonal action of T' on D % D is the content of the following proposition. We
are making use of an idea which probably goes back to Gelfand and Vilenkin [GV]
and Bargmann [Ba], which consists to associate certain two variables kernels to the
elements in the commutant of a representation by using point evaluations elements.

The set of all these kernels then completely exhausts the set of interiwiners.

Proposition 3. Let 7, m = 2, m € N, be the {analytic) discrete series represen-
tation of PSL(2,R). Let T be any lattice subgroup of PSL(2,R) which is fuchsian
of the first kind (e.g. the modular group PSL(2,Z)). Let D and respectively F be
the fundamental domains for the action of I' in D x D and respeciively D. Let also
A, be the type 11y factor consisting of all elements that commute with wp|r in B(H})
and let tra, be the normalized trace of this type I, factor (p > 2, p € N).

Forze D, p22, let also e € H, be the point evaluation funciion, ie.,
£2) =< .0 >p= [ Fw)E@Ydvy(2) for oll f € H,
Let A be any element that intertwines two representotions w.lp, m.p (n,m 2
2, n,m € N} (v.e., A€ L(H,, H,), Analg) = 7m(g)d, g€ T). Let
E(z,w) =< A€}, ] >, z,w € D,

be the kernel defined by A. Then k is enalytic in the first variable, antianalytic in

the second variable, and

(z). k(yz,yw) = j{v, 2V 5 (v, wyk(z,w), z,w € D,




n
(12). JIp (2, w)Pdv, (2)dve (w) = crmtra, (A" A) = cmalra, (A4%) < oo
(224). IfAE A, thentry (A) = d, fp k(z, 2)dva(2),

().  (Af)(z) = Palklz, ) f(:))(z), f € Hyyz € D.

Here, ¢ m,dn arve constants.
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