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Abstract

In this paper we present multivariate space-time fractional Poisson processes
by considering common random time-changes of a (finite-dimensional) vector
of independent classical (non-fractional) Poisson processes. In some cases we
also consider compound processes. We obtain some equations in terms of
some suitable fractional derivatives and fractional difference operators, which

provides the extension of known equations for the univariate processes.
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1. Introduction

Typically fractional processes are defined by considering some known equations
in terms of suitable fractional derivatives. In this paper we deal with fractional
Poisson processes which are the main examples among counting processes; here we
recall the references [11], [12], [4], [5], [15] and [19] (we also cite [10] and [13] where
their representation in terms of randomly time-changed and subordinated processes
was studied in detail). Moreover, as pointed out in [20], a class of these processes
demonstrate the phenomenon of anomalous diffusion (i.e. the variances of the process

increase in time according to a power t7, with v # 1); this aspect was also highlighted
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in [6] where the authors refer to the long-range dependence property (they also present
some applications in ruin theory where the surplus process of an insurance company is
modeled by a compound fractional Poisson process).

The aim of this paper is to present m-variate space-time fractional (possibly com-
pound) Poisson processes; in this way we generalize some results in the literature for
univariate processes, which can be recovered by setting m = 1. Often closed formulas
for fractional Poisson processes are given in terms of the Mittag-Leffler function, i.e.

"
Eap(x) = ;0 m (1)
(see e.g. [18], page 17).

We start with the simplest case, i.e. the multivariate version of the space-time
fractional Poisson process in [15]. In particular we consider the time-change approach
in terms of the stable subordinator and of its inverse (see (3.18), together with (3.1),

in [2]; see also [22]). So, for v € (0,1), we consider the following processes:

o let {A”(t) : t > 0} be the stable subordinator, i.e. the non-decreasing Lévy

process with Laplace transform
E {e*SAV(t)} =e¢* "t forall s>0
(see e.g. Example 1.3.18 in [1]);
e let {L¥(t) : t > 0} be the inverse of {A¥(¢t) : t > 0}, i.e. the process defined by
LY(t) :=inf{z >0: AY(z) > t}.

In what follows we denote the continuous density of L”(t) by f. (), and the continuous
density of A”(t) by fav(). Stable subordinators are well studied in the references on
Lévy processes (see e.g. [1] and [21]); for the inverse of stable subordinators, we recall

7], [13] and [17].

Definition 1. Let {{N;(¢) : t > 0} : ¢ € {1,...,m}} be m independent Poisson

processes with intensities A1, ..., A\, > 0, respectively, and set
N(t) = (Nl(t)a ) Nm(t))
Then, for n,v € (0, 1], we consider the m-variate process { N (t) : t > 0} defined by

N™¥(t) := N(A"(L(1))),
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where {N(t) : t > 0}, {A"(¢t) : t > 0} and {L¥(¢) : t > 0} are three independent
processes. Moreover we also consider the cases 7 = 1 and/or v = 1 by setting A'(t) = ¢
and L1(t) = t, respectively; thus, in particular, {N11(¢) : ¢ > 0} coincides with
{N(t) : t > 0}.

We remark that {{N;""(t) : t > 0} : 4 € {1,...,m}} in Definition 1 are conditionally
independent given {A7(L¥(t)) : t > 0} (except for the case n = v = 1 where they are
independent).

Throughout this paper we deal with m-variate processes and we use the notation

a = (ai,...,ay) for m-dimensional vectors. For instance we often write k& > 0 where
k1,..., ks, are nonnegative integers (because we deal with processes with nonnegative
integer-valued components) and 0 = (0,...,0) is the null vector. Moreover we write:

a <b(ora>b)tomean that a; < b; (or a; > b;) foralli € {1,...,m}; a < b (ora > b)
to mean that a; < b; (or a; > b;) for all i € {1,...,m}, but a # b. Finally we remark
that the probability generating functions assume finite values when their arguments
u belong to [0,1]™ but, in some cases, the condition u € [0,1]™ can be neglected
or weakened (for instance, when 1 = 1, this happens for the probability generating
functions in (4) and (5); in the first case the finiteness of Gy (u1),. .., Gm(un) is also
needed).
Our results mainly concern the state probabilities {{p,"’(¢) : k > 0} : t > 0} defined
by
pp”(t) == P(N™"(t) = k) for all integer ki,...,kn > 0. (2)

We also consider two generalizations of the process {N™"(t) : t > 0} in Definition
1: we mean the multivariate space-time fractional compound Poisson process (see
Definition 2) and the multivariate version of the process in [16], where we have a general
subordinator associated to a Bernstein function f in place of the stable subordinator

{A"(t) : t > 0} (see Definition 3). We start with the first one.

Definition 2. For n,v € (0,1], let {C"¥(¢) : t > 0} be defined by

NV ()
C™¥(t) i= (CTV(t), ..., CR (t), where CPV(t) := »_ Yj foralli€ {1,...,m},

j=1

where {{Y, :n > 1} :i € {1,...,m}} are m independent sequences of i.i.d. positive
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integer-valued random variables, and independent of {N7¥(¢) : ¢t > 0} as in Definition

1.

Obviously the process {C™"(t) : t > 0} in Definition 2 coincides with { N (t) : t >
0} in Definition 1 when all the random variables {{Y,’ : n > 1} : i € {1,...,m}} are
equal to 1; see also Remark 1 below. In view of what follows it is useful to introduce
the following notation. We start with the state probabilities {{g,""(¢) : £ > 0} : t > 0}
defined by

qp" (t) == P(C™"(t) = k) for all integer ki,...,kn >0, (3)

the probability mass functions

@ == P(Y,

= j) for all integer j > 1 (i € {1,...,m} and n > 1)
and the probability generating functions

Gi(u) = Zujtjé (te{l,...,m})
Jj=0

and

GEY (u;t) - Zu ufmg W (t).

k>0

We remark that
GgV(HQ t):=E { Cr(ATLT @)

=F |:E [ulcl(r) R Vit Con (

- uCrm <A"<c"<t>>>]
]

r= Avwv(t)J

and E [ulcl(r) : --u%"(r)} = eXizi Ai(Gi(w) =T thus, by taking into account (3.8) in

G (u;t) = ( (Z)\ (1—Gi(u )) t”). (4)

As a particular case we can consider the probability generating functions

[2], we get

G (u;t) Zu . 'ulfnmpg’u(t)

k>0

and we have

m n
G (u;t) =E [62111 Muﬂ)ﬂ(ﬁ“(t»} =F,. < (Z Ai(1— m)) t”) ;o (5)
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note that both (4) and (5) can be seen as a generalization of (3.20) in [2]. Finally we

consider the probability mass functions concerning convolutions, i.e.
(iji);h =PY{ 4+ +Yi=j)forall j >1(ic{l,...,m}and n>1).

We remark that, since the random variables {{Y;! : n > 1} : i € {1,...,m}} are
positive, we have

(@i);o = lyj—0y; if j < h, then (gi);fh —0.

Remark 1. Obviously the state probabilities {{g,"(¢) : & > 0} : ¢ > 0} reduce to
{{p"(t) : k> 0} : t > 0} when we have ¢} := 1(;_yy for all i € {1,...,m}.

A further generalization of the process {N™¥(t) : ¢ > 0} in Definition 1 is the
multivariate version of the process in [16]. In view of this we recall that, given
a nondecreasing Lévy process (subordinator) {H/(t) : ¢ > 0} associated with the

Bernstein function f, we have
E {e_“Hf(t)} = e W (for all u,t > 0);
moreover we have the following integral representation

£ = [ = e g(ar) (o atl o> o)

where py is the Lévy measure associated with f (we also recall that py is a nonnegative

measure concentrated on (0, 00) such that fooo(r A1)ps(dr) < o00).

Definition 3. Let us consider the processes in Definition 1 and an independent sub-
ordinator {H/(¢) : t > 0} associated with a Bernstein function f. Then let {N/¥(t)
t > 0} be defined by

NT¥(t) == N(H!(LY(1))).
Remark 2. If {#7(t) : t > 0} is the stable subordinator {A"(¢) : t > 0} cited above,

we have (see e.g. Example 1.3.18 in [1])

n 1

f(p) :== p", or equivalently py(dr) = N ml(om) (r)dr.

Obviously in this case {N/¥(t) : t > 0} in Definition 3 coincides with {N"*(¢) : t > 0}

in Definition 1.



6 L. BEGHIN, C. MACCI

In what follows all the items concerning the process {N/¥(t) : ¢t > 0} will be a
modification of the ones for {N"¥(t) : ¢ > 0} in Definition 1 with f in place of »; thus,

for instance, we set
p{’ (t) := P(N7¥(t) = k) for all integer ki, ..., kp >0 (6)

and

Gf’ ZU ey pk ‘(1) (7)

k>0
We conclude with the outline of the paper. We start with some preliminaries in

Section 2. The results are presented in Section 3, which is divided in two parts:
1. the results for the processes in Definitions 1 and 2;
2. the results for the process in Definition 3.
Some examples of fractional compound Poisson processes and the generalization of a
result in [3] for the fractional Polya-Aeppli process are presented in Section 4.
2. Preliminaries

We start with some useful special functions. We start with the generalized Mittag-

Leffler function which is defined by

N - () z7
Fasl® = 2 g + Ay

(see e.g. (1.9.1) in [8]) where

Yy +1) - (y+j-1) ifj>1

(MY =

is the rising factorial, also called Pochhammer symbol (see e.g. (1.5.5) in [8]). Note
that we have E} 5, i.e. E] 5 with v = 1, coincides with E, g in (1).
We also recall the Fox-Wright function (see e.g. (1.11.14) in [8]) defined by

(a1, 1) ... (ap, ap) Znh 1 ah—|—ahj) ‘ (8)

v
T b0 By) . (be, By) S5 TTiea Db+ Brg)



Multivariate fractional Poisson processes and compound sums 7

under the convergence condition

q p
S Be=Y an>-1 (9)
k=1 h=1

(see e.g. (1.11.15) in [8]).

We conclude this section with the definitions of two fractional derivatives and of a
fractional difference operator. Firstly we consider the (left-sided) Caputo fractional
derivative of order v € (0,1], i.e. D% in (2.4.17) in [8] with a = 0:

1 t 1 d .
ta 7 Jo o asf(s)ds if v e (0,1) (10)

Dy, ft) =
40 4 (1) iy =1.

We also consider the (left-sided) Riemann-Liouville fractional derivative ﬁ of order

v > 1 (see e.g. (2.2.4) in [8]) defined by

1 (_i)m f‘” 1) _gs if s not integer

dv T(m—v) dt t  (s—t)yItv—-m
t) = - 11
d(_t)uf() ] andm—1l<v<m (11)
(*1)'/;“ f(t) if v is integer.

Moreover, for n € (0,1], we consider the (fractional) difference operator (I — B)" in
[15]. More precisely I is the identity operator, B is the backward shift operator defined
by

Bf(k) = f(k—1) (12)

and, if we consider the Newton’s generalized binomial theorem for operators, we have

(I-B)" =Y (~1) (”) B,

>0 J
3. Results

In general we show that the state probabilities (and the probability generating
functions) solve suitable fractional differential equations and we provide some explicit
expressions. In order to have a simpler presentation of the results, throughout this

paper we always set
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(also in the next Section 4), where A = (A1, ..., Am). Moreoverlet {B; :i € {1,...,m}}

be the operators defined by
Bif(k‘l,...,km):f(/fh...,k'i—l,...,k‘m); (13)

these operators play the role of the operator B in (12) for the case m = 1.

3.1. Results for the processes in Definitions 1 and 2

The first result shows that the state probabilities {{p;""(t) : k > 0} : t > 0} in (2)
solve fractional differential equations, and we consider the fractional derivative in (10).
Proposition 1. For n,v € (0,1], the state probabilities {{p;"(t) : k > 0} : t > 0} in
(2) solve the following fractional differential equation:

v N7 L XiBi T v
Dg P (1) = ~(s)7 (1 - 552 pp (1)
" (1) = 1{k=0}-

Proof. Firstly, by (5), we have
“Dg G (uit) = — (7 M1 — )" G (ust)
G (u;0) =1

by (2.4.58) in [8], and therefore

CDg, G (wt) = —(s)7 (1 - Eade ) o)

s(A) (14)

G™"(u;0) = 1.
From now on we concentrate the attention on the first equation only (the second one
concerning the case ¢ = 0 trivially holds). Then, if we use the symbol . g for

the sum over all r1,...,r,, > 0 such that vy +--- + 7, = j, we have

(-Eg) -5 0 ()
:jzz; <;7> (i’z;)); 12 m.‘?%!.rﬂi’“ ATt T

rmESj m

Thus

CD(?*GWVV(W):_(S(A))"Z(7?) ((s?Al)))jJ 2. ,r!.j..' AT A

T
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where, for the last factor in the right hand side, we have

}:k—&-r K +Tm 15V _}:k Ko, o1V
ull 1, 'un: mpE (t) — ull .. 'un;npﬁ—g(t)'

k>0 k>r

Then (in the next equality we should have r1 < kq,..., 7y, < ky,, but this restriction

can be neglected)

C y Nz u; uklu-ukm n (_l)j

k>0 =0

il
J: 1 Tm 1V
S A,
7’1w~7"‘m€3j L me

We conclude the proof noting that, since
J!
S o= () o
1y Tm ESj

where By, ..., By, are the shift operators in (13), we have

ot 00 = o Skt 3 () 0 (S e

k>0 =1
S oNBN" .
)Yl (f— 2o 2B )
k>0 -

which yields the desired equation. [J

The second result concerns the state probabilities of the fractional compound Poisson
process, i.e. {{g)”(t) : k > 0} : ¢t > 0} in (3). More precisely we mean {{qé’”(t) :
k >0} :t >0} (time fractional case) and {{qﬁ’l(t) :k >0} :t >0} (space fractional
case). We show that they solve two fractional differential equations: the first one is a
generalization of Proposition 1 with 7 = 1; in the second one we have the fractional

derivative (11).

Proposition 2. For v € (0,1], the state probabilities {{qé’”(t) :k>0}:t>0} in (3)

solve the following fractional differential equations:

CD6/+QéV(t) =-s(A ) ( )+ Zl 1A 231_1 qzlqkl, Ki—Tiseekm (t)
g, (0) = L=y
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Forn € (0,1], the state probabilities {{qg’l(t) :k >0} :t >0} in (3) solve the following
fractional differential equations:

Yn on :
d(dt>1/" qp (1) = S(A)QZ () =225 A Za =1 qalqkl, R TI

g7 (0) = Lig—o)-

(t)

m

Proof. Firstly, by (4), we have

CDY G (wst) = = 3 X1 — Gi(w)) G (ust)
Gel(u;0) =1

by (2.4.58) in [8] and

il G wst) = 7 A1 - Gi(w)) G (w;t)
GEl(w0) =1

by (2.2.15) in [8]. In both cases the second equation (concerning the case t = 0) is

trivial, and therefore we concentrate the attention on the first equation. So, if we

compare the equations above and the ones in the statement of the proposition, we

have to check that

_ Z >\z(]- — Gl(ui))Gldy(g’ t) _ Z ullfl . uk:
=t k>0
~i 1,v
)+ Z Ai Z @iy oo (B)
- =
and

Z)‘(l_G( )Gn’ Zu
=t k>0

Z)‘ Zq]bqkil,“.,kifji,m,km(t) )

ji=1

moreover, after some easy manipulations, the above equalities are equivalent to

m

ZAG w) G (wit) = 3wt ugr Y N Z%qif, bk (1)
k>0 i=1  j;=1
and
m m ki

Z )‘iGi(ui)Ggl(% t) = Z ulfl T I:nm Z Ai Z qz‘]z;l,“”ki_ji,“,,km (),

i=1 k>0 =1 ji=1
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respectively. In the first case we have

i NGi(ug) G zm:/\ S ulig Sk kgt (2)
=1

=1 ji>1 k>0

m
_ . ~i ki km LV
_Z >\1 Z qj" Zul 'U,m qk1)~-7ki_ji;~~7k'rn (t)7

=1 gzl k=0

~.

and the desired equality holds because the sums and the factors in the last expression
can be rearranged in a different order and q,i’llj___,ki_j“__’km (t) = 0 when j; > k;. The
other case can treated in the same way (we have to consider G5" and {{g"'(t) : k >

0} : t > 0} in place of Gg” and {{qé’y(t) :k>0}:t>0}). O

As a special case we give a version of the equations in Proposition 2 for the state
probabilities {{p}"(t) : k > 0} : ¢ > 0} in (2) for the multivariate fractional Poisson
process in Definition 1. The first equation (where 7 = 1) meets Proposition 1; the
second equation (where v = 1) with n = 1 meets the well-known equations for the

non-fractional case (i.e. Proposition 1 with n =v =1).

Corollary 1. For v € (0,1], the state probabilities {{pé’”(t) ck>0}:t >0} in (2)

solve the following fractional differential equations:

“DE " (1) = =sWpp" (0 + X A, (1)

" (0) = Lik=oy-
Forn € (0, 1], the state probabilities {{pg’l(t) :k >0} :t >0} in (2) solve the following
fractional differential equations:

1/
d(dtﬁpgl(ﬂ = s(VpPt () = Xy !
P (0) = 1{—g}-

Proof. Tt is an immediate consequence of Proposition 2 and Remark 1. [J

Now we give some expressions of the state probabilities {{pg"’(t) ck>0}:t>0}
in (2). We start with an implicit expression which generalizes (3.19) in [2] (note that
we use the notation 0y, in place of 8%.)' The most explicit formulas are given in

Proposition 4.
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Proposition 3. Letn,v € (0,1] be arbitrarily fived. Then, for all integer kq, ... ky >

0, we have
m

pp () = [[ (=205  Euy (—(s(X)") .
Proof. By construction we have

i=1
[

ﬁ {(—)\18)\1)’“ } e_S(A)A"(ﬁ"(t))‘| :
i=1

z=An<u<t))]

1
- kll"'knL!E

then we can conclude by following the same lines of (3.19) in [2], where we take into

account that E [e=*RAE"M)] = E,  (—(s(A))"t") by (3.8) in [2]. O

Proposition 4. Letn,v € (0,1] be arbitrarily fived. Then, for all integer kq, ... ky >
0, we have
k1 m m
ey = MMy (e
k (sQA)) kit Fhm Ryl ky

K|
(—(s(2))")" T+ 1)
Z Twr+1) Tlpr—(ki+-+km)+1) (15)

r>0
or equivalently
(1) = AR N . (=1)katthm
k (s(A))Fatethm Eqle k!
(1,m) (1,1) ”
- 2V (=(s(A)"t"). (16)

(1’1/) (1_(k1+"'+km)a77)

Proof. The equality (16) follows from (15). In fact, by taking into account (8), it
suffices to multiply the terms of the series in the right hand side of (15) by w =1
(note that the convergence condition (9) holds because v +n— (n+1) > —1). So from
now on we can concentrate the attention on the equality (15) only.

Firstly we have

pp(t) = ({N”” —k}ﬂ{ZN”” —Zk})
=1
:P(N”" ‘iN"” :iki>-P<§:NZ””(t):zm:ki>. (17)

<



Multivariate fractional Poisson processes and compound sums 13

We start with the conditional probability in (17); then we have

v ( MY (t) = - P(N"(t) = k)
} (N ‘ ZN —2k > P S N () =300 ki)

i=1

and, if we consider the conditional distributions given A"(L"(t)), we get

r=Avw(t>>]

(sQ)MZi=1 %y
EE R ey

(Rt k)t AP A
Tkl ky! (s(A))Frtthkm

w B[ S
P(N”” ‘ZN"’“ Zk)

after some computations (there is a factor equal to 1 given by
E [(,A’?(LV(t)))Z?Ll kie’s@)““n(’y(t))] divided by itself). For the second factor in (17)

we consider again the conditional distributions given A”(L£"(¢)) and we have

P(Soarw=3n) <& |r ($oa -30)

RSk
(k)

r=Avw<t>>]

r—Aﬂ(AV(t»] ;

then we get
m ) m (_1)k1+---+km
P N (t) = ki| =7—"—""—
2N =2k ) SR

3 ey Ty + 1)

o Tr+1) Tlr—(k+-+kn)+1)

by taking into account the known formula for the case m =1 (see (3.24) in [2] where
the formula is given in terms a binomial coefficient and there is a typo; see also (1.8)

n [15]). Finally (15) can be easily checked. O

Here we present some remarks on Proposition 4. Firstly (15) with m = 1 meets

known formulas in the literature (see e.g. (1.8) in [15]). Moreover, for v = 1, we have

- )\Ilcl . .)\%n (_1)k}1+'~'+k7n
O A ) TS S R
(=(s()™)" L(nr +1)

r>0
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and

OE MM (Rt
P ()R +km eyl o
(L,m)

1P (—(s(A)™);
(1= (k14 +km),n)

both formulas reduce to the ones in Theorem 2.2 in [15] concerning the case m = 1.

Finally, for n = 1, (15) reads

» B )\1161 L. )\E{n (_1)k1+"'+km
P R R R
Z (=sQ)t")" . !

r>ki+tkm P(Z/T + ]‘) (r - (kl +e km))‘

(because the summands with r < ky + - - - + k;;, are equal to zero), and therefore

)\’fl .. ,/\lﬁbm (_1)k1+---+km

1,v _ .
p" (1) TN S B
S sy (ko )
>OF(VT+V(k1+--'+km)+1) rl
7(k1 + -+ km)' k km  gv(kit+km)
I T R A
S (ky+ -+ b + 1) - (=s(A)t7)"
ol T(or + vk + -+ k) +1)
(ky+ -+ km)! 0 T N (k14-4km)+1 v
=T AT e (s Q)E);

the last expression meets (2.5) in [5] concerning the case m = 1.

In the next Proposition 5 we compute the covariance

Cov (N;v”(t),N;v”(t)) —E [le’”(t)Ni’”(t)}

_E {le’”(t)] E [N;’”(t)} (for j,h € {1,...,m});

note that we take n = 1 otherwise the covariance would not be finite. In what follows

we refer to

1 1 1
Z(w) =~ S 1
@) v <F(21/) Z/FQ(I/)> (18)
where, as shown in [3] (Subsection 3.1), Z(v) > 0 for v € (0,1] and Z(v) = 0 if and
only if v = 1. The codifference 7(X7, X2) is studied in the literature (see e.g. (1.7) in
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[9]) when the random variables X; and X» have infinite variance and it is known that
it reduces to Cov(X1, X2) when (X1, X2) forms a Gaussian vector (see the displayed

equality just after (1.7) in [9]). So in Proposition 5 we also compute the codifference

™ (N(8), N (1)) i=1log E [/ N7 (=N ()]

—logE [emjn'y(t)} —logE [eiiNg'll(t)} (for j,h € {1,...,m}),

where 7 is the imaginary unit.

Proposition 5. Let n,v € (0,1] be arbitrarily fized. Then, for j,h € {1,...,m}, we

have:
v

v v Aj v
Cov (le’ (t), N} (t)) = 1(jmny - ﬁ A Z (),

where Z(v) is as in (18);

T (N (), Ny (8) =Ligzny - log By (—=(A (1 =€) + An(1 — 7))

—log Ey1(—(X\;(1 — ei))"t”) —log By 1(—(Ap(1— e*i))”t”),

where 1 is the imaginary unit.

Proof. Firstly it is useful to recall the following formulas:

B[] - 5%

T+ D) (for all k € {1,...,m}) (19)

(see e.g. (2.7) in [4]);
E [emNé””@)} = By (—(O(1 — e™))"t") (for all u € R and k € {1,...,m})  (20)

which can be obtained by adapting the computations in [15] for the generating func-
tions.

We start with the case j = h. The formula for the covariance holds noting that
Cov(Nj’”(tLNj’"(t)) = Var [le’"(t)} and by taking into account (2.8) in [4]. The
formula for the codifference holds noting that E [ei(NJn’V(t)fNJﬁ'U(t))} =1 and by taking
into account (20).

We conclude with the case j # h. Firstly we have

E [N} ()N (1)) =E []E[N}’l(S)}E[Ni’I(S)]

} :)\j)\h/ % frv (e (s)ds
0

s=LY(t)
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and, since
/00 skf (s)ds = M (for all k£ > 0)
0 £o ) T(vk +1) =

by combining (2.4) and (2.7) in [17], we have

2t*

E [N.l”’(t)N,i’”(t)} =AM T

J

then, by taking into account (19), we obtain

22V Ait? Ant?
N2 (), NP (#)) =X\ S— .
COV( ;0N ()) Ih"T2v+1) T(w+1) T+l

e 2 1
=AiAnt (I‘(Qz/-i-l) I2(v+1)

2 1
=X\ At — = ANtV Z
i (21/F(21/) I/2F2(l/)) i 2

and the formula for the covariance is proved. Furthermore, since we have

E [ei(N;”"(t)fN}’L’"’(t))} —E {]E {eile’l(s)} E {efizv}{’l(s)}

s—Aﬂ(nva)J

—F |:6/\js(ejl)+)\h,s(e_1’1)

s—A"(ua)J
=E,1(—(A(1 =€) + A1 — ™))",

the formula for the codifference can be easily obtained by taking into account (20). O

It is known that {C71(t) : t > 0} and {N"1(¢) : t > 0} are Lévy processes and,

moreover, when 1 = 1 their Lévy measures p}, and p) are defined by

po(Ar X x Ap) =Y Mg (A)) (21)
=1
and .
P(AL X o X Ap) = Niljiea,)- (22)
=1

In the next proposition we present the Lévy measures pl, and p}, when n € (0,1).

Proposition 6. Let nn € (0,1) be arbitrarily fized. Then the Lévy measure pl, of
{C™L(t) : t > 0} is defined by

7

n _

PL(AL X X A) = —1

o ) INCE)
S [T S { @i O a9
’ 4 )k, ) T Hki€As} 7 %
070 =1 {niz0 nit 2
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Moreover the Lévy measure p'y of {N™(t) : t > 0} is defined by

_n

N OA % x A
G

D(ki4 -+ km—n) 1| \F
(sQA))F+—Fkm—n " T Lkiea o (24)

>0

Proof. Firstly, by (30.8) in [21] and the Lévy measure ps for the stable subordinator
{A¥(t) : t > 0} in Remark 2, we have

, [e'e) ’I’TL . AlZ g s

k>0

_n L d
I(1—mn) zntl :

Then we easily get (23) with some manipulations. Finally, as far as (24) is concerned,
we have to consider (23) with ¢ := 11y for all i € {1,...,m}; therefore we have

(@");" = 1{k,—n,y and we obtain

00 m 78()\)2
PN (AL X x Ap) = 1_ Z/ { 1{keA}}n+1d2’

k:>0
k1+ +km—n—1 —9()\)2
1 =3 / n- dz
k>—0
’ H {kl ’ 1{76716141'}} )
i=1 v

which yields (24). O

We remark that pi in (23) meets (21). In fact, if we set ?8:3 = 1, we have a

non-null contribution if and only if (n,...,n,,) belongs to the set

thus (23) yields

m

1 e—5(Q)z
pTC],(A1X><Am) :m/o 1 1-1 (A) dz - ZZ{Alqk l{k eA}}

i=1k; >1

r m : mo
r(11—1 ((s Zf Z{‘?iil{kie&}}:;&dl(fl)

= k;>1
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Similarly pk; in (24) meets (22). In fact we have a non-null contribution if and only if
(k1,...,km) belongs to the set {(1,0,...,0),...,(0,...,0,1)}, and (24) yields

m

1 r(1-1) -
p717\/'(A1 X oo X Am) = F(li_l) . Z W . )\1'1{16141'} = Z)\Zl{leAl}

=1 i=1

3.2. Results for the process in Definition 3

Here we give a multivariate version of Theorem 2.1 and Remarks 2.3 and Remark
2.5 in [16]. In particular we recover those results and remarks by setting m = 1. In

view of what follows we consider the analogue of (1.1) in [16], i.e.

P(NTY(t +dt) — NPY(t) = k)

ST, ™ e=2ir) o (dr)dt + o(dt) — for k> 0
1= [T, e )pys(dr)dt + o(dt)  for k=0

kl m
e, % 5T rXiti kie=sQ)T g (dr)dt + o(dt)  for k= 0
1—[° e p(dr)dt + o(dt) for k=0

and we consider the function f,, defined by

fm(Aju) = /000(1 e 3] W)Pf(d7“)§

j>0i=1
in particular we have
Fu(2:0) = / (1— e~ (dr) = f(s(2)

for u = 0, and

Fitvws) = | T e () = F( (1 — )

for the univariate case m = 1.

Proposition 7. Let f be a Bernstein function. Then we have the following results.
(i) The state probabilities {{pg’l(t) :k >0} :t >0} in (6) solve the following fractional

differential equation:

Moo m i s )
Ao (1) = Sgyep L (O TI, S J5 7S die2 ) py () = F(s(Q)pf (1)

pi’l(f) = Lip=0}-
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(i) The probability generating functions {G1(-t) : t > 0} in (7) solve the following

fractional differential equation

%Gﬂl(ﬂ; t) = _me(A§ M)Gf’l(@; t)
GHl(w0) =1,

and therefore we have GT-!(u;t) = e~ tfm Q)

Proof. We start with the proof of (i). The initial condition trivially holds. Then, since
{N71(t) : t > 0} has independent increments, by taking into account the distribution

of the jumps given above we have

ple+dty= 3" P(NPHt) = j, NPt +dt) — NPY(t) = k — j)

0<j<k
oo M ki Ji
= Z plf’l(t) (/0 (H ((/); )j-)' e M) py(dr)dt + 0(dt)>
0<j=<k =1

+p£’1(t) (1 - /0 e (dr)dt + o(dt)) ,

and therefore (we consider a suitable change of summation indices in the last equality)

H h / it (k=3 e =sQIr () dit + 0(dt)>
. i —Ji)- Jo

—pl (1) (f(5(2)dt + o(dt))

LY
= pifl—(t) (H -+ /0 TZi—lj"e_s(A)rpf(dr)dt—i—o(dt)>

N
i Ji

—p (1) (f(s(A))dt + o(dt))

We conclude dividing by dt and taking the limit as dt goes to zero.

Now the proof of (ii). The initial condition trivially holds. Then, if we take into account
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the differential equation obtained for the proof of (i), after some manipulations we get

Gflut Zu {’1(t)
k>0 B
s )‘zL > Mmoo Ji,—TSs
= urt ey | Y O[5 / rdiem X g (dr) — f(s(N)pp (1)
k>0 0g<k =1 I8 U0
m m A]7 [o'e) )
—fsG w )+ JTwr | Do pﬁfl(t)HTZ!/o risi e N p e (dr) |
k>0i=1 0=<j<k i=1

moreover, if we rearrange the summands in a different order, we obtain

d 1¢,.
GO wst) == F(s(X)G! s 1)

ST (0 T2 [ =)

J=0k>ji=1
= F)G (wst)
+z/ﬂWWﬁ“W' Do) | SN
;0o e E T j

= +Z/ e ] Q) pi(dr) | GPH(ust);

|
j=0 i—l ‘7

finally we can check that (in the first equality we take into account the integral

representation of f)

G670 == (= ey an

> —“WH Quwr)? ()| 65wy

Jj=0

= — fm (X WG (s 0),
and this completes the proof. [

Remark 3. The equation in Proposition 7(i) can alternatively be written as

L) = — Fu BYL (1),
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where B = (By,...,B;,). In fact we have

_F Py = [T emsr
Fou (s BYOL (8) / a

j=01i=1

=—f<s(A))p£’1(t)+/ e ZH ABT ps(dr)pl(¢)

j=0i=1

~Y ! f1 H Aﬁ/ r2isdie ™A (dr) — f(s(A)pl (1)

i=0
fi1 M /\{1 - Sty di—rs(A) 1,1
= S o[l | =R W ppdr) — fs)pE ()
oj<k =1 JiE o

Remark 4. If we follow the same lines of Remark 2.5 in [16], for v € (0,1) the state
probabilities {{p;”(t) : k> 0} : ¢ > 0} in (6) solve the fractional differential equation

C DL (1) = Sy gep P (O TT 30 J3% P00 g (dr) — f(5(0))pL" (1)

Pi’ (t) = 1{g=0}

or equivalently

CD5+pE’V(t> = _ng (A; B)Pﬁ’”(t)

Pl () = 1ie—gy-

(25)

Moreover the probability generating functions {G/¥(:;t) : t > 0} in (7) solve the

fractional differential equation

CD5+Gf’U(Q; t) = *fm (A; Q)GfW(Q’ t) (26)
GHV(u;0) =1,
and therefore we have G/ (u;t) = Eu,1(—t'/fm(é; u)).

In particular, if we consider the Bernstein function f for the stable subordinator
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{A"(t) : t > 0} and the corresponding Lévy measure py (see Remark 2), we have

- o0 (Njuir)Ji 1
N _emsQr i n )
Sm (A w) —/0 D | | T(—n) il dr

j>0i=1
Mz T il s
=(s(A)" = — r ZH it e Q) gy
N ]>Oz 1 0
1 roo g — i )\uZ
=(s(A))" + = 1,,1 -
F(—n)% (s(A) =iz dim 1;[1

~(s(2))" (1 D (i] )f[]l( u)
2

w L (i .
i>0 I'(—n) gji! <S(A)> ’

moreover, if we use the symbol Z e imESH for the sum over all ji,...,j, > 0 such

that j; + -+ jm = h (as in the proof of Proposition 1), we obtain

For(s10) Z(S()\))"ZW Z H ! (M)

h>0 Jm ESh i= 17
Z Z by iU h _ (S()\))n 1 zm: )\iui n
h>0 F s(A) B im1 s(A)

(for the last equality see e.g. (15) in [23] with & = —p—1 and 8 = 0; in fact ¢ and ¢ in
that reference satisfy ¢ = ¢(1 4 ¢), and therefore ¢ = ﬁ and 14+ (¢ = —t; obviously

here we consider uy, ..., u, € [0,1] and therefore t = >, i(f\‘) € [0,1]). Thus (25)

meets the equation in the statement of Proposition 1 (with p’”(¢) in place of py’”(t))

and, similarly, (26) meets (14) (with G™"(u;t) in place of G (u;t)).

4. Examples of fractional compound Poisson processes

In this section we study the multivariate fractional version of well-known counting
processes which can be obtained as a particular multivariate space-time fractional
compound Poisson process {C"¥(¢) : ¢ > 0} as in Definition 2. In particular the
univariate processes (i.e. the case m = 1) has been studied in [3] (Section 4). For
each example we specify the probability mass functions {{zj; cj>1 0 e{l,...,m}}
and the values A1, ..., A\y; we remark that the values A\q,..., \,, in Example 1 can be

chosen without any restriction.
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Example 1. (Multivariate fractional Pélya-Aeppli process.) We set
@=0-a)"'a

for some a1, ..., &, € (0,1]; in particular, if &; = 1, we have C""(t) = N/""(t). We
recall that in some references the case m = 1 is presented with p in place of 1 — «; see

g. (1.3) in [14].

Example 2. (Multivariate fractional Poisson inverse Gaussian process.) We set

J ( 1 )71/2_1 L Bi
283;+1

for some Bl,ﬂl,...,,@m,ﬂm > 0.

g = C50 (%)J and ), = ((1 +263;)Y% - 1)

Example 3. (Multivariate fractional Negative Binomial process.) We set

; 1—a,) -
q; = _d-a) - aN) and \; ;= —log &y
Jlog&;
for some @z, ..., &, € (0,1).

We also present an extension of Proposition 2 in [3] concerning Example 1.

Proposition 8. Assume to have the situation in Example 1. Then: for v € (0,1],

CD6+‘1;V(75) — i (=) - D0+qk1 ..... ki1, ()

= sV (1) + X (Nid + s (1 = @) a1, (1)

=2 (L =ai) X2 i A Zjh (1= ap)n O‘hqi;?.i.,kh—jh,..i,km (t)
g, (0) = 1{k=0};

forn € (0,1],

d(d??m ) - (= d) gl e ®)
= s(A)gp " (t) — Sy (A az+8(A)(1—di))qkl ,,,,, FiL oo lomn (1)
+ 2 (T —a) o 1h7£z)‘thh (1= ap)n- O‘hqkil,...,krjh,...,km(t)
a7 (0) = Loy
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Proof. The initial conditions trivially hold. We start with the proof of the first equation

in the statement. By the first equation in Proposition 2 we have

“Dgya” () = (1) “DEear ko, (O
=1 - .
=—sNa B+ D M > (=@ T anay” o e @)
h=1 Jjn=1
= (=) |5, ()
m - kn

+\; Z 1—a)itay le ki—l—ju»-wkm(t)
Ji=1

Moreover, if we split in two parts the sum Zk” (1

- N1~ 1,
(L= an)=ana g i, ()

in the right hand side, i.e. the summand with j; = 1 and the other summands with

Jjn €{2,...,kp}, after some computations we get
m
C 1,v C 1,
Diay” (1) =D (1= 6i) - “DEay” 1 g, (1)
i=1

= —s(g)qé’”(t) + Z )‘hdhqlzlju.,khfl,...,km (t)

h=1
kn
_ x \n—1s L
JrZ)\h Z 1 ah) ahqk17~--akh_jh7~--7km(t)
Jn=2

+ Z s(A)(1 - di)q;’llj...,ki—l,.“,km (t)

m
_Z 1—a;) Z )\hz (1 —ap)" Chdk, . kn—ijnri (t)
=1 h=1,h#1i jn=1
_Z/\ Z 1—a,) lqk o ki—1 i, km(t)'
Ji=1

Finally, after some other computations (in particular we put together two sums and we

consider j; € {2,...,k; + 1} in place of j; € {1,...,k;} in the last sum, with a suitable
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modification of the summands), we have

m
1,v ~ 1,
CDg-i-qE (t) - Z(l — &) - CD5+qk1V,..‘,ki71 e (t)

yees

i=1
1,v ~ ~ 1,v
= — sV (0) + DN + sV (1= @))ay) 41 g ()
i=1
m kn 4
+ Z )\h Z (1 o &h)]h_1dhqli;jm,kh,*jh,,m,km (t)
h=1  jp=2

m kn

~ ~ in—1~ 1luv
=Y =) D ey (@) A gy ()
1=1

h=1,h#i  jp=1

m ki+1
=D N D (=@ T ) g, ()
=1 =2

Then the first desired equation is checked because diqif”.,m_(ki_ﬂ),”‘ . (t) = 0 and
two sums can be canceled. The second desired equation can be obtained similarly; we
have to consider the second equation in Proposition 2 (instead of the first one) and we

have the same kind of computations with suitable changes of sign. [
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