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Abstract Due to its crucial role in pathophysiology,
erythrocyte deformability represents a subject of in-
tense experimental and modeling research. Here a com-
putational approach to electro-deformation for erythro-
cyte mechanical characterization is presented. Strong
points of the proposed strategy are: i) an accurate com-
putation of the mechanical actions induced on the cell
by the electric field, i) a microstructurally-based con-
tinuum model of the erythrocyte mechanical behavior,
i11) an original rotation-free shell finite element, espe-
cially suited to the application in hand. As proved by
the numerical results, the developed tool is effective and
sound, and can foster the role of electro-deformation in
single-cell mechanical phenotyping.

Keywords Electro-deformation - Maxwell stress
tensor - erythrocyte mechanics - homogenization -
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1 Introduction

The mechanical properties of cells have been shown to
be useful markers of cell state by the biophysics commu-
nity. In particular, there is growing evidence that cell
deformability may provide a label-free biomarker for de-
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termining e.g. metastatic potential, degree of differen-
tiation, or cell activation [16]. Within the cell mechan-
ics literature, the erythrocyte or red blood cell (RBC)
is probably the most studied cell type. As discussed
in [15], this prominent role is ascribable to the simple
structure of the erythrocyte, which is essentially a bi-
concave liquid capsule enclosed by a membrane, as well
as to the importance of RBC deformability in patho-
physiology. In fact, erythrocyte deformability is crucial
to microvascular function and becomes altered e.g. in
malaria, sickle cell anemia, diabete mellitus, and car-
diovascular disease [30].

Because of the increased interest in cell mechanics
and its relation to pathology, a range of approaches
have been developed for single-cell mechanical pheno-
typing (see, e.g., the reviews [32,44,1] and the refer-
ences therein). Among them, microfluidic techniques
are especially attractive, due to their potential for auto-
mated and high-throughput analysis [28,54]. In particu-
lar, electrically-induced cell deformation in microfluidic
systems is receiving increasing attention and has been
successfully applied to the mechanical characterization
of protoplasts [52], mammalian cells [40], cancer cell
lines [11,29], erythrocytes [20,21], and platelets [36].

In order to identify the optimal design of an as-
say for single-cell mechanical characterization, as well
as in order to assist the interpretation of experimental
results, an important role is played by modeling and
simulation strategies. In particular, in case of electro-
deformation systems, they can provide i) an accurate
estimate of the mechanical forces induced on the cell
by the electric field, and 4i) the consequent deforma-
tion on the basis of the cell mechanical behavior. In [52,
40,21], field-induced actions were estimated by resort-
ing to the Clausius-Mossotti factor under the effective
dipole moment assumption, whereas the more general
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Maxwell stress tensor approach [46] was adopted in [11,
36]. In those papers, the actual deformed configuration
of the cell was not fully accounted in the computation of
field-induced actions. Moreover, simple phenomenologi-
cal models were adopted to describe the cell mechanical
behaviour. In particular, elastic models based on the
Young modulus [11,36] or the shear modulus [21], and
viscoelastic standard linear solid or power law models
[40] were considered.

With respect to erythrocyte mechanical behaviour,
refined microstructurally-based constitutive models are
available in the literature, taking into account the prin-
cipal mechanical constituents of the RBC, i.e., the lipid
membrane and the underlying spectrin network. De-
tailed modeling of RBCs at the spectrin level [18,37] is
much limited by the high computational cost, and sev-
eral mesoscopic coarse-grained models have been devel-
oped to improve computational efficiency [24]. Micro-
structurally-based models have been applied to simu-
late micropipette aspiration [18], optical tweezers ex-
periments [37], and erythrocyte behaviour in shear or
Poiseuille flow [24].

In this paper, a computational approach to simulate
in silico electro-deformation experiments is presented.
In particular, a finite-element based simulation tool is
developed, composed of two coupled modules, namely,
the electrical module and the mechanical one. The for-
mer is devoted to the computation of the mechanical
actions induced by the electric field on the RBC (for
a given geometry), whereas the latter computes the
RBC deformation under a prescribed (electric) load.
A fixed-point iteration scheme is adopted to implement
the electro-mechanical coupling. This ensures that, at
convergence, field-induced actions are relevant to the
actual deformed configuration, where equilibrium is en-
forced.

Some noticeable features of the proposed strategy
can be highlighted, that make it unique and effective.
In the electrical module, field-induced actions are rig-
orously computed by means of the Maxwell stress ten-
sor theory (Section 2.1). Moreover, in order to evalu-
ate the electric field distribution (Section 2.2), the cell
membrane is treated as a two-dimensional imperfect in-
terface, so that the computational cost is significantly
reduced [2,9,10]. As a byproduct, an accurate compu-
tation of the Maxwell stress tensor is achieved (Sec-
tion 4.1). In the mechanical module, a microstructurally-
based constitutive law is adopted for the cell membrane,
along with a simple homogenization procedure (Sec-
tion 3.2). This way, model parameters have a precise
physical meaning, instead of being of phenomenolog-
ical nature, and at the same time the computational
efficiency of a continuum approach is enjoyed. Further-

more, in the finite element implementation of the me-
chanical problem, an original and effective rotation-free
shell element is adopted (Section 4.2.2), whose devel-
opment profitably exploits a corotational formulation
(Appendix A).

Careful validation of both modules has been con-
ducted. In particular, the benchmark problem of a coated
ellipsoid in a uniform electric field has been considered
for the electrical module (Section 5.1). On the other
hand, the validation of the mechanical module has been
performed by reproducing experiments of RBC defor-
mation by optical tweezers, available in the literature
(Section 5.2). The soundness and the efficacy of the
proposed coupled approach is shown by means of an
application-driven in-silico experiment of erythrocyte
electro-deformation (Section 5.3).

The paper is organized as follows. Section 2 and Sec-
tion 3 describe the electrical and the mechanical mod-
ule, respectively. Details on the relevant numerical pro-
cedures as well as their coupling strategy are provided
in Section 4. In-silico experiments are reported in Sec-
tion 5. Finally, conclusions are drawn.

2 Electrical module

A RBC suspended in a fluid is here considered. In pres-
ence of an applied electric field, electric charges are
induced on the cell membrane, and the interaction of
the field with those charges gives rise to mechanical
actions responsible for various frequency-dependent be-
haviours, such as orientation, translation (dielectrophore-
sis), rotation, and deformation. The purpose of the elec-
trical module is the computation of these mechanical
actions.

The investigation of field-induced actions has long
been subject of research (see e.g. [12,47,50,49]) and
different strategies have been proposed for their eval-
uation. Here the Maxwell stress tensor formulation is
adopted, which is regarded in the literature as the most
general and rigorous approach [51].

2.1 Mechanical actions induced by the electric field

As pictured in Figure 1, the electrical domain is mod-
eled as the union of two homogeneous conducting re-
gions (27 and (2, representing the intracellular space
and the suspending fluid, respectively. Their complex
conductivities o7 and o3 are given by o} = o}, +iwegey,
k = 1,2, where ¢, is the vacuum permittivity, and oy
and ¢ are the conductivity and relative permittivity
of the media, respectively; moreover, i is the imagi-
nary unit, and w denotes the circular frequency. The
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Fig. 1 Domain of the electric problem (schematic 2D rep-
resentation): 21, intracellular space; 22 suspending fluid; I,
cell membrane; 92,0, boundary not covered by electrodes;
0f2e,, i-th electrode; m normal unit vector

cell membrane, which is a thin phospholipid bilayer,
is treated as a two-dimensional interface I' with con-
ductance G and capacitance C' per unit area, respec-
tively given by the electric conductivity o, and per-
mittivity ey, of the lipid bilayer, divided by its thickness
[4]. Therefore, the interface admittance per unit area is
Y = G + iwC. In the radio-frequency range Y ~ iwC,
since G < wC [26], and hence the cell membrane es-
sentially behaves like a capacitor. The finite interface
admittance causes the electric potential to jump across
the cell membrane [4]. The boundary of the domain
is divided into an insulating part (9{2,.), and a part
covered by electrodes (0f2.) which generate the electric
field.

Field-induced actions can be derived by computing
the variation of the electrostatic energy & resulting
from a virtual variation of configuration [46,34], i.e.,

5E = /

—f-5st—|—/—fp-(5sdA, (1)
2,00 r
where f and f denote volume and surface forces, re-
spectively, and ds is a virtual displacement compactly
supported in 21 U £25. The variation & is performed
keeping constant the potential on the electrodes. Ac-
cordingly, the following energy functional is considered

£ — / %ae-edv+/%0[[¢]]2dA—ZQi¢i, (2)

21U82- r

where e is the electric field, ¢ is the electric poten-
tial, and @; and v; denote the charge and the electric
potential on the i-th electrode, respectively. Moreover,
€ = egey in 2, k = 1,2, the symbol - denotes the
scalar product, and [-] denotes the jump of the enclosed
quantity across the membrane. The quasi-static approx-
imation, e = —V71), is assumed, where V denotes the

gradient operator. By resorting to the notion of config-
urational derivative [33,53], it can be shown that

01 = / T :Vés dv+/t]‘(diV7- ds) dA . (3)
21U82 r

Here V and div, denote the symmetric gradient and
the tangential divergence operators, respectively, T is
the Maxwell stress tensor

T:g[e@e—%|e|2I] , (4)

where | -| denotes modulus and I is the identity tensor,
and tr is given by

tr = —3CIP*. o)

The latter term, being dual to local area variations,
can be regarded as a hydrostatic membrane stress, and
does not induce any deformation due to the local area
conservation hypothesis (see Section 3.2.1).

Upon integration by parts, the first term in (3) can
be rewritten as

T:Vés dV =

21U

/ —divT-ést+/—[[Tn]]~5sdA, (6)
21U r

yielding the volume forces f and the surface forces f
induced by the electric field as

f=divT, fr=[Tn], (7)

where div denotes the divergence operator and n is the
normal unit vector to I" pointing into (2. It is a simple
matter to show that [46]

1
f=—§(Vs)e-e. (8)

As a consequence, under the assumption of constant
permittivities, volume forces vanish and only the sur-
face forces f acting on the cell membrane have to
be considered as load in the mechanical module (Sec-
tion 3). From (7) and (4), their computation requires
the knowledge of the electric field distribution (see Sec-
tion 2.2). Moreover, in case of time-harmonic electric
field

e = Acos(wt + @), 9)

the time-averaged counterpart of the Maxwell stress
tensor has to be adopted [51,49], given by

1 J— —
<T>= e (E®FE +E®E)-|EI], (10)

where E = Ae'? is the electric field phasor and the
overline denotes complex conjugation.
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2.2 Electric field distribution

In the Fourier domain, the electrical problem is stated
as follows:

—div(e* V) =0,  in 2 U (11)
[c*V¥ -n] =0, on I'; (12)
Y[#] =o'V -n,  onl, (13)

where ¥ is the electric potential phasor and ¢* = o}, in
2k, k =1,2. Equation (11) governs the electric conduc-
tion in the cell cytoplasm and in the fluid; (12) accounts
for the continuity of the current flux density through
the cell membrane; (13) describes the membrane elec-
tric behavior.

An insulating boundary condition is applied on the
boundaries not covered by electrodes

o*V¥ . -n =20, on O . (14)

On the i-th electrode (9f2,), the following electrode
equation holds [45]

Y. (¥ —¥)=0"VV¥ . -n, on 982, , (15)

where Y, = G, + iwC, is the electrode double-layer ad-
mittance per unit area, expressed in terms of the con-
ductance G, and capacitance C, per unit area; ¥, is
the prescribed electrode potential; the right-hand side is
the current density through the electrode. In the radio-
frequency range, G, is usually negligible with respect
to wCe.

Problem (11)—(15) is recast into the following weak
formulation

/ oV VP dV+/ Y[#][#] dA
21U r

+Z/ YUddAd=>"

802, — Jog.,

Y. & dA, (16)

where @ is an arbitrary test function. Exploiting this
formulation, the potential distribution ¥ induced by
prescribed electrode potentials ¥; can be uniquely de-
termined [45], whence the electric field follows

E=-Vv. (17)

As detailed in Section 4.1, particular care is taken in
the implementation of the latter relationship.

3 Mechanical module
3.1 Mechanical problem

The structure of a RBC can be characterized as a liquid
capsule enclosed by a biologic membrane. This mem-
brane is composed of a phospholipid bilayer and an un-
derlying spectrin network, the cytoskeleton, coupled to
each other by integral membrane proteins (Figure 2(a)).

(a)

Cholesterol
Spectrin network

Transmembrane
proteins
(b) (c)
9 =2r/3 Triangular
plaquette
=0
o=drfs /
Actin junction Spectrin z
complexes links

Fig. 2 (a) Schematic drawing of the RBC membrane struc-
ture (not to scale), reprinted with permission from [14]. (b)
Idealised regular triangular network. (c) Representative tri-
angle

From a mechanical point of view, the spectrin net-
work accounts for the in-plane shear stiffness of the
membrane. On the other hand, the lipid bilayer resem-
bles a fluid-like membrane, and is responsible of mem-
brane bending stiffness and total surface area conserva-
tion [37]. Moreover, assuming that the connection be-
tween spectrin network and lipid bilayer is dense enough,
the stricter constraint of local surface area conservation
can be enforced [24]. Finally, the nearly incompressible
cytosol inside the RBC determines the total volume
conservation constraint [18].

Such arguments motivate the definition of the fol-
lowing energy potential, which governs the quasi-static
mechanical evolution of the RBC [18,37,24]:

&= VVin—planc + Whend + Waol + Eext ) (18)

where Wiy plane and Whyeng denote the membrane in-
plane and bending energies, respectively, Wyq is a vol-
ume penalty energy term imposing the total volume
conservation constraint and eyt is the potential of ex-
ternal loads. The local surface area conservation con-
straint is included in the potential (18) as a contribu-
tion to the in-plane energy Win_plane-

Introducing the in-plane energy density win-plane Per
unit reference area [17,5,18,35] and the bending energy
density whend per unit current area [31], it follows that:

VVin—plane = / Win-plane dA, Wyena = / Whend A4,
Ao A
(19)

where Ag [resp. A] is the surface area in the reference
[resp. current| configuration. Expressions of wiy-plane



Effective computational modeling of erythrocyte electro-deformation

and wpeng are discussed in Section 3.2. The volume
penalty energy term is defined as [18]:

1L, (V-
Wvo - _kvo T 20
1= v (20)
where Vj [resp. V] is the total cell volume in the refer-
ence [resp. current] configuration and ky, is a suitable
penalty parameter.

3.2 Constitutive behaviour

Following the formulation presented in Section 3.1, the
definition of the RBC membrane constitutive law con-
sists in the selection of in-plane and bending energy
densities. In particular, starting from the so-called spec-
trin network model [17,5,18,35], the in-plane energy
density win-planc is obtained by means of homogeniza-
tion of the Helmholtz free energy of the microstruc-
ture, as detailed in Section 3.2.1. Moreover, the bend-
ing energy density wpenq is assumed to obey the Helfrich
model [31], as described in Section 3.2.2.

3.2.1 In-plane behavior

The in-plane behavior of the RBC membrane is deter-
mined by the spectrin network and the local surface
area conservation constraint imposed by the lipid bi-
layer. According to the spectrin network model [17,
5,18,35], the former is modeled as an idealised regu-
lar triangular network, comprising an assembly of actin
junction complexes connected to each other by spectrin
links (Figure 2(b)). The model is completed with the as-
sumption that the triangular plaquettes bounded by a
triplet of mutually connected actin junction complexes
are attached to the lipid bilayer (Figure 2(c)). Conse-
quently, the equilibrium condition of the actin junction
complexes under the attractive forces exerted by the
spectrin links and the repulsive ones arising from the
lipid triangular plaquettes, determines the surface area
of the network in its natural state. Modifications of such
surface area are locally prevented by the lipid bilayer.

On the basis of the Helmholtz free energy stored
in each constituent, a microstructurally-based homog-
enized constitutive law, expressing the relationship be-
tween macroscopic stress and strain measures, is de-
rived here for such composite medium. To this end, the
contributions to the Helmholtz free energy arising from
each constituent are investigated:

1. the total entropic free energy stored in the spectrin
proteins is estimated by means of the worm-like

chain model [41,6]. Accordingly, the contribution
from a single spectrin link is:

kT Loy 322 — 223
4p 1—x

WWLC = , L= L/Lmaxv (21)

where x is the current dimensionless chain length,
i.e. the current length L normalized by the con-
tour length L.y of the chain, p is the persistency
length, kp is the Boltzmann constant and T is the
absolute temperature. Introducing the chain stretch:
A= L/Lo, (22)
where Lo denotes the chain length in the unde-
formed (stress-free) lattice, the dimensionless length
x can be recast as:

T = Axg y Lo = LO/LmaX7 (23)
in which z¢ represents the dimensionless chain length
in the undeformed lattice. As a consequence of equa-
tion (23), the worm-like chain free energy Wwrc
results to be a function of the stretch A undergone
by the spectrin link under consideration:

kBTL2 (3Lmax — 2\Lo)A2
4meax )\LO

WwLc = ; (24)

Lmax -

the contribution from a single triangular plaquette
to the hydrostatic elastic energy stored in the lipid
membrane, is evaluated as [18]:

Cq

al’

Whydr = (25)
where a is the current area of the plaquette, g is a
suitable exponent and Cy is a constant to be deter-
mined by prescribing the undeformed configuration
of the lattice. Introducing the areal stretch:
a=alag, (26)
where ag denotes the area of the plaquette in the

undeformed lattice, the hydrostatic elastic energy
can be recast as:

Whydr = (27)

(aag)?”

It is noted that, because the hydrostatic elastic en-
ergy Whyar depends only on the areal stretch o,
there is no contribution of the lipid membrane to
the RBC shear stiffness;
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13. the local surface area conservation constraint im-
posed by the lipid bilayer is accounted for by con-
sidering an additional contribution to the Helmholtz
free energy of the RBC membrane, namely [18]:

1 (a— a0)2

Wsurf = 3 ksurf -

5 a0 (28)

where kg, ¢ i a penalty parameter. In terms of the
areal stretch «, the surface energy Wiyt is conve-
niently recast as:
1 2

Wsurf - 5 ksurf ag (a - 1) . (29)

In order to determine the homogenized energy of
the RBC membrane, the triangular spectrin network
depicted in Figure 2(b) is considered. Accordingly, a
single equilateral triangle can be assumed as representa-
tive element. The triangle is assumed to undergo an in-
plane strain described in terms of the Green-Lagrange
strain tensor E. Such strain measure has to be inter-
preted as a macroscopic variable representative of the
average microstructural deformation. Because no strain
fluctuation due to local inhomogeneities arises in a reg-
ular lattice, the microstructural stretch A along a given
direction e and areal stretch « are given by:

A=V1+2Ee-e, a=+/det(I+2E).

Assuming that the triangle has the three sides (spectrin
links) lying along the directions defined by the polar
angles § = {0, 27/3, 47 /3}, as shown in Figure 2(c), the
resulting homogenized free energy density turns out to
be:

(30)

1 1
Win-plane = CL_O ; §WWLC (6) + Whydr + Weurt
(31)

Here the summation is extended to the three spectrin
links, each belonging to two adjacent triangles, and
equations (24), (27), (29) and (30) have to be used.
Consequently, the macroscopic second Piola-Kirchhoff
stress tensor S results in:

S = v]E’wim—plame . (32)

Finally, the constant Cy, involved in the computa-
tion of the hydrostatic elastic energy (27) stored in the
lipid membrane, is determined by imposing that the
RBC membrane is stress-free for a vanishing applied
strain tensor E. Exploiting equation (32), it is a simple
matter to check that [14]:

3 kpTad Lax ©§ (6 — 9z + 4af)

O:
16 pg (1— z0)?

(33)

3.2.2 Bending behavior

The bending behaviour of the RBC membrane, com-
pletely attributable to the lipid bilayer, is described by
means of the Helfrich energy [31]:
o kc 2

Whend — 5 (J - J()) + kgK, (34)
where J and K respectively denote total and Gaus-
sian curvature in the current configuration, Jy is the
reference total curvature, and k., ks are bending elas-
tic moduli. It is recalled that, in terms of the princi-
pal curvatures {ki,ks} of the surface membrane, total
and Gaussian curvatures result to be J = k1 + k2 and
K = kyka, respectively (e.g., see [19]).

4 Numerical procedure

In this section, the numerical procedure adopted in the
electrical and mechanical modules as well as their cou-
pling strategy are described.

4.1 Electrical module

Formulation (16) is implemented into the commercial
finite element code COMSOL Multyphysics. A trian-
gular mesh of the cell membrane I" is generated and
used as boundary mesh in the creation of tetrahedral
meshes of the intracellular and fluid domains (respec-
tively, £21 and (2). Treating the cell membrane as a
two-dimensional interface avoids the need of extra-fine
tetrahedral meshes as required in a three-dimensional
description of a thin region [2,9,10]. Weak Form PDE
Physics is adopted, and quadratic Lagrangian elements
are used to interpolate the electric potential ¥.

The electric field E on both sides of the membrane
I' is computed by the numerical approximation of ¥. In
particular, introducing the projector P, = I —n®mn
on the membrane tangent plane, E is decomposed as

E=E.+Epn, (35)

where E, = P, FE is the tangential field and F,, de-
notes the normal component. The former is computed
by means of the COMSOL operator dtang, implement-
ing the tangential derivative of the vector field ¥; the
latter is calculated by means of a wise exploitation of
(13), i.e.,

Yyl

O-*

En=—

(36)

It is worth mentioning that the direct computation F,, =
—V¥ - n, involving the gradient of the interpolated
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quantity, would yield significantly less accurate results.
The field-induced forces acting on the cell membrane,
that represent the input to the mechanical module, are
computed from E via (10) and (7)s.

4.2 Mechanical module
4.2.1 Finite element formulation

A finite element formulation of the mechanical problem
introduced in Section 3.1 is here discussed. To this end,
given a triangulation Ui\[:l Af of the RBC surface in the
reference configuration Ag, the unknown displacement
field w at a typical point p is approximated by:

N€
u(p) ~ Y x“u(a,p). (37)
e=1

In equation (37), u® denotes the interpolation of the
displacement field over the element Af, depending on
element nodal displacements a® and point p, and x¢ is
the characteristic function associated to the same el-
ement. Using such representation formula for the dis-
placement field wu, it is straightforward to derive:

E =E(a,p),
J=J(a,p), K=K(a,p), (38)
V=V(a),

that is, a consistent approximation of Green-Lagrange
strain tensor, of total and Gaussian curvatures, and of
cell volume, in terms of nodal displacements a. Accord-
ingly, the potential energy (18) can be computed by:

N€
&= Z { ifl—plane + Wbeend + 8:xt} + Waor s (39)
e=1

where ()¢ denotes the element counterpart of the rele-
vant quantity.

Imposing the stationary condition of the discretized
potential energy (39), it follows that the nodal displace-
ments a satisfy the equilibrium equation:

Ne
0= eéll {aexe — @it} — dvor » (40)

in which A denotes the standard assembly operator
of the finite element method, g%, [resp. q%] are the
nodal internal [resp. external] forces work-conjugated to
element nodal displacements a®, and g, are the nodal
reactions due to volume constraint, work-conjugated to

the nodal displacements a. In particular, the element
nodal internal forces gf,, are defined by:

e e __ e e
Qint - da® =4 in-plane + 5Wbcnd

- 5win—planc dA

» (41)

+ {5wbcnda + wbcndao‘} dA )
Ag
where « is the areal stretch defined in equation (30)s,
the element nodal external forces g¢,, satisfy:

Gexe 007 = 08¢, (42)

and the nodal reactions due to volume constraint g,

follow from:

V-V
Vo

The derivation of structural consistent stiffness ma-
trix, needed e.g. by Newton’s method of solution of
global equilibrium equations, requires the linearization
of equations (41)—(43) with respect to the nodal dis-
placements a. With regard to the element nodal inter-
nal forces gf,,, it turns out that:

Kg4e Aa‘-da° = Agj,, - 6a°

Qyol - da = 5Wvol = kyol

V. (43)

= Aéwin—plane dA
Af
44
+ {A&wbenda + 5wbendAa} dA ( )
A§

+ {Awbcndéa + wbcndAda} dA,
A§
where A denotes the linearization operator. Analogously,

the linearization of the element nodal external forces
g’ yields:

Ko Aa‘-d0a° = Agqg, - 6a°. (45)

However, in the present work, the coupling between
electrical and mechanical modules is treated through
the fixed-point iteration scheme discussed in Section 4.3,
and such stiffness contribution need not be accounted
for. On the other hand, its computation would be nec-
essary for a monolithic solution strategy of the coupled
problem adopting Newton’s method. Furthermore, the
linearization of the nodal reactions due to volume con-
straint q,; gives:

K,  Aa-da:= Aq,, - da

AV V-V, (46)
= kyo——0V AV .
1 Vo + Vo
Finally, a standard finite element assemblage of stiff-
ness matrices reported in equations (44)—(46), yields

the desired structural consistent stiffness matrix.
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4.2.2 Element formulation

According to equations (37)—(38), the computation of
a consistent approximation of Green-Lagrange strain
tensor, and of total and Gaussian curvatures, requires
a suitable interpolation of the displacement field at the
element level.

The element formulation turns out to be greatly
simplified when developed within a corotational frame-
work, able to handle large element rigid-body motions.
In particular, the corotational procedure can be visual-
ized like a two-way filter that ¢) removes the rigid-body
contribution from the element nodal displacements be-
fore the finite element kernels use them, and ) brings
back to the overall level the quantities returned by the
element routine [25]. A brief description of the corota-
tional framework is given in Appendix A.

With a slight abuse of notation and dropping out the

element index e, the element displacement field and el-
ement nodal displacements resulting after filtering out
the rigid-body contribution, are still denoted by u and
a, respectively. In particular, the vector a can be ar-
ranged as:
a = {u;uz;u3} , (47)
where u;, i = 1,2, 3, is the displacement vector of the
typical node V; in the reference configuration, and the
semicolon symbol denotes column stacking. As a conse-
quence, the transformation to be handled at the finite
element level maps the reference element nodes V; into
the current points V; = V; + u;.

For convenience, an orthonormal frame with ori-
gin O at the element centroid, and axes:

g, = Vo—-Wi Gy = G2XGy1 . Gs = glx(Vi%_Vl)
Pve - TR I B g < (Vs = W)
(48)

is introduced. Furthermore, the position vector in the
reference configuration is denoted by X = (X,Y, Z).

The rigid-body motion filtered out by the corota-
tional filter is here chosen such that the r(jfefence trian-
gle V1 V5 V5 and the deformed triangle V4 V5 Vs are made
coplanar and share their centroid (see Appendix A).
Accordingly, it turns out that:
n=m=a=0, Y, 2=, ,4=0, (49)
where & = (z,y, 2) denotes the position vector in the
deformed configuration.

The in-plane components of the displacement field u,
u(X,Y)=u(X) gy,

U(Xv Y) = ’LL(X) "go, (50)

Fig. 3 Patch associated to element V3 V2V3 in the reference
configuration

are approximated with the constant strain triangle (CST)
interpolation [48] of the nodal in-plane displacements:

Um = {u1;v1; u2; V23 uz; v}, (51)
in which:
ui:ui-gl, vi:ui-gz, 121,2,3 (52)

Hence, the Green-Lagrange strain tensor E can be de-
rived by:

E=-(F"F-I), F=I+H, H=Vxuv), (53)

N | =

where F and H are deformation and displacement gra-
dient, respectively.

In order to estimate the curvature tensor ), and
consequently the total curvature J and the Gaussian
curvature K, an original rotation-free formulation is
here proposed. Differently from the standard finite ele-
ment format, rotation-free formulations are character-
ized by a distinction between integration and interpo-
lation domains (e.g., see [43,55]). In particular, the in-
tegration domain is the element under investigation,
namely the triangle V1V, Vs, whereas the interpolation
domain is assumed to be the patch also comprising the
three adjacent triangles V3 VgVa, VoV4V3 and V3V5Vy
(see Figure 3). Accordingly, the interpolation param-
eters coincide with the patch nodal displacements:
(54)

up, = {ug;...;ug} .

Relying on conditions (49), the deformed patch can be
effectively approximated by means of the paraboloid:

z = c1 4 con + 3y + cax® + esy® + cony (55)

the constants ¢;, ¢ = 1,...,6, being determined by the
following interpolation conditions:

Z(wi,yi)ZZiZ(Vi—O)-%, i=1,...,6. (56)

The curvature tensor x over the deformed triangle ViVaVs
is then estimated by the curvature of the paraboloid
at the origin. Provided that coefficients co and c3 are
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Electrical problem:
find electric potential ¥
with current geometry I'

!

Compute field-induced
mechanical load f-
via Maxwell stress tensor

!

Update geometry
l"new = r‘

Mechanical problem:
find deformed geometry I'ew
under load fi-

Convergence?
‘ Tnew _ ‘ <8

Fig. 4 Flow chart of electro-mechanical coupling (see text
for explanation)

sufficiently small (condition met in the limit of an in-
creasingly finer mesh), the latter can be approximated
with the Hessian of the function (55), whence:

X = VVez(0) , K =detx.

J =tryx, (57)

It is worth pointing out that the corotational frame-
work simplifies the differentiation of total and Gaus-
sian curvatures with respect to element nodal displace-
ments, as needed in the element computations, i.e. in
equations (41) and (44). In fact, the interpolation (55)
remains effective also for a variation of the deformed
configuration, being any rotation of the paraboloid axis
accounted for (and purged out) by the corotational fil-
ter.

4.3 Electro-mechanical coupling

The coupling between the electrical and mechanical mod-
ules is implemented by means a fixed-point iteration
scheme (Figure 4). For given applied electrode poten-
tials ¥;, the electric problem (16) is initially solved on
the domain defined by the reference configuration of
the cell membrane I'. The corresponding field-induced
actions f are then computed as the jump of the trac-
tions generated by the time-averaged Maxwell stress
tensor on the cell membrane (equations (7)2 and (4)).
The latter surface forces define the potential of the ex-
ternal load Eeyt in the mechanical problem (18), whose
solution provides an updated cell-membrane geometry

Table 1 Electric parameters adopted for cell and electrodes
[27], and for extracellular fluid [21]

o1 (S/m) €1 C (mF/m?) C. (mF/m?) o2 (S/m)

€2

0.5 60 10 144 0.05

80

'™V, If the distance between I" and I™°Y is lower than
a prescribed tolerance d, the numerical procedure stops,
otherwise, a new iteration is performed starting from
the updated cell-membrane geometry I"™°V. In partic-
ular, in the convergence check, the norm of the relative
difference between the nodal coordinates of I" and ™V
is considered, with a tolerance 6 = 0.001.

If the solution cannot converge within a reasonable
number of iterations, or if intermediate solutions given
at uniform intervals of the applied electrode potentials
¥, are desired, the latter are subdivided into multi-
ple potential-increment steps. At the end of each in-
crement, a converged intermediate solution is obtained,
which in turn is used to start the fixed-point iteration
for the solution of the next potential increment. This
reduces the degree of nonlinearity from an intermedi-
ate solution state to another and enhances the chance
of obtaining the ultimate solution under the electrode
potentials ¥;.

5 Numerical results

In this section, numerical results are reported. First, the
independent validation of the electrical and mechanical
modules is performed. In particular, the problem of a
coated ellipsoid in a uniform electric field and the de-
formation of a RBC by optical tweezers are considered,
respectively. Then, an in-silico experiment of erythro-
cyte electro-deformation is presented, showing the ef-
fectiveness and soundness of the proposed approach.

5.1 Electrical module validation: coated ellipsoid in
uniform electric field

The problem of an ellipsoidal particle with semidiame-
ters a > b > ¢, coated with a membrane having finite
admittance, and embedded in a uniform electric field
E . established in the infinite space, is considered. Its
analytical solution, reported in Appendix B, was used
as a benchmark for the numerical results supplied by
the electrical module. In particular, an ellipsoid with
diameters 2a = 14.1 pum, 2b = 4.64 pm, 2¢c = 2.44 pm
was considered. Those values were chosen to mimic the
deformed configuration of a RBC under applied elec-
tric field (see Section 5.3). The ellipsoid was located at
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(a) (b)
transverse
diameter

R —
z O
. z
axial
X I diameter
X
O

y
\ polar optical
X <>@jf diameter trap

t glass (moving)

Fig. 5 Schematic representation of optical tweezers experi-
mental set-up. (a) Initial cell geometry and definition of axial,
transverse and polar diameters. (b) Stretch test: one bead is
optically trapped, while the other one is anchored to the sur-
face of a moving glass slide

Table 2 Parameters of the RBC meridional section [22]

R (um) Co Cq Cs
3.91 0.207161

2.002558  -1.122762

the center of a parallelepipedic domain whose sides are
80 times the ellipsoid semiaxes. It was subject to an
electric field parallel to its major axis, with intensity
Es =0.125 V/pm and frequency 500 kHz. The electric
field was generated by an applied voltage between the
parallelepiped faces orthogonal to the ellipsoid major
axis, whereas insulating condition was applied on the
other faces. The electric parameters used in the com-
putation are reported in Table 1. Due to symmetry,
one-eight of the system was studied.

The relative errors, in the L? norm, of the electric
potential ¥ and of the surface force density f, turned
out to be, respectively, 7.1 x 1072 and 6.7 x 1072 for
a coarse mesh (7,089 nodal points, 34,494 linear tetra-
hedral elements, 444 linear triangular elements on the
ellipsoid surface), and, respectively, 4.5x 10~* and 2.1 x
1072 for a fine mesh (510,051 nodal points, 2,916,394
linear tetrahedral elements, 14,101 linear triangular el-
ements on the ellipsoid surface). These errors can be
mainly ascribed to the difference in the boundary con-
dition between the analytical and numerical solutions.

The magnitude of the opposite resultant forces act-
ing upon the two semi-ellipsoids on either side of the
plane z = 0 was computed and turned out to be 231 pN.

5.2 Mechanical module validation: large deformation
of the RBC by optical tweezers

Deformation imposed by optical tweezers provides a
useful means for the study of single cell mechanics un-
der a variety of well-controlled stress-states [42]. While

() (b)

z

Ly

z
x o
Fig. 6 Numerical simulation of the large deformation of
a RBC using optical tweezers. (a) Reference configuration.
(b) Deformed configuration under maximum load (Fmax =
200 pN)

18

& experiments
[ | ——present model

=
[¢]

e
o N A

Diameter (um)
o]

Transverse |

o

i

0 50 100 150 200
Stretching Force (pN)

Fig. 7 Diameters versus stretching force during the large
deformation of a RBC using optical tweezers. The present
numerical results are compared with the experimental data
reported in [42] (not including the polar diameter)

early studies involved primarily small elastic deforma-
tion at low applied forces, the possibility of inducing
large elastic deformation in human RBCs using optical
tweezers was demonstrated in [15,39,38,42]. In those
papers, forces as high as about 193 4+ 20 pN were esti-
mated to result in strains of the order of 100% in the
cell. The experimental procedure adopted to stretch the
cell is as follows (Figure 5). Two silica microbeads are
non-specifically attached to the RBC at diametrically
opposite points. One bead is anchored to the surface of a
glass slide, the other one is trapped using a laser beam.
While the trapped bead remains stationary, moving the
slide with the anchored bead stretches the cell.
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Table 3 Parameters defining the constitutive behaviour of RBC membrane. [24,23]

Here 8 = (kgT)~', kg is the Boltzmann constant, a9 = L2v3/4 , Vo = 753 um® (reference RBC volume)
Lmax (nm) LO (nm) p (nm) q T (K) ﬁkc kg/kc ﬁaoksurf BVOkvol
166.1 75.5 18.7 1 296 48.9 —4/3  263.3 1.34 x 108

In the in-silico experiment, the biconcave RBC geo-
metric model (Figure 6(a)) was obtained by revolution
of the meridional section [22]:

whose parameter values are reported in Table 2. The
RBC mechanical behaviour was modelled as described
in Section 3.2. Parameters adopted in the simulations
are reported in Table 3. A detailed discussion of their
values along with the experimental fitting procedures
leading to their determination can be found in [18,37,
24,23]. The load imposed by each silica bead was simu-
lated as a force F distributed on a circular contact area
of diameter D = 1.1 um. Equal z-displacement was
imposed at the interested nodes. Sixteen uniform load-
steps, with internal adaptive sub-stepping, were consid-
ered, up to a maximum force level Fy,,x = 200 pN. Due
to symmetry, one-eight of the cell was studied, with a
mesh of 524 elements.

Figure 6(b) shows the deformed configuration of the
RBC under maximum load. The behaviour of trans-
verse, axial and polar diameters as functions of the ap-
plied force is shown in Figure 7, where the experimental
data provided in [42] are also reported for comparison.
Excellent agreement is found for the axial diameter,
whereas a small discrepancy is noticed between simu-
lated and experimental transverse diameters, with ex-
perimental data providing lower values. As suggested
in [24], this is probably a consequence of the optical
measurements being performed from only a single ob-
servation angle, that may result in under-prediction of
the maximum transverse diameter in presence of rota-
tion of the RBC during the stretch test. However, the
simulation results remain within the experimental er-
ror bars. The behaviour of the polar diameter, not re-
ported in the experimental data, highlights a progres-
sive change from the cell biconcave shape to a more
rounded shape. Generally, a hardening behaviour with
increasing force is noticed, mainly due to the nonlinear
constitutive properties of the spectrin network.

e

Fig. 8 In silico electro-deformation experiment: a RBC, sus-
pended in a conducting medium, is placed between two facing
electrodes, and a voltage is applied between them. (COMSOL
geometric model)

@

Fig. 9 Electro-deformation of a RBC. (a) Deformed config-
uration under maximum applied potential (Vmax = 2.5 V
@500 kHz). (b) Visualization of field-induced mechanical ac-
tions

5.3 Electro-deformation of a RBC

A RBC, suspended in a conducting medium, was placed
between two 50 pm x 50 pum facing electrodes, that are
20 pm apart from each other (Figure 8). A voltage ¥
at 500 kHz was applied between the electrodes. The
electric parameters adopted in the computation are re-
ported in Table 1. As typical in electro-deformation ex-
periments, a poorly conductive extracellular fluid was
considered [21]. The RBC mechanical behaviour was



12 Nicola A. Nodargi et al.
B 270 tant force on half cell is usually computed and related
— Diameters . .

16 |- - ~Force 1240 to the experimentally-measured deformation, whence
141 ! 210 phenomenological indicators of the cell mechanical be-
haviour are derived. In this context, the modeling and

—~12 180 . .
E = simulation framework here developed represents a valu-
5 107 1150 % able tool. In fact, it provides an accurate estimate of
g 8- 1120 § the distribution of field-induced actions for cells with
5 6l Transverse | ) * arbitrary geometry and without simplifying assump-
. tions on the electric field distribution. This feature can
N Pt 60 be of aid in the design of optimal electro-deformation
2 _ =1 polar 130 systems (e.g. in terms of geometry, medium properties
[ L ‘ ‘ ‘ 0 and frequency). Moreover, thanks to the adoption of a

0 0.5 1 1.5 2 2.5

Applied potential (V)

Fig. 10 Diameters and half-cell resultant force versus ap-
plied potential during the electro-deformation of a RBC

modelled as in Section 5.2. Due to symmetry, one-eight
of the system was studied.

In order to obtain an efficient implementation of
the electro-mechanical coupling, the same mesh was
adopted to discretize the cell surface in the electri-
cal and mechanical modules. It was composed by 524
triangular elements. Starting from this mesh, a mesh
composed by 397,851 quadratic tetrahedral elements
was generated to discretize the electric domain. Eight
applied-potential steps were considered, with quadratic
spacing, up to a maximum value ¥, = 2.5 V, cor-
responding to a field intensity of 0.125 V/um in the
absence of the cell.

The average number of fixed-point iterations in each
load step, needed to reach convergence in the electro-
mechanical coupling scheme, was 3.4.

Figure 9(a) shows the deformed configuration un-
der maximum applied potential, while the mechanical
actions induced by the electric field are visualized in
Figure 9(b). The magnitude of the resultant force on
the top and bottom half cells is shown in Figure 10 as
function of the applied voltage ¥. The same figure also
reports the axial, transverse, and polar diameters of
the deformed RBC. Under the maximum applied volt-
age, a force magnitude of 252 pN was computed, yield-
ing a deformed RBC configuration with diameters of
14.1 pm, 4.64 pm, and 2.44 pm, respectively. Though
the electrodes are only 20 um apart from each other,
the obtained force magnitude is comparable with the
one evaluated in Section 5.1 with reference to an ellip-
soid with the same diameters in a uniform electric field
at infinity.

Electro-deformation has been recently employed in
conjunction with microfluidic systems for biomechan-
ical measurements of RBCs and other cell types [52,
40,11,29,20,21,36]. An estimate of the applied resul-

microstructurally-based constitutive law, it can be used
for the quantitative characterization of microstructural
biomechanical properties, by means of an inverse anal-
ysis approach.

6 Conclusions

In this work, a computational approach for in-silico ery-
throcyte electro-deformation has been presented. The
proposed strategy relies on the Maxwell stress tensor
formulation for the accurate computations of the me-
chanical actions induced by the electric field. In addi-
tion, special care is adopted in modeling the cell mem-
brane, that plays a crucial role both from the electri-
cal and the mechanical point of view. In particular, in
the electrical module the cell membrane is described
as a two-dimensional imperfect interface, by virtue of
the capacitive behavior exhibited by the lipid bilayer.
This choice avoids the need of extra-fine meshes as re-
quired in a three-dimensional description of a thin re-
gion, and furthermore allows an efficient computation
of the normal component of the electric field. In the
mechanical module, a microstructurally-based descrip-
tion of the membrane is adopted, taking into account
the costitutive properties of the lipid bilayer and of the
underlying spectrin network. As a consequence, the me-
chanical parameters of the model have a clear physical
interpretation. In order to achieve computational effi-
ciency, a homogenization procedure is exploited, under
the assumption of regular triangular spectrin network.
Finally, a custom rotation-free shell element is adopted,
which takes advantage from a corotational formulation
for the computation of membrane curvature and its
variation.

Several enhancements of the developed tool are en-
visaged, e.g. accounting for random spectrin network,
time-dependent constitutive behaviour, and stiffness con-
tribution arising from configuration-dependent forces.
In addition, extension to other cell-lineages is possi-
ble, requiring a modification of the constitutive model
adopted in the mechanical module.
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As proved by the presented in-silico experiments,
the proposed strategy is effective and sound, and consti-
tutes a promising tool towards the development and op-
timization of microfluidic electro-deformation systems.

A Corotational framework

The derivation of the corotational approach presented in [7,
8] is here briefly reviewed for triangular elements. Let w;, i =
1,2, 3, denote the displacement vector of the typical node V;
in the reference configuration. The element nodal parameters
are collected into the 9 x 1 vector:
a = {ui;uz;us}, (A.1)
where the semicolon symbol denotes column stacking. More-
over, let u(p) be the element displacement field at point p in
the reference configuration. In the derivation of corotational
finite elements, the deformation f(p) = p + u(p), is multi-
plicatively decomposed as follows:
f=rof, (A2)
where 7 is a rigid transformation, characterized by a reference
point GG, a translation vector t, and a rotation tensor R:
r(p)=G+t+R[p—G]. (A.3)
Hence, the transformation f, implying the same deforma-
tional motion as f, is obtained from the latter after filter-
ing out the rigid motion r. Denoting by @(p) = f(p) — p the
filtered displacement field, equations (A.2) and (A.3) yield:
u=G+t+Rp+u—G]—p. (A.4)
Then, a suitable interpolation is chosen for u, characterizing
the displacement-based core-element formulation:
o =u(a,p), (A.5)
where a is the filtered counterpart of the element nodal pa-
rameters a:

a = {t1;uz; Uz} . (A.6)
Accordingly, the following correspondence rule has to be in-
tended in the notation adopted in Section 4.2:

u—u, a—a, (A7)
amounting at the replacement of element nodal displacements
with their filtered counterparts. In particular, the filtered
nodal displacements u; are obtained by imposing the inter-
polation conditions u(V;) = w; and w(V;) = u; in (A.4),
whence:

;=R [Vi+ui — (G+t)]—(Vi—G). (A.8)
The core-element computations, i.e. equation (41), provide
the nodal internal-force vector gq;,, work-conjugated to the
filtered modal parameters a. Since the rigid body motion does
not contribute to the elastic energy gained by the element, the
following virtual work equivalence holds true:

Qint da = Zlint : 56’7 (Ag)

defining the internal-force vector g;,, work-conjugated to the
overall parameters a. The linearization of the virtual work
equivalence (A.9) yields:

A(Gyy - 80) = AlGsy - 08) (A.10)
Introducing the consistent tangent stiffness tensor and its

core-element counterpart (denoted as K ¢ in equation (44)),
respectively:

— 8qint K

. _ aqint
da ’ int — T S=

Kint 9a

R (A.11)
and recalling that Ada = 0, equation (A.10) can be developed
in:

KintAa - da = Kiny Aa - 6@ + @, - Ada. (A.12)
In order to obtain the overall counterparts g, and K, of
the core-element quantities g;,, and Kinu¢, the crucial ingre-

dient is the so-called projector operator II, able to extract
the deformational part from incremental displacements:

sa = Isa. (A.13)
In fact, substituting (A.13) in (A.9) it turns out that
9int = HT qint . (A14)

Analogously, the substitution of equation (A.13) in (A.12),
yields:

King = I " KineIT + K77 (@3] (A.15)
where:
Kirr ] Aa = A (117 v) } (A.16)

v=const

The latter represents a geometric stiffness arising from the
dependence of the projector operator from the nodal parame-
ters a. In fact, from (A.8), the projector operator depends on
the rigid motion r (A.3), which in turn depends on the nodal
parameters a. In particular, in order for the corotational ap-
proach to be effective, the rotation tensor R characterising r
must be chosen such that f is free of large rigid rotations. In
the present work, R is identified with the rotation tensor of
the polar decomposition of the gradient of the homogeneous
transformation mapping the element nodes V; into their cur-
rent positions V; = V; + w; [13]. The reference point G and
the translation vector t are, respectively, the element cen-
troid and the mean of the nodal displacements w; [25]. In
particular, such choices ensure conditions (49) to be satisfied.
Further details, including the derivation of IT and K ;7 are
provided in references [7,8].

B Coated ellipsoid in uniform electric field

The problem of an ellipsoidal particle with semidiameters a >
b > ¢, coated with a membrane having finite admittance, and
embedded in a uniform electric field F . established in the
infinite space, is here considered.

Let {O; z,y, 2} be a Cartesian reference system having
the origin O at the ellipsoid center and the coordinate axes
parallel to the ellipsoid axes. The problem at hand is conve-
niently treated using an ellipsoidal coordinate system {¢, (,n}
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(e.g., see [46]). In particular, the parameter £ describes a fam-
ily of confocal ellipsoidal surfaces:

Z2 .’132 y2

=1
PENI I A

and & = 0 is the particle boundary. In the notation of Sec-
tion 2, the ellipsoid and the outer media respectively corre-
spond to the regions 27 and (25, with complex conductivi-
ties o7 and o3, whereas the particle surface coincides with
the two-dimensional interface I', with admittance Y per unit
area. For the problem to have a simple analytical solution, Y
is assumed to vary over I" according to the equation:

(A.17)

Y:Y0_7

- (A.18)

where Yj is the average admittance per unit area over I and:

L1 E=—nE=9
2/(a2+8 B2+ (2 +¢)’

—1
o (] tar) ™
I Jr h

with |I'| denoting the measure of I'. In passing, it is observed
that h is one of the metric coefficients associated to the el-
lipsoidal coordinate system [46]. A similar problem, concern-
ing an ellipsoidal particle coated with a shell of non-uniform
thickness, is considered in [3].

The electric field Eo, can be assumed, without loss of
generality, to be parallel to the z-axis, with intensity Foc
(the other two components can be treated analogously, and
the linearity of the problem allows to sum the contributions
[46,3]). Accordingly, the resulting electric potential ¥ solves
the problem stated in equations (11)—(13), supplemented with
the following boundary condition at infinity:

(A.19)

U=V, for £ — +o0, (A.20)
where the potential ¥, is given by:

Pl Pl Pl
o =Bz = p V2O @ (@20

V@ =) @+ )

This problem can be solved in the same fashion explored in
[46]. To this end, it is convenient to introduce the function:

abe

A(&)ZT/:OO [(a2 +5)° (b2 +5) (2 + s)} “ias, (A.22)

and the following quantities:

ol — o5 1 of
L= ———, C2=_ 5
[P 2 Yohoa (A23)
c3 =c1 —cC2, 642[14—62—5—6314(0)]71 .
Then, the potential ¥ turns out to be:
lI/ooc4 ) 5 < 07
VU= (A.24)
Voo [ —c3caA(§)],  £>0,
and, consequently, its jump across [ is given by:
IIII/H = C2C4 lI/oo|5:0 . (A25)

The electric field on both sides of I' is computed ex-
ploiting the decomposition (35). More specifically, the nor-
mal component E, immediately follows from equations (36)

and (A.25), whereas the tangential projection E . is derived
from equation (A.24). In particular, the latter computation
is simplified by the fact that the tangential gradient on I"
of any function of the only coordinate £ identically vanishes.
Accordingly, the electric field on the ellipsoid surface I" takes
the form:

E = ET + Enn7 (A26)
where:
FEooca Pk, £<0,
E. = (A.27)
Ex [1 —c3c4A0)] Pk, £E>0,

and k is the unit vector parallel to the z-axis. Finally, exploit-
ing equations (10) and (7)2, the surface forces f - induced by
the electric field can be expressed as:

Fr=7F+fnn, (A.28)
where:
f,— = i [[E(ETE’VL +ETE’!1):|:| )

) (A.29)
fn = (Bl ~ IB-1P)]

respectively represent the tangential projection and the nor-
mal component of f .
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