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Abstract In this paper we study a model which describes the relation of
the matter and the electromagnetic field from a unitarian standpoint in the
spirit of the ideas of Born and Infeld. This model, introduced in [1], is based
on a semilinear perturbation of the Maxwell equation (SME). The particles
are described by the finite energy solitary waves of SME whose existence is
due to the presence of the nonlinearity. In the magnetostatic case (i.e. when
the electric field E = 0 and the magnetic field H does not depend on time)
the semilinear Maxwell equations reduce to the following semilinear equation

V x (V x A) = f(A) (1)

where “Vx” is the curl operator, f’ is the gradient of a smooth function
f:R3 —=Rand A : R3 — R? is the gauge potential related to the magnetic
field H (H = V x A). The presence of the curl operator causes (1) to be
a strongly degenerate elliptic equation. The existence of a nontrivial finite
energy solution of (1) having a kind of cylindrical symmetry is proved. The
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proof is carried out by using a variational approach based on two main ingre-
dients: the Principle of symmetric criticality of Palais, which allows to avoid
the difficulties due to the curl operator, and the concentration-compactness
argument combined with a suitable minimization argument.

Keywords Maxwell equations - natural constraint - minimizing sequence
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1 Introduction

The study of the relation of matter and the electromagnetic field is a classi-
cal, intriguing problem both from physical and mathematical point of view.
In the framework of a classical relativistic theory, particles must be con-
sidered pointwise. However charged pointwise particles have infinite energy
and therefore infinite inertial mass. This fact gives rise to well known diffi-
culties (see for example [4,5,9]). The use of nonlinear equations in classical
electrodynamics permits in some situations to avoid these difficulties. In a
pioneering paper ([3]) Born and Infeld introduced a nonlinear formulation of
the Maxwell equations. This theory avoids the divergences, however it is not
unitarian, i.e. the nonlinearity they introduce does not allow the existence
of a self-induced electromagnetic field and an external source is needed (see
chapter 12 in [10]).

Following these lines of thought, in [1] a unitarian field theory has been
introduced. This theory is based on a semilinear perturbation of the Maxwell
equations. More precisely the usual Maxwell action for the gauge potentials
A:R* - R3 p:R* =R

swimer =3 [ [ (|54

is modified as follows:

=3/ /(5

where W : R — R and “Vx” denotes the curl operator.
The argument of W is |A|* — |¢|* in order to make the action invariant
for the Poincaré group and the equations consistent with Special Relativity.
Making the variation of S with respect to A, d¢ respectively, we get the
equations

— |V x AQ)dxdt

—|VxAP+W(|A] - @2)>dmdt (2)

ot ( + W> +V X (VxA) =W (|A]" - ¢°)A, (3)

v+ (GE470) =W (IAR - e (@)
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If we set ,
p=p(A,0)=W (A" =), (5)

T=J(A, @) =W (|A] - A, (6)

equations (3) and (4) are formally the Maxwell equations in the presence
of matter if we interpret p (A, ) as charge density and J (A, ) as current
density. Notice that p and J are not assigned functions representing external
sources: they depend on the gauge potentials, so that we are in the presence
of an unitarian theory. We make the following assumptions on W:

(W1) W e CHR,R); W(0) = 0;
(W2) there exists £ > 0 such that W (&) > 0;
(W3) there exist positive constants ¢, p, ¢ with 2 < p < 6 < ¢ such that

W' (s)| < c|s|P/?>~1 for |s| > 1,
[W'(s)| < ¢|s|”/?7  for |s| < 1.

The set
2 ={eeR*: 1< |A@OF - o] |}

is interpreted as the region of the space filled with matter at time ¢ (see
section 2 of [1]). Observe that the above assumptions allow to take W (s) =0
for |s] < 1—¢€ (¢ > 0), so that p and J vanish outside a neighbourhood of 2
and in this region equations (3) and (4) reduce to the Maxwell equations in
the empty space.

Equations (3) and (4) have been extensively studied in [1] where, among
other things, the existence of a finite energy (magnetostatic) solution (A, 0),
with A depending only on the space variable z, has been stated. However
the proof contains a gap, which will be overcome by Theorem 1 below.

In the magnetostatic case, equations (3) and (4) reduce to

Vx (VxA)=W(|A])A. (7)

In this paper we study equation (7) and we prove the existence of a
nontrivial, finite energy solution A = (A, A2, A3) whose components are
related to each others by some kind of cylindrical symmetry. More precisely
the following theorem holds:

Theorem 1 Assume that hypotheses (W1), (W2), (W3) hold. Then equation
(7) has a nontrivial, weak solution A having the following form:

A(z) = A(\/m% + x%,xg)(—xg,xl,())

where A : (0,4+00) X R — R. Moreover A has finite energy, i.e.

/ IVA|? dz < +oc.
R3
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The main difficulty in dealing with the equation (7) lies in the fact that
the energy functional related to it

E1A] = %/R IV x A dz — /]R W(A[)dz (8)

is, in general, strongly indefinite in the sense that it is not bounded from
below or from above and any possible critical point has infinite Morse in-
dex; namely the second variation of (8) is negative definite (if W is strongly
convex) on the infinite dimensional space

{A=Vp: peCPR,R)}.

To overcome this difficulty, in section 2 we introduce a suitable space ’D}_—
whose elements are divergence free, so that for A € D}- we have

/ IV x A|2dx:/ IVAJ? dz.
R3 R3

It can be shown that DL is a natural constraint for (8), so that we are reduced
to look for critical points of £ |D1f. Furthermore the maps in D% have a sort
of cylindrical symmetry and the functional 5|D1F has a lack of compactness
due to its invariance under the translations along the x3 axis. The proof of
the existence of critical points for 5|le is carried out in section 4 combining
a concentration-compactness type result, proved in section 3, with a suitable
minimization argument.

2 The Variational Setting

In this section we collect some preliminary results concerning the variational
structure of the system (7). Let C§°(R3,R3) be the set of the C>° vector
fields A : R® — R3 having compact support. Then let D!(R3, R?) denote the
completion of C§°(R?, R3) with respect to the norm

A5 = / [VA|*dz, A eD'(R*,R?).
R3
D!(R3,R?) is a Hilbert space with the scalar product
/ (VA|VB)dz, A, B e D'(R*R?),
R3

where A = (A1, Ag, A3), B = (By, By, Bs) and (VA|VB) = 3% | VA,-VB;,
being “-” the scalar product in R®. By the Sobolev inequalities, D! (R3  R?)
is continuously embedded into L°(R3 R3):

DY(R3,R3) — LO(R3 R3). (9)
Consequently, for every 2 C R? open and bounded we have

D'(R3,R3) — H'(2,R3) (10)



Existence of Static Solutions of the Semilinear Maxwell Equations 5

with continuous embedding.
The functional associated to (7) is

1

R3

E[A] |V x A2dx — 1/ W(|A|?)dz.
2 Jrs

Observe that, according to assumption (W3), we have
W (s?)] < g\S\G, W' ()] < cls|*. (11)

Then, by (9), it is easy to prove that £ is well defined on D'(R? R3) and
belongs to the class C!(D!(R3,R3),R). Hence critical points of € correspond
to solutions of (7).

The main difficulty in dealing with the functional £ lies in its strongly
indefinite nature: indeed, if W is positive, it is negatively definite on the
infinite-dimensional subspace

{A=Vo¢|o e C (R’ R)}.

Hence it does not exhibit a mountain pass geometry. In order to remove this
indefiniteness, we are going to restrict our functional to a suitable subspace
of D! (R3 R3). More precisely consider the following space

A :(0,+00) xR — R s.t.
F={A:R}=R?
A(z)=A(r,z3)(—x2,21,0) ae. in R?
where
T=7’x:|($1,$2)|=m, (12)
and set

DL =D'R3R3NF.

It is obvious that D} is a closed subspace of D'(R3 R?®). Furthermore, for
all A € DL we have that div A = 0, by which

Vx(VxA)=-AA VA €Dk (13)

hence the restricted functional &p1 has the following form

£ py [A] = 1/ |VA|2dx—1/ W(A)da. (14)
F 2 R3 2 R3

The first object is to prove that DL is a natural constraint for £, i.e. a
suitable subspace where to find solutions of (7). To this aim we recall the
following Principle of symmetric criticality of Palais ([8]):

Principle of symmetric criticality. Assume that there exists a topological group
of transformations G which acts isometrically on a Hilbert space X and define

FixG:={A € X|GA =A VG € G}. (15)
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If J € CY(X,R) is invariant under G, i.e.
J(GA)=TJ(A) VGe G, VA e X, (16)

and if A is a critical point of J|rixg, then A is a critical point of J.

We are going to apply the above principle to our functional £.
Indeed, let O(N) denote the orthogonal group of the rotation matrices in
RY: in particular consider

02) = {(cpsa —sma) ‘a € [0,271')} .
sina  cosa
For any g € O(2) define the following action 7; on D' (R3,R3):

T,A@) =5 'AG) e D'®EY), 5= (§]) €0)

Now we set
FixO(2) = {A € D'(R3 R*) | T,A = A Vg O2)}.

It is immediate that the action of O(2) on D! (R? R?) is isometric. Further-
more VX T,A(z) = 571 (VxA)(§z) and |T,A(z)| = |A(gx)]|, then it is easily
deduced that £ is invariant with respect to O(2). According to the Princi-
ple of symmetric criticality every critical point A of & rixo(2) is a critical
point of £, and, consequently, a weak solution to equation (7). Observe that
DL C Fix O(2).

Next we will introduce a new group G acting on Fix O(2) and we will
apply again the Principle of symmetric criticality to the functional & rix 0(2)-
Since, as we will show, FixG = D}, to solve equation (7) it will be sufficient
to look directly for critical points of 5|le .

In order to define G we have to use a decomposition of the functions in
Fix O(2) provided by the following Lemma.

Lemma 1 For every A € Fix O(2) there exist three functions A,, A;, A¢ €
Fix O(2) such that A = A, + A, + A¢ and

Ap = AP(T,SL';),)(.T17.')32,O)7
A=A (r,z3)(—x2,21,0),
A = A¢(r,23)(0,0,1)

for some A,, A-, A¢ : (0,+00) x R — R. Furthermore for a.e. x € R3:
(VA,(2)|[VA,(2)) = (VA,(2)|[VA((2)) = (VA,(2)|[VA(z)) =0. (17)
Proof. Set A = (A1, A2, A3) € Fix O(2) and set
R., = {(z1,22,23) € R®| 2y = 2o = 0}.

Denote by A,, A; A, the vector fields such that, for every « = (21,22, 23) €
R3\R,,, A,(z), A (x) and A (x) are the projections of the vector A(z) along
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the directions p(z) = (21, 22,0), 7(z) = (—x2,21,0) and ¢(x) = (0,0,1). By
some computations we get A, = A,p, A, = A, 7, Ac = A:¢ where

Arx1 + Asxo
2

—Arxo + Aoz
2

Ap(x) =

By construction we have A = A,+ A+ A.. We are going to prove that A,
A., A¢ have cylindrical symmetry, i.e. A, = A,(r,x3), Ar = A (r,23), Ac =
A¢(r,z3). For every x € R? \ R, consider

0, = i( o xQ) € 0(2).

r2\ —2%2 21

, An(z) = L Ac=As.  (18)

r r

Observe that, since 6,A(z) = (A,(x), A, (z), Ac(x)), it is enough to show
that the vector field z € R — . LA(x) is cyhndrlcally symmetric, that is
05:A(Gr) = 0, A(z) for every g € O(2). Indeed, since 0, = 0,5 for every
g € O(2), then we get

b3:A(92) = 0.5 A(gz) = 0.T,A(z) = 0,A(x).
It remains to prove that
Ay, Ar Ac e Dl(Rngg)a (19)

which is not immediate because of the presence of the singular term = in the
definitions (18). Notice that, once we have proved (19), the conclusmn follows
immediately since A,, A, Ag are fixed points for the action O(2). By the
definition of A,, A, A; we immediately have A,, A., A € LS(R3, R®*) N

H} (R3\R,,,R?). Denote by VA ‘RB\R VA, ‘R3\R and VAC’R?’\R the

loc

gradient in the sense of the distributions of A, A, AC in R3\ R,,, and let
VA,, VA, and VA, be the functions deﬁned a.e. in R? representing such
distributions. A direct computation shows that for a.e. z € R3:

(VA,(2)[VA-(2)) = (VA,(2)[VA (7)) = (VA (2)[VA¢(2)) = 0.
Indeed the equalities (VA,(x)|VA¢(z)) = (VA,(2)|VA((z)) = 0 are im-
mediate and

(VA (@) VAL (2)) =~V (A1) - V(Ara2) + V(A,03) - V(A1)
—(21VA, +(4,,0,0)) - (22VA; + (0, A;,0))
+ (Z‘QVA (0, Ap, 0)) : ($1VAT + (A0, O))

04, O0A, 0A, 0A,
A 24, A, A, =
-1 Oy e + x9 e L4 m " Oy 0

since A, and A; have a cylindrical symmetry. This implies
IVA]? = [VA,|” + |[VA,|> + [VA(|]? ae. in R? (20)
and then

2 3 3
VApyRS\RIS,VAT\RS\RxB7VAC\R3\R” € L*(R3,R3). (21)
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Denoting by %|R3\Rz3 the distributional derivative in R? \ R, from

(20) we deduce that

8AP aAT GAC 9 3 3
872»|R3\Rw3’ aTJRS\Rm; 371;1.|]R3\]Rw3 € L*(R°,R”), (22)

i ; oA 2A
so (19) will follow if we show that Wﬂﬂ@\ﬂ«m’ % RA\Ry, A RA\R,, actu-

ally coincide with the distributional derivatives of A,, A, A; in the whole
R3: in other words, considering the component A, (the computations for
the other components are similar), we have to show that, for any B €
Cs°(R3,R3), it results

/ OA,
R3 8:1:1
Observe that, since A, € L°(R3 R3) and %‘R%Rm € L*(R3,R?), then

the above integrals are both finite. Now for all ¢ > 0 consider a function
ne € C°(R3,R) such that

0B
Bdr=- [ A, -
R3\R, RS Ox;

dx. (23)

4
ne=0for|r| <5, mo=lforlr|2e 0<n.<1, |Vn|<-.
Set B.(z) = B(x)n.(z) € C$°(R? \ R,,). For all € > 0 we have

dA, 9B,
‘B.dr=— [ A,-
R3 5‘:52 = 4r R3 r 85&

0B One
= - A, —dx — A, -Bdx. 24
A3n p 63:1 . R3 8$i r o ( )

Now, by Lebesgue’s Theorem

dx

A A
lim A, -B.dr = / OA, -Bdx,
e—0t Jps Ox; r3 0T; IR3\Ry,
OB OB (25)
li A, - —dx= A, —dx.
sigh R3 e e (9.%1' o R3 r 81,‘1' o

Let R > 0 be such that B =0 for |z| > R and set {2, := B(0,R) N {r < e}.
Observe that meas(£2.) < 27 Re?, so

one
R3 8%1

A, -Bdz

4
<IBlo=2 [ 1A ldr

4 s 1/6
< \|B||Loog (meas(£2:))° (/ |A,|°® dm) —0 (26)
as € goes to 0. Letting € go to 0 in (24) and using (25) and (26), the equality
(23) follows.

Now we are ready to prove the following proposition, which is the key
result of this section: it shows how the introduction of the functional set D
has a crucial role in dealing with the strong-indefiniteness of the functional

£.
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Proposition 1 Let A € D} be a critical point of S‘D;. Then A is a weak
solution to (7).

According to Lemma 1 let S be the action on Fix O(2) defined by:
SA=S(A,+A, +A)=—A,+A, — A

We set G the group generated by S; since S? = id, we have G ~ Zs. According
to (17) we get

\VA|? dx
R3
:/ \VAp|2dx+/ |VAT|2dx+/ |VA<|2dx:/ |VSA|?dz,
R3 R3 R3 R3

then the action of G on Fix O(2) is isometric. It results D = FixG := {A €
FixO(2)|SA = A}: indeed the inclusion DL C Fix§ is obvious; on the
other hand, if A € Fix@G, then the invariance under & implies A, = A =0
and, consequently, A = A, € Dr.

The conclusion will follow from the principle of symmetric criticality just
taking X = FixO(2) and J = & pixo(2) and proving that (16) holds with
respect to the group G generated by S. If A € FixO(2), then A, € D}_—,
which implies by (13) V x (V x A;) = —AA, and consequently by (17)

/Rs (V x ALV x (A, +Ac))d /R (VxA)|A, +Ac)dx
/R& (VAL|V(A, +A¢))dz = 0.

Then
g |V x (SA)|’dx = /R |V x AT|2dx+/Rs IV x (A, + A¢)dx

|V x A|%dz.
R3

Therefore the functional A € Fix O(2) — [5s [V x A|?da is invariant with

respect to G. Finally we 1mmed1ately compute that |A]> = [A, > + |A,|> +
|A¢|* which leads to [o, W(|SA|?)dz = [zs W(|A|*) dz and this concludes
the proof of (16).

According to the previous proposition we can solve equation (7) by look-
ing directly for critical points of £ |le ; in this way we have avoided the strong

indefiniteness of £ and we will deal with the functional £ |le which has the

form (14) and then it can be treated with standard methods of nonlinear
analysis.
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3 A Compactness Result

Because of the action of the translations the Sobolev embeddings for the
space D!(R3,R3) are non compact. In order to recover some compactness,
following the ideas of P.L. Lions (see [6]-[7]), we will show that if a sequence
of functions is such that the nonlinear term [, W(|A|?)dz does not vanish,
then it keeps away from zero in some suitable sense.

Lemma 2 Suppose that (Ay), is bounded in D*(R3,R3) and there is R > 0
such that

lim sup/ |A,|?dz = 0.
B(z,R)

n—+00 zER3
Then
/ W(|An[2)dz — 0.
R3

Proof. During this proof we will often use the symbol C' for denoting a positive
constant independent on n. The value of C is allowed to vary from line to
line (and also in the same formula).

Fix € € (0,1) and for every n consider the new sequence of functions

A, if A, > e,
T AP i AL < e

It is immediate that
wn|? < e AL, wa|* < AL (27)
|Vw,|> <9|V|A,|> <9|VA,|%
In particular w,, € H'(R3 R) and, using (9),

ol <7 [ JAGSda+9 [ [VALar<Ct 9

The object is to prove that
w, — 0 in L*(R* R) V2 < s < 6. (29)

Indeed first assume s > 13—0. By using Hélder’s inequality, since s = 2% +

6572, for every x € R? we get

2

6—s s5=2
/ |wy,|*de < (/ |wn|2dx> ! (/ |wn|6dx) ’
B(z,R) B(x,R) B(z,R)
s—2

6=s 3
< c(/ jwPdr) (/ (o ? + [V P)az)
B(z,R) B(z,R)
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where C' is independent on x and n. Since 3% > 1, then

-2

s 6—s 35—2
[ wntde < Cllwall Foamplonlifesy [ (al? + VP,
B(z,R) B(z,R)

(30)
Choosing a family of balls { B(z, R)} whose union covers R? such that each
point in R? is contained in at most k such balls, summing (30) over this
family and using (27) and (28) we deduce

6—s

s — 35—2
/ |wp|*dx < Ck sup (/ |wn|2 d:c) ! ||wn||H{"(R3)
R3 rER3 B(z,R)

6—s
< Cke=3672) sup (/ |An|2dx> Y0
zER3 B(z,R)

by the hypotheses of the lemma. If 2 < s < %, then s = 2% + %@
and from Holder’s inequality and from (28)

10—3s 3(s—2)

/]RS |wy|*de < (/RS |wn\2dac) * (/R3 \wn\lo/?’dm) *

3(s—2)
4
SCg?,s—lo(/ |wn|10/3dx> ,
]RS

since by the case already established [y, [w,|'%/2dz — 0, we obtain

/ |wp|*dz — 0.
R3

Then (29) holds. Hence using assumption (W3) we conclude

[ A <c AuPdo+ C Anltda
R3 {|A,|>1} {lAn|<1}

<C |A,|Pdz + C |A,|Tdx
{[An|>e} {lAn|<e}

<C |w,|Pdx + Ce?™6 / |A,,|%dx
{lA,|>e} {|An|<Ze}

< C”wnHip(R«%) + C5q_6||AnH%6(]R3)
by which, since |[wy||Lr®s)y — 0, limsup,, [ps [W(|Ay|?)|dz < Cet75. By the

arbitrariness of ¢ we get the conclusion.

4 Proof of the Main Theorem

According to Lemma 1 a natural method to solve (7) would be to look for
critical points of S|D1f . Anyway, rather than working directly on S‘le , first
we will consider a constrained minimization method. Then set

Y :={AcDk: W(A*de=15;. (31)
/.
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Observe that X is not empty. Indeed, as in [2], by (W2) for R > 1 define

Vé if |2| < R,
vr(z) = { VE(R+1—|z|) if|z|e[R R+1], Ar(z)=vr(@)n(r),
0 if || > R+ 1,

where n € C*°(R, R) is such that 7 = 0 for r < £ and n =1 for » > 1. Thus
A(r) = Aﬁ—@(—xz, 21,0) € D% and it is easily checked that

W(|A]*)dx
R3

>W(¢)meas (Bgr N {r > 1}) — meas (Br+1 \ Br) srél[%)é] [W(s)]|

—meas (Br N {r <1}) m[gog] |W(s)| > CR®* - C'R* -~ C"R
s€|0,

for some constants C, C’, C"” > 0. For R > 0 large enough this shows that
Jrs W(JA[?)dz > 0; then, for a suitable rescaling parameter o > 0, we have
that the function A (o) belongs to X. Now consider the following constrained
minimization problem:

min{ VAP dx) Ac 2}. (32)
N

We will see in the last part of the paper that the solutions of the problem
(32) are, modulo rescaling, critical points of the functional (14).
In particular, analyzing the behaviour of the minimizing sequences for (32)
we obtain the following result.

Proposition 2 There exists a minimizing sequence of (32) which weakly
converges to a function A € D\ {0}.

Proof. Let (A,,), be a minimizing sequence of (32), namely

/ VA, |*dz — inf/ |VA|?dz,
R3 Acy R3

W(A,|?)de =1 Vn. (33)
R3

We claim that for every R > 0

lim inf sup / |A,|? dx > 0. (34)
B(z,R)

n—+00 ,cR3

Otherwise, there should exist R > 0 such that, up to a subsequence,

n—+00 LcR3

lim sup / |A,|*dx — 0,
B(z,R)
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and then, by Lemma 2,

/ W(A,})dz — 0
R3

that contradicts (33). From (34) we deduce the existence of R > 0, ¢ > 0
and a sequence (2,)n = ((2n.1, 2n.2, 2n.3))n in R? such that

/ |A,[?dx >¢e, Vn.
B(zn,R)

From Hoélder’s inequality we get

/ |A,|0de > 6, Vn
B(Z‘VHR)

for a suitable § > 0. We claim that (z,,) is bounded in the directions x; and z5.
Indeed the cylindrical symmetry of |A,,| implies that [, (=.R) |A.,|¢dx > 6 for
every z = (21, 22, zn,3) such that, using the notation (12), r, = \/27 + 23 =
\/2e1 + %59 = 72,. Geometric arguments assure that the number of dis-

joint balls of the kind B(z, R) with r, = r,  grows as r,, grows. Then the
boundedness of (A,,), in the L®—norm put an upper bound to the sequence
(r2, )n. If we relabel (A,,), the sequence obtained making the translation in
the z3-direction, i.e. A, (- + 2, 303) (being 3 = (0,0,1)), we obtain a new
minimizing sequence in D} satisfying, possibly increasing the radius R,

/ |A,|>de >¢e VneN. (35)
B(0,R)

Since (A.,,), is bounded, certainly there exists A € DL such that, up to a
subsequence,

A,— A in ’D}_—.
On the other hand by (10) we have A,, — A in H'(B(0, R),R3) and, by

(35) and the compact embedding H'(B(0, R),R3) << L?(B(0, R), R3), we
deduce that A # 0.

Now we are ready for the following

Proof of Theorem 1 According to Proposition 2 let A € DL\ {0} be the
weak limit of a minimizing sequence (A,,), for (32). First we introduce the
following notation:

VC € Df, Vu>0: C,(z) = C(ux).

Consider B € D}-, B compactly supported. For every n € N and ¢ > 0 set

fin.t = (/R W (A, +tB|2)dx)%,
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so that (A, +tB),,, € ¥. Since (A,), is a minimizing sequence, for every
t > 0 we deduce

/|V(An+tB)unt2d:ﬁ—/ VA, |* dx
lim inf 2B ’ R?

n—o00 t (36)
liminf/ IV(A, +tB),, |>dz—0
R3

n—-+oo

= 3

>0

where 6 = infacy [ps [VA|?dz. Consider two sequences ty,e, > 0, t, —
0%, e, \, 07; then for every n > 1 by (36) there exists A, such that

V(AL + B, o [ VAL ds
R3 R3

ln

> —¢cn.

As a consequence we can extract a subsequence (Ay, ), from (A,),, which
we relabel (A, ),, such that, setting u, = pg, ¢,

IV(A, +t,B),,|*dr — / VA, |* dx
R3

lim inf 2&2 > 0. (37)
n— oo tn
On the other hand for every n we have
/ IV(A, +t,B),,|* dv —/ VA, |? dz
R3 R3
tn
1
/ L v, +4,B)2de —/ VA2 dz
— R3 Hn R3
tn
1 [(1=pn
=— [(’“‘)/ |VAn|2dx+tn/ |VB|2d9c+2/ (VAn|VB)d4 :
Mn tn R3 R3 R3
(38)
Since A,, € X, we have
| L L -y
tn B tn(1+ﬂn+ﬂ721)
/ W(|AL2) do —/ W(|A, + t,B[?) da
_ JR3 R3
tn(1+ pn + p12)
2/ W(|Ca2)C, - Bz
= - L ) (39)

(1 + fn +M72z)

where C,, = A, + s,B for a suitable s, € (0,t,). Hence C,, — A in
DY(R3,R?); setting U = {z € R3|B(x) # 0}, then U is bounded and, by
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(10), C,, — A in H}(U,R?); consequently C,, — A in LP(U,R?). According
to assumption (W3) |W’(s%)| < c|s|P~2 for every s € R; the continuity of the
Nemytski operators leads to W’ (|C,,|?)C,, — W’(JA|?)A in LP/P=1)(U,R3),
by which we deduce

W’(|Cn|2)Cn~Bdm—>/ W(|A)A - B da. (40)
R3 R3

By (39) and (40), since t,, — 0", we have

oo =1 )
and then, again from (39),
11—y 2
lim — == [ W(A?)A - Bdz. (42)
n—+oo t, 3 Jgs

Inserting (41)-(42) in (38) and using (37) we deduce that
/ (VA|VB) dx — g/ W' (|A>)A -Bdz > 0.
R3 R3

Replacing B by —B and repeating the same arguments as before, we have
that also the opposite inequality holds, and then

0 l 2 X r =
/RE}(VANB)d:c—g/RsWUA\ )A -Bdz = 0. (43)

In general, if B € D}, we can select f € C5°(R3,R) such that f = f(|z[),0 <
f<1,f=1inB(0,1), f=0inR¥*\ B(0,2), [Vf| < 2 and set fr(z) = f(£).
Then it is easy to prove that f,,B € D} too, f,B is compactly supported and
/=B — B in DL. Hence by density we obtain that (43) holds for every B €
Di-. The constrained minimization method has caused a Lagrange multiplier
6 to appear in (43). We remark that 6 > 0, otherwise by (43), taking B = A,
we would have fR3 |[VA|?dz = 0,1i.e. A = 0 which is impossible. The Lagrange
multiplier  can be removed by a rescaling argument: set

A(z) = A(\/jf) € DL
By (43) it is easy to verify that
/ (VA|VB)dz = / W (|A%))A -Bdx VB € DE,
R3 R3

which means that A is a critical point of ‘CJ’ID}: and, consequently, by Lemma
1, a weak solution of (7).
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