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Chapter 3

ON THE BEST LEAST SQUARES FIT TO A MATRIX
AND | TS APPLICATIONS

Carmine Di Fiore; Stefano Fanellifand Paolo Zellinit
Universita di Roma “Tor Vergata”,
Via della Ricerca Scientifica 1, 00133 Roma, Italy

Abstract

The best least squaresfi; to a matrix4 in a spacel can be useful to improve the
rate of convergence of the conjugate gradient method irirgpbystemsdx = b as
well as to define low complexity quasi-Newton algorithmsircanstrained minimiza-
tion. This is shown in the present paper with new importamiiaptions and ideas.
Moreover, some theoretical results on the representatidnoa the computation of
L 4 are investigated.

1 Introduction

In this paper the concept of matrix approximation is linked general strategy or to an idea
which has been proposed in a number of previous papers ated fies several problems
of numerical linear algebra and numerical optimizatione Tdea is simply the following
one: reduce a computational problem involving linear ofpesanon sufficiently structured
to a framework where only matrices with a special structuee@esent, and where the
essential computation consists, finally, in a small numibéasi transforms. This reduction
has been used in different contexts, and is turned out to lefective tool for analyzing
the complexity and improving the efficiency of algorithmsor nstance, the very special
properties of matrix algebras of Jacobi type are used indcpiculate the eigenvalues of
symmetric Toeplitz matrices and in [8], [47] to find the mplitative complexity of a set of
Toeplitz bilinear forms. Circulant, Jacobi, and Hartlgpd matrices are usually exploited
in preconditioning techniques [42], [18], [9], [16], [21B0]. In displacement theory [39],
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Figure 1: The graphic df£(p)r — T/|7: Hartley is not optimal

[38], one can solve a linear systeAx = b by representingd~! as the sum of a small
number of products of matrices belonging to Hessenberg [29], or more general [23],

[4], algebras. Finally, in quasi-Newton algorithms for anstrained minimization, a crucial
reduction of (time and space) complexity is obtained bytiens involving special Hessian
approximations diagonalized by fast transforms [25], [11]

The reduction of non sufficiently structured problems toictired ones is performed
via matrix approximation in Frobenius norm, i.e. by reptaca matrixA4 by its best least
squares (l.s.) fiC 4, where the matrixC 4 belongs to a fixed algebrd. Part of the paper is
devoted to a review and to a further investigation of presimsults obtained in [30], [25].
Moreover, several new results, applications and ideasrasepted.

The seed of the research which finally resulted in [30] and th§25], consisted in the
graphic of Figure 1. It represents the error in approxintpry x 3 symmetric Toeplitz
matrix T" = (¢;—;) in a classL(p), p € R, of matrix algebras studied in [23], or, more
precisely, the rational function in the equality

_ 10p? + 4p + 4
min |X —T|% =L —T|%2 = ———(t1 —t2)%, peR, 1.1
Xeﬁ(p)ll 7 = [1L(P)r — T|/w 97 +pt1) (t1—t2)° »p (1.1)

where|| X || = /tr(X*X) is the Frobenius norm of.

The Hartley algebrad{, previously introduced in [9], is a member 6fp), and corre-
sponds to the valug = —1/2. In [9] it is shown thatHr, i.e. the best least squares (I.s.)
fitto T in #H, can be an efficient preconditioner in solving Toeplitz eystTx = b by the
conjugate gradient{G) metod. Figure 1 shows clearly thAtcan be approximated better
by picking up in the clas€(p) an algebra different from{ = E(—%) and precisely the
new matrix algebrg = £(0). This obviously suggested the studyrgfand other matrices
L(p)r as new preconditioners.

The contents of this paper are described here below.

In Section 2, we point out the main properties of the best leg@sares filf 4 to an x n
matrix A. Some of the remarks included are new and all of them are lusefomputing
L 4. Several examples and problems are reported. Two posgipleations ofC 4 are
considered in the next sections.
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In Section 3,L£4 is exploited as a preconditioner in solving positive defirlinear
systemsAx = b by theC'G method. The spacé is a diagonal spacel U = {Ud(z)U* :
zecC'}, ie.

P 'Ax =P 'b, P=L,=Ud(z,)U*
whereU is a unitary matrix and(z) = diag(z;,7 = 1,...,n). In particular,£ can be the
algebrat, the algebra) or, more in general, BHartley-typematrix algebra. Recall that the
set of Hartley-type algebras was proposed in [10] as theléyacbunterpart of the known
classification of Jacobi transforms/algebras. Theoretind numerical results on the use
of £ 4 as a preconditioner are reported in the catses T', T=symmetric Toeplitz [30] and
A =T"T, T=generic (non symmetric) Toeplitz.

In Section 4,C 4 is involved in a novel low complexity quasi-Newton proceglfor the
unconstrained minimization of a functigh: R® — R. The new algorithm is based on the
following approximation of the Hessid¥? f (x;..1) in terms of the updating function (4.1):

Bit1 = o(Upd(V)Ui Sk, Yi), Sk = Xky1 — Xy, Yk = V[ (Xp11) — V()

where the unitary matriX/, and the vectow are defined in terms of,_q, yx_1 and a
suitable vectow as follows:

1. wis such thaliy_id(w)Uy_, = L}, ' with £¥=! = sd Uy,
2. Uy is such thaUyd(z)U}sy—1 = yx—1 for some vectoe close tow, and
3. v=worv =z.

Item (1) implies that the eigenvalues of the matix := U d(w)U}; are strictly related
to the eigenvalues aB;, and can be easily calculated. By item (2) the structuré€’of=
{Uyd(2)U}; : z € C"} is such thatd) := U,d(z)U; shares withB), the property of
mappingsy_; into y,_;. Thus, the updated matriX/,d(v)U;, inherites fromB;, both
spectral and structural properties. Moreover, sincetitara involve onlyv and sincely
is the product of two Householder matrices, all computatioan be written in terms of
single indexed arrays only. Thu®,(n) arithmetic operations per step atdn) memory
allocations are sufficient to implement the algorithm. 3$® most significant properties
of the LQN methods [25], [11], [24], and of the more receffQN methods [27] are
inherited by the new algorithm.

2 The Best Least Squares Fit to a Matrix

Let Jy, Jo,...,J, bem linearly independent x n matrices and consider the x m
hermitian matrixB with entries
n
bij = (Jis Jj) = > [ilyslTiles. (2.1)
r,s=1
From the identity
2

x*Bx= Y |Y z[Jjls| . x€C” (2.2)

r,s=1|j=1
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one deduces thak is a hermitian positive definite matrix.

Problem 1: Given am x m hermitian positive definite matri®, is it possible to define
m linearly independent x n matricesJ, Js, ..., Jp, such that J;, J;) = [B];;?

The matrixB in (2.1) arises when calculating thest least squares (1.s) fit a matrix
A in the spaceC spanned by thdy, i.e. when solving the following

Problem 2.1 Find the complex numbers; for which
m m
1Y " owdi = Alr < 1) Bide — Allp, VB € C, (2.3)
k=1 k=1

whereA is any fixedn x n matrix and|| - || is the Frobenius norm.

In fact, by the Hilbert projection theorem, Problem 2.1 isllvg®sed, i.e. there is
a unique vectorr = [a; a9 --- ] Satisfying the inequality (2.3) or, equivalently, the
orthogonality conditions

m
(Ji,zakjk—A):O, izl,...,m. (2.4)
k=1
Such vectok is
n —_
a=B"e, ¢;=(J,A)=> [Ji,[Als. (2.5)
r,s=1

Moreover, since| Y>7_, BeJi — All% = B*BS — 2Re(B*c) + ||A]|%, one has the
following expressions for the error

n n
1> adi = Al = |Al7 - " Ba = Al = | ) aJill3- (2.6)
k=1 k=1

Finally, observe that ifd is real (hermitian), then alsp’;_, ayJj is real (hermitian),
provided that/, = J; (J; € Spad{Ji...., J,}).
Thus the computations required in order to solve Problenag1

1. Calculate the inner products= (J;, A)

2. CalculateB and solve the systeliz = ¢
The error may be calculated via (2.6).

Definition 2.2 Call £4 the matrix}_," , a;Jj, satisfying(2.3), (2.4). We have obviously

m

»CA = Z[B_lc}kt]k- (27)
k=1



On the Best Least Squares Fit to a Matrix and Its Applications 77

Example 1 An n-dimensional spac€ often used in numerical linear algebra is the
spacer = Spad Ji, ..., J,} where

o --- ... 0 1 0O --- -+ o 0]
: 1 0 1 :
1

0 1

T = 1 0 1 10
0 1 1 0 1
: 1 0

1

: 1 0 1 . :
0 -+« v o 0 1 0 - -er 0]

with e J, = e!. For the definition and the first applications obee [3], [47], [48], [7],
[8]. Notice thatJ, = Ji, 1Jo — Jx_o, Ji is the identity matrix/ andJ, is the reversing
matrix J. Forn = 4 one calculates

4 0 2 0 3 0O -1 0
O R RSt I SIS
0 2 0 4 0 -1 0 3
It follows that the best approximation df in = Spar{ Jy, Jo, J3, J4 } is
Zizl apdy = %[(301 —c3)J1 + (2¢9 — ¢q)Jo (2.9)

+(2¢3 — ¢1)J5 + (3ca — ca)Ju, cx = (Ji, A).

Tryforn=5. O

Assume that the matri€ 4 = ;" ; o Ji, is required in its explicit form, i.e. replace
Problem 2.1 with

Problem 2.3 Find the matrixC,4 in £ = Spaf Ji, Ja,..., Jy} for which
1£a - Allp < [IX = Allr, VX €L, (2.10)
whereA is any fixedn x n matrix.

If J., k = 1,...,m, arem linearly independent matrices i@, then one finds an
alternative representation 6fy:

m m
Laz=) opdy=)Y opJi, o =B7'd, o= (J,A), [Bli;=(J,T).
k=1 k=1
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As a consequence, once the spdcés fixed, one can try to look for a basig, of
L for which the complexity of the inner productd;, A), i = 1,...,m, is minimal or,
alternatively, for which the systemBz = c is easily solvable. The former requirement is
in general satisfied by choosinf; as sparse as possible. The latter requirement is fully
satisfied by introducing an orthonormal basisfin fact, if B = I, thena;, = ¢, are
the Fourier coefficients afl. Obviously one should be able to construct such orthonormal
basis by a simple procedure, instead of utilizing the Grarr8dt algorithm.

If the J, span an algebr& of group matrices, then the computation of the best least
squares fit ofd in £ has minimal complexity. This is shown, in the following exalm
when£ = {circulantg.

Example 2 Let J; be then x n matrix

0 -« .. 0 1 0 --- 0

. . .

1 0

1 1

Jo — —
Va1l o 0
0 1

[0 -~ 0 1 0 - - 0]

with el J, = el. Notice thaty/nJy = (v/nJo2)*~1, /nJ; = I andJ,, = JI. For anyn
one calculate®? = I. Thus,

n

Ca= Z%Jk = ZCka, ek = (Jg, A). (2.11)
k=1 k=1

Since the matriced, are sparse and orthonormal, the computation of the bedt leas
squares fit ofd in the algebraC = Spar Ji, ..., J,} of circulant matrices has minimal
complexity. For an exhaustive treatise on circulant masrigsee [19]. O

Notice, however, that circulants are not always the bestoqpations ofA. In partic-
ular, if T' is a symmetric Toeplitz matrix, then there exist two algebeand# (see [30],
[9] and Section 3 of this paper), such that

lnr = Tlr <|Hr —T|r <|[Cr —T||p. (2.12)

The algebray does not have a simple sparse orthonormal basis &towever, if one
needs to use the approximatidn- as a preconditioner of the Toeplitz linear systé&m =
b, a little more effort in computingCr is widely justified by a better approximation level
of T. In fact, the rate of convergence of the conjugate gradiexthod applied t@'x = b
preconditioned byC will be intuitively greater forZ = n than for£ = C. A formula for
nr is obtained in [30]. The inequality (2.12), found in [30]salstates that Hartley is not
optimal for all values ofr, thereby extending the remark of Figure 1 (regarding the cas
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n = 3). More details on the role of 4 in preconditioning technigues for linear systems
Ax = b are reported in Section 3.

Best least squares fit i € V

When L is a space of matrices simultaneously diagonalized by amynitansformU,
some well known properties d@ 4, such as the fact that 4 inherites the positive definite-
ness fromA, are shown in [43], [36], [41]. Now the same properties holdhie more
general case wher# has a suitabl&-structure [30] (see for example Theorem 2.6). This
structure let us also obtain alternative representatidnB8 ¢defined in (2.1)) especially
useful in computingC 4.

We say precisely thaf is aV space (ot belongs to the clasg) if there exist a vector
v and a basi§ Jy, Jo,..., J,} of £ such that

vl =el. (2.13)

A result proving thatV represents a significant class of matrix spaces is the fatath
matrix X is nonderogatory iff the set of all polynomials if is a space of clasg [30].

Observe that two matriced;, A, of £ € V for whichvTA; = vT A,, are equal.
This is a sort of generalization of the assertion that twoutémt matrices with the same
first row are equal. The matrid = "}, z;Ji is denoted byC,(z), and the row vector
vIA=2" = [z 25+ z,]is called thev-row of A. Forv = e; simply setl(z) = L., (z);
soC(z) denotes the circulant matrix with first raan .

Problem 2: Given another basig; of £, is it possible to introduce a vectef such that
v©T =el?

Lemma 2.4 Assume that € V is a matrix algebra, i.eJ;J; € L, Vi, 7, andl € L, where
I is the identity matrix. IfA € £ is invertible, thend=! = £, (z), 2" A = v', i.e. Lis
closed under inversion.

Proof. Letz be such that” A = v’. Sincev’ L,(z)A = v’ I, one has the equality
Ly(z)A=1. O

Theorem 2.5 Let £ be a space of clas§ and letv € C", J, € L satisfy(2.13) Let P;
be then x n matrices defined by the identitieg P, = e! J; and satisfying the equality
Z ’UkPk =1.

Assume that is a matrix algebra closed under conjugate transposition.

(i) We have

B = i(ter)Pk (214)
k=1

(i) If v = tr T, i.e.

(trJ) - trd, |Jp=el, k=1,...,n, (2.15)

then
{Jx} = orthonormal basis, i.eB = I. (2.16)
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(iii) If £ is commutative, i.eJ;J; = J;J;, Vi, j, thenJ, = P, and

B = i(tI‘Jk)jk, (2.17)
k=1

so bothB and B! are matrices of_.

Proof. Exploit the definition ofB to obtain the equalityBl;; = > ._,[J;J;],. The
closure under conjugate transposition and under mulépéo of £ implies thatJ; J; =
S k_1 agJx for someay, € C. Finally, by condition (2.13), one has. = [J}];x = [Ptlij,
and the representation &f in (2.14) is proved. Assertions (ii) and (iii) follow easifsom
assertion (i). O

As it is shown in the following Example 3 in the cage = 7, the computation of
a = B~ 'c can be simplified by using the information éhfound in Theorem 2.5.

Example 3 In solving the exercise of Example 1, one observes that

503 01 3 0 -1 0 0
08 0 40 L0 2 0 10
B=|3090 3], B—l_E -1 0 2 0 —1]. (2.18)
040 80 0 -1 0 2 0
10305 0 0 -1 0 3

Theorem 2.5(iii) forJ, = 7(ey) together with (2.8) and (2.18) allows to deduce the
explicit form of B and B~! for generic values of:

B I n odd 41
B—nJ1+(TL—2)J3+"'+{2Jn1 neven '’ B —2n+2(3J1—J3).

The inverse ofB is obtained from the equality

1
2n + 2

30 —10--- 0]B=eT
and from Lemma 2.4. Thus an expressiongffor n generic is obtained:

TA = 2n1+2 (3c1 —e3)J1 + 22;5(2% — Ck—2 — Cky2) I+

(2.19)
(Bcn —cn—2)Jdnl|, cx = (Jk, A).

O

If the spacel is such that there exist and can be easily computed matfices £
satisfying the condition (2.15), thef, is simply given by its Fourier expansion

n

La=)Y (Ju. A)Jy. (2.20)
k=1
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Example 4 The three matrices of the algehra

1 1 -1 1 01
Ji=LX| 1 0 1 Jo=-1-10 20
\/g 9 \/g 9
-1 1 1 1 01 (2.21)
-1 1 1 '
Jy=-"211 0 1
8
vE 1 1 -1

satisfy the identities
vig,=el, k=123,

wherev? = [tr J; trJy tr.Js]. So, by Theorem 2.5(ii), they define an orthonormal basis
of . Thus, forn = 3, an expression of4 alternative to (2.19) holds:

TA = (Jl,A)Jl+(J2,A)J2+(J3,A)J3, Ji :Tv(ek).

The matrices (2.21) can be obtained also by applying the &enmidt procedure to
the threer matrices

1 -1 2—2z 1—2z z
M, = 1 0 1 , My=1|1-z2 2 1—2z |,
-1 1 1 z 1—2 2—-=z
x+2y—4 Y T
M3 = Y 2042y — 4 Y
T Y z+2y—4
In fact,
M, =/8Ji,
My — (Jy, M) Jy = /8],
My — (Jy, M3)J, — (Jo, M3)Jy = /8J3.
O

Problem 3: Is it possible to define via (2.15) an orthonormal basis @dr all n?

Problem 4: Under what assumptions af € V there exist matricedy in £ satisfying
the conditions (2.15)?

The representation (2.17) & = ((J;, J;))};=; holds under assumptions less restric-
tive than.J; J; = J;J;, Vi, j. Consider, in fact, a s€t/;, Ja, ..., J,} of linearly indepen-
dent matrices (not necessarily spannirig space). Then, by the definition &,

[B}ij = Z [Ji}rs[Jj}rs = Z [Jz‘*}sr[*]j}rs = Z[Ji*Jj]ss-

r,s=1 r,s=1 s=1

Thus the identityB = S5, (tr Ji) Ji holds iff tr(J7J;) = tr (S5, [k ) In
particular, the latter condition is satisfied if

n
Ty =Tl jdk, 1<i,j <n. (2.22%1)
k=1
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Now, (2.22') together with the condition

n
I= kaJk, for someu;, € C, (2.2242)
k=1
implies thatv’ J, = e}, v = [vy vy -+ v,|T, i.e. L = Spard{Jy,...,J,} is a member

of V. The following Theorem 2.6 proves that the conditions (2.28r, equivalently, the
assumptionC=*space [30], imply several other properties frand L 4.

Theorem 2.6 Assume that linearly independent. x n matricesJy, ..., J, satisfy the
conditions(2.22*). Then the *spac&€ = Spar.J;, Ja,..., J,} has the following proper-
ties:

v =el,k=1,...,n,where}}_ v Jy =1;i.e. L€V,

(ii) £ is a matrix algebra.

(i) £ is closed under conjugate transposition.
Moreover, we have:

(iv)If B= ((Jl, Jj)), then

n n
B=> (tr )P =Y (trJi)Jx (2.23)
k=1 k=1

i.e.BandB~! areinL.

(v) If ¢ = (Jk, A) andz € C", thenz* Ly (c)z = >, [P{z|*A[P}z)].

(Vi) If A= A*,thenLy = L4" andmin A(A) < A(L4) < max A(A). In particular,

A hermitian positive definite=> £ 4 hermitian positive definite (2.24)
Proof. See [30]. O

Problem 5: Is it possible to extend the class of spagefor which (2.24) holds? (Notice
that £ must be at least closed under conjugate transposition.)

Group matrix algebras represent an important class of tmadefore [30], it was
known that if £ = C = {circulantg, then the matrixCrrr, T =Toeplitz non singular,
inherites positive definiteness frafif T'. Now, after [30], we know that this is true for any,
commutative or non commutative, group matrix algelitaMoreover, the following ex-
ample shows that computing;r,, £ = {dihedral group matricés is not more expensive
than computin@,r7.

Example 5Appendix notation). In the Appendix it is shown thaffif= (ti_]')?’;zlo isa
generic Toeplitz matrix andl(e, ) is the Toeplitz matrix withI(e;)]ox = ks, [I(€r)]ko= 0,
then all inner product$I(e,), T T), (JI(e,), TTT), (I(e,),TTT), (JI(e.),TTT),

r=0,...,n— 1, where

0 0 1
: 210
J=1: (2.25)
1 :
10 0
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can be computed with (n log n) arithmetic operations (see also [41]). As a consequence,
the time complexity of the computation of the Fourier coédfits ¢, = (Ji, T7T) in
equalityCrrp = > cpJi, Ji = C(ﬁek) (see (2.11)) is at mosP(nlogn). However,
the same result holds in computing = (J, T7T) in Dyry = Y. cxJi, WhereJ, =

D(-e;) represent the obvious (orthonormal) basis of the dihedmlmalgebra

\/ﬁek)
D:{[j; gf}:X,Ygxgcirculants}.

The proof is based on the equality
T I + T4 TITy + TIT,
I +TI'Ts TIT+TIT) |°

whereT; are theg x 3 Toeplitz matrices defined by

| Ty
T_[TS Tl]’

and on the remark that the matricés can be written in terms of matricdge, ), JI(e,),
I(e,)", JI(e,)" of ordern and% (the details are left to the reader).]

There is a class of *spaces which is associated with the sleeafx n unitary matrices.
More precisely, if thex x n matrix U is such thal7* = U~!, then the commutative matrix
algebra

L=sdU :={Ud(z)U" :z € C}, d(z)=diag(z1, 22,..., zn),

is a *space, and thus all conclusions in Theorem 2.6 hold [@@pllection of useful results
on L 4 and on its properties whefi = sd U, is given in the following

Theorem 2.7 LetU be an x n unitary matrix and letZ = sd U be the space of all matrices
simultaneously diagonalized Y. LetL4 = Ud(z4)U™* denote the best|. s. fit td in L.
Then

()If A= A*thenL4 = L4* and

min A(A) < (z4); < max A(A)

(i) £4 is hermitian positive definite whenever A is hermitian pesitefinite. If, in
particular, £ is spanned by real matrices, theh, is real symmetric positive definitpd)
whenever A is real symmetric positive definjte)(

(III) ﬁA = Ud(ZA)U*, (ZA)i = (U*AU)H,'L = 1, ey N

(V) zyyr = dU*x)UTy,x, y € C".

(V) tr A =trLj.

(vi) If A is hermitian positive definite, thetet A < det L 4.

Proof. The representation in (iii) is a simple consequence of thealy |Ud(z)U™* —
Allp = ||d(z) — U*AU| . Notice that (i) and (ii) follows from Theorem 2.6 as well as
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from the L 4 representation in (iii). Items (iv), (v) and (vi) follow fro (iii). In particular, if
A is hermitian positive definite, then, by the Hadamard inétylave have

det(L4) = detd(z4) > det(U*AU) = det(A).

O

A very useful representation @f4, £ = sd U, is obtained by exploiting the fact thAt
is in V. In fact, for anyv € C* such thafU”v]; # 0, Vi, the matrices of the spagcan
be represented as

Ly(z) =UdUT2)d(UTv)"U*, zeC® (2.26)

(see Proposition 2.4 in [30]). So, given a vectoe C" such thafU”v]; # 0 Vi, if the
v-row of L4, i.e. v L 4, is given, then

La=UdUTLA"V)dUTv)"'U* =Ud(UT B e)d(UTv)~'U* (2.27)

where the latter identity holds if the basig of £ is defined byJ, = L, (ex).

Example 6 At the beginning of the next Section 3 it is shown that theriaigebras
C andr aresd U spaces, i.e. satisfy the identities

C=sdUe, 7=s5dUr,

for suitable unitary matrice§: andU, known as Fourier and sine transform, respectively.
Thus the following representations ©f andr4 hold:

La=UpdUFB e)d(Uke)) UL, L=0C, 7 (Jy = L(ex)) (2.28)

(alternative to (2.11) and (2.19)) which let one reduce aataons involvingC 4 andr 4 to
fastFourier and sine discrete transforms, respectively (cdaipe inO(n log n) arithmetic
operations). O

3 L4 asaPreconditioner @ =T, A = TTT where T is Toeplitz)

Because of the structure of transforms and related algétralved in the present section,
it is convenient to introduce a general setting for diag@palcesC where one can retrieve
the vectorz defining the information sufficient to define a matiix € £. This vectorz
is equal to a linear combination of the rows 4f that isz” = v’ A, where for the most
known algebras (circulant;, Hartley, Hessenberg)” = el = [1 0---0]. To recall that
amatrixA € L is defined byz” = v’ A one can use the symbgl, (z) instead ofA (see
[30] or the previous section), and, in particular, the symbx) if v = e;. In order to
follow the notation in [10], suitable for fast transformbgtindeces in this section and in
the Appendix will run from0 ton — 1 (instead froml to n).

Let U, be a unitary matrix and lef be the space of all matrices simultaneously di-
agonalized byUg, i.e. L = sd Uz = {U;d(z)U}; : z € C'}, d(z) = diag(z, k =
0,...,n—1). Choose a vector € C" so that the matrix

Ly(z) = Urd(ULz)d(UEv) U} (3.1)
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is well defined. Notice that” L, (z) = z”. Thus, any matrixA of £ is determined by the
vectorv’ A, thev-row of A. If v = ey, thenA € L is determined by its first row.

The formula (3.1) holds in particular fat = C4; = the space of. x n (£1)-circulant
matrices. Any(+1)-circulant matrix is determined by its first ras’ = [z 21 - - - z,_1]7,
z, € C, via the formula

0 1
n—1 .
C:I:l Z kaila Py = ’ . (3.2)
k=0 1
+1 0

To see thaty; can be put in the form (3.1) s&t= ey, Ue, = F andU; , = DF,
whereD = diag(e Y7/" j =0,...,n —1),i=/—1, andF is the Fourier matrix
1, -
F = ﬁ( 127r1]/n)n’] 10
(prove (3.1) first forz = e; and use (3.2)). Moreover, if is the Jacobi algebra of
Section 2, equivalently defined as the set of all matri&es= (mij)zjf:lo satisfying the
cross-sum condition

Ti-1j + Tit1,j = Tij—1 + Tij1 (3.3)

withz; 1 =2_1; = z;, = z,; = 0, then one can prove that (3.1) holds foe= e, and

_ /2 G+ D) G+D) T \n—1
U, = n+1(s1n S )i,j=0'

Now letC, andC$ ¥ be, respectively, the spaces of all symmetric and skewsyrriume
(£1)-circulant matrlces ie.

C5 ={XeCu: XT=X}, C5K={XeCy:XT=-X},

and let cag denote the functionos z + sin z. The Hartley matrix is defined by

1 2ijm\ "1
H=—"— (cas Wr) .
Vvn n /=0

The discrete Hartley transform of a vectar Hz, is computable irO(nlogn) arith-
metic operations (a.o.), i.e. has the same computatiomaplexity of the discrete Fourier
transformF'z (see [13], [45]). Note thall = Uy with H = CY + JP,C{K whereJ is the
reversal x n matrix, i.e.[J];x = 0;pn—x—1 [9].

The matrix H can be naturally included in a set of eigHartley-type(Ht) matrices
[10]:

H, HI, = L (cas!Ztlim 2’““)" 1 KTI

1
R 17=0’ " (3.4)
K, K[Z” ( M)"] 10’ GI,
where
0
1 v I, nes J\ ne | D —J|z)
I77 _ \_TJ \/_ \_ B) J , IM _ = \/E
v2 i v2 J12) Iy
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In the above definitiong, (J) is the identity (reversal) matrix of ordér moreover the
presence of the central row and column includifi®y depends on the oddnessrof

EachHt transform can be reduced to a Hartley transform. In fadtsifand R, are the
n X n symmetric orthogonal matrices

Ry = diag(cos %’“) + diag(sin %’“)JPL
R, = diag(cos %) + diag(sin %)/,
wheref;, = %T”mpk = W!z =0,...,n—1,then
KT = HRx, G=R,KT.

However, Ht radix-ny splitting formulas hold foeachHt transformU = U,,,, and
lead to factorizations d¥,,, corresponding to factorizations of in terms of sparse orthog-
onal matrices [10]. Théft radix-2 splitting formulas are reported in the following

Proposition 3.1 [10] LetQ,, » be the even-od®(stride) permutation matrix defined by
Qnoz =20 20+ 2ap—2 21 23+ 2on—1]*, 1z € C*.

() For U = H, KT, we have

1[I X U, 0
bl 11 8 e
whereX = Ry forU = H andX = R, forU = K"

(ii) Set
Ry = diag(cos ) & diag(sin ) J,
R = diag(cos %’“) + diag(sin %’“)JP,L
ForU = K, G, we have

oo L[ X Y U 0 19
meR LYW Xw 0 U, | ™

whereX = R,, Y =R_,W =JforU=GandX =R,,Y =R_,W = JP_, for
U=K.

The set of matrix algebra8 = sd U., Uy = Ht, can be also obtained:

H=sdH=C{+JPCI*, a=sd(HII)=C+ JPCY,
§=sd KT =Y + JCPK,  n=sd(KTI)=C} +JC,
(3.5)
K=sdK =03 +JP_1C5K, B=sd(KIL)=C5 + JP_C5,,
y=sdG=C% +JCK — p=sd(GI,)=C% +JC,.

Notice that the equality (3.1) holds for with v # e [30] since the condition
[GTeg); # 0, Vi, is not verified in general.
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The algebra${, «, d, n, K, 3, 7y, nu represent théf¢ counterpart of the set of eight Ja-
cobi algebras (including) considered in [38]. However matrices from Jacobi algehras
polynomials in a symmetric tridiagonal matrix, whereas imope nonderogatory matrix
generatingHt is known [23], [10]. The algebras listed in (3.5) can havéedént effects
in a number of applications, including displacement deawsitpns, preconditioning tech-
nigues and newtonian algorithms for unconstrained miration. SomeH ¢ algebras have
been used in displacement and Bezoutian theory, i.e. asther$)M;, N; in matrix rep-
resentationsd = > M;N; [23], [4], [22], [33], [34]. For A equal to the inverse of a
Toeplitz-plus-Hankel T + H) matrix, the latter representations are the basis of effficie
directT + H linear systems solvers. In [33], [34] the matridés K, K7 andG are named
H', H'I, H''T and H'V | respectively, and are used to represent Toeplitz-pluskeleBe-
zoutians. TheC@ N minimization methods, recently introduced in [25], haveraitially
implemented forl = H =Hartley algebra [26], [11]. Notice that the folft transforms
H, K, K" andG have been introduced independently in [35].

The Ht algebrasH and KC, n, u have been exploited in [9], [37] and in [30], respec-
tively, to define preconditioners in solving positive defniToeplitz system§'x = b,

T = (t‘i,ﬂ);@;o, by the conjugate gradien{(z) method. It has been noticed that such
preconditioners, which are the best |.s. fitg, K7, nr andur, approximatel’ better than
the T.Chan-Huckle fi{C+1)r [18], [36]. In fact, the latter matrix(C+1)r, iS @ symmetric
(£1)-circulant matrix andH ¢ includes, by definition, symmetrict1)-circulant matrices.
Moreover, amond{t, n andy yield the best approximations @f[30]. The latter remark is
essentially based on the fact thgndy: are the onlyH ¢ algebras which are simultaneously
symmetric and persymmetric likE. So, one obtains the inequalities (2.12) C;) and

lur = Tllp < [|[Kr = T|lFr < (Co1)7 = TF (3.6)

which justify the use off¢ matrices as preconditioners.

The following theorem reports explicit formulas f@#_1),, £ andur (n even), and
states that, at least for a class of positive definite TaeptiatricesT', the eigenvalues of
E;lT, L = C_1, K, u, areclusteredaround1. It follows (see [1], [2]) that such matrices
L7 can be efficiently used as preconditioner§’af = b. Analogous results hold fof = C
[16], £ =H [9], £ = n [30].

Theorem 3.2 [30] a) LetT = (t‘i,j‘)zjf:lo be a symmetric Toeplitz matrix. Sgt= ¢; +
tnoii=0,...,n—1(tn = —t9), anda; = ¢, — s;,4 = 0,1,...,n — L. Notice that
8; = Sn—i, Gn—i = —a;. Moreover, ifn is even, set

n

bok = 2 (Zy@fﬂ 82j-1+ tnj20n/20), k=0,1,....[%],

ny_q
bok—1 = % (Z](ilc S2; + tn/Qén/2,6> k=1, {%
bn_j = —b j=1,..,2-1,2

whered,, 5 .,y = 1, if n/2 is even (odd), and,, ;5 (o) = 0, if n/2 is odd (even). Then

Lr=Urd(ULrz)d({UEey) U (3.7)
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where, fori =0,...,n -1,

b) If {t; }j;g is a sequence of real numbers satisfyjigt;| < +oc andT(™ is the Toeplitz
matrix 7" = (¢;_;)77,, then the eigenvalues df,., — 7™, £ = C_, K, p, are
clustered around zero, i.e. for any fixedd k. andv,, v. > k., such thatvn > v, at least
n — k. eigenvalues of .., — T are in the interval(—¢, ¢).

Moreover, ify" #;e? > 0, V0 € [—m, 7], thenT™ and L., are pd, and the eigen-

values ofl — L) 1T are clustered around zero.

In the remaining part of this sectiofi4, £L = Ht, is proposed as a preconditioner of
CG in the case of non symmetric Toeplitz linear systems.
A way to solve the linear system

Tx=b, detT #0,
whereT is a generic (possibly nonsymmetrie)x n real Toeplitz matriXl” = (tz‘—j)?j:lo
andb € R”, is to apply theC'G method to the normal equatiofi§ Tx = TTb or, more
generally, to thereconditionedsystem

(TE-(TE )y =(TE™")"b, E'x=y (3.8)

whereF is a nonsingular matrix.

The CG method applied to (3.8) will be calle@GP method, withP denoting the
preconditioning matrixZ E”. In fact, the coefficient matrix in the system (3.8) is simila
to P~'TTT for any E such thatE ET = P. Thus it is the choice oP that influences the
distribution of the eigenvalues &~ 'T"TE-T = (TE-")T(TE~T) and therefore the
rate of convergence @G applied to (3.8) [1], [2], [16], [30].

At each step th€’ G P method requires two matrix vector producty; and7T” w (be-
sides a small number of inner products of complexit)). These computations can be
performed withO(n log n) a.o., either by using the identities

HECIHEZIAHE
T w —C()T [ ‘(’]V } = \2nFd(JP Ft)F* [ v } ;

w' 0

whereC(t) is the circulant matrix with first row” = [tg ¢t -+t ,41 0 ¢, 1---#;] and
F', J, P, are the Fourier, thd and theP; matrices of dimensioin (see (2.25) and (3.2)),
or by using the procedures in [41], [32], [38] in terms of reahsforms only. Moreover, in
CGP asystemPz = w needs to be solved.

Clearly CGP is well defined and more efficient thaG applied to the linear system
TTTx = T"b (which is in general outperformed by direct methods, harsipw rate of
convergence) provided that
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1. Pispd (i.e. real symmetric positive definite);
2. Pis computable in at mos?(n logn) a.o.;
3. Pz = w is solvable in at mosD(n logn) a.0.;

4. the spectrum oP~'T7'T is more “clustered” than the spectrum®Bf T.

Intuitively, in order to obtain the property 4, the matrX should be a good ap-
proximation of TTT. In this sectionP = L, r;, i.e. P is the best least squares fit
to 77T from suitable subspace§ of C**". This choice ofP is suggested in [41]
in the casel is a Jacobi matrix algebra. The mati-r, is also studied in [14] for
L =C =, = {n x ncirculantg. HereL;r is shown to satisfy the conditions 1,2,3 for
five different H¢ matrix algebrasC. However, by the same definition &f in terms ofC%,
andC; X, it will be clear that the latter result can be extended teight H¢. Involving Ht
instead ofC., is clearly justified sinceft approximatel'” T better than(+1)-circulants.
In fact, becaus¢C1)prp € C3,, we have

H‘CTTT - TTTHF S ||(Cl)TTT - TTTHF’ L= Ha «, 57777 (3 9)
|Lrre = TTT|p < [(Cot)pre = TTT|p, L=K,B,7,p. '

Regarding condition 4, some numerical experiences in Tapleve thalC G(Ht)
outperforms the”G(Iry) method and is competitive with'G(Lyr7) where L is one
of the more widely exploited algebras C_; and the Jacobr. Moreover, the general
framework here considered allows us to conclude that théitons 1,2,3 hold also for
spacesC of matrices which are not simultaneously diagonalized byitaty matrix. The
latter result is shown in detail in Example 5 of Section 2 wlifeis the (non commutative)
dihedral group algebr®. Some related numerical experiments show the efficien@y a$
preconditioner even for matrices whose structure is notaedo the four—block dihedral
frame.

Remark.In [17], [15] the choiceP = C1.Cr (E = CT) is suggested, whe@r is the
best I.s. fit toT" from the space of circulant matric€s

n—1

1
Cr=— [(n—k)t_g+ kt,_4] PF.

k=0

3

However, for both Jacobi anflt matrix algebrasC the choiceP = L' L7 is not
recommended sincér is symmetric, even if" is not (for the Jacobi case see [41])]

Let us restrict the attention to spac€s= sd U, whereU, defines a transform com-
putable inO(nlogn) a.0.. Examples of such spaces €érg, Jacobi [46] andHt. By
Theorem 2.7(ii), the condition 1 is satisfied f6r = L7y, £L = Cyq,Jacobi Ht. The
conditions 2 and 3 are satisfied f6y = Lz, provided that the vectai in the equality
Lyry = Ugd(a)U} is computable in at mos?(n logn) a.0.. The fast computation afis
shown by Potts and Steidl [41] in the Jacobi case. Here weéttee result to théd ¢ case
and giveexplicitformulas fora. To this aim an expression for the vectomore convenient
thana = ([U:TTTU. ki), (see Theorem 2.7(iii)) is needed.
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Recall that ifA is a genericn x n matrix, v € C" is such thafU} v]; # 0, Vi, and
Jr = Ly(eg), L= sd U, then

Lo=Urd@U;, a=dUiv) 'UIB tc. (3.10)

In the following we give procedures for the computationf! c in (3.10) in the cases
L=mnv =e¢,andl = v, v = ¢ + e, 1. The latter choice o¥ is justified by the
fact thatA € + is always determined by itsy + e, _1-row ([U;f(eo +e,_1)]i # 0, Vi),
whereas there are values offor which el A, A € v, does not defined (some entries
[UTeqli = [G" eq]; are zero fom = 6 +4r). We also give explicit formulas faB~'c, £ €
{C11,H,K,n,u}, Jr = L(er). The above procedures and formulas can be implemented
in O(n) a.o., provided that a fixed set of vecters, t 4, h 4, h4 is known The components
of such vectors are the inner products

k4 = (I(ex), A), k4= (I(ex)”, A),

3.11
hn = (T (en1-t)T A)s s = (JT(en—1—1), A). (8.11)

k=0,...,n — 1, wherel(z) is the upper triangular Toeplitz matrix with first raw’

20 Z1 cr Zp—1
I(z) = 9 o (3.12)
. .- .-. Zl
0 0 20
(I(en) = 0). Observe that
rA:f‘JAJ:f‘AT, f‘JA:JhA, hA:BJAJ:BJATJ. (313)

If A is generic, one needs to perfo(n?) a.o. in order to compute the components
in (3.11). However, by Lemma 5.1 in the Appendixdif= T7'T whereT is Toeplitz, then
ra, ¥4, hy, hyare computable i@ (nlogn) a.o0.. So, one obtains the next Theorems 3.3,
3.5, and Corollary 3.8.

Computingn 4

Theorem 3.3 The vectora = d(U]eg) 'U! B~ 'c in the equalityn, =U,d(a)U};, n =
Cy + Jc¢, A= TTT,is computable in at mogb(n log n) a.0.. So, the conditions 1, 2, 3
on preconditioners? of T7'T are satisfied fol® = nprp.

Let us give a procedure for the computation®f'c, .J, = n(e;). The matrix B!
was computed in [30] by using the remark tiiit! € 5 (Theorem 2.6(iv)). In fact, if

I 1 +1 ] 1 0
1 0 1 0 1
1 0
Tyo ™' = 1 ., e=|gl.0o=]1], (3.14)
.. 1 1 0
| +1 1 0 | :
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and B denotes the matrif(L(e;), £(e;)))}'; Ly, £ € {n, n}, then

Bl = % (21 + JT(fol’ﬂ> - % [ee” + 00" + J(eo” + 0e”)] (3.15)
where the upper and lower signs refer, respectively, todsesC = nandL = 1 [30]. The
matrix vector producB ! - ¢ can be clearly calculated id(n) a.o.. Thus, Theorem 3.3 is
proved if the vector is computable irO(n logn) a.0. forA = TTT.
A direct computation o&¢ = ((J, TTT))Z;é is not recommended because the matrices
Jr = n(ex) are not sparse. For example, by using the cross-sum camlitio3) with
T_ip—1—k = Thp = Tnk = Tn_1—k—1 = Loy (Satisfied by any; matrix X [30]), one
can writen(ez ) and realize that it haS; nonzero entries. In Lemma 3.4 we introduce a
basis{.J,} of n = C{ + JC; where each matrix; can be written in terms of a constant
number of matrices(ex), I(ex)”, JI(en—1-x)", JI(en—1—x). The basig.J} } is obtained
by grouping together the obvious basisdgf and.JC;{ and by omitting the surplus. As a
consequence, by Lemma 5.1 of Appendix, the veetor ((J;,, TTT))Z;é is computable
in O(nlogn) a.0.. The next Lemma 3.4 also provides some relations batyég and
{Jx} which imply thatc is computable frone’ in O(n) a.o.. So, Theorem 3.3 is proved.
Fork=0,1,...,n set

Zy, = I(ex) + I(ex)” + I(en )+ I(en 1)" (3.16)

(I(en) = 0). Notice thatZy = 21, Zy = Tpy, Zj = Zj—1Z1 — Zj—2,j = 2,...,m.

Moreover, the se(Ak},ﬁjo, Aoy = 570 = 57, Ak = Zp = Znp, 1 < k < |25,
An = %Z% (n even), is the obvious basis 6f .

Lemma 3.4 [31] The set of» x n matrices{.J; } where
A 0< z
Jp = { k ) 2

|

<k<n-1
form a basis of). Moreover the basi$.J;. }, J. = n(ex), can be expressed in terms of the
J;. by the following identities:

(3.17)

Jh=1 k=0
! ! n < < Tl_—l =
o= { Tt Dy 1SR ) (1 =0) (3.18)

Jy, k=73 (neven

~Jnk+ Ty, 5] +1<k<n—1

Thus, for the vectors = ((J;, 4))7_,; andc’ = ((J;, A))}—; we have

cp=trA =0

% k=% (neven

—Cn—k 15/ +1<k<n-1
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Proof The setS = {Ay, JA; : k = 0 S5 generates; Letn be odd. Since

[Zk OAk}] = 1, Vi,j, we havezk 0 JA,C = Zk OAk and thusJAn-. is a lin-
ear comblnatlon of the remalnlng matricesdn Analogously, ifn is even, "the identity

'(Zk:[),k even Ak) = Zk:‘)’_k odd Ak IMplies thatJAx» anq JAz , are linear eomblna-
tions of the other matrices if. In order to prove (3.18), it is sufficient to verify that the
first row of the matrices on the right hand-side are the ve@tﬁro <k<n-1. O

Proof of Theorem 3.3(in detail). The vecton in the equalityn;r; = U,,d(a)U,%F is
computable irO(n logn) a.o. by the following steps. Calculate the inner productiors
trrp = rprp, hprp andhpry = hypor by using formulas (5.1) and (5.2) in the Appendix.
ForA =T7T set

T0,A k=20
2(rk, A+ Tnok,a) 1<k<|2]
. 27”%,/1 . : i %n(n even (3.20)
n—1,A = nlA —L§J+1
by k+L%jA+hn Kkt z)At
{ hg—|njoa+thp_|2j0a [5]+2<k<n-1

Calculatec from ¢’ and thenz, = B~'c by using, respectively, (3.19) and (3.14),
(3.15). Thema = d(U, e0)~'U, z,. O

Computingy

Theorem 3.5 The vectora = d(UZ (ep + ep—1)) ‘Ul B 'c in the equalityy;z, =
U,d(a)U%, v = C5, + JCSE, is computable in at mosP(nlogn) a.0.. So, the condi-
tions 1, 2, 3 on preconditioner® of 77T are satisfied fot? = ;7.

Let us give a procedure for the computation®f'c, J; = Yeqte,_,(€x). Since the
matricesJ, are dense andn have not a simple explicit structure, a direct computatibn o
B~! andc is not recommended. However, the existencd,oéllows us to obtain a simple
expression o3~ 'c in terms of a suitable vectds’~'c’ whereB'~!, ¢/ andB'~! - ¢’ are
easily computable.

Lemma 3.6 The set of, x n matrices{.J;.} where
= { ! k=0 (3.211)

{ JC_1(ek+1+en—k-1) 0<Ek< [%1 -2
JC 1(€n)2) k=T[2]-1(neven

form a basis ofy. Moreover, the basi§.J, } can be expressed in terms of the basig },
Jk = Yeg+e,_, (€r), Dy the following identities:

! JU + Jn,1 k — 0 )
T = { Jp =T+ Jpk—1—Jnp 1<k TS -1, (3.224)

Jf%m = (3.21%)
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T = e Tk = Jnks 0< k< [5] -2 (3.222)
14k A k=1[%]—1(neven. .

!
J"Q

2

Proof. The obvious basis af®, andJC5K are (3.21) and (3.2%), respectively. Since
dim €%, + dim JC5K = n, the union between (3.21and (3.2%) is a basis ofy. In order
to prove (3.22), observe that tle + e,,_1-row of the matrices on the right hand-side are
equal to theey + e,_;-row of the matrices/;, ande n ke O

So{J}, Ji,..., J),_,}is abasis ofy and, therefore,
n—1
ya=> [B"Yp, b= (I T)), ¢ =(Jj,A). (3.23)
k=0

Notice thatB'~! = ;L (I + epe} + dneen-_1€!_;), whered,, = 1, if n is even, and
dne = 0, if n is odd. Thus, the complexity d8'~'c’ is determined by the complexity of
c¢’. By the particular form of/’, if A is generic,c’ is computable inO(n?) a.0. and, if
A=T"T,in O(nlogn) (see Lemma 5.1 of Appendix).

By (3 22) and by the identitieg, = Yeot+en_1 (ek) = Gd(Gek)d(W)G, w; = (G(eo +
e,-1)); *, the sum in (3.23) becomes

_ 51-1 _
Ya = [B’ 1’_21_‘]0{[1)+Zk21 [B/ 1 I} J]Ic
+Zk2:0 [Bl_lc’h' 'H—k*][ prk'i‘(sne[Bl ! ’}n IJ;l_l

= [B' 1c’]ng(G(e0 +en 1))d(W)G
+Zk 17 [B" | Gd(G(er —er 1+ €n k1 —€n k))d(W)G
+Zk 0 [BI } 2 Gd(G(e;H_l —€e, tep_f_1— en_k_g))d(W)G

+0ne[B'" e'ln-1Gd(G (n/2 €n/2-1))d(w)G.

Thus
y4 = Gd(GB™'c)d(G(ey + en_1)) '@
with
B_lc = ’7},’;(60 + en,l) = [Bl_lc'}o(e[) + enfl)

+5ne[B’ ! I] 1( €nj2 — n/2—1)

i.e. B~ 'cis computable fronB’~!c’ in O(n) a.o.. This proves, in particular, Theorem 3.5.

Explicit formulas for(C1) a, na, 4, Ha, Ka,

The procedures illustrated above to compdte are essentially based on representa-
tions of B~'c in terms ofc’ (£ = n) or in terms of B'~'c’ (L = «), where theJ},
defining B’ andc’, are the sum of a constant numberIge;,), I(e;)”, JI(e,_1_x)T,
JI(e, 1_x) matrices. In the following Theorem 3.7 we giexplicit formulas for £ 4,
L=0C,C_1,n,u,H, K. These formulas have been introduced heuristically andrilger-
ously proved. Notice that onlfC.,) 4 were previously considered in literature.
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Theorem 3.7 The best |.s. fittol € C*"*" from L € {C4+1,H,K,n,u} can be represented
as
Ly=UpdUrz)dULey) U, (3.24)

withz = B¢, J, = L(ey), equal, respectively, to

f5 = L(ra+ JI(e1)ta),

SEF + ) + o5 [T F JI(e)ha
—(I(e)T F1(e1)J)ha — (hoa & hn-s.4)eo],

TES+ ) + (I £1(er)])(ha + hy)

—1 [ee” + 00" £ J(eo” + 0e”)] I2(ry+F4),

where the upper and the lower signs refer to the case®{,n andC_1, K, u, respectively,
and Iz = diag(3,1,...,1),e =[1010---]17, 0 =1[0 10 1---]7. Moreover, for
L=n,p,
L= (Cs1) aqpur + J(Cil)JA;rAJ +JR, Re Cil
2

whereR = 0 if £ = p andn is even.

Proof. Compute the vectoB'c for .J, = L(e;). For example, ifC = C41, then
Jy = PY,. Therefore[B~'c], = L(P},,A) = L(rpa + F_pa). The formulas for
L = n, u are essentially obtained by rewriting in vectorial form goamalogous results in
[30]. The formulas forZ = #, K are new (in [9] only the formula foH, T symmetric,
is obtained). In order to prove the equality inVOIVi(@Z{:l)L-;AJ, observe that the latter

matrix belongs t&?, and use (3.13). O

It is clear, from Theorem 3.7, that the veci®r ' c is computable ir(n) a.o. provided
that the inner products in (3.11) are given. Then, the ctueraark in the analysis of the
complexity of CG P method withP = (Ht),r4 (conditions 2 and 3) is that the computa-
tion in (3.11) can be performed in at m@stn logn) a.0.. More precisely, fod = 77T
the formulas in Theorem 3.7 can be simplified by observingTHal" is symmetric and’
is persymmetric {T = T J), and therefore, by (3.13), the identitiggr; = ryr, and
hyry = hypr hold. Finally, the fact thal” is Toeplitz allows us to apply Lemma 5.1 of
Appendix and state the following

Corollary 3.8 The vectora = d(U7 eg) UL B~ 'c in the equalityLyry = Ugd(a)U},
L =Cy1,H,K,n,u, is computable in at mog?(n logn) a.0.. So, the conditions 1, 2, 3 on
preconditionersP of T7'T are satisfied fotP? = (Cs1)prr, Hyrp, Kprp, npry, pprp.

Experimental results

We have applied th€ G(L;r) method,L = I,n,H,C,7,C_1, K, u, D, to the system
Tx=b=[11 - 1] for five different choices of the matrik. The results are reported
in Table 1. If£ is the Jacobi algebra, thent4 can be expressed by (3.24) with= 7 and

1 .
— —e))["'Te, Te = ts—1I(e)) (hy+h 2
Z 2n_'_27(3e0 e) c,le=ry+174 (e2)" (hy + hy) (3.25)
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Table 1: Performance al;r preconditioners

L Ty Trr Trrr | Ty Ty
I | 148 184| >128 >512| 23 22| 46 89| 69 198
7 24 23 73 283 6 6 |10 10| 41 78
H 23 22 99 445 6 6 79 38 70
C 17 19 94 453 6 6 89 33 63
T 21 23 29 63 54 |14 16| 43 75

C_1 18 19 94 446 6 6 |11 14| 35 65
K 26 23 93 439 6 6 |13 15| 41 76
7 26 25 71 269 65 |13 16| 46 80
D 30 30 | >128 >512| 98 1314 | 59 132

wherel is the same matrix (5.3) of the Appendix. This result folldinsn the expression
of B~1, J, = 7(e), found in Example 3 of Section 2. £ is the dihedral group algebra
D, then the first row oD, can be computed by the formulas

|3

-1

([DTTT]ok)/fzo = %(I + jI(él))(2rTlTT1 + rTQTTgl—l—TSTTg,)a
— n—
([DTTT]ok)Zzlg = %[(hk,TTT + h%n_k_gyTTT)kiﬁ (3.26)
2

_I(el)JthTlTJrTg,T?)T - hT1TT1+T2TT2}

whereJ andé, are the matrix/ and the vectoe;, = [0 1 0---0]” of dimensionn/2
(see Example 5 in Section 2). By, Ty, Trr; we denote the three Toeplitz matric€s
considered in [41] in the points (i), (iii), (iv). The elentsrof the matriced;yy andTy are
defined by

W=t =1 = o Y=

= - ¢V = -
(k+1)05" %7 |sink| + 1’

1
YV = =—— — k>,
k F logk+1)+1" 7 =

Table 1 shows the number of steps required to satisfy thestgEriterion

|77 Tx, — T7b)
[77H]

<1077

(xo = 0) for the two different dimensions = 128 andn = 512. Notice that the good
performance ofr preconditioners, pointed out in [21] far,, T = T7, seems to hold
also forrprp, T non symmetric. But Table 1 also shows that circulant andleiatype
preconditioners may be — in some cases — more efficient.
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4  An Efficient L5QN Algorithm for the Unconstrained
Minimization

In [25] the following LQN procedure for the minimization of a functigh: R* — R is
introduced in terms of a subsétof C**":

xg € R", By = pd n X n matriz.
Fork=0,1,...:
dj = { _Blglgk S
~Lp, 'gr NS (LQN algorithm)
Xk+1 = X + Aed, A € AGy
Sk = Xg+1 — Xk, Yk = 8k+1 — 8k
Bit1 = (LB Sk: Yi)

where pd means real symmetric positive defingg, = V f(xx), AGy is the Armijo-
Goldstein set

AGy = { A eERT: f(X/C + )\dk) < f(Xk) + ClAd£Vf(Xk) &
d{Vf(Xk + )\dk) > CQd{Vf(Xk) },
0<eci<e<l1

[20], andy is the Hessian approximation updating function

Bss” B. (4.1)

1 T
¢(B,s,y) =B+ Ty T Ths

We see that there are two possible definitions ofdliV search directiomly, in terms
of By, and in terms ofCp,. The former leads to a Secant method, sifiesolves the
secant equatioX’s;_; = yx—1. The latter corresponds to a Non Secant of\g, 6,1 #
yk—1). Notice that if B, = Lp, (e.9. whenl = C"*"), then bothS and N'S LOQN
coincide with theB F'G.S algorithm, the well known quasi-Newton optimization prdage
with superlinear rate of convergence [20], [40].

If the setL satisfies the condition

Bpd = Lgpd, (4.2)

then the aboveL QN algorithm is well defined and yields a strictly decreasingussce
f(xx) unlessg;, = 0 for somek. In fact, by the structure ap,

Bypd = Lp, pd
Sf;k -0 = Bgy1pd = Lp,,, pd (4.3)
The conditions;{yk > 0 is satisfied sincé, € AGy. The fact thatBy,; andLp,
are pd guarantees thd}, , | is a descent direction both in ti#eand in theN'S case.
Now assume thal = sd U for some unitary matrixJ and £ is spanned by real
matrices. These assumptions, because of Theorem 2. U@)antee that4.2) holds and
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all vectorsd,, are defined ofR. The LQN algorithm, written in terms of/, becomes

xg € R", By = pd n X n matriz,

.. | —U*Bj'g S
U"do _{ —d(z0)"'U*gy NS
do = U(U*dy).

Fork=0,1,...:
([ Xpi1 =Xk + Aedy, A € AGY,
Sk = Xk+1 — Xky Yk = 8k+1 — 8k

(4.41)
(4.4%) S
(4.4%) NS
( dit1 = U(U"dg1)
where )
— + U* 2_7d QU* 2’ 441
it = 2 U Yl = (e U s (44")

z;, IS the vectorz g, in the equalityLp, = Ud(zg,)U*, and

T
([ —d(z;")U g + E d(z Uy
_ (Z;1>T‘U*Yk‘2 Sggm-l
Utdpy1 = +[ L+ Y Sk Yi Sk
—I\T T *
+(Zk ) d(ggs}’:)U ng}U*Sk, (4_42)
( —d(zg41) U grt1- (4.4%)

In (4.4), |z| (z~!) denotes the vector with elemenits| (z; ). We have the following
results:

1. Each step ofLQN can be implemented by performing two products lhyand a
constant number of vector inner products.

2. TheN'S version of LQN has a linear rate of convergence.

3. If U defines a fast discrete transform (costtof z < O(nlogn)), thenLQN can
be implemented witl® (n) memory allocations an@(n log n) arithmetic operations
per step.

4. If U is the Hartley transformlJ;; = ﬁ(cos 20+ sin 22), then theS version
of LON shows a satisfactory rate of convergence in numerical eqpegs. The
S LQN method is, in fact, competitive with the limited memaBF'GS method (

L-BF(GS [40]) in solving large scale minimization problems.

The points (1) and (3) follow immediately from (4)4(4.4%). In fact, the two transforms
areU* - gr1 andU - (U*dgy1). The point (2) is proved in detail in [25], [28]. Some
experiments related to the behaviour of heC(Q N method cited in (4) are illustrated in
[11].
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It is essential to notice that the iterati@,.; = ¢(Lp, sk, yx) is in fact reduced, in
the LQN algorithm, to the updating formula (4.pinvolving the eigenvalues of 5, and
Lp, ., only, so that the entire computation runs in terms of singtiexed arrays and the
space complexity is linear in. Thus the introduction o£QN methods has shown that
a significant amount of second order information, containettie eigenvalueg; of Lp, ,
can be sulfficient to solve efficiently a minimum unconstrdipeoblem of large dimension.
In other words, the information content dfg, appears to be sufficiently close g, in
order to maintain a quasi-newtonian rate of convergence.

In order to improve theCQ N performance, &£Q N algorithm where the spacg is
modified at each step has been recently proposed in [27]. Mieisely, in [27] it is
considered a spac@® ¢ C"*" such that the setX € £* : X is pd andXs;_; = yx_1}
is not empty and3;., | is defined by updating a pd matrix 6f:

Bji1 = o(Ag, sk, yr), Ay € L% and pd (4.5)

An obvious choice ofZ* is £F = sd Uy, whereUy, is a unitary matrix satisfying the
inequalities

(U;Yk—l)i

(Ufsk—1)i

which is equivalent to say that* satisfies the secant equatibd(w)U/sy_1 = yir-1
and is pd. Numerical experiences with, = U,d(w)U; in (4.5) (see [27]) show that
this criterion (change the spagkat eachk and choosé/;, in order that (4.6) holds) gives
good performances in comparison with the previddgN method whereC is fixed. For
large scale problems, however, the chaite= U d(w)U; does not give good results and
the reason is in the fact that the eigenvalugsn (4.6) have, in general, no link with the
eigenvaluegU;; B, Uy); of the best I.s. approximatioﬂ’}_;,k. So, in the same paper [27] it
is suggested to set;, = E’fgk and t ciaoLF (i.e. U.) only when the condition (4.6) is not
verified (in order to maintain low the complexity per step).

In the following we try to restore a close relation of the ujgdiamatrix A; with the
Hessian approximatio, by using an alternative strategy: choasgas the eigenvalues
of E’fB;l, in order to maintain thé3;, spectral information, and then chodSg in order to
satisfy the secant equatidi,d(w)U;sy—1 = yx—1, w = (w;). This operation recalls,
in spirit, the distinction betweestructure andinformation contenbf a matrix [7], [48],
[8], [5], [6]: in the split £ = Ud(z)U*, U is the same unitary transform for all matrices
A of L (i.e. U = structure), whereas defines a particular matrid in the spaceC (z =
information content). The information contewtregains the correspondent information of
By, whereas the structure defined by reproduces the fundamental structure of secant
methods.

=w; >0, i=1,...,n, (4.6)

TheBelle Epoqualgorithm

The generic step of the Belle Epoque algorithm is the folimyyi

(e) Assume that, at a generic stépa positive definite matri¥d;, = Uyd(wy)U}:, Uy
unitary, and two vectorsy, yy, s;{yk > 0, are given. The matrix

1 1
Bry1 = o(Ag, Sk, yi) = Ag + yT—ka/:f ~TA o

AkSkSEAk (47)
k Sk S, Aksk
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is positive definite. By projecting the equality (4.7) 8f = sd U, and exploiting the
linearity of the operatoL g (Lop+sc = aLp + SLc), One obtains the vectay;,, ; of the
eigenvalues of the positive definite matﬁ%w:

1 * 1 *
Wil = Wi + T—|UkYk\2 - d(wy)?|Upsi|? (4.8)

skyk W{‘U;;Sk‘Q

where|z| denotes the vector with elemerjts|. Recall that the eigenvaludsvy); of

L}, arerelated to the eigenvalues< v << Y of By by the inequalities

k+1 k+1
Y < (Wi e (Wa)is
(k+1) (k-+1) (4.9)
(ch-l—l)ir +---+(ch-|—1)in < + ...+ ,
where the index-vectofiy, is, ... ,i,} iS @ permutation of1,2,...,n} defined so that

(Wikt1)i; < (Wrt1)iy < ... < (Wg1)4, (See [44]). In particular, we have

k+1)

0 < Y < (wiin)iy < (Whpt)s < (Whp)i, < v (4.10)

(see also the previous Theorem 2.6(vi)). Now introduce a&esgd*' with an ad hoc
structure for the current iteration, i.e. set

£k+1 = sd Ulc-l—la Ulc-l—l unitary such thaUk+1d(Wk+1)U]:+1Sk =Yk (4.11)

Then the positive definite matriAy ;1 := Uy y1d(wg1)U} ., Solves the secant equa-
tion asBy. 1, and has eigenvalues strictly relatedAp, ; by (4.9) and (4.10).
Now set
ot :{ =BV (xk41) ()
— A V() (D)

Sincedy is a descent direction (unleSsf (x41) = 0), the AGj41 set is not empty.
Thus, one can set

Xpt2 = Xp+1 + Mer1dir1,  Agy1 € AGrqa,
Skg4+1 = Xg++2 — Xg41,
Yit+1 = Vf(xpt2) = Vf(Xk1)

and observe thaf/ , ,yj1 > 0.
Finally setk := k + 1 and return to«).

Notice that the Belle Epoque search directiyn, ; can be computed by exploiting the
formulas

T
( Uk( — d(w;Uigks1 + S’;;’;:ld(wgl)U;ka)
(Wil)T‘U*Yk\Z STgIc+1
s = +[- (1 ST ) visi (4.12)
DT AUl y Uz
ettt
( —Uks1d(Wip1) ' Up | 8kt (I
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It follows that the time complexity per step of the Belle Epealgorithm is determined
by the cost of matrix-vector products of typg - z andUj - z, i.e.

Time complexity = O( cost(Uy, - z) ) + O( cost(Uy; - z) ) + O(n).

However, the Belle Epoque algorithm does not work in thegumeBrm, since the space
L£E+1in (4.11) may be not defined. Belle Epoque works if (4.11) daeed by

LF1 = sd Ugyq, Ug,q unitary such that
Ukt1d(k+1Wk4+1)Ug 1Sk = Y (4.11')
for suitable a1 > 0 and '
Whil = €k+1Wht1 + pet1€, (Wip1); > 0

wheree = [1 1 --- 1]7. Infact, as it is shown after the Remark O here below, a unitea-

trix Uy solving (4.11) exists and is obtained as the product of two Householdericeat

So, the time and space complexity of the working Belle Epagjgerithm isO(n) only.
Notice that the matrixd ;1 = Uk 1d(wg1)Uj,, does not magy intoyy, . Thus the

Belle Epoque method corresponding to the direction (4(llR)is not secant unlese

is replaced withe 1 := a1 1Wry1. SO, a third Belle Epoque algorithm can be defined,

the one corresponding to the search direction

A1 = — 408k Ay = Ukd(ze) Uiy (1) (4.12)

Remark 0By updatingA; = Ud(z;)U; instead of4,, (i.e. by replacingd with A},
in (4.7), andw,, with z;, on the right hand side of (4.8) and of (4.12),(l) ), one olgdhree
alternative versions (1)(11)’, (111)" of Belle Epoque. Notice that in (1), (1), (1ll) the updated
matrix has the same eigenvalues(‘(ﬁzl, but does not map exactly. ; intoy; ;. Onthe
contrary, in (I}, (1), (1l)’ the updated matrix maps_; into y,_1, but its eigenvalues are
a bit different from the eigenvalues gf; '. O

Consider the following

Problem 4.1 Given a vectorw with positive entries and two vectassy, s’y > 0, find a
unitary matrixU, a scalara > 0, and a vectow = ew + pe, w; > 0, such that

Ud(aw)U*s = y.

Let H(z) denote the Householder matrix corresponding to the vegtoe.
2
H(Z) =1-— WZZ*, Z € Cn (413)
z

(H(0) = I). By using the following lemma (see [27]), one can reforrteilBroblem 4.1
into a simpler problem.

Lemma 4.2 Given two vectors,y € R"\{0}, letr, x € R" be such that|r|||x|| # 0,
and the cosine of the angle betwaeandx is equal to the cosine of the angle betwaen

andy, i.e.
T

rx sTy
= =:/B. (4.14)
el sy




On the Best Least Squares Fit to a Matrix and Its Applications 101

Setu=s-y — (Hr—%x), p:H(u)s—%r:H(u)y Hi”x and

Then U*s = I8l ¢ , Uty = Iyl .

([l

El

By Lemma 4.2, Problem 4.1 can be solved by determiming € R” anda > 0, w,

w; > 0 such that

r'x sTy Isll .

= ) d( )

[lefll=[l sl
or, equivalently, by solving the following:

_ Iyl
X
el ™~ T

(4.16)

Problem 4.3 Given a vectorw with positive entries and two vectossy, s’y > 0, find
r € R” andw (i.e. €, pin w = ew + pe) such that

I‘Td(v~v)r . STy B
)]~ el — V7 (4.17)

The vectors andw obtained in this wayy = % Hdwr\\’ andx = yd(w)r, Vy > 0,
solve(4.16)

Notice that condition (4.17) can be satisfied only if

\/B -, Inin, Wy ming W,

maxg W,

thus, a choice ofv different fromw = w (i.e. a pair(e, p) different from(1,0)) will be
necessary to make Problem 4.3 solvable for@ry 5 < 1.

If r has only one nonzero entry, then Problem 4.3 has no solutigh £ 1. Let us try
to solve Problem 4.3 with a vecterof type

r=r; €, +r€. (4.18)

wherew;, = mins ws, w;, = maxsws. The reason for this particular choice of the indeces
is linked to the criterion of making (4.17) solvable with = w for most values of3, as it
will be clear later. Note that i = 2, then (4.18) represents an arbitraty

So, we must determing,, r;, € R and, eventually(e, p) # (1,0) such that

~ 2 = .9
Wiy 1) + Wi, Ty —\/E
Zl—i—r \/’IUQ’I“Q +w

i1 11

or, equivalently,

WA .
(1 = By, ry, — 2rfr}, <_7~Di1win +ﬁu) + (1= Byart =0, (417
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We shall see below how to calculate the scatarsr;, , ¢, p, by considering separately
the casegy = 1 and0 < g < 1. Oncer;,, 7;,, €, p have been computed, the vectors
r=r; e, +rie€,. A W=ew+pe, x=-y(wr;e;, +w,ri e ), Yy >0, and the scalar

iyl ry +ri
- ~ ~ )
IIs]| wi?lrzzl + w?nrfn

solve (4.16). As a consequence, the unitary matfix= H(u)H (p), p,u defined in
Lemma 4.2, is such th@fd(aw)U*s = y, and so the Belle Epoque algorithm modified via
(4.17) works.

Remark 1By the particular form ot, the above results hold unchanged if the vectors
aw andew + pe, are defined, fos = iy, i,, by (aw)s = aws, (ew + pe)s = cws + p,
and , fors # iy, iy, by (W), = w;, (ew + pe)s = ws. O

Cases = 1.
Equation (4.1 becomes? r (w;, — w;,)* = 0. Then setw, = wy, s = 1,...,n or
(e,p) = (1,0) (we do not need to defin& # w, in order to verify (4.17), and
(7’“ s ) — (t,h) 7é (an) 'U~Ji1 = 'inn
o in (t,0) or (0,t), t #0 w;, < w;,
Casel < B < 1.
r2
Divide (4.17) by (1 — 8)w}, r} and find—s-:

in

2 o
ry (Wi, +Wiy, )2

0 —aDs 2
Z;:L =ay = W[_ﬁ'}ilﬁ'}in—i—ﬁ( . +(w1,1 4“%) )
D D Diy +0in)? -
i\/ﬁ(wil — ;)2 [M —wilwin} }

dw;, wi,

<

(4.19)

Notice that bothu. anda_ are positive. If5 > W twi)? (this condition can be better
i1 in

verified by our particular choice éf, i,,), setw, = ws, s =1,...,nor (g,p) = (1,0) (we

do not need to defin& # w, in order to verify (4.1%). Otherwise, in order to make.

real, choosg > 0 such thayw;, < w;, and

1
dqui, Jwi,

B (qwil + %win)g’

- . 1
and setwil = qWj,, Wj, Ewin,
B W (two) oo
Wg = Wiy (win _U)s> 1 Wip (ws_wil) (a”) 3 S ?é 11, tn
Wiy, —Wiy q Wi, —Wiy
i N a2 2 1)w; .
(see Remark 1) or, equivalenthy, = ew + pe wheree = % = %
in i1 in i1

Now 4, ;, /((wi, + w;,)%) < B < 1. Thus(ry,r,) = (£/t[\/as,t) and
(ri,,m4,) = (£]t]\/a—,t) are defined iR and solve (4.1 for all ¢ # 0.
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TheMoulin Rougealgorithm

Observe that if

4y, Wy
= — =, 4.20
(wil + win)Q ( )
then theay in (4.19) becomes, = a_- = w;,/w; . This leads to conceive a more

compact and simpler algorithm. Give up the criterion of B@\V(4.17) withw = w (i.e.
(e,p) = (1,0)) for all values ofg (in the algorithm, for all steps) for which is possible.
On the contrary, for each (in the algorithm, for each step), exploit the parameteysin
w = ew + pe in order to make the equality (4.20) true.
In detail, letg > 0 be such that
dqu;, %wz’n

= 6.

(qwil + %wln )2

By taking into account the conditiopw;, < luw;,, we obtaing? = 2=0=2V1=02ix 5o
21
q is determined:

(4.21)

_ 2—-0—-2y1-p Wy,
- g w;,

Now setw;, = qw;,, W;, = %wzn and

N W, (two) L
Wg = wiy (Wi, —ws) 1 Wiy, (ws—w;, ) (a”) , S ;é 11,%n,
Wiy, —Wiy q Wi, —Wi;
or, equivalentlyw = ew + pe wheree = Wiy W0 (@D Wiy
’ T P T oa(wiy—wi ) P T q(wig —wiy)

Remark 2 After having computedv = wy,, by (4.8), the introduction of the vector

w = w4 related tow by the above identities, corresponds to the definition of &ima
A = Upprd(aw)U; with a condition number greater [smaller] th%’ﬁ, whenever

il [<]B. Infact, the condition number of, , is

(wiy +wiy,)

max{wi, Wiy, }

oy eT—T (two)
pa( ;chl) = @:m{wmw”} Il
2 (i)

O
Then (ri,,ri,) = (£t)y/ ==, ¢) satisfy (4.17) for all ¢ # 0. Therefore, for such
i1
(4,74, ), the quantities

r=r;e, t+r¢€;,

2 2
- Wiy —q Wiy (¢* —Dw;; wiy,
W = EW (S} E = —/————~ =
+ pe, q(wi, —wi; )’ q(wi, —wi;) (4.22)
SO 1 R SR 1 B :
5T oo~ 1Is] Voo

x = y(W;, ri, €, + Wi, T € ), Yy>0

solve (4.16). As a consequence, we may state the followiagrém which gives explicit
formulas for the vectora andp in Lemma 4.2:
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Theorem 4.4 Givens,y € R*, sy > 0, andw € R”, w; > 0, letg ande, €, p be defined
asin(4.21)and(4.22) respectively, wherg/g = H:HTﬁ Moreover, set

u = s—-y-+o;,€, +0;,€,,
_ Iyl tlyllv/e
= e o [y F e - \t\\/TeZ")
lIsll /& tls||
+eo (s 7 pfien — e
where
— win J— wln
w= wil - (I Wiy ’
oi, = 1+ (i|| sllvi F llyll)s
Oi, = \t\\/m(” sl| — llyllv/m),
cr = (s —y)'s+ 035, + 04,80,
co=—(6-y)y - 0i¥i — 0i,Yin-
Then
H(u)H (p)d(a(ew + pe))H(p)H (u)s = y. (4.23)

Proof. Use Lemma 4.2 and the equalities

IeI? = 0+ ) =
2/ = 2+ ), 0% 4o = s~ y[2

Observe that in the (two) case the expressi¢ew + pe) is defined, fors = iy, i, by
[a(ew + pe)]s = alews + p), and, fors # i1, i, by [a(ew + pe)]s = ws. O

Notice that, by Theorem 2.7(iii), the eigenvaluesAjf , in the Moulin Rouge algo-
rithm, case (all), are

a(Wpi1)s = ole(weir)s +p)
a(elUf Br+1Uklss + p)
= [Ug(a(eBgs1 + pI))Uglss

i.e. they are the eigenvalues of the malzf@gBkHMpl = aﬁkaHerz = aaﬁ’gm + apl
where
vl 1 _w;, — w;, (¢

_ — Dwi,wi,,

£ p= "t
sl /wi,wg,’ q(w;, —w;,)’ q(wi, — w;,)

Problem 6: Can Moulin Rouge be generalizedto= >_;_, rie;? l.e., is it possible
to introduce a vectow (satisfying an equality of type (4.20)) for which (4.17) teas
simple solution vectofry,...,r,)?

Finally, we resume here below the basic instructions fohesdep of Belle Epoque and
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Moulin Rouge algorithms:

xg € R?, Uy = n x n unitary matrix,wo = [11--- 1]7, zg = wy,

Uékdo = —U[))kgo, d() = U()(U[))kdo).

Fork=0,1,...:

( Xpy1 =X + Medi, Mg € AGy,
S = Xk+1 — Xk, Yk = 8k+1 — Bk
(48),
Calculateoy 1, €41, Pk+1, Uk+1, Pk+1 Such that
H(ugs1)H(Pry1)d(ak11(ek+1Wit1 + prr1€)) H(Prr1) H (g r1)Sk = Vi,
Zp 1 = k41 (k41 Wht1 + Pry1€),
Uk+1 = H(ug41)H (Pr+1),

Uy (Ugdg4), (4.24") ()
dy1=Q Ukr1(Ugpdiyr), (424%) (1)
L Uit (Upsydiin), (424%) (i)
where .
Uidp1 = —d(w,;l)U,jng+Sky§—';:1d(w,;1)U,:yk
B (Wi O U yel?  sTeisa
+[ 1+ yEsy yEsy
—1\T T *
+ (wk ) d(}(’]f:;k)(]kgk+lj| U]:Sk, (4241)
Updiyr = —d(Wii1) UL 8r1s (4.24%)
Upprdeyr = —d(zk+1)_1U,j+1gk+1. (4.24%)

Remark 3.Following Remark 0, three alternative Belle Epoque (Moltiouge) algo-
rithms (1Y, (1), (1)’ can be obtained by replacing in the above scheme, on thehagtut
side of (4.8) and of (4.29, the vectorw,, with z;,. O

5 Appendix

Lemma5.1 For A = TTT with T = (ti,j)?dleo, tr € C, the inner products irf3.11)can
be computed in at mo§)(n log n) a.0. via the formulag ry = ryrp, hpry = hypr,
rprp = [DI(TTG())T + I(Teo — toeo)D] Teg + I(TTGO — toeo)DTTeo, (5.1)
hTTT = Ffly, Yy = I(TTGO — toeo)T(TTeo — toeo) + 2I(TTe0)TTe0+
[21(JTeo)J — JI(JI(e2)Teo)|(Teo — toeo),

whereD = diag(n — j, j = 0,...,n — 1), I(z) is the upper triangular Toeplitz matrix
defined in(3.12) and

(5.2)
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Proof. RewriteT asT = T, + T, + tol whereT, (T}) is the strictly upper (lower)
triangular part off. ThenT’T = T'T, + T;' T} + W whereW is a symmetric Toeplitz
matrix whose first column isr = Weg = I(T7ey) " Teg = I(Tey)" T ey. Formula (5.1)
follows, by linearity, from the identities

T = T

rw = DW, rTuTTu = TUDTU €p, rTlTTl = rTlTlT = rTlTIT = Tl DTleo,

andrprq = rerg, + rpry + . Regarding formula (5.2) obviously we have
how = wo, hiw =2wi, hgw =hgow + 2w, 2<k<n-1

Now let R, (R;) be the lower triangulaf2n + 1) x n Toeplitz matrix with first column
[0t 1t pi10 =2t poq--—2t 707 (0t ty 10 —2t, 1---—2t 0]7)
and letg (qﬁ), i =0,1,...,2n, be the entries of the vectd, T/ ey (R;Tjey). Then the
identity
tt j+[TIT,)i 101 1<i,j<n-—1
(T2 Ty = 0o " otherwise
yields the equations

ho,TuTTu =q5 =0, hl,TuTTu =q; =0,
hyrrr, — hh—oxrr, =@, 2<k<2n-2, (5.4)

i u i u
h2n73,TuTTu = Q-1 h2n72,T3Tu = —q4,/2

wherehy,, ;o prp, = i}i’TuTTu, 0 <1 < 2n — 2. As a consequence, one also obtains

! ! !
hors, = —@n/2: hygrs, = —Gp—1: My grn, = hg_ogrn —G2n g 2<k<n—1.
Finally, by linearity,
hoorrr =90/2,  higre =vy1, hyrre =hg_grrr Yk, 2<k<n-1

wherey;, = g} — qén_k + 2wy, 0 < k < n—1,i.e. the desired formula (5.2) holds[]

Notice that Lemma 5.1 essentially reports in a compact faamesLemmas of Potts-
Steidl [41]. However, the formula (5.1) farr is simpler than the analogs in [41] as it
is obtained by a different splitting of the Toeplitz matfiXx Moreover theboundaryvalue
difference equations (5.4) are not pointed out in [41].
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