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1. Introduction

The characterization of the asymptotic behavior in the high energy limit, i.e. as the
corresponding eigenvalues diverge, for geometric functionals of random eigenfunctions f
on a compact manifold M is a topic which has recently drawn considerable attention.
For instance, several papers have focused on the investigation of nodal sets, i.e. f=1(0),
and nodal domains (connected components of the complement M\ f~1(0)) in Gaussian
setups, see e.g. [35,13,14,7,6].

In particular, much effort has been devoted to the case of the 2-dimensional unit
sphere S?: indeed, the asymptotic behavior of nodal lines and nodal domains for spher-
ical Gaussian eigenfunctions (random spherical harmonics) has been studied in [26,37,
38|, whereas the area of excursion sets has been considered in [21,22]. Of course, bound-
ary length and excursion area are just two instances of the so-called intrinsic volumes,
or Lipschitz—Killing curvatures [1]. In the case of S?, the family of Lipschitz—Killing
curvatures is completed by the FEuler—Poincaré characteristic, which has been investi-
gated in [10,11,20]. Most of these papers have considered the computation of asymptotic
expected values and variances in the high energy limit; to the best of our knowledge,
Central Limit Theorem (CLT) results have only been established for the so-called Defect
(i.e. the difference of the measure of the positive and negative regions) in [22] and for
the excursion area in [23].

This literature has been largely motivated by applications from Mathematical Physics.
In particular, according to Berry’s Universality conjecture [5], Gaussian monochromatic
waves (similarly to e.g. random spherical harmonics) could model deterministic eigen-
functions on a “generic” manifold with or without boundary; this heuristic has strongly
motivated the analysis of nodal sets of the former. On the other hand, it is also well-
known that random eigenfunctions are the Fourier components of square integrable
isotropic fields on manifolds. Spherical random fields are customarily used to model
several data sets in astrophysics and cosmology; the analysis of polynomial transforms
or geometric functionals of spherical random eigenfunctions has hence become a major
statistical tool for these disciplines. For instance, analytic expectations on the values of
geometric functionals can be used for testing the goodness of fit of theoretical models vs
observational data (e.g., on Cosmic Microwave Background radiation, see [16,24] or the
monograph [19]).

A CLT by itself can often provide little guidance to the actual distribution of ran-
dom functionals, as it is only an asymptotic result with no information on the speed of
convergence to the limiting distribution. More refined results indeed aim at the investi-
gation of the asymptotic behavior for various probability metrics, such as Kolmogorov,
Total Variation and Wasserstein distances (to be defined below). In this respect, a major
development in the last few years has been provided by the so-called fourth-moments
literature, which is summarized in the recent monograph [28]. In short, in this rapidly
expanding literature it has been shown how to establish sharp bounds on probability
distances between multiple stochastic integrals and the standard Gaussian distribution,
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by means of the analysis of the fourth-moments/fourth cumulants alone. Such results
are currently being generalized in several directions, including Poisson processes, free
probability, random matrices, Markov subordinators and information theory (see e.g. [3,
15,27,29,31]).

The main purpose of the present paper is to exploit these results to establish quantita-
tive Central Limit Theorems for the excursion volume of Gaussian eigenfunctions on S%,
d > 2. We note that there are already results in the literature giving rates of convergence
in CLTs for value distributions of eigenfunctions of the spherical Laplacian, see in partic-
ular [25], which investigates however the complementary situation to the one considered
here, i.e. the limit for eigenfunctions of fixed degree ¢ and increasing dimension d.

To achieve our goal, we will provide a number of intermediate results of indepen-
dent interest, namely the asymptotic analysis for the variance of moments of Gaussian
eigenfunctions, the rates of convergence for various probability metrics for so-called
Hermite subordinated processes, the analysis of arbitrary polynomials of finite order
and square integrable nonlinear transforms. All these results could be useful to at-
tack other problems, for instance quantitative Central Limit Theorems for intrinsic
volumes/Lipschitz—Killing curvatures of arbitrary order. A more precise statement of
our results and a short outline of the proof is given in Section 2.

2. Main result and outline of the proof
2.1. Main result

Let us start by fixing some notation. For any two positive sequences a,, b,, we shall
write a, ~ b, if lim, o = = 1 and a, < b, or a, = O(by,) if the sequence §* is
bounded; moreover a,, = o(by,) if lim, 7= = 0. Also, we write as usual dx for the

Lebesgue measure on the unit d-dimensional sphere S¢ C R%*! so that de dr = g
d+1

22

where pg = . ( i ) The triple (Q2,.%,P) shall denote a probability space and E shall
2

stand for the expectation w.r.t. P; convergence (resp. equality) in law shall be denoted by

£ (resp. é) and finally, as usual, N'(u, 02) shall stand for a Gaussian random variable

with mean p and variance o2,

Now let Aga (d > 2) denote the usual spherical Laplacian operator on S? and
(Ye,msa), ,,, the orthonormal system of (real-valued) spherical harmonics, i.e. for £ € N
the set of eigenfunctions

Agdn7m;d = 7f(£+d7 l)n,m;da m = 1,2,...,ng-d.

s

Meid
m=1
pendent homogeneous polynomials of degree £ in d 4 1 variables restricted to S¢ of size

As well-known, the spherical harmonics (Y,:q) represent a family of linearly inde-

—1 _
_2U+d (£+d 2>N(d2 (1 s £ too,

ned | ¢ -1 TR
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see e.g. [2] for further details. It is then customary to construct, for ¢ € N, the random
eigenfunction T, on S¢ by taking

Ngd

Ty(x) := Z armYema(r), =S (2.1)
m=1

ned
m=

with the coefficients (as,m),, ¢, Gaussian i.i.d. random variables, satisfying the relation

Hd o’
E[af,maf,m’] = 6772 )
Ne;d

d

+1
where 0% denotes the Kronecker delta function and pg = FQEF y +21)
Eh

the hypersurface volume

of S¢, as we wrote before.

It is then readily checked that (77),.y represents a sequence of isotropic, zero-mean
Gaussian random fields on S?, that is, for every fixed ¢ we have a collection of random
variables (Ty(z)),cs: indexed by the points of S%, such that the map

T, : QxS 5 R; (w,z) = Ty(w, )

is 7 ® %(S?)-measurable, where %(S?) denotes the Borel o-field of S. Isotropy of T}
simply means that the probability laws of the two random fields Tj(-) and T} (+) := Ty(g-)
are equal (in the sense of finite dimensional distributions) for every g € SO(d + 1).

It is also well-known that every Gaussian and isotropic random field 7" on S? satisfies
in the L?(Q x S%)-sense the spectral representation (see [17,19] and also [1,4])

T(x) = ZceTg(aj), z e S,
=1

where E [T?] = 3772, ¢ < oo; hence the spherical Gaussian eigenfunctions (17),.y can
be viewed as the Fourier components of the field T (note that w.l.o.g. we are implicitly
assuming that 7' is centered). Equivalently these random eigenfunctions (2.1) could be
defined by their covariance function, which equals

E[Ty(2)Te(y)] = Gealcosd(z,y)), x,y € S™. (2.2)

Here and in the sequel, d(x,%y) is the spherical distance between z,y € S% and
Gr.q:[—1,1] — R is the ¢-th normalized Gegenbauer polynomial, i.e.



D. Marinucci, M. Rossi / Journal of Functional Analysis 268 (2015) 2379-2420 2383

where Pe(a’ﬁ ) are the Jacobi polynomials; throughout the paper therefore Gy.q(1) = 1. As
a special case, for d = 2, it equals Gy,2 = P, the degree-¢ Legendre polynomial. Remark

B)

that the Jacobi polynomials Pf(a are orthogonal on the interval [—1, 1] with respect to

the weight function w(t) = (1 — t)*(1 +t)? and satisfy P;a’ﬂ)(l) = (“f‘), see e.g. [306]
for more details.
In order to formulate our main result, let us introduce the usual Wasserstein distance

dw between random variables Z, N:

dw(Z,N) = b | [E[A(Z)] = E[R(N)], (2:3)

where Lip(1) is the set of Lipschitz functions whose Lipschitz constant equals 1.
Recall now the notion of the excursion volume of Ty, which for any fixed z € R can
be defined as

Su(2) 1= Sy(I(- > 2)) = / I(Ty(z) > ) dx, (2.4)
Sd

where I(- > z) denotes the indicator function of the interval (z,00); note that E[Sy(z)] =
1a(1 — ®(z)), where ®(z) is the cdf of the standard Gaussian law. The variance of this
excursion volume will be shown below to have the following asymptotic behavior (as
¢ — +00)

Var[Se(z)] = %% + 0079, (2.5)

where ¢ denotes the standard Gaussian density and, as above, ug is the volume of the
spherical hypersurface and ng 4 ~ ﬁfd_l. Note that the variance is of order smaller
than =4~ if and only if z = 0. An analogous cancellation has been earlier noted for
other geometric functionals of excursion sets of random eigenfunctions at zero level, see
for instance [5,38] for the length of nodal lines, and [9] for the variance of extrema, in
both cases in dimension 2. We leave for future research a more general investigation on
this issue.

The main result of this paper is then as follows.

Theorem 2.1. The excursion volume S¢(z) in (2.4) of Gaussian eigenfunctions Ty on S,
d > 2, satisfies a quantitative CLT as { — 400, with rate of convergence in the Wasser-
stein distance given by, for z # 0

Se(z) — pa(l — 2(2)) “1/2
dw< : Vaj[Sg(z)] N0, 1)) ) (z / )

An outline of the main steps and auxiliary results to prove this theorem is given in
the following subsection.
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2.2. Outline of the proof

The first tool to investigate quantitative CLTs for the excursion volume of Gaussian
eigenfunctions on S? (compare, for d = 2, [23]) is to study the asymptotic behavior, as
¢ — oo, of the random variables hy,q 4 defined for £ =1,2,... and ¢ =0,1,... as

hisgad = / H,(Ty(z)) da, (2.6)
Sd

where H, represent the family of Hermite polynomials [28,32]. The latter are defined as
usual by Hy =1 and for ¢ > 1
2dl 2

Hy(t) = (—1)%e> P teR (2.7)
The rationale to investigate these sequences is the fact that the excursion volume, and
more generally any square integrable transform of (7})s, admits the Wiener—Ito chaos
decomposition (see Section 3 and for more details e.g. [28, §2.2]), i.e. a series expansion
in the L?(2)-sense of the form

+oo
Sz) =Y Jqq('z) hisq.ds (2.8)
=0

where Jo(2) = 1 —®(z) and for ¢ > 1, J,(2) = (=1)71¢(¢= D (2), ® and ¢ denoting again
respectively the cdf and the density of the standard Gaussian law.

The main idea in our argument will then be to establish first a CLT for each of the
summands in the series, and then to deduce from this a CLT for the excursion volume.
The starting point will then be the analysis of the asymptotic variances for hg.q 4, as
{ — 400.

To this aim, note first that, for all d

he0,a = pds hei,a=0

a.s., and therefore it is enough to restrict our discussion to ¢ > 2. Moreover E[hs.q 4] = 0
and

Var(he,q.a] = q'papa—1 /Gg;d(cos 9)4(sin 9)4~1 do) (2.9)
0

(see Appendix A for more details). Gegenbauer polynomials satisfy the symmetry rela-
tionships

Gg;d(t) = (—l)eGé;d(_t)v



D. Marinucci, M. Rossi / Journal of Functional Analysis 268 (2015) 2379-2420 2385

whence the r.h.s. integral in (2.9) vanishes identically when both ¢ and ¢ are odd; there-
fore in these cases hy,q,¢ = 0 a.s. For the remaining cases we have

Var(he.q.qa] = 2¢ apra—1 / G.q(cos ) (sin 9)?~1 dv. (2.10)
We have hence the following asymptotic result for these variances, whose proof is given
in Appendix A.

Proposition 2.2. As ¢ — oo, for q,d > 3,

/ a(cos¥)? smﬁ)d*ldz?— gd (1—1—0q, (1)). (2.11)
0

The constants cq.q are given by the formula

)

where ng is the Bessel function of order %— 1. The r.h.s. integral in (2.12) is absolutely

Ta_y ()0 1G 0% gy, (2.12)

O\«é»

convergent for any pair (d,q) # (3,3) and conditionally convergent for d = q = 3.

It is well known that for d > 2, the second moment of the Gegenbauer polynomials is

given by
/Gg;d(cos 9)2(sin9)4~1 di) = L, (2.13)
Hd—1 Te;d
whence
M2 C2:d
Var[hpo ] = 2% ~ dpgpig— 11—, as £ — 400, (2.14)
- ng.d gd—1
where cy.4 1= % For d = 2 and every ¢, the asymptotic behavior of these integrals

was resolved in [22]. In particular, it was shown that for g =3 or ¢ > 5

Var(hy,q.0] = (47?)2(]!

o\ma

Py(cos ) sind dy = (47)%q! Z’ (14 04(1)), (2.15)

where
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+oo

cuz = [ Ty dv. (2.16)

0

Jo being the Bessel function of order 0 and the above integral being absolutely convergent
for ¢ > 5 and conditionally convergent for ¢ = 3. On the other hand, for ¢ = 4, as £ — oo,

Var|h.q 2] ~ 24212;‘35. (2.17)
Clearly for any d,q > 2, the constants c4.q are nonnegative and it is obvious that cg.q > 0
for all even g. We conjecture that this strict inequality holds for every (d, q), but leave
this issue as an open question for future research; also, in view of the previous discussion
on the symmetry properties of Gegenbauer polynomials, to simplify the discussion in the
sequel we restrict ourselves to even multipoles /.

As argued earlier, the following step is to establish quantitative CLTs for hy.q.q (see
Section 4) in various probability metrics (2.3), (2.18) and (2.19). Here the crucial point
to stress is that the Gaussian eigenfunctions (77), can be always expressed as isonor-
mal Gaussian processes, i.e., as stochastic integrals with respect to a suitably defined
Gaussian white noise measure on S%. As a consequence, the random sequences hy., 4 can
themselves be represented as multiple Wiener—Ito integrals, and therefore fall inside the
domain of quantitative CLTs by means of the Nourdin—Peccati approach. It is thus suf-
ficient to investigate the so-called circular components of their normalized fourth-order
cumulants (Proposition 3.1 below) to establish the following Proposition 2.3.

We first need to introduce some more notation. Denote the usual Kolmogorov dg,
Total Variation dy probability distances between the random variables Z, N

dg(Z,N) =sup |P(Z < z) = P(N < z)|, (2.18)
z€R
drv(Z,N)= sup |P(Ze€ A)—-P(N € A)|, (2.19)
A€ B(R)

where #(R) denotes the Borel o-field of R. Recall the definition (2.3) of the Wasserstein
distance dyy .

Proposition 2.3. For all d,q > 2, dp = drv,dw,dx we have

h2£‘qd
—=— N(0,1) | = O(R(¢;q,4d)),
D ( Vo] ( )) (R(t;q,d))

where for d = 2

2, q=2,3,
(loge)_lv q= 47
(log ()¢~1/*, ¢ =5,6,
e, q=T;

R(4;q,2) = (2.20)
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and ford >3

Y4
Rtqd) =14 " (2:21)

Y4

Y4

The following corollary is hence immediate.

Corollary 2.4. For all g such that (d,q) # (3,3),(3,4),(4,3),(5,3) and cg.qa > 0, d > 2,

_ heeea 2, N(0,1), as { — +oo. (2.22)
Var[hgg;q,d}

Remark 2.5. For d = 2, the CLT in (2.22) was already provided by [23]; nevertheless
Theorem 2.3 improves the existing bounds on the speed of convergence to the asymptotic
Gaussian distribution. More precisely, for d = 2, ¢ = 2, 3,4 the same rate of convergence
as in (2.20) was given in their Proposition 3.4; however for arbitrary ¢ the total variation
rate was only shown to satisfy (up to logarithmic terms) dry = O(£~%), where §; = &,
05 and§—4q—6< for g > 7.

Remark 2.6. The cases not included in Corollary 2.4 correspond to the pairs where ¢ = 4
and d = 3, or ¢ = 3 and d = 3,4, 5; in these circumstances the bounds we establish on
fourth-order cumulants in Proposition 4.3 are not sufficient to ensure that the CLT holds.
Most probably, these four special cases can be dealt with ad hoc arguments based on
the explicit evaluations of multiple integrals of spherical harmonics by means of so-called
Clebsch—Gordan coefficients, following the steps of Lemma 3.3 in [23], see also [18,19].
Such computations, however, seem of limited interest for the present paper, and we
therefore omit the investigation of these special cases for brevity’s sake.

As briefly anticipated earlier in this subsection, the random variables hg.q 4 defined
in (2.6) are the basic building blocks for the analysis of any square integrable nonlin-
ear transforms of Gaussian eigenfunctions on S¢. Indeed, let us first consider generic
polynomial functionals of the form

Zb/ z)dr, QEeEN, b, €R, (2.23)

= Sd

which include, for instance, the so-called polyspectra (see e.g. [19, p. 148]) of isotropic
random fields defined on S®. Note
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Q
Zy = ZﬂqhQ&q,d (224)
q=0

for some f, € R. It is easy to establish CLTs for generic polynomials (2.24) from con-
vergence results on hog.q.q, see e.g. [33]. It is more difficult to investigate the speed of
convergence in the CLT in terms of the probability metrics we introduced earlier; indeed,
in Section 5 we establish the following.

Proposition 2.7. As ¢ — oo,

) (Zg —E[Z)]
\/ VaI‘[Zg]

where dp = drv,dw,dx and for d > 2

N (0, 1)) = O(R(Zy; d)),

(4=t
R(Zg'd)z 4 ( : ) ifﬁQ?'éOa
mMaXg=3,...,Q: Bq,cq;a#0 R(& q, d) ’Lf ﬂ2 =0.

The previous results can be summarized as follows: for polynomials of Hermite rank 2,
i.e. such that 8y # 0 (more details later on the notion of Hermite rank) the asymptotic
behavior of Z;, is dominated by the single term hy,5 4, whose variance is of order ¢—(d-1)
rather than £~ as for the other terms. On the other hand, when 35 = 0, the convergence
rate to the asymptotic Gaussian distribution for a generic polynomial is the slowest
among the rates for the Hermite components into which Z, can be decomposed, i.e. the
terms Bqhagq,q in (2.24).

The fact that the bound for generic polynomials is of the same order as for the Her-
mite case (and not slower) is indeed rather unexpected; it can be shown to be due to the
cancellation of some cross-product terms, which are dominant in the general Nourdin—
Peccati framework, while they vanish for spherical eigenfunctions of arbitrary dimension
(see (5.2) and Remark 5.1). An inspection of our proof will reveal that this result is a
by-product of the orthogonality of eigenfunctions corresponding to different eigenvalues;
it is plausible that similar ideas may be exploited in many related circumstances, for
instance random eigenfunction on generic compact manifolds.

Proposition 2.7 shows that the asymptotic behavior of arbitrary polynomials of Her-
mite rank 2 is of particularly simple nature. Our result below will show that this feature
holds in much greater generality, at least as far as the Wasserstein distance dy is con-
cerned. Indeed, we shall consider the case of functionals of the form

S(M) = / M(T()) da, (2.95)
Sd



D. Marinucci, M. Rossi / Journal of Functional Analysis 268 (2015) 2379-2420 2389

where M : R — R is any square integrable, measurable nonlinear function. As briefly
anticipated above, it is well known that for such transforms the following chaos expansion
holds (in the L?(£2)-sense)

w() =3 0, B < e, ay(00) = EIMCE)H,(T (220

q=0
Therefore the asymptotic analysis, as £ — 0o, of S¢(M) in (2.25) directly follows from the
Gaussian approximation for hy,, ¢ and their polynomial transforms Z,. More precisely,
in Section 6 we prove the following result.

Proposition 2.8. Let Z ~ N(0,1). For functions M in (2.25) such that E [M(Z)H2(Z)] =
Ja(M) # 0, we have

Sae(M) — E[Sye(M)] o, et
dW( Var([Sae(M)] 7N(071)>—O(£ ), as{— oo, (2.27)

in particular

S2e(M) — E[Sa(M)]
Var[Sa,(M)]

£ N(0,1). (2.28)

Proposition 2.8 provides a Breuer-Major like result on nonlinear functionals, in the
high-frequency limit (compare for instance [30]). While the CLT in (2.28) is somewhat
expected, the square-root speed of convergence (2.27) to the limiting distribution may
be considered quite remarkable; it is mainly due to some specific features in the chaos
expansion of Gaussian eigenfunctions, which is dominated by a single term at ¢ = 2. Note
that the function M need not be smooth in any meaningful sense; indeed, as we explained
in Section 2.1, our main motivating rationale here is the analysis of the asymptotic
behavior of the excursion volume in (2.4) S¢(z) = S¢(M), where M (-) = M, (-) =1(- > 2)
is again the indicator function of the interval (z,400). An application of Proposition 2.8
(compare (2.8) to (2.26)) provides a quantitative CLT for S;(z), z # 0, thus completing
the proof of our main result.

The plan of this paper is as follows: we collect in Section 3 some background results
on isonormal processes and quantitative CLT for their nonlinear transforms; in Section 4
we establish the quantitative CLT for the sequences hg.q 4., while Section 5 extends these
results to generic finite-order polynomials. The results for general nonlinear transforms
and excursion volumes are given in Section 6; most technical proofs and (hard) estimates,
including in particular evaluations of asymptotic variances, are collected in Appendix A.
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3. Background

In a number of recent papers summarized in the monograph [28], a beautiful connec-
tion has been established between Malliavin calculus and the so-called Stein method to
prove Berry—Esseen bounds and quantitative CLTs on functionals of Gaussian subordi-
nated random fields. In this section, we first briefly review some notation and the main
results in this area, which we shall deeply exploit in the sequel of the paper.

3.1. Stein—Malliavin normal approzimations

Let us consider the measure space (X, X, p), where X is a Polish space, X is the
o-field on X and p is a positive, o-finite and non-atomic measure on (X, X). Denote
H = L*(X, X, ) the real (separable) Hilbert space of square integrable functions on X
w.r.t. p, with inner product (f,g)n = [y f(x)g(x)du(x). Let us recall the construction
of an isonormal Gaussian field on H. First consider a Gaussian white noise on X, i.e.
a centered Gaussian family W

W={W(A): Ae X, u(l) < +oo}
such that for A, B € X of finite measure, we have

E[W (A)W (B)] = / (AN B)dy.
X

We define a Gaussian random field 1" on H as follows. For each f € H, let

T(f) = / f(x) dW (2), (3.1)
X

i.e. the Wiener—Ito integral of f with respect to W. The random field T is the isonormal
Gaussian field on H; indeed

Cov(T(f), T(9)) = (f,9)m-

Let us recall now the notion of Wiener chaoses. Define the space of constants Cy := R C
L?(€), and for ¢ > 1, let C, be the closure in L?(£2) of the linear subspace generated by
random variables of the form

HQ(T(f))7 f € H, ”f”H =1,

where H, is the ¢-th Hermite polynomial (2.7). Cj is called the ¢-th Wiener chaos. The
following, well-known property will be useful in the sequel: let Z;, Z2 ~ A(0, 1) be jointly
Gaussian; then, for all g1, g2 > 0
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E[Hq, (Z1)Hqy, (Z2)] = i 'E[Z1 Zo]% 6. (3.2)

Moreover the following chaotic Wiener—Ito expansion holds:

the above sum being orthogonal from (3.2). Equivalently, each random variable F' €
L?(Q) admits a unique decomposition in the L?(£2)-sense of the form

F=>aF) (33)

q=0

where J, : L*(Q) — C, is the orthogonal projection operator. Remark that Jo(F) =

We denote by H®? and H®? the ¢-th tensor product and the g¢-th symmetric
tensor product of H respectively. In particular H®? = L?(X9 X% ;%) and H®? =
L2(X9, X9 19) where by L? we mean the square integrable and symmetric functions.
Note that for (z1,x2,...,2,) € X? and f € H, we have

f®q(x1,x2,‘..7mq) = f(z1)f(z2) ... flzg).

Now for ¢ > 1 define the map I, as

I,(f7) == Hy(T(f)), feH, (3.4)

which can be extended to a linear isometry between H®Y equipped with the modified
norm /q!|| - || e« and the g-th Wiener chaos C;. Moreover for ¢ = 0, set Iy(c) = c € R.
Under the new notation the equality (3.3) becomes

NE

F=) 1/, (3-5)

Il
=)

q

where fo = E[F] and for ¢ > 1, the kernels f, € H®? are uniquely determined.
In our case, it is well known that for h € H®?, I,(h) coincides with the multiple
Wiener—Ito integral of h with respect to the Gaussian measure W, i.e.

I,(h) = / M1, z2,. .., 2q) AW (21)dW (z2) ... dW (zq) (3.6)
Xa
and, in words, F in (3.5) can be seen as a series of (multiple) stochastic integrals.

For every p,q > 1, f € H®P, g € H® and r = 1,2,...,pAq, the so-called contraction
of f and g of order r is the element f ®, g € H®PT9=2" defined as
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(f Or g)(xlu s 7$P+Q*2T)

:/f('rla"'axp—'f'aylw"ay’!‘)g(xp—r-'rl?"'7xp+q—27‘ay17""y’!‘)d:u(yl)"'du’(y'f')'
X'V’
(3.7)

For p = ¢ = r, we have f ®, g = (f,g)ge. and for r =0, f ® g = f ® g. Denote by
f @, g the canonical symmetrization of f ®, g. The following multiplication formula is
well-known; for p,q =1,2,..., f € H®?, g € H®4, we have

L) =S () (O)a-s 5 00

r
=0

We now briefly recall some basic Malliavin calculus formulas for this setting. For ¢,r > 1,
the r-th Malliavin derivative of a random variable F' = I,(f) € C, where f € H®?, can
be identified as the element D" F : Q — H®" given by

D'F = L), (3.5)

for r < ¢, and D"F = 0 for » > ¢. So that, the r-th Malliavin derivative of the random
variable F' in (3.5) could be written as

D'F = Z ) Iq—r(fq)-

For simplicity of notation, we shall write D instead of D!. We say that F as in (3.5)
belongs to D™ if

1
1Fllpra := (E[F|] + -+ E[|D"F|§0.])* < +o0;

it is easy to check that F' € D'?2 if and only if

E[|DF|%] = ZQHJ HL2(Q) < Fo0.

We need to introduce also the generator of the Ornstein—Uhlenbeck semigroup, defined
as

(e.¢]
== 4y
q=0

where J, is the orthogonal projection operator on Cy, as in (3.3). The domain of L is
D22, equivalently the space of Gaussian subordinated random variables F' such that
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Zq [ g (F) 1720 < +o0-

The pseudo-inverse operator of L is defined as

q

-2y

>Q|'—‘

and satisfies for each F' € L?()

LL 'F = F —E[F].
The connection between stochastic calculus and probability metrics is summarized in
the following celebrated result (see e.g. [28, Theorem 5.1.3]), which will provide the basis

for most of our results to follow.

Proposition 3.1. Let F € D'2 such that E[F] = 0, E[F?] = 02 < +00. Then we have

w(FN(0,1) <4/ —— 2 E[|o® — (DF,—DL™'F)y]].
0’ ™

Also, assuming in addition that F' has a density

dry (F,N(0,1)) < %EHO—Q —(DF,—DL'F)q|],

k(F,N(0,1)) < %EHUz —(DF,—DL™'F)q|].

Moreover if F € DY*, we have also

El|o® — (DF,—DL™'F)y|] < /Var[(DF,—DL~'F)y].

Furthermore, in the special case where F' = I,(f) for f € H®?, then from [28, Theo-
rem 5.2.6]

q— 4
E(jo* — (DF,~DL™'F)y|] < %Z r'2< ) 2¢ = 2r)!|If @r fllfereor-  (3.9)

Note that in (3.9) we can replace ||f ®;, f||%@sq 2 with the norm of the unsymme-
tryzed contraction || f ®, fH%{@Qq_QT for the upper bound, because ||f &, f||§{®2q_2r <
|l f @ fll3;024-2- by the triangular inequality.
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3.2. Polynomial transforms in Wiener chaoses

As mentioned earlier in Section 2, we shall be concerned first with random variables
h’@;q,d; 4 Z 17 qad 2 2

hisq.a = /Hq(Tf(x)) dx,
Sd
and their (finite) linear combinations

Q
Zy=> Behigar By €R, Q€N (3.10)
q=2

Our first objective is to represent (3.10) as a (finite) sum of (multiple) stochastic integrals
as in (3.5), in order to apply the results recalled in Section 3.1. More explicitly, we
shall first provide the isonormal representation (3.1) on L?(S?) for the Gaussian random
eigenfunctions Ty, £ > 1, i.e., we shall show that the following identity in law holds:

Ty() £ / V LGy g(cos d(a) W (). €S,
Sd

where W is a Gaussian white noise on S%. To compare with (3.1), Ty(z) = T(f,), where T
is the isonormal Gaussian field on L?(S?) and f.(-) := %Ge;d(COS d(z,)). Moreover

we have immediately that

E /\/%Ge;d(COSd(%y))dW(y) =0,
§d

and by the reproducing formula for Gegenbauer polynomials [36]

E /\/%Gé;d(COSd(xlvyl))dW(yl)/\/%Ge;d(cow(@,w))dw(yz)
Sa ga

_ Ne;d
Hd

/Ge;d(COS d(w1,y))Gra(cos d(wa,y))dy = Geacos d(xy, x2)).
Sd

Note that by (3.4), we also have

Hy(Te(x)) = Io(f39)

q/2
- / (%) Gra(cosd(@,y1)) ... Gral(cos d(w,yy)) dW (1) . .. dW (yy),
(8)
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so that

L
heq,d = /ge;q(yh---,yq)dW(y1>-~-dW(yq),
(84)a

where

q/2
9e:q(Y1s- -, Yq) = / (%) Gra(cosd(x,y1)) ... Galcosd(z,y,)) dx. (3.11)

Sd

Thus we just established that hg.q 4 £ I,(g9¢.4) and therefore

Q
Z0 £ 1L(Bygea), (3.12)
q=2

as required. It should be noted that for such random variables Z;, the conditions of
Proposition 3.1 are trivially satisfied.

4. The quantitative Central Limit Theorem for hy,q q

In this section we prove Proposition 2.3 with the help of Proposition 3.1 and (3.9) in
particular. The identifications of Section 3.2 lead to some very explicit expressions for
the contractions (3.7), as detailed in the following result.

For { > 1, ¢ > 2, let gs.q be defined as in (3.11).

Lemma 4.1. For all 1,92 > 2, r=1,...,q1 N g2 — 1, we have the identities

2 r 1 —r
19601 ®r 9eiq I geon = / Gé;d(cos d(l‘l,l‘g))Gz;qu? (cosd(z2,23))
(s4)*

x G.4(cos d(x3, a:;;))GZjqurr(cos d(z1,x4)) dz,
where we set dx := dridxodxsdry and n = q1 + g2 — 2r.

Proof. Assume w.l.o.g. ¢1 < g2 and set for simplicity of notation dt := dt; ...dt,. The
contraction (3.7) here takes the form

(ge;lh S gz;qz)(yla vy yn)

= / ge;‘h(yl?"'vy(h—rvtlv"'at’f')gf;qz(ylh—r-‘rlw"ay’r‘mtlw"vtr)dt
(s4)r
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q1/2
= / <%> Gra(cosd(z1,11)) ... Gea(cosd(zy,t,)) dey
(sd)r sd

q2/2
X / (%) Gra(cosd(z2,Yg —r+1)) - - - Goa(cosd(za, t,)) dro dt

Sd

n/2
ny.
[ (B0) Grateosdtor,n) - Graleos don. )
(84)2

x Gea(cos d(w2,Yq, —r11)) - - - Gra(cos d(x2, yn))GY.4(cos d(x1, 22)) drydrs,

where in the last equality we have repeatedly used the reproducing property of Gegen-
bauer polynomials [36]. Now set dy := dy; ... dy,. It follows at once that

2
||g€;q1 Qr gr;92 ||H®n

= /(ge;q1 ®r 9t:02)> W1, -+ Yn) Ay
(s)m

nea\" .
= / E) Gra(cosd(z1,y1)) - .. Gra(cos d(w2, yn))Gy.q(cos d(w1, v2))dr1drs
(S2)m (54)2

X /Gg;d(cosd(u,yl))...Gg;d(cosd(:cg,yn))G;;d(cosd(xg,m))daz;;dudg
(89)2

= GYa(cosd(zy,22))GYy " (cosd(w2, 23))Glq(cos d(x3, 24)) Gy (cos d(x1,24)) da,

(84)4
as claimed. O

We need now to introduce some further notation, i.e. forg >2andr=1,...,¢—1

Kelg;r) := / Gz;d(cosd(xhmg))Gz;;T(cosd(xg,xg))
(8d)*

X Gy.q(cosd(xs,x4))Gy " (cosd(x1, x4)) drydradrsdry,
Lemma 4.1 asserts that

2
Kelg;r) = ng;q r gﬁ;q”H@zq—zr ; (4.1)

it is immediate to check that

Ke(q;r) = Kelgsq — 7). (4.2)
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In the following two propositions we bound each term of the form K(g;r) (from (4.2) it
is enough to consider r =1,. .., [%] ). As noted in Section 2.2, these bounds improve the
existing literature even for the case d = 2, from which we start our analysis.

For d = 2, as previously recalled, Gegenbauer polynomials become standard Legendre
polynomials Py, for which it is well-known that (see (2.13))

1
/Pg(cosd(xl,xg))2 drxy =0 (Z) ; (4.3)
SQ
also, from [23, Lemma 3.2] we have that
4 log ¢
Py(cosd(z1,x2))* dzy = O = ) (4.4)

S2

Finally, it is trivial to show that

SZ|P@(cosd(m1,x2))| dry < /Pg(cosd(xl,xg)y dry = 0O (%) (4.5)

S2

and

/|Pg(cosd(x2,a:3))|3 dxy < /Pg(COSd(LL’g,SC?,))Q dxo /Pg(COSd(.’I}l,.’I}Q))4 dxq
s2 S? S?

log ¢
o). "

These results will be the main tools to establish the upper bounds which are collected
in the following proposition, whose proof is deferred to Appendix A.

Proposition 4.2. For allT =1,2,...,q— 1, we have

Ke(g;r) =0 (;) for ¢ =3, (4.7)
Kelg;r) = O (;) for g =4, (4.8)
Ke(g;r) =0 (%) forq=>5,6 (4.9)

and

1
Kalas) = Kt~ 1) =0 (57 ).

Kg(g;T)zO(E%), r=2,...,q—2, forq>"T. (4.10)
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We can now move to the higher-dimensional case, as follows. Let us start with the
bounds for all order moments of Gegenbauer polynomials. From (2.13)

1
/Ge;d(COS d(xl,xQ))Qdml =0 (fd_1> ; (4.11)
sd
also, from Proposition 2.2, we have that if ¢ = 2p, p =2,3,4,...,
1
/Ge;d(COS d(z1,22))!dx; = O (€—d> . (4.12)
Sd

Finally, it is trivial to show that

/|Gz;d(COS d(xa,x3))| dxe < /Ge;d(COS d(x9,x3))%dze = O (
sd sd

/ |Gp.a(cos d(x, 3))|° das
gd

< /Gz;d(COS d(ze,x3))?dxs /Gz;d(COS d(z1,x2))4dx; = O <£d—1> (4.14)
s¢ s¢

and for ¢ > 5 odd,

/ |Gg;d(COS d(l’g, .1?3))|q dJCz
sd

1
< /Gg;d(cos d(z2,23))*dxs /Ge;d(COS d(z1,22))2@=2dz; = O (Z_d> . (4.15)
s¢ s¢

Analogously to the 2-dimensional case, we can exploit the previous results to obtain the
following bounds, whose proof is again collected in Appendix A.

Proposition 4.3. For allr =1,2,...,q—1,

1

Ke(g;7) =0 (W) for ¢ =3, (4.16)
1

Ke(g;7) =0 <W> for ¢ =4, (4.17)

and

1
Ke(g;1) = Ke(q3q—1) = O (M) ;

1
ng(g;T)zO(W—_1>, r=2...,q—2, forq>5. (4.18)
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Exploiting the results in this section and the variance evaluation in Proposition 2.2
of Appendix A, we have the proof of our first quantitative CLT.

Proof of Proposition 2.3. By Parseval’s identity, the case ¢ = 2 can be treated as a
sum of independent random variables and the proof follows from standard Berry—Esseen
arguments, as in Lemma 8.3 of [19] for the case d = 2. For ¢ > 3, from Proposition 3.1
and (3.9), for dD = dK,dTV7dW

hesq Ke(g;r)
dp | ———— 1) ] = — . 4.1
P ( Varlhe,q,d N, )> © <Slr1p Var[hz;q,dP) (4.19)

The proof is thus an immediate consequence of the previous equality and the results in
Proposition 2.2, Proposition 4.2 and Proposition 4.3. 0O

5. General polynomials

In this section, we show how the previous results can be extended to establish quan-
titative CLTs, for the case of general, nonHermite polynomials. To this aim, we need to
introduce some more notation, namely (for Z, defined as in (3.10))

K(Ze;d) = qf%?% r={?<8.t,}z(1—1 Kelgim),

and as in Proposition 2.7

= for B3 # 0,
R(Zpd)={ "%
maXg=s,..., Q: Bq,cq;a#0 R(f, q, d), for ﬁz = 0.

In words, K(Zy; d) is the largest contraction term among those emerging from the analysis
of the different Hermite components, and R(Z; d) is the slowest convergence rate of the
same components. The next result is stating that these are the only quantities to look
at when considering the general case.

Proof of Theorem 2.7. We apply Proposition 3.1. In our case H = L?(S%) and

Q Q
Var((DZ;, ~DL™ ' Zy) ) = Var | (Y By, Dhugya— Y BQQDL_lhg;q%d}H]
q1=2 q21=2
Q Q
= Var Z Z Ba1 ez <Dh€;q1,d>DL1hé;Qz,d>H] .
q1=2q1=2

From Section 3 recall that for ¢; # ¢

E[(Dhyq, a,—DL ™ hygy a) 1] = 0,
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whence we write
Q Q
Var Z Z 61116@ <Dhe;Q1,d7_DL71hf;qzyd>H

q1=2 q2=2

= Z Z ﬁ 2 COV th;ql,dv _DL_lhf;ql,d>H7 <Dhl;q2,da _DL_lhé;qz,d>H)

q1=2q2=2

e e Q@ Q@
+Z Z Z Z /B(hﬁqmﬁqsﬂrm

q1=2 q27#q1 43=2 qu#q3
x Cov (<th;q1,d7 _DL_th;qz,d>Ha (Dhi;gs,d _DL_lhl;q4,d>H) .

Now of course we have

Cov ({Dhe;g, .4 —DL ™ hygy a) iy (Dhigy.ds —DL ™ hasgy ) )
_ _ 1/2
< (Var [<th;q1,d7 -DL 1hf;q1,d>H] Var [(Dhl;q2,da -DL lhl;qQ,d>H]) / ’
Cov ((Dhesg, .4, —DL ™ hysgy a) i1, (Dhisgs.as —DL ™ husg, a) 1)

_ _ 1/2
< (Var [(Dheyg, 0, —DL lhé;qz,d>H] Var [(Dhy,gq,4, —DL lhé;q4,d>H]) .
Applying [28, Lemma 6.2.1] it is immediate to show that

Var [<th;q17d, —DLilhg;ql ,d>H]

q1—1

4
1 2
<at (0= 0% 7)) Con 20l @ g o

qa1—1

4
=q Z r—1)! (7”— 11) (2q1 — 2r)1Ce(q1; 7).

Also, for ¢1 < q2

Var [<Dhg.q1 ds fDLilhg;q27d>H]
a -1 2 1\ 2 N )
% Z <r 1 ) (r 1 ) (¢1 + g2 —2r)! Hgé;cn @r 9t;q HH@(‘II‘FQZ*ZT)

2
g2 —1 ~ 2
= (ﬁ(((ﬂ - 1)!)2 <Q1 . 1) (2(]1 - 27’)! Hgf§m ®g1 G HH®(<12—G1>

q1—1 1 2 q 1 2 9
5 — -
+ ql Z (,r _ 1) (,r . 1) (Q1 +q2 — 27‘)! Hgl;q1 Or Go3q, ||H®(q1+q272r)

::A—I—B.
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Let us focus on the first summand A, which includes terms that, from Lemma 4.1, take
the form

~ 2
Hgl;tn o gf;tJ2HH®(q2—q1)
2
< lgeq: ®aqu gé;qz”H@(qrql)

q2—q1
[ (%) Gatcosdtonn) . Grateos doa. )

(Sd)92—a1 (S4)2

x Gpa(cosd(x,z2))? dridzo

X / Galcosd(x3,y1)) ... Gea(cosd(3,Yg,—q,))Gra(cos d(xs, x4))? drsday dy
(8)2

=1

)

where for the sake of simplicity we have set dy := dy; ... dy,, 4, - Applying g2 — q1 times
the reproducing formula for Gegenbauer polynomials [36] we get

I= / Gra(cosd(x,z2)) " Gea(cos d(xe, x3)) 2" MG g(cosd(xs, x4)) " dz. (5.1)
(84)*

In graphical terms, these contractions correspond to the diagrams such that all ¢; edges

corresponding to vertex 1 are linked to vertex 2, vertex 2 and 3 are connected by ¢ — q1

edges, vertex 3 and 4 by ¢; edges, and no edges exist between 1 and 4, i.e. the diagram

has no proper loop.
Now immediately we write

5.1) = /Gg;d(cosd(:zcl,:132))‘11 dml/Gg;d(cosd(xg,m))‘h dxy
d d

X / Gg;d(COS d(l’27l‘3))q2iql dedeii

(89)2
1
= W \/'am[m;ql,d]2 / Gea(cosd(xg, x3)) 2™ drods.
1:
(89)2
Moreover we have
Gg;d(COS d(l‘Q, l‘3))q27q1 d$2d$3 = O, if qo — q1 = 1 (52)

(89)?

and from (2.13) if g2 — ¢1 > 2
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1
/ Gya(cosd(xa, x3)) ™1 drodrs < ud/Gg;d(cos d(zx,y))*dz = O <gd—1) .
(s)2 sd

It follows that

2 1
96 S 9t yocn-o = O Vol o (5.9
always. For the second term, still from [28, Lemma 6.2.1] we have
- 2 2
q g —1 g2 —1
BB -0 (") (PD)) @rm-
ot r—1 r—1
2 2
% (9t @asr Gts0arene + 19602 Saar iasllfgear)

- ‘;Z« 112 (i}_‘f)z (% 1)2<q1 a2

r—1
X (Ke(quir) + Kelga;r)), (5.4)
where the last step follows from Lemma 4.1.

Let us first investigate the case d = 2. From (2.14), (2.15) and (2.17) it is immediate
that

0 o), for By # 0,
Var[Z] = > 87 Var[hego] = § O((~2logl), for B2 =0, B4 #0, (5.5)
=2 o(=2), otherwise.

Hence we have that for 8o # 0
Zy— EZ, Ke(2;r) 12
d —_— 0,1)| =0 %t———= | =0{(¢ ;
w ( Var[Zq] N, )> ( Var|Z(] ) ( ) ’
for B2 =0, B4 # 0,
Zg — EZZ IC@(4;T) < 1 >
Ze e 1 _ VAMHT) ) L
drv (m’f‘/ @ )> o ( VarlZd ) O\ ozt
andfor52:6420,657é0andc;,>O
Zg —EZ@ . IC@(E);?") o M
dTV <VT[ZZ],N<O,1>>—O<W> —O<€1/4>,

and analogously we deal with the remaining cases, so that we obtain the claimed result
for d = 2.



D. Marinucci, M. Rossi / Journal of Functional Analysis 268 (2015) 2379-2420 2403

For d > 3 from (2.13) and Proposition 2.2, it holds

Var[Zg] = Z [32 Var[hg;%d] =

q=2

< {Ow—(d-”), for By # 0,

(—%, otherwise.

Hence we have for 5o # 0

Zy—EZ, _ Ke(2;7) _ 1
i <¢v:[zﬂ . ”) ¢ (Trw ) -0 ()

Likewise for B =0, 83, ¢34 # 0,

Zy—EZ, B Ke(35m)\ 1
drv (\/V&I’[Zg]“/\/'(ov 1)> =0 < Var[Z] ) =0 (8%)

and for B = f3 =0, B4 #0

Zg — EZ@ o IC@(4;7“) o 1
drv <7Var[Zg] L N(0, 1)) =0 <7Var[Zg] > =0 ([,;3> )

Finally if By = 3 = B4 =0, By, cq;a # 0 for some ¢, then

Zg — EZ/ ]Ce(q’ r) £2d ( 1 )
dry (2222 vy ) =0 (Lden)) o 2 ) —o(-L).
N (War[Zd’N( ’ )> ( Var[Z] ) P =) -

Remark 5.1. To compare our result in these specific circumstances with the general bound

obtained by Nourdin and Peccati, we note that for (5.1), these authors are exploiting
the inequality

2 2
Hgt’;m Qq gi;q2HH®(q2—q1) < ||g£;q1||H®q1 ||9€;qz Sga—q1 9€;q2HH®2q1 )

see [28, Lemma 6.2.1]. In the special framework we consider here (i.e., orthogonal eigen-
functions), this provides, however, a less efficient bound than (5.3): indeed from (5.1),
repeating the same argument as in Lemma 4.1, one obtains

2
Hg&ql Qg1 Ge;qs HH®(qrq1)

= / Gra(cosd(x,22)) " Gpa(cosd(xe, 23)) 2 "1 Gpq(cosd(zs, x4)) " dz

(s4)*

< /Gg;d(COSd(l‘l,xQ))qld$1dﬂ,‘2

(89)2
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X\} / Gya(cosd(zy,z2)) Geq(cosd(xz, x3))2~ 91 Gy q(cosd(xs, £4)) 9 Gpyq(cosd(xy,z4))%2 9 dz
(S(’)‘l

=0 (Var[hz;ql,d] VEKe(q2, Q1)> ;

yielding a bound of order

O \/Var[hg;ql,d] Ke(g2,q1) :O<M> (5.6)

Var(hgq, ] Var[he,q, d]
rather than
Ke(g2, 1)
o,/ =099 . 5.7
( Var[hy,qg,,a]? 61)
for instance, for d = 2 note that (5.6) is typically = O(£ x £=9/8) = O(¢~1/8), while we
have established for (5.7) bounds of order O(¢£~1/4).
Remark 5.2. Clearly the fact that ||geq, ®q gg;qzﬂim(m_ql) =0 for g2 = ¢1 + 1 entails
that the contraction gs.q, ®q, ge:q, is identically null. Indeed repeating the same argument

as in Lemma 4.1

Jt:q1 @q1 Ge3q1+1

= /Gg;d(COSd($1,y))Gg;d(COSd(]Jhxg))ql dxydxs
(84)2

= /Gg;d(cosd(xl,y)) /Ge;d(COSd(‘Thmg))ql dxo | dz1 =0,
Sd Sd

as expected, because the inner integral in the last equation does not depend on z; by
rotational invariance.

6. General nonlinear functionals and excursion sets
The techniques and results developed in Sections 4, 5 are restricted to finite-order

polynomials. In the special case of the Wasserstein distance, we shall show below how
they can indeed be extended to general nonlinear functionals of the form (2.25)

Su(M) = / M(Ty(x))d;
Sd

here M : R — R is a measurable function such that E[M (T})?] < oo, as in Section 2.2,
and Jo(M) # 0, where we recall that J, (M) := E[M(Ty)H,(1})]-
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Remark 6.1. Without loss of generality, the first two coefficients Jo(M), J1(M) can
always be taken to be zero in the present framework. Indeed, Jo(M) := E[M (T})] = 0,
assuming we work with centered variables and moreover as we noted earlier hy; 4 =
Jsa Te(z) dzz = 0.

Proof of Proposition 2.8. As in [21], from (2.26) we write the expansion

s,y = [ 32 JODHTa)

|
§a 9=2 ¢
Precisely, we write for d = 2
Jo(M J3(M Jy(M 2 J,(M)H,(Ty(x
SZ(M) = Lh@;ZQJFMhZ;S,Z 4( )h€;472+ Z q( ) Q( Z( ))dl',
2 3! 4! q!
§2 q=>5
(6.1)
whereas for d > 3
Jo(M 2 J,(M)H,(Ty(x
Sp(M) = 2(2 )hm,d+ > ol )q!q( o) g (6.2)

ga 973

Let us first investigate the case d = 2. Set for the sake of simplicity

Jo(M J3(M Ja(M
Se(M;1) = #hz;z,z-i- 3(3, >he;3,2+ 451' )he;4,27
v [ = Jg(M)H,(Ty(x))
Sp(M;2) := Z g dx.
2 9=5

Hence from (6.1) and the triangular inequality

Se(M)
o s 0)

4 ( Se(M) Se(M; 1) )
> 4w )
V/Var[Se(M)] " /Var[Sg(M)]

+ ( SM:Y) <0’ Var[Se(M; 1)1))

/Var[S,(M)]’ Var([Sy(M)]

e (4 (0555 ) v
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o |[ /S e

s2 94=°

97 1/2

Sg(M;l) Var[Sg(M;l)]
”W< Varls, (0] VS, )>

Var[Sy(M;1)]
+ dy <N(0, W),N(o, 1)> .

Let us bound the first term of the previous summation. Of course
Var[S¢(M)] = Var[Se(M; 1)] + Var[Se¢(M; 2)];

now we have (see [21])

J2(M J2(M J2(M
Var[Sg(M; 1)] _ 72 (2 ) Var[hg;gg] + 3( ) Var[he;3,2] + 214(‘)2) Var[hz;4,2]
and moreover
? 2
> > J2(M
Var[Se(M; 2)] Z iC) dx) Z Z‘J(')Q) Varlhe,q 2]
=5 q=5

if: 2

where the last bound follows from (2.15) and (2.16). Therefore recalling also (2.14)
and (2.17)

1 = O0H,@E) ) |
VeSO (/Z i dm) “r

g2 9=5

On the other hand, from Proposition 2.7

S@(M; 1) Var[Sg(M; 1)] _ L
dw < Var[S,(M)] N (0’ Var[Se(M)] )) o <ﬂ>

and finally, using Proposition 3.6.1 in [28],

so that the proof for d = 2 is completed.
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The proof in the general case d > 3 is indeed analogous, just setting

Se(M;1) = J2(2M) he:2,d,
SeM;2) = [ 3 Jq(Mﬂjz(Te(x))dm
S2 q=3 :

and recalling from (2.13) that Var[hes,a] = O(z=r) whereas for ¢ > 3, Var[hgqq] =
O(4) from Proposition 2.2. O

We are now in the position to establish our main result, concerning the volume of the
excursion sets, which we recall for any fixed z € R is given by

Se(2) = Se(I(- > 2)) = /]I(Tg(x) > 2)da.
Sd

Again, E[S;(2)] = pa(1—®(z)), where ®(z) is the cdf of the standard Gaussian law, and
in this case we have M = M, := I(- > z), Jo(M,) = z¢(z), ¢ denoting the standard
Gaussian density. The proof of Theorem 2.1 is then just an immediate consequence of

Proposition 2.8.

Remark 6.2. It should be noted that the rate obtained here is much sharper than the one
provided by [34] for the Euclidean case with d = 2. The asymptotic setting we consider
is rather different from his, in that we consider the case of spherical eigenfunction with
diverging eigenvalues, whereas he focuses on functionals evaluated on increasing domains
[0,T)* for T — oo. However the contrast in the converging rates is not due to these
different settings, indeed [8] establish rates of convergence analogous to those by [34] for
spherical random fields with more rapidly decaying covariance structure than the one
we are considering here. The main point to notice is that the slow decay of Gegenbauer
polynomials entails some form of long range dependent behavior on random spherical
harmonics; in this sense, hence, our results may be closer in spirit to the work by [12]
on empirical processes for long range dependent stationary processes on R.
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Appendix A
A.1. On the variance of hy.q.q

In this appendix we study the variance of hy,q 4 defined in (2.6). By (3.2) and the
definition of Gaussian random eigenfunctions (2.2), it follows that (2.9) hold at once:

2
Var[hs.q.q] = E /Hq(Tg(:z:))d:c = / E[H(Ty(z1))Hy(Te(x2))] dzydas
Sd (Sd)Q
=q! / E[Te(21)Ty(x2)]? daxidzy = ¢! / Gra(cosd(x1,22))? dxidas
(84)2 (84)2

= ¢ \ata—1 /Gg;d(COS $)4(sin ﬁ)d_l do.
0

Now we prove Proposition 2.2, inspired by the proof of [22, Lemma 5.2].

Proof of Proposition 2.2. By the Hilb asymptotic formula for Jacobi polynomials (see [36,
Theorem 8.21.12]), we have uniformly for £ > 1, ¥ € [0, ]

(sin9)# 1 Gpalcosd) = (521 <a@,d( v )QJ%_l(w)mw)),

where L = { + d2;1,

r+4¢
Qg g = Ei_—f i),l ~1 as{— oo, (A1)
L+ 5)="1
and the remainder is
,% —1 s
5(19)<<{\/5;€ d <y <3,
PE-D+2p5-1 0 <9 < 071,

Therefore, in light of (A.1) and ¥ — =2 being bounded,

sin 9

G.q(cos 9)?(sin ¥)?~dv

o\m\:\

251 ! i . —a(d— 9 \2 . _
= <7)> agyd/(smﬁ) a3 1)<—19> J%_l(Lﬁ)(Smﬁ)d Lo

(“ g-1 sin
4 0
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jus

—1 1 - i_ _ . j—
+ O gq(gq) /(Slnﬂ) q(3 1)|J%71(L19)|q 15(19>(Sm19)d 119 ’ (A.2)
0

where we used

(+4-1 1
¢ )

(note that we readily neglected the smaller terms, corresponding to higher powers
of §(9)). We rewrite (A.2) as

/Gz;d(COS 9)4(sin®)?"1dy = N + E, (A.3)
0

where

q

= (( > aj ’do/ (sind)~ ’*1)(Sifﬁ)§Jg_1(L19)q(Sin19)d71dl9 (A4)

and

E(d q;0) <~ /811119 —a(g— D Ja 1 (L) 16(0)(sind)* dd.  (A.5)
0

To bound the error term E we split the range of the integration in (A.5) and write

=

E< qul_n /(sin )71, (L))ot D208 sin )t dg
0

s

1
MyTeE /(Sinﬁ)_q(%_l)|J%71(L?9)|q_1\/§€_%(sinﬁ)d—l 9.

1
[

(A.6)

For the first integral in (A.6) recall that Jgfl(z) ~ 2271 as z — 0, so that as £ — oo

1

1 ) a(3-1)—d+1 d
212 1)/"(' ﬁ) g1 (L9)[7~to~(amDEZD 4 gy
- 27 Sin
0

(A7)
0
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which is enough for our purposes. Furthermore, since for z big |J%71(2)| = 0(z"2) (and
keeping in mind that L is of the same order of magnitude as ), we may bound the second

integral in (A.G) as

us

1 ? 9 a(&—1)—d+1 . i
q— q -3
<:gﬂgn+g‘/m< - > \dedLﬁ)| 9 )

sin

1
[

s jus

1 _a=l _o(d_ _1 1 d_1
<m/(£ﬁ) 2 ¢ a(5—1)+d 2dﬁ:m/ﬁ q( )+dd’l9

Sl
Sl

1

— —d
gonaE-pe (A8)

<

where the last equality in (A.8) holds for ¢ > 3. From (A.7) (bounding the first integral
n (A.6)) and (A.8) (bounding the second integral in (A.6)) we finally find that the error
term in (A.3) is

E=o(l™% (A.9)

for ¢ > 3, admissible for our purposes.
Therefore, substituting (A.9) into (A.3) we have

G.a(cos9)?(sin )~ dv

O\m\a

2%*1 q 2 . L p ; | ) )
B <W> azydo/(smﬂ) " 1)<Sinz9) Ja_y (L9)"(sin )"~ d) + (e~
-1 I o\3
= <(2—d—1 ) 1 smw/L ——1)(8131)1/”/[1) Jgfl(w)q(Sinlﬁ/L)d_l dy)

+o(t™h, (A.10)

\w\:

where in the last equality we transformed /L = oJ; it then remains to evaluate the first
term in (A.10), which we denote by

251
Ny = <(e+g1 )

Now recall that as £ — oo

Y/L 2

smw/L S (7)) e/ D .

—
S}
\wla
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<z+g—1> it
l (4-1

moreover (A.1) holds, therefore we find of course that as L — oo

et

q I %
Ne~ = om La(s 1)+1 /smw/L )<si;pz/p/L) Jg—1(1/))q(sinw/L)d*1d¢,

(=)

(A.11)

In order to finish the proof of Proposition 2.2, it is enough to check that, as L — oo

(25—1 4 1))
Lq(d D+

)( Y/L N3

(sin /L)~ Zng/ L) FJa ()9 (sin /LY dip — cq,

o\wm

actually from (A.10) and (A.11), we have

lim Ed/Gg;d(cosﬁ)q(sinﬁ)d_l dd
— 400
0

2

28 —1( 4 1))
= lim Ld( /sme -

L—+o0 Lq(d D11
0
L \3

: (Sii}?//)/L) J%—l(w)q(sinw/L)d—ldw.

Now we write

L
Si;pl/p/L =140 (v*/L?%),
so that
(25—1 d q LZ e
Ll g—1+1 / (sinyp/L)~ )(sinw/L) 2Jg_1(1/))q(sin1/)/L)d*1 i)

0

L \a(§—3)—d+1 ,
(si:fq//;/[,)q ’ J%_1(¢)q¢*q(571)+d71 i)

) a(¢—3)—d+1

(1 + 0 ("/’ /LQ) Jgil(w)qw—q(%—l)-s-d_l i
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L3
q
- (23‘16[—1)!) [ gty attoitag
0
L3
1 a_
Ol / Ty g ()1 DR 4y
0

Note that as L — 400, the first term of the previous summation converges to c4,q defined
in (2.12), i.e.

L

b

d q
(2%_1(5 N 1)!> / Jgfl(w)qflﬁ_q(%_l)—i_d_l dp = Cqa- (A.12)
0
It remains to bound the remainder
L3 Lz
1 _cd_ 1 o
2 / [Ty 1 ()]G 4y = 0(1) + 5 / [Ty ()| 771D g,
0 1
Now for the second term on the r.h.s.
Lz Lz

2
/ |Jgil(¢)\¢*q(%fl)+d+l dip < /w*Q(%*%)erJrldw
2
1

1
= O(1 + L~9(5—2)+d+2),

Therefore we obtain

d “r 1
= (2‘211(5 — 1)!> / J%_lw)qwﬂz(%*l)ﬂl*l dip + O(L™% + qu(%*aﬂd),
0

so that we have just checked the statement of the present proposition for g > %. This
is indeed enough for each ¢ > 3 when d > 4.

It remains to investigate separately just the case d = ¢ = 3. Recall that for d = 3 we
have an explicit formula for the Bessel function of order % — 1 [36], that is
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and hence the integral in (2.12) is indeed convergent for ¢ = d = 3 by integration by

parts.
We have hence to study the convergence of the following integral

) sin® ¢ .

~
[NE]

G

(v

8
3
T2

o

To this aim, let us consider a large parameter K > 1 and divide the integration range
into [0, K] and [K, T]; the main contribution comes from the first term, whence we have

to prove that the latter vanishes. Note that
(A.13)

/(2

where we use integration by part with the bounded function I(T) = |

sin® ) 1
d il
7 V< 2
OT sin® zdz. On

L

[VE]

)

[0, K], we write
8 T W/L \ sin® 8 [sin®ey
ﬁ_%0/<sinw/L> v dw:w_%O/ TR VY

:ifsm‘”’%ww(fﬁ
= 1

K
sin® ¢ B sin® ¢
” dp = — ” d1/)+O<K+L2
0

Consolidating the latter with (A.13) we find that

w3

L
8 W/
e

)

Now as K — +o0,

o3
sin®
/ dp — c3.3;

0

to conclude the proof, it is then enough to choose K = K (L) — oo sufficiently slowly,

ie. K=+vL. O
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A.2. Proofs of Propositions 4.2 and 4.3

Proof of Proposition 4.2. The bounds (4.7), (4.8) are known and indeed the correspond-
ing integrals can be evaluated explicitly in terms of Wigner’s 3j and 6j coefficients,
see [18,19,23]. The bounds in (4.9), (4.10) derive from a simple improvement in the proof
of Proposition 2.2 in [23], which can be obtained when focusing only on a subset of the
terms (the circulant ones) considered in that reference. In the proof to follow, we exploit
repeatedly (4.3), (4.4), (4.5) and (4.6).

Let us start investigating the case ¢ = 5:

Ke(5;1) = / |Pg(cosd(a:1,a:2))|4|Pg(cosd(x2,x3))\
(§2)4

X | Py(cosd(xs, 554))|4 |Py(cosd(xg,x1))| drydredrsdry

< / |Py(cos d(ay, 22))[* |Po(cos d(w2, 23))| | Pe(cos d(xs, 24))|* doydosdrsda,
(s2)*
< / |Py(cosd(wy, x2))[* | Pe(cos d(z2, z3))|

82)3

{/|Pg COSd .733,.734))| d$4 d$1d$2d$3

<O<g> X / |Py(cos d(zy, x2))[* /|Pg(cosd(x27m3))\dm3 dzrydxs
$2 %82 2
<0 <g> x O <\/LZ> X / |Py(cos d(z1,x2))|* daydas
§2xS?
log ¢ 1 logl\ . (log” ¢\
co(2) o) ol(2) 0 ()

Py(cosd(x1,22))]” | Pe(cos d(z2, x3))|°

Ke(5;2) = /

(82)4
X |Py(cosd(xs, x4))|3 | Pp(cos d(xy, xl))|2 dridrodrsdry

< / |Pg(cosd(x1,x2))|3|Pg(cosd(ac2,x3))|2|Pg(cosd(x3,m4))\3dxld:rgdxgdm

(Cook

< / |Py(cos d(z1, x2))|” | Po(cos d(za, 23))]?
(82)3
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3
X {/|Pg(COSd(I3,I4))| dI4} dxld,rgdl'g

l
( ) ) \Pg(cosol(gcl,gcg)ﬂ3
S2 xS2

{/|Pg COSd $2,$3))| dlig} dLEleEQ
log 1 3
o 7) % / | Py(cosd(x1,x2))|” dridas

S2 x§2

log ¢ 1 log ¢ log ¢

For ¢ = 6 and r = 1 we simply note that &p(6;1) < Kp(5;1), actually

IN

IN
Q

Ke(651) = / | P(cos d(xl,xg))|5 | Py (cosd(xa, x3))]
(82)*
X | Py(cosd(xs, m4))|5 |Py(cos d(xq,x1))| derdaadrsde,
< / | Py(cos d(gcl,acg))|4 | Py(cosd(xa, x3))]
(s2)4

x |Py(cos d(w3, 24))|* | Po(cos d(x4, 21))| daydagdasda,
log? ¢

Then we find with analogous computations as for ¢ = 5 that

Ko(62) = / |Py(cos d(z1, z2))[* | Pe(cos d(z2, 23))|?
(s2)4
X |Py(cos d(xs, 24))|* | Po(cos d(z4, 21))|? doydwsdrsday
< / |Py(cos d(ay, 2))[* | Pr(cos d(wa, )|
(s2)4

x | Py(cosd(xs, 334))|4 | Py(cos d(xy, xl))|2 dridrodrsdry

|Py(cos d(zy, x2))[* dml{/Pg cos d(z2, x3))|? dxg}

S2 x§2

2415
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X /|Pg(COSd(Z‘3,I4))|4 dxy dl’g

S2

log ¢ 1 log ¢ log? ¢

K(653) = / |Py(cos d(zy, x2))|> | Po(cos d(wz, 23))[>
($2)4

x |Py(cos d(x3, 24))|* | Po(cos d(x4, 21))|* day drodasday

and likewise

(s2)*

73/2 /3/2 /3/2 09/2

< / |Py(cos d(z1,x2))|* |Po(cos d(xa, 23))|* | Po(cos (w3, 24))|* day deodarsday

0 <\/W) % O <\/W) % O (W) o) <1°g3/2€>.

Finally for ¢ =7

Ko(7:1) = / |Pa(cos d(a, 22))|° | Palcos d(aa, 73))|
S2x---x .52

X |Py(cos d(xs, 24))|° | Pe(cos d(zg, 21))| doydzodas

d.’E4

< / |Pg(COSd($1,fE2))|6d.’L‘1 /|Pg(cosd(x2,x3))|dx3
SQ

S$2x 52

X / |Py(cos d(w3, 24))|° day y dao

S2

o(2)xo(h)o(2) o)

and repeating the same argument we obtain

) 10g9/2£
Ke(7:2) = O <£—5> and  K(7:3) = O (W '

From (4.2), we have indeed computed the bounds for Ky(g;r), ¢ =
1,...,q—1.
To conclude the proof we note that, for ¢ > 7

max Ko(g;r) = max K(g;r) < max Ky(6;r) = O(
r=1,...,q—1 r=1,..., (4] r=1,...,3

1,...,7and r =

1
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Moreover in particular

e Kilai) < Ku(Ti2) Y Ko(733) = O (515) ,
r=2,...,[%

so that the dominant terms are of the form Ky(g;1). O

Proof of Proposition 4.3. The proof relies on the same argument of the proof of Proposi-
tion 4.2, therefore we shall omit some calculations. In what follows we exploit repeatedly
the inequalities (4.12), (4.13), (4.14) and (4.15).

For ¢ = 3 we immediately have

Ke(3;1) = / |Gra(cosd(zy,22))) |Gra(cos d(zg, 23))|
(54)*
X |Gpa(cosd(xs, £4))|° |Gra(cos d(zg, 21))| day deodzsda,
< / |Gesalcos d(w1, 22))|” |Grsalcos d(wz, z3))|
(Sd)4

X |Ge.a(cosd(zs, x4)) ? daydaodrsda,

1 1 1 1
_O(—Ed—1> ><O< €d1> xO(—gd_1> :O(—€2d+gg>.

Likewise for ¢ = 4

Ke(41) = / |Gesalcos d(z1,22))|* |Gralcos d(wz, w3))]
(8%
X |Gpa(cos d(xs, 1)) |Gra(cos d(zg, 21))| daydzodrsdr,
< [ [Gralcosd(er,aa))f' (Gralcosd(ra, )
(8)*

X |Ge.a(cosd(zs, x4)) 1* daydaodrsday

1 1 1 1
-o(w1) (7)o (7)o (@)

(MY

and moreover

Ko(4;2) = / (Grsa(cos d(z1, 22))|? |Gasa(cos d(wa, 23))
(S4)4

X |Ggq(cosd(zs, 334))|2 |Gr.a(cos d(x, xl))|2 dzr1dredrsdry
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< [ Gualeosdar. ) Graleosd(aa, )
(§4)4

X |Gg;d(COS d(lig, CC4)) |2 d1‘1d$2d563d$4

o) o) o) o ()

Similarly, for ¢ = 5 we get the bounds

Ke(51) = / |Grialcos (w1, 22))|" | Gesalcos d(wa, a3))|

Sdx...x 84

X |Gea(cosd(zs, 1)) |4 |Gr.a(cosd(xa, x1))| drrdzodrsdey

< [ (Guateosdiara)| (Graloos d(az,x2))

Sdx...xSd

X |Gga(cosd(zs, x4))|4 dx1dradrsday

1 1 1 1
-0() o (1) <0 (&) = (@rr)

Ko(5:2) = O (%) .

and

It is immediate to check that
1 1
whereas
1 1

The remaining terms are indeed bounded thanks to (4.2).
In order to finish the proof, it is enough to note, as for that for ¢ > 7

1
T:H}_%}?;_llcz(%r) = T:H}‘%‘l_fi% Ke(gsr) < ,max Ke(657) =0 (W) - (A4)
In particular we have
1
7‘:2,...,[%} J4

so that the dominant terms are again of the form Ky(g;1). O
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