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Abstract

This study concerns several aspects of the generation and propagation of landslide
tsunamis in different oceanographic topographies, i.e. an indefinite plane beach, a
plane beach connecting to a flat continental platform and a conical island.

A forced two-horizontal dimension (2HD) analytical model is developed to investi-
gate the distinguishing physical features of landslide induced tsunamis generated and
propagating on a plane beach. The method of separation of variables and the Fourier
transform are employed to obtain the solution in the form of an eigenfunction ex-
pansion. The resulting wave field is made by a fast-decaying component propagating
offshore and a system of transient edge waves travelling along the shoreline. Parametric
analysis highlights the influence of the landslide initial position and velocity on the am-
plitude of the generated wave field. Results are satisfactorily compared with available
experimental data. Discussion about the validity of non-forced numerical models is also
made.

A forced 2HD analytical model is developed to investigate the main characteristics
of landslide tsunamis propagating on a semi-plane beach. All the eigensolutions are
perfectly trapped along the shoreline, as it happens in the limit case of the indefinite
plane beach. Parametric discussion shows that the finite length of the incline does not
modify the nature of the eigensolutions, but is responsible of a more moderate decay
of the propagating wave field in the offshore direction.

Finally, an analytical forced two-horizontal-dimension model is derived to investi-
gate landslide tsunamis propagating around a conical island lying on a flat continen-
tal platform. Separation of variables and Laplace transform are used to obtain the
free-surface elevation in the whole domain and the runup at the shoreline in terms of
confluent Heun functions. The main properties of these functions and their asymptotic
behaviour for large parameters are investigated. The generated wave field is made by
a system of transient waves propagating to infinity and transient local waves almost
trapped. Expression of the transient leading wave travelling offshore is also derived.
The distinguishing physical features of landslide tsunamis propagating in a round geom-
etry are then pointed out and compared with those of landslide tsunamis propagating
along a straight coast. Analytical results satisfactorily agree with available experimen-
tal data.
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Sommario

Lo studio riguarda vari aspetti della generazione e propagazione di tsunami generati
da frane su diverse topografie oceanografiche, quali una spiaggia piana indefinita, una
spiaggia semipiana connessa ad una piattaforma continentale ed un’isola conica.

Un modello analitico forzato tridimensionale ¢ sviluppato per studiare la propagazio-
ne di tsunami generati da frane lungo una spiaggia piana. Il metodo della separazione
delle variabili e la trasformata di Fourier vengono impiegati per ottenere la soluzione in
forma di serie di autofunzioni. Il campo d’onde risultante ¢ costituito da una compo-
nente evanescente propagantesi ortogonalmente alla spiaggia e da un sistema di onde
di bordo transitorie lungo la spiaggia. L’analisi parametrica del sistema evidenzia
I'influenza della posizione e velocita iniziali della frana nel determinare ’ampiezza del
campo d’onde generato. I risultati sono confrontati con successo con dati sperimentali.
Lo studio termina con la discussione sulla validita di modelli numerici non forzati.

Un modello analitico tridimensionale ¢ sviluppato per studiare la propagazione
lungo una spiaggia semipiana di tsunami generati da frane. Le soluzioni proprie del
sistema sono perfettamente intrappolate lungo la linea di riva, come accade nel caso
limite della spiaggia piana indefinita. L’ analisi parametrica del sistema mostra che la
lunghezza finita del pendio non modifica la natura delle soluzioni, ma & responsabile di
una piu moderata attenuazione del campo d’onde nella direzione ortogonale alla linea
di riva.

Un modello analitico forzato tridimensionale ¢ sviluppato per studiare la propagazio-
ne intorno ad un’isola conica di tsunami generati da frane. La separazione delle variabili
e la trasformata di Laplace vengono impiegate per ottenere I’elevazione della superficie
libera nell’intero dominio e il runup sulla linea di riva, in termini delle funzioni confluenti
di Heun. Si studiano le proprieta principali di queste funzioni ed il loro comportamento
asintotico. Il campo d’onde € formato da un sistema di onde transitorie che si propagano
radialmente rispetto all’isola e da onde transitorie quasi intrappolate localmente. Si
deriva inoltre l'espressione della leading wave transitoria. Le caratteristiche fisiche
distintive degli tsunami che si propagano in geometrie a simmetria polare sono quindi
confrontate con quelle degli tsunami propagantesi su spiaggia piana. I risultati analitici
vengono confrontati con successo con i dati sperimentali a disposizione.
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Chapter 1

Introduction

The dramatic tsunamis - a Japanese word meaning “harbour waves” - that occurred in
the last century fostered and increased the interest in understanding such destructive
events. Very harmful tsunamis like the slump-induced one of Papua New Guinea (1998)
or the devastating earthquake-generated one of the Indian Ocean (2004) have made
again topical the necessity of predicting the generated wave runup and rundown, in
order to assess the risks for the environment and the urbanised areas. Indeed these
devastating effects are strongly dependent on the tsunami generation mechanism and
its length scale (see Synolakis et al., 2008).

Tsunamis generated by distant earthquakes, occurring in the ocean floor far from
the coast, spread over a very large area with a characteristic length scale O(100 Km).
When a tilting of the bottom occurs in the middle of the ocean, an elevation surface
wave starts propagating on the uplifting side of the fracture, while a depression wave
travels in the opposite direction on the other side. When the perturbation attacks the
coast, the shoaling and refraction effects due to the irregular coastal profiles increase
the wave height dramatically, as shown in figure 1.1.

In the United States, in the last sixty years, earthquake-generated tsunamis have
killed more people than earthquakes within the USA (Bardet et al., 2003). The
renowned Pacific Tsunami Warning Center has been established after the 1946 Aleutian
tsunami to protect the coastline and people from tsunami attacking from the ocean.

€ undersca quake dspiaces vast
amounts of water in a sudden o

FIGURE 1.1: How earthquake tsunamis form. Source: Longman, Physical Geography in Dia-
grams, www.tsunami.org.



A fundamental task of the PTWC is to issue early warnings to evacuate coastal re-
gions which may be stroke by an incoming tsunami. The activities promoted by the
PTWC injected interest into the scientific community in investigating such catastrophic
events, so that by 1990 the problems of tsunami propagation and coastal inundation
were thought to be well understood (Bardet et al., 2003). However, successive events
like the 1992 Flores island tsunami in Indonesia (see Yeh et al., 1994) or the devastat-
ing inundation of Papua New Guinea in 1998 (see Tappin et al., 2002), could not be
explained and interpreted with the tools developed till that time. These tsunamis were
characterised by three distinctive features, i.e. (1) unpredicted large wave amplitude,
(2) delayed time of wave crest arrival and (3) limited extent of coastal inundation (see
Bardet et al., 2003). These anomalies, usually not observed for earthquake-generated
tsunamis, have been recognised as proper of landslide-generated tsunamis. During a
seismic event, in fact, the vertical deformation of the seafloor is up to several metres,
while the fault extends laterally up to 1000 km. On the other hand, the vertical de-
formation of the seafloor induced by a landslide depends on the slide dimensions and
the distance travelled by its center of mass, usually both in the order of 100 m. How-
ever, the lateral spreading of the slide does not exceed few kilometres. Differences in
these orders of magnitude explain why earthquake-generated tsunamis have greater
wavelength and longer period and can travel huge distances, while landslide-generated
tsunamis are localised around the source, but can reach higher amplitudes locally (this
argument has been proposed by Bardet et al., 2003).

As far as Europe is concerned, Mediterranean nations are still far to develop a
tsunami early warning system, despite tsunamis occur in the Mediterranean as fre-
quently as in the Indian Ocean (see Synolakis, 2008). Ounly in Italy 19 tsunamis occurred
during the last century, as reported in the Italian Tsunami Catalogue prompted by the
National Institute of Geophysics and Volcanology (INGV) (see table 1.1). Among these,
the recent landslide tsunami of the Stromboli island (2002, South Mediterranean, Italy)
(see Tinti et al., 2005) has again pointed out the necessity of establishing an effective
tsunami warning center, following the PTWC model.

While excellent advancements have been made in understanding earthquake tsunamis,
knowledge of the generation and propagation of landslide tsunamis is instead still frag-
mentary (see Liu et al., 2005). The most challenging issue is that landslide tsunamis
are not generated instantaneously as earthquake tsunamis, but strongly depend on the
time-history of the seafloor deformation. As a consequence, these events cannot be
investigated by transferring a “hot-start” initial condition, due to the impulsive ground
movement, to the free-surface. Indeed at the state of the art, the main gap in modelling
such events seems to be the absence of analytical three-dimensional models which take
into account the interaction between landslide and water (see Lynett and Liu, 2005).
This work aims to give a contribution in filling this gap, with a specific insight on
modelling the coupled dynamics of landslide motion and wave field generation.

When a landslide occurs near the shoreline, a depression wave is usually generated
in the immediate surroundings, while an elevation wave propagates outwards, as shown
in figure 1.2. The nature of the generated waves strongly depends on the geometry
of the beach (see Meyer, 1971; Mei et al., 2005). In the following we shall consider
two typical oceanographic topographies: a plane beach and a conical island. Due to
refraction, a straight plane beach is able to trap all the energy transferred to the fluid
inside a narrow belt near the shoreline. As a result, after few instants following the
generation, the waves start travelling along the shore, while in the offshore direction
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Year Month Day Location Description

1905 9 8 Tyrrhenian Calabria Extended flooding

1906 4 4 Campania Sea oscillations in Naples gulf
1907 10 23 Ionian Calabria Sea flooding

1908 12 28 Messina Strait Destructions, hundreds of victims
1916 7 3 Aeolian Islands Inundation at Stromboli

1916 8 16 Central Adriatic Tsunami waves observed at Tavollo
1919 5 22 Aeolian Islands Sea retreat / flooding at Stromboli
1926 8 17 Aeolian Islands Anomalous sea retreat at Salina
1930 9 11 Aeolian Islands Flood at Stromboli. Two victims
1930 10 30 Central Adriatic Sudden high tide at Ancona
1940 1 15 Northern Sicily Waves in gulf of Palermo
1944 8 20 Aeolian Islands Flooding. Houses destroyed
1954 2 NA Aeolian Islands Tsunami at Stromboli

1968 4 18 Liguria Flooding at Alassio

1978 6 21 Central Adriatic Extended flooding and damage
1979 10 16  Liguria-Cote d’Azur 3m high waves at Antibes
1988 4 20 Aeolian Islands Waves in Vulcano and Lipari
1990 12 13 Eastern Sicily Anomalous wave at Augusta
2002 12 30 Aeolian Islands Heavy damage at Stromboli

TABLE 1.1: Tsunami occurrences in Italy in the last century. Font: Italian Tsunami Catalogue,
National Institute of Geophysics and Volcanology (INGV), Italy.

superelevation

@depression

. e

FIGURE 1.2: Landslide tsunami generation and propagation. After the mass falls into wa-
ter, a leading elevation wave starts propagating offshore, while a deep depression wave travels
alongshore backwards of the slide.



the perturbation rapidly decays in time (see Lynett and Liu, 2005). Since these waves
reach their maximum amplitude near the coast, they are called edge waves. For a
conical island, refraction is sensitively reduced and waves are no more trapped along
the shoreline (see Meyer, 1971). Energy radiates outwards from the island and waves
are expected to propagate also in the offshore direction.

The work is organized as follows. In chapter 2 the general theory of transient surface
waves propagating on flat bottoms is recalled, both in shallow and intermediate waters,
as an introduction to the more complex problems investigated in the subsequent sec-
tions. In chapter 3 landslide generated tsunamis propagating along an indefinite plane
beach are investigated. In chapter 4 the topography is made slightly more approxi-
mated by considering a semi-plane beach, consisting of a sloping part connected to a
flat continental platform. Finally, in chapter 5 landslide tsunamis propagating around
a conical island are studied, emphasizing the analytical complexities and the physical
novelties introduced when considering a round geometry.



Chapter 2

3D transient surface waves
propagating on flat bottoms

In this section we investigate on transient disturbances generated by either an impulsive
movement of the bottom or a sudden bump of the free surface and propagating in all
horizontal directions. Due to the dispersive nature of free-surface waves, the propaga-
tion of transient water waves is more complex than many similar phenomena occurring
in different media. To clearly understand the role of dispersion we shall consider two
different cases. In section §2.1 we will focus on transient waves generated by a sudden
bottom disturbance and propagating in intermediate waters. Here dispersion plays a
fundamental role in separating the wave packets travelling away from the source. Then
in section §2.2 we will analyse transient waves propagating in shallow waters. Here
the non-dispersive nature of the medium is responsible of the generation of solitary
oscillations travelling away from the source.

2.1 3D transient dispersive waves generated by bottom
disturbances
Within the linearised approximation for small-amplitude waves (see Mei et al., 2005),

the governing equation for an irrotational flow in an ocean of constant depth h can be
expressed in terms of the velocity u(z,y, z,t) and its potential ®(z,y, z,t) as

u(z,y,z,t) =Vo(x,y,2,t), —h<z<O0. (2.1.1)

In the latter expression, V(:) = (9-/0xz,0 - /0y,0 - /0z) is the 3D nabla operator.
As shown in figure 2.1, (z,y) are the coordinates of a point on the horizontal plane
representing the unperturbed free surface, z is the vertical elevation from the (z,y)
plane and t is time. If the fluid is inviscid too, conservation of mass requires

V-ou=0, —h<z<0. (2.1.2)
Then equations (2.1.1) and (2.1.2) can be combined into the Laplace equation
V2®(z,y,2,t) =0, —h<z<D0. (2.1.3)

The govering equation (2.1.3) is to be solved together with the linearised kinematic
boundary condition on the free-surface

(t(:ﬂ,y,t) = ‘1>z(~"3,y,2,75), z = 0, (214)

5
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J Ceepad)
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FIGURE 2.1: Geometry of the fluid domain.

and the linearised dynamic boundary condition

In the latter equations, ((z,y,t) denotes the free-surface elevation from the undisturbed
water plane (see figure 2.1), g is the gravity acceleration and subscripts denote differen-
tiation with respect to the relevant variable. Differentiating (2.1.5) with respect to time
and substituting into (2.1.4) we derive a combined form of the kinematic and dynamic
boundary conditions on the free surface

(I)tt + g(I)z == 0, z=0. (216)

Finally, an appropriate no-flux condition at the bottom needs to be applied. Let us
introduce a displacement of the bottom with vertical velocity W (z,y,t); the no-flux
condition on the sea floor is then

o, =W, z=—h. (2.1.7)

The boundary value problem governed by equation (2.1.3) with boundary conditions
(2.1.6) and (2.1.7) will be solved by employing an efficient method based on Green func-
tions following Mei et al. (2005). First, consider an impulsive disturbance concentrated
at the origin

W (z,y,t) = §(x)d(y)s(t —0T) (2.1.8)

at time t = 07, §(x)d(y) being the 2D delta function, and denote the solution of this
transient problem as G(z,y,z,t). Once G(x,y, z,t) is known, thanks to linearity, the
potential induced by a generic disturbance W (x,y,t) can be obtained as

t o0 e’}
O(x,y,2,t) = / / / W'y, 7)Gx -2,y —y,t—7)da'dy/dr (2.1.9)
0 —00 J —00

i.e. the superposition of transient waves generated by infinitesimal impulsive sources
whose magnitude at (x,y,t) = (2/,y',7) is W(2/,y', 7)d2’dy'dr. Let us now find the
solution G(z,vy, z,t) of the boundary-value problem generated by the impulsive distur-
bance W (2.1.8).

2.1.1 Impulsive bottom disturbance concentrated at the origin

In order to study the wave propagation in all the horizontal directions, let us introduce
a system of polar coordinates 7,0 in the horizontal plane, such that

r=rcosf, y=rsind.
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Then require the unknown wave potential G(r, 6, z,t) to satisfy the Laplace equation
(2.1.3), i.e.

V3G =0, —h<z<0, (2.1.10)
where
el (o), 1 ®
ror \ Or r2 002 022

is the Laplacian in cylindrical polar coordinates. Let us now introduce the boundary
and the initial conditions. The kinematic and dynamic b.c.’s on the free surface in the
combined form (2.1.6) applied to the impulsive potential G require

Gtt+ng :0, z=0. (2111)
The impulsive disturbance on the bottom (2.1.8) can be also written as

o(r)

wr

W(r,0,t) = St —07), (2.1.12)

where §(r)/2nr is the 2D delta function in polar coordinates (see Mei et al., 2005),

which satisfies )
/ / ron)dr 4o .
2777"

Having defined W by (2.1.12), the no-flux condition on the bottom (2.1.7) applied to
G becomes then

o(r)
27
Furthermore we require that the potential G and its radial derivative GG, both vanish
at large distance from the origin

G,Gy -0 asr— oo. (2.1.14)

G, = §(t—07), z=—h. (2.1.13)

Finally let us prescribe the initial conditions at rest
G=G¢=0, t=0. (2.1.15)

Condition (2.1.13) applies an impulsive disturbance on the vertical velocity G at
the seafloor, concentrated at the origin r» = 0 and independent of 6. Since the bottom
disturbance is isotropic with respect to #, we assume the potential to be isotropic, i.e.
G = G(r, z,t). The governing equation (2.1.10) becomes then
19 T@G 0’G
ror \ or 022
To solve the latter equation together with the boundary conditions (2.1.11), (2.1.13)
and (2.1.14) let us employ the Hankel integral transform

= 0. (2.1.16)

Gz, t; k) :/ rJo (kr) G(r,z,t) dr, G(r,z,t) :/ kJo(kr)G(z,t; k) dk, (2.1.17)
0 0

where Jy is the Bessel function of first kind and order 0. Now apply the Hankel
transform (2.1.17) to the first term of the governing equation (2.1.16). Integrating
twice by parts and employing the boundary conditions at infinity (2.1.14) we obtain

/OOOTJO (kr) [%% ( ‘gf)] dr —

= —/ (kJorr (kr)r + Jor (k)] kG (7, 2,t)dr = —K2G(2,t; k),  (2.1.18)
0
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since Jy(kr) satisfies the Bessel equation
krJo yr (k1) + Jor(kr) + krJo(kr) = 0.

With (2.1.18), the Hankel transform of the whole governing equation (2.1.16) becomes
then

G, — K*G =0, (2.1.19)
while the boundary conditions (2.1.11) and (2.1.13) become respectively
Gu+9G. =0, z=0, (2.1.20)
G,=x0(t-0%), z=-h (2.1.21)
Finally, the Hankel transform of the initial conditions (2.1.15) gives
G=G =0, t=0. (2.1.22)

The boundary-value problem defined by (2.1.19)—(2.1.22) can be solved by further em-
ploying the Laplace trasform of G

fay

G(z;k,s):/ Gz, t; k)e™*tdt, (2.1.23)
0

being s the complex transform parameter, together with the initial conditions (2.1.22).
Applying the Laplace transform (2.1.23) to the governing equation (2.1.19) gives

o

G.. —K2G =0, —h<z<0, (2.1.24)

while the Laplace transforms of the boundary conditions (2.1.20) and (2.1.21) are re-
spectively

= S

G.+2G=0, z=0, (2.1.25)
g
2 1
G.=g z=—h (2.1.26)
The general solution of the governing equation (2.1.24) is simply
G(z) = Acoshkz + Bsinhkz, (2.1.27)

where A and B are integration constants to be found via the boundary contitions
(2.1.25) and (2.1.26). Applying these b.c.’s to (2.1.27) yields the values of the integra-
tion constants

w? 1 w? 52

A = — B —
w2 + 52 2w sinh kh’ 2mwgk? sinh kh w? + 52’

where
w? = gk tanh kh. (2.1.28)

Substituting the above values of the integration constants A and B into (2.1.27) and
simplifying the algebra, we obtain the solution of the boundary-value problem (2.1.24)—
(2.1.26)
2 1 s?sinhkz — gkcoshkz 1
G(z) = — . 2.1.29
(2) 27 k cosh kh w? + 52 ( )
Finally, performing the inverse Hankel transform of (2.1.29) we get

o

G(r,z;8) = /000 kJo(kr)G(z; k, s)dk. (2.1.30)

Expression (2.1.30) is then the Laplace transform of the velocity potential relevant to
an impulsive disturbance of the sea floor concentrated at the origin.

8
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2.1.2 Tsunami generated by a sudden movement of the bottom

As anticipated before, if the velocity disturbance on the bottom W (r,t) is generic,
linearity of the problem allows us to apply relation (2.1.9), which in polar coordinates
writes as

oo p2m rt
O(r,0,z,t) = / / / P W', 0, 1)G(r — 1’|, 2,t — 7)dr A6’ dr, (2.1.31)
o Jo Jo

where

1/2

r—1| = [(x — x’)2 + (y — y’)z} = [7“2 + 7% — 211/ cos(6 — 9/)] 12

and @ is the velocity potential generated by the bottom movement. Following the
procedure outlined above, let us now apply the Laplace transform (2.1.23) to (2.1.31)

[e'¢) 2 poo gt
O(r,0,2;58) = / r'/ / / W', 0, 7)G(r — /|, z,t — 7) e ' dr dtdg’ dr’.
0 0 0 0
(2.1.32)
By making use of the convolution theorem (see Mei, 1997)

[e§) t
W(r',0';8)G(r — 1|, 2;5) = / / W', 0, 7)G(|r — /|, z,t — ) et dr dt
0 0

the two inner integrals of (2.1.32) have a strong simplification and the Laplace transform
of the velocity potential ® (2.1.31) simplifies to

oo 2
O(r,0,2;5) = / 7"'/ W (r',0',s)G(|r — 1’|, z;5) d§’dr’. (2.1.33)
0 0

Since our final goal is to obtain the expression for the free-surface elevation (7, 0,t), let
us consider the only condition we haven’t applied yet, namely the dynamic boundary
condition on the free-surface (2.1.5). Laplace transform of (2.1.5) is

(r055) = -2

g z=0"
Substituting expression (2.1.33) for the transformed potential ®, the latter equation
becomes
B s 0o 2w B
¢(r,0;s) = ——/ 7‘// W(r',0';5)G(Jr —1'|,0; 5)d0’ dr’. (2.1.34)
g Jo 0

Finally, by making use of (2.1.29) and (2.1.30) for the transformed impulsive potential
G, we get the expression for the Laplace transform of the free-surface elevation

- 1 [ o & s dkde'dr’
0:5) = — W, / kedo(klr — ¢/ . (2.1.35
Crtis) = 5= [0 [T W) [ ) e (2139)

The free-surface elevation ((r, 6,t) can be determined by inverse-transforming the latter
expression, once the form of W is known.
Let us consider an impulsive displacement of the bottom, i.e.

W (r,0,t) =w(r,0)é (t —0"),
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such that W (r,0;s) = w(r,d). With this position, the Laplace transform of the free-
surface elevation (2.1.35) becomes

2m
oy coswt /e
C(r,0;5) 271/ / w(r’,8) / kJo(k|r r\)coshkhdkdedr,

being
S

o
cos wt = coswte *ds = ——-
0 w*+ s

Therefore the free-surface elevation in the time domain is

1 [ 2 & cos wt
0,t) = — ! A kJo(klr — 1’ dk de'dr’. 2.1.
bty =5 [ [t [T hatele o) kg (2130)

The latter expression can be further simplified by applying the addition theorem of
Bessel functions

Jo(klr —1'|) = Z endn (k1) Jn(kr') cosn(0 — '), (2.1.37)
n=0

1 ifn=0
€ =
2 ifn=12...

is the Jacobi epsilon. By substituting (2.1.37) into (2.1.36) and developing some simple
algebra, we obtain the final expression for the free-surface elevation:

where

cosw . s .
¢(r,0,t) Z en/ kdJy( cos oh (W cosnb + W, sinnf) dk, (2.1.38)

where the amplitude coefficients Wy, are given by
1 00 2
WS (k) = 2—/ r’/ w(r’,0")J,(kr')(cosnd’, sinnd")do'dr’. (2.1.39)
n 0

The free-surface elevation (2.1.38) is the sum of all the even (cosnf) and odd (sinn#)
angular modes, whose amplitudes are respectivley WS and W,7, depending on the shape
of the disturbance w(r, 9).

In the following, consider as a practical application

w(r,0) = Ae "/, (2.1.40)

where A is the amplitude at the origin, measured in metres, and take @ = 1m for
simplicity. Expression (2.1.40) describes a perturbation centred at the origin and at-
tenuating exponentially in the radial direction, not depending on the angle 6. Since w
represents a zero-th modal perturbation, substitution of (2.1.40) into (2.1.39) gives

W§(k) = 4 e +/4 (2.1.41)
Wek)=0 forn=1,2
Wi(k) =0 forn=0,1

10
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0 ) r= Om 0 " T = 5 m
4 T (a) 4 (b)
0.1} 0.1
¢(m)
0 OW
0% 2 4 6 8 10 0% 2 4 6 8 10
0.2 r=10m 0.2 r=20m
4 T T ((/) 4 T T (d)
0.1} 0.1
¢(m)
O ™ N O T
0% 2 4 6 8 10 0% 2 4 6 8 10

FIGURE 2.2: Radial propagation of a tsunami induced by the bottom disturbance (2.1.40)
centred at the origin in intermediate waters, with A = 1m. Time series at points: (a) r = Om,
() r=5m, (¢) r=10m, (d) r = 20 m.

and the free-surface elevation (2.1.38) becomes

A [ 2/, COSwt
)= | ke M/ATZ= Jy(kr)dk 2.1.42
Clrnt) = 5 [ 7 ke S T ) (21.42)
where
w = (gk tanh kh)*/? (2.1.43)

from the dispersion relation (2.1.28). Since the bottom disturbance is isotropic, the
generated perturbation ¢ (2.1.42) does not depend on 6. Figure 2.2(a—d) shows the
time series of the free-surface elevation (2.1.42) at four different points, respectively
r=0m (figure 2.2a), r = 5m (figure 2.2b), » = 10m (figure 2.2¢) and finally » = 20m
(figure 2.2d), for unit amplitude A = 1 m. As the wave motion propagates away from
the origin r = 0, the different wave components start to unpack, due to the dispersive
nature of water. Far from the source, longer waves come first and are followed by a
tail of shorter waves. Since energy leaks towards infinity, the wave amplitude decreases
while travelling away from the origin. Finally, note also that near the origin the first
crest is always larger than the first trough (see figure 2.2a), while far from the origin
the amplitude of the first incoming crest becomes smaller than the amplitude of the
first trough (see figure 2.2¢, d). We next turn to the analysis of the leading wave at
large distance from the source of the perturbation.

The leading wave

Consider again the expression of the free-surface elevation (2.1.42). For large r, the
asymptotic expansion of the Bessel function

Jo(kr) ~ \/%cos (kzr - %) (2.1.44)

11



2.1. 3D TRANSIENT DISPERSIVE WAVES GENERATED BY BOTTOM DISTURBANCES

can be used (see Mei, 1997). Substitution of the latter expansion into (2.1.42) yields

A 0 ke k/4 T
¢(r,0,t) ~ She /0 osh i € wt cos <kr — Z) dk, (2.1.45)

for large t. Let us transform the product between the two cosines of (2.1.45) in the
exponential form to obtain

—k2/4
C(r,t) ~ Ve ®/ %{ei(krfwtfﬂ/@ _|_ei(kr+wt77r/4)}dk,

A o
24/ 27r /0 cosh kh

where R {z} is the real part of the complex number z and i = \/—1 is the imaginary
unit. After some elementary algebraic manipulations, the latter expression can be
finally re-written as

A %\ /le—k?/4 it .
~ it(kr/t—w—m/4t) i(kr/t+w—m/4t)
¢ t) = 2V/27r %{ o coshkh ¢ te ] dk o, (2.1.46)

where the exponential terms represent respectively an outgoing wave and an incoming
wave. The behaviour of these two waves at large times can be analysed with the
method of stationary phase (see Mei et al., 2005), that we quicky review in the following
paragraph.

Let us consider an integral of the form

I= / h f (k)9 . (2.1.47)
0

For large ¢, the complex exponential functions of phase g(k) oscillate very quickly with
varying k, sweeping a very small net area, and so determining the integral (2.1.47) to
be approximately null. However, if there is a point k* where the phase is stationary,

dg(k)

dk

i.e.

= 0,
k=k*

the exponential function e*9(*) varies very slowly in a neighbourhood of k*, covering a
larger net area. The contribution to the integral (2.1.47) coming from this stationary
point k* is therefore significant. In a neighbourhood of the stationary point k&*, we

approximate
f(k) ~ f(k) (2.1.48)
009~ 006 + 3 e ETEOS (2.1.49)
such that (2.1.47) becomes
I~ f(k*)e™) /ooet”*(’f*"("ﬂ"3*’2/2 dk, (2.1.50)
0

where () = d/dk for brevity. Solving the last integral finally gives the stationary-phase
approximation of I (2.1.47) at large times:

. . 2 .
I~ f(k* eltg(k ) . ei”"/‘l’ 2.1.51
F(k) 5 05)] (2451

12



CHAPTER 2. 3D TRANSIENT SURFACE WAVES PROPAGATING ON FLAT BOTTOMS

FIGURE 2.3: Behaviour of (a) w and (b) & versus the wavenumber k for & = 1 m. The stationary
point k* satisfies w(k*) = r/t.

where the + sign has to be taken if §(k*) = 0.
Now let us go back to our original problem (2.1.46); the phase functions of the

complex exponentials are
T

g(k) = k% F (k) - =

respectively for the outgoing wave (—) and the incoming wave (+). Therefore the
stationary points for the outgoing wave occur at

(2.1.52)

Gk = 5 = (k) =0,

which gives

% = (k") = Cy(k*) (2.1.53)

for the stationary point k*, where

Cy(k) = w(k) = %wgf) <1 + sinQ:gkh> (2.1.54)

is the group celerity and w(k) is still given by (2.1.43). Numerical inspection of (2.1.53)
shows that stationary points for the right-going wave can occur only if

% < \/gh, (2.1.55)

as illustrated in figure 2.3(a). Note also that the second derivative w(k) < 0 as shown in
figure 2.3(b). On the other hand, for the incoming wave there are no stationary points
and its contribution to the integral (2.1.46) is negligible at large times. By applying
the stationary-phase approximation (2.1.51) with

s

glk) = KT —w(k) - T,
(k) = —io(k) = 0,

\/Ee—kQ/zl
Fk) = coshkh ’

(2.1.56)

13



2.1. 3D TRANSIENT DISPERSIVE WAVES GENERATED BY BOTTOM DISTURBANCES

the free surface elevation at large ¢ and r (2.1.46) can be finally approximated by

* —k*% )4
C(T t) ~ A k*e / eitg(k*) # ei7r/4
' 2\/r coshk*h t|co(k*)]

(2.1.57)

where the stationary point k* is the solution of (2.1.53) (see figure 2.3), provided
the existence condition (2.1.55). Expression (2.1.57) is therefore the stationary-phase
approximation of the free-surface elevation at large times and far from the origin » = 0.
According to (2.1.57), an observer travelling at constant speed r/t = ¢ < +/gh, for
which the stationary point £* satisfies Cy(k*) = ¢, sees a wavetrain whose amplitude

2
A VEkre kAL 1
=ct,t) ~ itg(k*) [~ in/4
=) =~ S e ool B0 ©

(2.1.58)

decays with time as O (t_l). Due to the radial spreading of two-dimensional waves, this
rate of decay is larger than that of a transient one-dimensional disturbance propagating
along a flat bottom, O (t*1/2).

What about the leading wave? To follow the wave front, an observer must travel at
a speed near to the maximum group celerity, i.e. 7/t — \/gh. At this speed, k¥* — 0 and
& — 0 (see figure 2.3). As a consequence, the free-surface elevation (2.1.57) tends to
infinity and the stationary phase approximation fails. To obtain a better approximation
for the leading wave, we need to go back to the general expression (2.1.45) of the free-
surface elevation and expand w(k) (2.1.43) near the stationary point k* = 0 to the third
order (see Mei et al., 2005):

w(k):@(k—@).

With this approximation, (2.1.46) becomes

A o
()= \/%%{ /0 \/Eel[’“(T—mm’“ghg/ﬁtm—”/ﬂ‘]dk}, (2.1.59)

having neglected the contribution of the incoming wave at large times. Unlike tran-
sient one-dimensional waves, where the leading wave could be expressed in terms of
Airy functions of the spatial variable (see Mei et al., 2005, for further details), the
integral (2.1.59) cannot be further simplified in terms of known analytical functions of
r. However, since the wave front moves at the fastest speed possible, i.e. ¢ = +/gh, its
position at a given time is described by r = \/ght. Substituting the latter relation into
(2.1.59) yields

A 2 . o0 372
)~ = R 1”/4/ kR h/66Vahqp L 2.1.60
)=y =g e [T Ve (2,160

Since

/oo \/Eeik3adk _ (1 + i)\/ 27‘("

0 6/

(2.1.60) can be further simplified to obtain the final expression of the leading wave (;
"~ 6y/ghht
Note that the leading wave decays as O(t~!) in the three-dimensional domain, i.e. it
vanishes faster than the leading Airy wave, O(t~/?), generated by a transient distur-
bance in a two-dimensional ocean of constant depth (see Mei et al., 2005).

G(t) (2.1.61)

14



CHAPTER 2. 3D TRANSIENT SURFACE WAVES PROPAGATING ON FLAT BOTTOMS

2.2 3D transient long waves generated by surface distur-
bances

In the geometric scheme of section §2.1 (see figure 2.1), let us consider the shallow-
water limit kh < 1. Within this approximation, it is more convenient to consider
directly the free-surface elevation ((r,0,t) rather than the velocity potential, as this
procedure will ease the calculations. The long-wave governing equation for {(r,0,t) in
polar coordinates writes

Ctt - gh <% Cr + Crr + % CG@) = 0. (221)

Furthermore, instead of applying an initial disturbance at the bottom, in this section
we shall follow a different approach, based on the so-called “hot-start” condition. As
anticipated in §1, when a tsunami is triggered by an impulsive bottom movement, the
time-history of the seafloor motion is negligible and the initial bottom deformation can
be transferred directly on the free surface. The validity of this simplifying assumption
will be confirmed later on.

Let us apply to the present problem the procedure we already used to find the
velocity potential in §2.1. First analyse the response 7(r,0,t) to a sudden bump of the
free-surface concentrated at the origin

F(r,t) = M5(1&—0*).

2rr

Once 7 is known, linearity of the problem allows to write again

t 2w poo
¢(r,0,t) = / / / F(r', 0", 7)n (|r - r/{ t—7)r'dr'dd’dr (2.2.2)
0 JO 0

for the response to a generic initial disturbance of the free-surface F(r,6,t). The
governing equation (2.2.1) for the response 7 generated by a sudden bump of the free-
surface concentrated at the origin becomes

1
ntt - gh (; 777’ + 77rr> - 07 (223)

since 7 does not depend on the angle 6. The initial conditions are

o(r)
B S 2.2.4
2mr’ 0, ( )

n=0, t=0 (2.2.5)
and the boundary conditions at infinity prescribe
n, N — 0 asr — oo. (2.2.6)

Note that (2.2.6) only require the free surface and the velocity to vanish at infinity.
No radiation condition can be applied, since the disturbance is impulsive and does not
imply a steady-state propagation of energy to infinity. In order to solve the problem,
let us first rewrite (2.2.3) as

10
Mt — gh;a (rn,) = 0. (2.2.7)
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Then apply the Hankel transform

[e.e]
k) = [ () dr
0
to the governing equation (2.2.7) and obtain
e + ghk*h = 0, (2.2.8)

while the transforms of the initial conditions (2.2.4) and (2.2.5) become respectively

1
Nt k) = 5 = 2.2.
i(tk) =5, t=0 (2.2.9)
Me(t;k) =0, ¢t=0. (2.2.10)

Hence application of the Laplace transform
R o
i) = [ (e de
0
to the initial value problem (2.2.8)-(2.2.10) yields a simply algebraic equation for 7 in

the space of parameters (k, s):

1 S

Ak _ =
n(k,s) o

(2.2.11)

where
w = +/ghk (2.2.12)

is the new dispersion relation in the transformed space. Since the ratio w/k is constant,
shallow water waves are non-dispersive. Recalling that

% = cos wt,
2 +w
(2.2.11) can be re-written as
1
Nt k) = o oS wt.
7r

Finally, inverse Hankel transform of 7

n(r.t) = /O ko Uer)i(ts ) dk

gives the expression of free-surface elevation induced by a sudden bump concentrated
at the origin

1 o
n(r,t) = %/0 kJo(kr) cos wt dk. (2.2.13)

If the initial disturbance is described by a generic impulsive function F(r,0,t) =
f(r,0)6 (t —07), linearity of the problem allows us to use relation (2.2.2), which to-
gether with (2.2.13) gives

) 2m 00
¢(r,0,t) = 2i/ r’/ f(r’,@’)/ kJo (k v —1'|) cos wt dr'dé'dk. (2.2.14)
T Jo 0 0
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Applying again the addition theorem for Bessel functions (2.1.37) to the latter equation
yields the expression of the free-surface elevation

¢(r,0,t) = Z en/ kJy, (kr) cos wt (W) cosnb + W7 sinnf) dk, (2.2.15)
- 0

where the amplitude coefficients W,,® are given respectively by

o) 27
Ws(k) = %/ r ; f(r',0")Jn(kr) (cosné’, sinnd') d6'dr’. (2.2.16)

Note that the perturbation (2.2.15) induced by a sudden bump on the free-surface in
shallow waters is formally similar to the response (2.1.38) to a sudden displacement of
the bottom in intermediate waters. In other words, (2.2.15) can be interpreted as the
shallow-water limit of (2.1.38) and the validity of the “hot-start” initial condition is
proven.

In the following we will consider as a practical application

f(?", 9) = Aeir2/a2

and take again o = 1 m for simplicity. Substituting the latter form for the inital bump
of the free-surface into (2.2.15) and making the same passages of section §2.1, we finally
obtain

A o
¢(r,t) = 5/ ke_kQ/ZJO(k:r) cos wt dk, (2.2.17)
0

with w = kv/gh, as the shallow-water limit of the analogous expression (2.1.42). Figure
2.4(a—d) shows the time series of the free-surface elevation (2.2.17) at four different
points, respectively r = 0m, r = 5m, r = 10m and r» = 20m far from the origin, for
A = 1m. Since the different components of the transient wavetrain (2.2.17) move at
the same velocity ¢ = v/gh, they do not separate. The resulting wave profile is that
of a solitary-type wave propagating away from the origin, made by a leading elevation
wave followed by a smaller trough, whose amplitude attenuates as r increases. Let us
now investigate on the leading wave propagating at large distance from the origin.

The leading wave

For large r the Bessel function Jj in (2.2.17) can be expanded according to expression
(2.1.44). Hence the free-surface elevation (2.2.17) can be approximated at large r as

[2 [ VE
~ A E/o \/7— e F*/4 cos wt cos (kzr - %) dk. (2.2.18)

Transforming again the cosine product into the complex exponential form and neglect-
ing the incoming wave at large times (see section §2.1.2), we obtain

~ A2 §R/ VE k21 it/ gy, (2.2.19)
mr  Jo 4

for large r and ¢. In shallow waters, the position of the leading wave front at a given
time ¢ is given by r = y/ght. Substituting the latter relation into (2.2.19) yields

g,/ / vk e K/ Qe Re /4, (2.2.20)
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r=0m r=>5m
1 i 1
(a) (b)
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FIGURE 2.4: Radial propagation of a tsunami induced by the surface disturbance (2.2.17)
centred at the origin in shallow waters, A = 1m. Time series at points: (a) r = Om, (b)
r=>5m, (¢) r=10m, (d) r = 20m.

Since
/w@e—k2/4dk _ QF 3
0o 2 2 4)’
I" being the gamma function, (2.2.20) can be further simplified to obtain the expression

of the leading wave (; generated by a sudden bump of the free-surface in shallow waters:

G = Ai(%_i) \/% (2.2.21)

Note that the leading wave (2.2.21) decays as O(t~1/2) in the three-dimensional shallow-
water domain, i.e. it vanishes slower than the leading wave of a transient 3D disturbance
in intermediate waters (2.1.61), O(t~1). This is due to the absence of dispersion in the
shallow-water limit, for which the energy does not “unpack” following the different
components of the frequency spectrum as it happens in intermediate waters. As a
result, in shallow waters the energy moves together with the impulsive perturbation of
the free-surface and energy leakage is reduced.

In table 2.1, the behaviour of the leading wave with time is summarized for the
two-dimensional case of Mei et al. (2005) (table 2.1, 1st row) and the three-dimensional
geometry of the present review, respectively for both dispersive and non-dispersive
media (table 2.1, 2nd and 3rd rows).
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Domain Medium Leading wave Notes
2D Dispersive O (til/B) Airy wave (see Mei et al., 2005)
3D Dispersive O (til) Fast decay due to geometry/dispersion
3D Non-dispersive 0 (t_l/ 2) Slow decay due to absence of dispersion

TABLE 2.1: Behaviour of the leading wave in different geometries (2D/3D) and media
(dispersive/non-dispersive).
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Chapter 3

Landslide tsunamis propagating
along a plane beach

Landslide tsunamis occur as a consequence of local events, and are characterized by
a length scale O(1 Km), much smaller than that of earthquake-generated tsunamis,
O(100 Km), though the maximum induced runup can be still significant. The first
systematic experiments on landslide tsunami generation, made by Wiegel (1955) with
sliding blocks down an incline, showed that the induced wave height increases with
increasing the slope, while decreasing with increasing submergence of the sliding mass.
More recently, Watts (1997) performed a series of similar tests on a smaller scale with
sliding blocks, though concentrating on the block terminal velocity and not measuring
wave runup. Large-scale experiments of Liu et al. (2005) investigated the correlation
between the maximum runup and the initial elevation of the slide, showing that larger
runup occurs for subaerial slides compared to submerged ones. The experimental work
of Panizzo et al. (2005) showed that the time of underwater landslide motion and the
landslide front shape have a major role in determining the maximum wave height. Var-
ious numerical studies on the behaviour of tsunamis generated by a three-dimensional
sliding mass on a plane beach have been also undertaken (see Liu et al., 2005; Lynett
and Liu, 2005). By studying the free surface elevation time series for a wide set of nu-
merical simulations for both subaerial and submerged landslides, Lynett and Liu (2005)
observed the occurrence of two different wave fields. At the earliest times following the
landslide generation, two dimensional wave motion occurs with high amplitudes only
in a small region near the slide. As time passes, these waves then radiate out by
fast decaying, while a shoreline motion starts to become significant; later, edge waves
propagating along the coastline become predominant, while wave amplitudes near the
slide annihilate. Therefore, since both a shoreline movement and an outgoing wave
field are usually induced by the landslide interaction with the water, the study of such
transients requires the development of an appropriate two-horizontal dimension (2HD)
model. However, even though Liu et al. (2003) developed a one-dimensional (1HD)
analytical model, to date very few analytical studies of landslide tsunamis include 2HD
effects, as already pointed out by Lynett and Liu (2005).

In the following, an analytical two-horizontal dimension model of landslide tsunamis
propagating along a plane beach is developed based on the forced linear long wave equa-
tion of motion. The above mentioned numerical observations of Lynett and Liu (2005)
are then confirmed analytically. Furthermore, the application of the method of sta-
tionary phase enables us to derive a simplified expression for the free surface elevation
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o' X
AN B =

v

FiGURE 3.1: The fluid domain in physical coordinates. 7 and o are respectively the slide
maximum vertical thickness and characteristic horizontal length, depending on the shape of the
landslide (see §3.2).

at larger times, which consists of propagating transient edge waves. Comparisons with
the transient waves due to a displacement of the free surface over a constant depth is
made in order to further appreciate the peculiar nature of landslide generated tsunamis
along a sloping beach, which is the absence of a leading wave at large times. Results
are discussed with emphasis on the parametric dependence of the generated wave field
upon the slide parameters, such as slide dimensions, centroid initial position and slide
velocity. The free-surface elevation time series are analysed and compared to avail-
able experimental data. Finally the validity of homogeneous models currently used in
numerical analysis is discussed.

3.1 Position of the problem

Referring to figure 3.1, let us consider a straight beach with constant slope s, and
define a plane reference system of coordinates (O’,2',y"), with the y’-axis along the
mean shoreline; water is in the region 2/ > 0. We assume that the landslide originates
in a neighbourhood of the origin O’, and its shape is symmetric with respect to the
y/-axis; the induced wave field is also symmetric in 3/, allowing us to solve the equation
of motion in 3’ > 0 only.

3.1.1 Governing equations

Within the shallow-water limit, consider the governing equations for long waves on a
uniformly sloping beach, namely the mass conservation law

0

5 ((+d)+V-[u((+d)]=0 (3.1.1)
and the momentum equation

/
%—1; +u - Vu' = —¢V(. (3.1.2)
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In (3.1.1) and (3.1.2) V(-) = [0(:)/02’,0(-)/0y'] is the nabla operator, ¢'(z’,y',t') the
free surface elevation, u(z, y, t) the flow velocity; g is the gravity acceleration, ¢’ denotes
time and
d/ = h/ - f/(x/’ y/’ t/)

the bottom depth, measured with respect to the mean water level 2/ = 0. In the
previous expression h' = sz’ is the undisturbed bottom depth, while f/(2/,y/,t') is a
time-dependent perturbation of the sea floor, representing the landslide moving on the
plane beach, as sketched in figure 3.1. Let us assume that the landslide generates small
amplitude waves, i.e.

/! !
% < 1 and % < 1,
such that (3.1.1) and (3.1.2) can be linearised into
o¢’ of'
5 TV (u'n) = o7 (3.1.3)
and o’
u

respectively (see Mei, 1997; Mei et al., 2005). Now, expressions (3.1.3) and (3.1.4) can
be combined into a single expression. First take the derivative of (3.1.3) with respect
to ¢/, then take the divergence of the product between (3.1.4) and h’; finally subtract
these two intermediate results and obtain
2 -1
gt’g —gsV - (2'V{) = TR (3.1.5)
The latter is the governing equation for forced linear long waves on a uniformly sloping
beach. Let n and o be respectively the maximum vertical height and the characteristic
horizontal length of the landslide. To investigate the range of validity of the linearised
long-wave equation (3.1.5), let us consider the Ursell number, which measures the ratio
of nonlinearity versus dispersion

. —2
y, — bonlin. _ 4 (2—7Th> . (3.1.6)

62 f/

disp. h \' A

In the latter expression, A is the wave amplitude, A the wavelength and h is the bottom
depth. With the physical scales

A=n, A=o, h=os,
the Ursell number (3.1.6) becomes
n 1

€
=1 - - 3.1.7
os4n?s?  p?’ ( )
having defined
A g
€= =1, ,u—27rs—)\h. (3.1.8)

With this position, € and p? give a measure of nonlinear and dispersive effects respec-
tively (see Mei et al., 2005). In order for (3.1.5) to be applied, nonlinear and dispersive
effects must be negligible, i.e. we must require both ¢ < 1 and p? < 1:

7 1
— K1, <L —, 3.1.9
os 5 2 ( )
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and € = O (p?), so that U, = O(1). Now, the first of (3.1.9) requires the ratio between
the landslide maximum vertical height 1 and characteristic length o to be much smaller
than the given slope s. This is the so-called hypothesis of thin slide (see Liu et al.,
2003). Finally, the second of (3.1.9) requires the incline to be of mild slope. Within the
hypotheses of thin slide and mild slope, let us introduce the following non-dimensional
variables:

(z,y) = (@,y") /o, t=+gs/at', (¢ [)=(\f)/n (3.1.10)

so that the equation of motion (3.1.5) becomes:

TCpq + Cp + nyy = Gt — Ju- (3.1.11)

The subscripts denote derivation with respect to the relevant variable. We require the
free surface elevation ((z,y,t) to be bounded at the shoreline 2z = 0, and to decay as
x tends to infinity for all positive y and ¢. Since the spatial domain is the quadrant
x > 0,y > 0, and the free surface elevation is expected to be an even function of y, the
cosine Fourier transform pair of ¢

~

o) = [ Coteoskydy, ot =2 [T ok coskydr (3112

™

can be employed, k£ being the non-dimensional transform parameter. Equation of mo-
tion (3.1.11) is then transformed into

2oz + Ca — k¢ = Cu — fur- (3.1.13)
By introducing the further transformations
€ =2z, (=e2Z( k1), (3.1.14a,b)
equation (3.1.13) becomes finally
2 [ Zec + (1 — )Z — 3 7] — Zuw = —Bu(E, K, 1), (3.1.15)

where

(€, k,t) = f(£)2k, k,t)e/? (3.1.16)

is a forcing factor, depending on the shape of the landslide.

3.1.2 Solution

The transformed equation of motion (3.1.15) is a non-homogeneous partial differential
equation of the second order in the domain & > 0, > 0. To obtain its solution, let us
first consider the associated homogeneous equation

2k (€ Z¢e + (1 = &) Ze — 3Z] — Zy = 0. (3.1.17)
The solution Zj, of (3.1.17) can be obtained by means of separation of variables:
Zy, = XU (k,t). (3.1.18)

Substituting the latter expression into (3.1.13) we obtain two separate equations for
X (&) and U(t) respectively

£Xf§+(1—€)X§—%(1—%2)X:0’ (3.1.19)
Uy +w?U = 0. (3.1.20)
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Furthermore, boundedness of the free surface requires
1X(0)| < 400, lim e ¢/2X(¢) =0. (3.1.21)
T—r00

Equation (3.1.19) is a particular form of the confluent hypergeometric equation, i.e.
the Kummer equation (see Abramowitz and Stegun, 1972). Nontrivial solutions which
satisfy the boundary conditions (3.1.21) can be found by applying the Frobenius method
of power series, as shown in appendix A. The relevant eigenfunctions are proportional
to the Laguerre polynomials of order (0) and degree n € N

X(€) = Lale) = mig(—nm ()5

where < z > is the binomial coefficient between two integers p and ¢ (see Appendix

A). Recall that the Laguerre polynomials Lﬁﬁ) of order (a) are orthonormal functions
with respect to the weighting function e=¢£% in ¢ € [0, 00):

/ Y eten L@ ()L (¢) de = LAt D

- S (3.1.22)
0 .

Onm being the Kronecker’s operator and a a positive real number. In the case of (3.1.19)
therefore

/OOO eigLn(f)Lm(g) d€ = dnm- (3'1'23)

The associated eigenvalues are given by

wp=+vk@n+1), n=012,... (3.1.24)

which defines the motion eigenfrequencies (see appendix A.2 for details). Note that
(3.1.24) is a weakly nonlinear relation between the wave frequency w and the wavenum-
ber k in the transformed domain. As a result, dispersive phenomena can be still taken
into account by the analytical model employed, even if at a low order of approximation.
Equation (3.1.20) is instead an ordinary differential equation of the second order whose
independent solutions are simply

= { et |

sin wpt

Therefore, solution of the separated problems for X (£) and U(t) yields

Zn(&,t) = Z Zn, (&,t) = Z L, (&) [cn coswpt + dp sinwyt] (3.1.25)
n=0 n=0

¢, and d,, are integration constants to be determined from initial conditions.

The method of variation of parameters can be employed to find the solution of the
inhomogeneous problem (3.1.15) with boundedness conditions (3.1.21). We assume for
Z (&, k,t) the same algebraic expression of Zj, i.e.

Z(€,k,t) = i Lo(6)T (K, 1), (3.1.26)
n=0
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with 7}, unknown functions required to satisfy (3.1.15). Now multiply both sides of
(3.1.26) by e~ L,,(€¢), m € N, and apply the orthogonality property (3.1.23) to obtain

T, (t) = /0 e €L (€)Z(¢. 1) de.

Differentiating the latter expression twice with respect to time and then using (3.1.15)
for Zy yield the following differential equation for T,

Toue(t) = /000 e L, (¢) {2k EZce + (1 = &) 2 — L 2] + Oy} dE. (3.1.27)

Now integrate the addends of (3.1.27) by parts, thus obtaining

Toa(t) = —2k /0 - e €L, ZedE — k /0 - e L, (8)Z d¢ + /O - e L, (6) Py (&, k,t) dE,
(3.1.28)

where
1
Ln,&(f) = _L;217§
(see Abramowitz and Stegun, 1972). In (3.1.28) express the unknown functions Z(k,t)
in terms of 7}, with the series expression (3.1.26) and apply the orthogonality property

(3.1.23) to simplify the integrals, thus getting the following differential equation for T;,:

Tt +w2Ty, = / e L, (&)@ (€, k1) dE, (3.1.29)
0

where the forcing factor ®(&, k,t) is still given by (3.1.16) and the w,s are defined by
(3.1.24). The general solution of (3.1.29) can be found via the method of variation of
parameters (see for example Mei, 1997)

Tn(k,t) _ Cgl)efiwnt +C£L2)eiwnt +
t o] 1 ) .
+ / / e L (&) ®rr (&, K, 7) dE —— |@nt=T) pe7inlt=T) 1 g7 (3.1.30)
0o Jo W(r) ]
In the latter expression,
Cd . d . ..
_ o lwnt 2 lwnt _ F —lwpt iwnt — 95
W(t)=e ¢ ¢ e 2iwy,

(1,2)

is the Wronskian between the two homogeneous solutions eT“! while ¢; “ are two
integration constants to be found by applying the initial conditions. We require that
at t = 0 both the free surface elevation ¢ and velocity 9¢/0t are zero, hence

T, (k,0) =0, T,.(k,0)=0.
(1,2)

Solution of this initial-value problem gives ¢, = 0, so that (3.1.30) simplifies
2k > —ka
Tn(k,t) = — e "Ly (2ka) I, (o, k,t) da, (3.1.31)
Wn, 0
with .
I (o, k,t) = / Frrlo ke, 7) sin [wy (t — 7)) dT (3.1.32)
0
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having posed

o= —.

2k
Without loss of generality, the integral form (3.1.32) can be solved by parts to obtain

L(a,k,t) = —fr(o,k,0)sinwpt + wnf (o, k,t) —wnf(a, k,0) cos wnt +

t A
- wi/ fla,k,7)sinwy, (t —7)dr. (3.1.33)
0

Note that the I,, (3.1.33) can be determined only after having chosen the shape of
the slide and its law of motion by imposing an analytical form for the forcing term
f(x,y,t). Finally, inverse transform of (3.1.26), together with the substitutions dictated
by (3.1.14), yields the free-surface elevation

2 > o)
C(x,y,t) = — g / e kL, (2kx) T, (k, t) cos ky dk, (3.1.34)
T 0
n=0

where the 7, are given by (3.1.31) and the I, by (3.1.33). Further analysis can be
made only once the forcing function f(z,y,t) is specified.

3.2 Landslide shape

In this section we shall determine the analytical form of the forcing term f(z,y,t)
starting from some basic assumptions on the shape of the landslide and its law of mo-
tion. We consider two different landslide shapes: i) a double Gaussian ii) a rectangular
wedge.

3.2.1 Double Gaussian

Let us now go back to physical variables in the reference system (z/,y’,2’) (see figure
3.1). Referring to figure 3.2, define a local reference system on the incline (X', Y’, Z")
such that

X' =a'/cosa, Y' =y, Z'=7/cosa (3.2.1)

and introduce the following quantities
H =ncosa, ¥ =o0/cosa, (3.2.2)

where « is the angle between the incline and the horizontal, i.e. s = tana. With this
notation, H denotes the maximum landslide height measured along the Z’ axis. Let
F’ (X',Y’) measure the landslide thickness along the Z’ axis at a point (X', Y”) on the
incline, and finally let ¥ be the projection of the landslide characteristic length o along
the X’ axis. Let C’ be the abscissa of the centroid at a given time ¢’ in the (X', Y, Z")
reference system, then the law of motion €/ = C’(t) depends on several factors such
as the initial position and velocity of the landslide, the landslide weight, the friction
between the slide and the incline (see Di Risio et al., 2009a). In our work we make the
symplifying assumption that the slide moves as a rigid body along the incline, starting
from an initial position
Cy = X}, —nsina,
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X' |

j o i &

\

FIGURE 3.2: Local reference system on the incline (X', Y’, Z’) and landslide at starting posi-
tion. C{, represents the initial position of the landslide centroid in the local reference system,
and H the landslide maximum thickness along the Z’ direction.

where X{) = x(,/ cos v (see figure 3.2). In the latter expression, x{, represents the initial
position of the landslide centroid in the original reference system. Conventionally, we
define a landslide to be ’subaerial’ when z(; < 0, while ’submerged’ when z{, > 0. Let
us also assume the slide velocity to be uniform along the X’ direction and always equal
to its initial value Up, i.e. U'(t) = U’(0) = Up. Then the law of motion of the centroid
is

C'(t) = C\+ Upt' = X{) — nsina + Ujt'. (3.2.3)

Now let the landslide shape function be of the form
FI(X',Y' 1) = H exp {— (X' - (1)’ /22} exp [— (Y’/A)z} , (3.2.4)

i.e. a double Gaussian where the second exponential is a lateral spreading function, and
A is the characteristic landslide width in the Y’(y’) direction. Note that F” is infinitely
differentiable with contiuous derivatives on the real set (X’,Y’) € R?, i.e. it is a very
smooth function. Substituting the law of motion (3.2.3) into (3.2.4) yields

FI(X',Y',¢) = Hexp {— (X' — X} — Uit +psinal’ /22} X
X exp [— (Y'/)\)z] . (3.2.5)

Now the latter expression needs to be transformed into the original reference sys-
tem (2/,y/,2'). First, in order to determine the relation between the shape functions
F/(X",)Y' t') and f'(2/,y', '), let us consider the following Taylor expansion of F”

F/
FI(X' )Y #)~ F(X' - f'sina,Y',t') + 0 7 (f'sina), (3.2.6)
0X X'—flsina
where
FI(X'— f'sina, Y t') = f'(2/,9/,t) cosax (3.2.7)

as shown in figure 3.3. The physical scales of the terms in (3.2.6) are respectively

OF'
oX'

2 asin .

H
F/ocH:nCOSOc, f'sinaocfnsina:<ﬁ)ncos
o
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F'XxY.t)

FIGURE 3.3: Geometrical construction used to determine the relationship between f’ and F’
(3.2.6).

Under the hypotheses of thin slide 7/0s < 1 and mild slope s? < 1, the second term
of the above expression becomes

OF’
ox’

Therefore retaining only terms proportional to O(n) in (3.2.6), the latter becomes

f'sina o K%) 2 cos® a] n <K n.
o

FI(X')Y' )~ F(X — f'sina,Y' t') = f/(2/,9/,t) cos a,

where (3.2.7) has also been employed. By substituting the latter expression into (3.2.5)
and applying the transforms (3.2.2), we obtain the analytical form of the forcing term
in the original reference system (z’,y/, 2’)

R, U’ 2
f'(@y,t) = nexp {— [on) — Ocosat + N 52 cosa} } X
o os

X exp [— (y'/)\)Z] . (3.2.8)

Thanks to the hypotheses of thin slide and mild slope, the third argument of the
first exponential in (3.2.8) can be neglected, and the forcing term becomes in non-
dimensional variables (3.1.10)

f(z,y,t) = exp [— (x —x9 — uot)ﬂ exp [— (cy)ﬂ . (3.2.9)
In the latter expression ¢ = o/ is a lateral spreading factor, while
U/
up = L2 (3.2.10)
0gs

is the non-dimensional velocity of the slide along the horizontal x direction. Relation
(3.2.10) allows also to express the velocity of the slide along the z’-direction in physical
variables

uf, = Uy cos a = ugr/ags, (3.2.11)

where ,/ogs is the physical scale of velocity.
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FIGURE 3.4: ellipsoidal slide used in the experiments of Di Risio et al. (2009a). X/ represents
the landslide release distance, while U is the slide velocity along the incline.

Property Value
Shape ellipsoidal
Length 0.8m
Width 0.4m
Max. height 0.05m

Total volume V' = 0.084m?

TABLE 3.1: Properties of the experimental landslide of ellipsoidal shape used by Di Risio et al.
(2009a)

Further considerations on the landslide velocity

The landslide horizontal velocity u(, (3.2.11) depends on the landslide shape, weight and
dimensions, and also on the centroid initial position z{. With a simplifying hypothesis,
first we neglect the influence of z{; and relate u, to the asymptotic velocity of underwater
motion introduced by Lynett and Liu (2005)

-1
up = \/900204“;706[) sin av cos a, (3.2.12)

where 0/ cos a = X is the slope-parallel slide length, ~ is the specific gravity of the slide
material and Cy is the drag coefficient. The latter depends on several parameters such
as the friction between the body and the incline, the slide shape and dimensions and
the slope of the incline. Finally (3.2.12) can be rewritten in non-dimensional variables
(3.1.10)

y

1
ug = 1.25 cos a, (3.2.13)

Cq
which is a simplified expression of the non-dimensional horizontal slide velocity wug.
As an example, assuming Cy = 1 (see Lynett and Liu, 2005), v = 1.8 and a = 18°
(corresponding to s = tana = 1/3) gives ug ~ 1.

A more accurate expression for uj = u(, (x(,0, A, s,7v,Cy) can be obtained by em-
ploying the experimental results of Di Risio et al. (2009a) relevant to a ellipsoidal slide
(see figure 3.4), whose dimensions are reported in table 3.1. This slide can be approx-
imated by an equivalent double-gaussian shaped landslide of similar total volume (see
figure 3.6), whose characteristic parameters are reported in table 3.2. By measuring the
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Property Value
Shape Double Gaussian
Characteristic length oc=0.37m
Characteristic width A=0.185m
Max. vertical height n = 0.04bm
Total volume V! =0.09m3

TABLE 3.2: Properties of the analytical double-Gaussian shaped landslide equivalent to the
experimental landslide of ellipsoidal shape used by Di Risio et al. (2009a)

*

P

1.5 e

/’

21 /,/
) /
<
0.5
0
0.5 -0.25 0 0.25 0.5

X'(x,) (m)

FIGURE 3.5: Experimental relationship between the mean underwater velocity U, and the
release distance X! obtained by Di Risio et al. (2009a) for a ellipsoidal landslide. Diamonds
show experimental measures, the bold line the relevant linear regression (3.2.14). Note that
Ul~1for X! =0.

mean velocity of the slide U! during the underwater motion for various release distances
X! (see figure 3.4), Di Risio et al. (2009a) obtained the empirical linear relationship

U, =1.119+1.139X". (3.2.14)

The dimensional coefficients 1.119m/s and 1.139s™! of the latter expression have been
derived via the linear regression of the experimental data as shown in figure 3.5. Ex-
presion (3.2.14) is of course a specific law valid only for the geometry of Di Risio et al.
(2009a) experimental setup. We now express (3.2.14) in terms of the non-dimensional
variables ug and zy. First we assume that U coincides with our average velocity along
the incline U{), so that the velocity uf in the 2’ direction (3.2.11) can be derived

uy = (1.119 4+ 1.139X7) cos a, (3.2.15)

where « is still the angle between the incline and the horizontal (see figure 3.2). Fur-
thermore, simple geometric considerations (see figure 3.6) lead to the relation

r(=—0— Xlcosa (3.2.16)
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I

FIGURE 3.6: Double-Gaussian slide equivalent to the ellipsoidal slide of Di Risio et al. (2009a)
(see table for dimensions) and notation employed. X! represents the landslide release distance,
while z{, is the centroid initial position.

between the centroid initial position z(, and the release distance X. Note that x{, and
X! have opposite growth dicrections, i.e.

oz 0X!
R axf <0.

By substituting (3.2.15) and (3.2.16) into (3.2.14), the latter can be rewritten as
ug(zy) = 1.119 cos a — 1.139(0 + (), (3.2.17)

or in non-dimensional variables (3.1.10)

1.11
) cosa — 1.139 g

0gs gs

uo(xo) = (14 zo). (3.2.18)

This is a more complex relation between the landslide horizontal velocity ug and the
centroid initial position zg (see figure 3.7), valid for the geometry of Di Risio et al.
(2009a). It takes into account the shape, dimensions and weight of the slide, and the
drag action exerted by the water on the body during its underwater motion.

3.2.2 Rectangular wedge

Referring to figure 3.8, let us consider a rectangular wedge of length ¢ and width A
sliding along an incline of slope s. Within the assumption of thin slide discussed above
(i.e. A/o < 1), such a geometry can be modelled by the shape function

f@ ) = s [of —al(t)|H[a" — (') H [2.(t') + o — 2] x

C

H (% — y’> H <% - y’> : (3.2.19)

where z/,(t') is the position of the upper edge at time ¢’ (see again figure 3.8) and

H(m):{l x>0

X

0 <0
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Uo

% s 1 05 0 05 1
Zo

FIGURE 3.7: Behaviour of the non-dimensional horizontal slide velocity ug vs. the centroid
initial position xg according to relation (3.2.18), based on the experimental results of Di Risio
et al. (2009a).

is the Heaviside step function. Let us assume that the landslide moves with uniform
velocity wuy in the z-direction, then the position of the upper edge at time ¢’ is

we(t) = o + upt',
where z{, is the upper edge initial position at time ¢’ = 0. Substituting the latter

expression into (3.2.19) and then transforming to non-dimensional variables (3.1.10),
we obtain

flz,y,t) = %T(x—ﬁﬂo—uot)H[U(ﬂ:—xo—uot)]H[o(x0+u0t+1—:c)] X

(o) nfo (20 sam

In the latter expression uyg is still the non-dimensional horizontal velocity of the slide.
Now, the landlisde maximum thickness is 7 = so and the Heaviside step function
H(az) = H(z) if @ > 0. By substituting these relations into (3.2.20), the expression for
the forcing term relevant to the rectangular wedge becomes finally

f@,y,t) = (z—zo—uot)H(z — 20— uot) H(zo + uot + 1 — x) x
1 1
x H{|— H({— - 3.2.21
<2C + y) <2C y) , ( )
where ¢ = o/\ is again a shape coefficient. In the next sections we determine the

proper form of the free-surface elevation (3.1.26) relevant to a double-gaussian shaped
slide; research on the wave field generated by a sliding wedge is still ongoing.

3.3 Tsunami induced by a double-Gaussian shaped land-
slide

Expression (3.2.9) defines the forcing term f(x,y,t) relevant to a double-Gaussian
shaped slide and can be rewritten as

fz,y,t) =exp [— (x —xzp — uot)2 s(y), (3.3.1)
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(a)

N\

z' ()

I

FIGURE 3.8: Phisical domain
Side view, (b) vertical section.
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where

s(y) = exp [— (cy)z] (3.3.2)

is the lateral spreading function. Then, back to §3.1.2 the integral function (3.1.33)
can be evaluated

I, = wps(k) { {wnan — ef(afxO)Q] cos wpt+
[QUO (o — 20)

Wn

¢~ (a—wo)? + wnbn} sin wpt + e(axOUOt)Q} ,  (3.3.3)

where

VT (k2 fac?

2c

is the cosine Fourier transform of the spreading function s(y) (3.3.2) and

i(k) =

an = ap(o,k,t) = ﬁe—w%/‘lug Im { elwn(@=z0)/uo
) ) 2u0

[erf (a —xo+ iﬁ> —erf <a —xo — upt + 1&>} } , (3.3.4)
2UQ 2UQ

b = bn(Oé7 k, t) = % e—w%/4u(2) Re {eiw"(a_$0)/u0
0

X [erf (a — 20+ iﬁ> —erf <a — 19 — upt + 1ﬁ>} } . (3.3.5)
2u0 2“0

Re{} and Im{} indicate respectively the real and imaginary part of {}. Substituting
(3.3.3) into expression (3.1.31) for 7, and then the latter into (3.1.34), we finally obtain
the analytical form of the free-surface elevation.

X

while

2= [ . 2k
Clnt) = 232 [ et eLatarn 2

X

/ efkaLn(2k:oz)wn§(k:) { [wnan - ef(ame)Q} coS wpt+
0

_[%%;@emW+%qm%Hemmm?MwWMz

(3.3.6)

For a simple physical interpretation, let us now define the integral transform L™ of a
given function u(a, k,t) as

L" [u] (k,t) = 2k /000 e kL, (2ka)u(a, k, t)da, (3.3.7)

W
so that expression (3.1.31) can be easily rewritten as T,, = L™ [I,,]. Hence, by applying
the transform £" to (3.3.3) we can formally rewrite (3.3.6) as ¢ = (° + (¢, where

2 o [
° == E / e ¥ L, (2kz) [Ay, cos wnt + By, sin wyt] cos ky dk, (3.3.8)
™ 0
n=0
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FIGURE 3.9: Numerical evaluation of A,, and B, for the first two modes as functions of k.
Parameters are xg =0, up =1 and c=2. (a) t =1, (b) t = 5.

with
2
Ap = Ak, t) = w, 8L" [wnan(oz, k,t) — e~ (@—w0) ] , (3.3.9)
By, = Bu(k,t) = —4L" [Quo (@ — zp) e @0 L 2p (o, k, t)] : (3.3.10)
and
2 o= [
c¢== Z/ e ML, (2kx) w, 8L" [e_(o‘_m_“”t)Q] cos ky dk. (3.3.11)
Q0 0
n=0

Now, (° describes a transient oscillatory motion in time, depending on cosw,t and
sinwyt. Numerical evaluation of (3.3.9) and (3.3.10) shows that its coefficients A,, and
B,, are fast-decaying functions of k for any given time ¢, hence the integral in (3.3.8) is
fast convergent in k at all times. The magnitudes of A,, and B,, decrease for increasing
n, as can be seen in figure 3.9. For large ¢, the second error function in expressions
(3.3.4) and (3.3.5) tends to unity, and the a, and b, in (3.3.9) and (3.3.10) do not
depend on time. Therefore A, and B, approach limiting values that depend only on

k.

(€ decays with time, depending on o~ (uot)? Hence, the landslide generates a twofold
wave field made up by oscillatory and evanescent components, the latter rapidly van-
ishing with time. A more detailed description of the evanescent component is given in

the following paragraph.

3.3.1 Time of decay

To estimate the time of decay of the evanescent term (€, consider the £" transform
inside (3.3.11)

e
Wn 0
2k >
= — g(a)e*(o‘*m(’*“‘)t)Qd047 (3.3.12)
Wn 0
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FIGURE 3.10: Decay of the evanescent term (° for the fundamental mode n = 0 for an observer

at the origin (¢ = z/t = 0) at (a) (z,y) = (0,0), (b) (z,y) = (0,1). Parameters are xg = 0,
up = 1, ¢ = 2. Note that for large times (§ ~ 2/ct?.

where

gla) = e %L, (2ka). (3.3.13)
When t is large, the leading behaviour of the integrand at the right-hand side of (3.3.12)
is given by e*(a*xO*UOt)Q, i.e. a fast-decaying function of o and ¢. Now, the contribution
of g(a) (3.3.13) to the integral form (3.3.12) is significant only in a neighbourhood of the
point where e~ (a—zo—uot)” i maximum, i.e. oy = 29+ upt (see Cheng, 2007, for similar
examples). Therefore, to obtain the asymptotic behaviour of the integral (3.3.12) we
approximate g(a) ~ g(ap), such that

Lr [e*(o‘*:’:‘)*“@t)2 ~ % e~k L, (2kag) [y° o—(a—zo—uot)® 4,

— [Lnk [erf(xo + u()t) —+ 1] e*k(:voJruot)Ln(Qk(xO 4 UQt)). (3.3.14)

Then, to the crudest approximation, for ¢ > 1

1 o
IC¢l ~ |¢5] < — [erf(zo + uot) + 1] / k e F(@otuot) qp (3.3.15)
¢ 0

Solving the last integral gives finally

2
(x-i;aro + UQ)2t2 ’

el < - Vy. (3.3.16)

Hence an observer moving along the z direction at constant speed z/t = £ sees an
elevation wave decaying as an O(1/t?) as shown in figure 3.10. Now, define a positive
constant € < 1 and consider a fixed observer at the origin x = 0. Then

2
— <
c(xo + uot)? ~ ‘

1 2
tdee = — < - = $0> (3317)
U ec
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is the time of decay of the evanescent component. For t > t4.., (¢ can be neglected,
and the free surface elevation is made only of the oscillatory component ¢ ~ (°. As an
example, for e = 0.05, ¢ = 2, zg = 0 and ug = 1 the time of decay is tge. ~ 4.5. With
the same order of approximation, (3.3.17) can be written in physical variables as
fvol  x
e = —— — 7 f =6.32, (3.3.18)

up 0

which is similar in form to the characteristic time of motion defined by Watts et al.
(2003). The time of decay (3.3.18) is composed by two terms. The first is related to
the characteristic dimensions of the slide (A, o) and its horizontal velocity u(. Relation
(3.3.18) shows that the larger the landslide width A and length o, the slower the decay of
the evanescent component; on the other hand, the faster the landslide speed, the faster
the decay of (°. The second term is the time needed by the centroid of a subaerial slide,
starting from its initial position (), to reach the origin 2’ = 0, moving at constant speed
ug. Note that the higher the initial position of the slide on the incline (i.e. zg < 0),
the larger the time of decay of the evanescent component. We next turn to the analysis
of ¢°.

3.3.2 Behaviour for large times

Numerical methods have shown that for ¢ > 0 edge waves are propagating along the
shoreline, while the perturbations rapidly diminish near the point of generation O (see
Lynett and Liu, 2005). To demonstrate this analytically, consider the expression of
the n-th modal free surface elevation at the shoreline, (,(0,y,t). For t large enough to
neglect the contribution of the evanescent term (€, the free surface elevation becomes

2 o
Cn(0,9,t) ~ C2(0,y,t) = — / [An (K, t) coswnt + Bp(k,t) sinwyt] cos ky dk. (3.3.19)
T Jo

Let us now consider the integral in (3.3.19)

2 [~ 2 % L ity /t—wn) o it(ky/twn)
— Ay, coswyt cosky dk = —Re Ap= [e Yremn) 4 gMEU/ITWR ]dk
T Jo m 0 2

(3.3.20)
where the exponential terms represent respectively a right-going wave and a left-going
wave. The behaviour of these two waves at large times can be analysed with the method
of stationary phase already employed in section 2.1.2. For t > 1, the exponential
functions of phase

wp(k) = ky/t F w, = ky/t F [Qk (n + %)} v (3.3.21)

oscillate quickly with varying k, sweeping a very small net area, and so determine the
integrals in (3.3.20) to be approximately null. In a neighbourhood of the points k,, = k
where the phase is stationary, the exponential function stands over a larger net area,
and the integral (3.3.20) becomes significant. If we denote

d )
—0=0,
for the right-going wave the stationary points occur at

Y . Yy
;—wn:?—an:(),
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where

_ vV2n +1

:wn_i
n 2\/E

is the n-th modal group celerity. Differentiating (3.3.21) and equating to zero yields

Cy

k= (204 1) (2%)2 (3.3.22)

Note that for the left-going wave there are no stationary points. By Taylor-expanding
the phase function w, about the stationary point k& ,

(k) 2= wn (05) + 5 (k3 = 52,

the integral (3.3.20) can be approximated to

\/iAn(k:wt)
( tleon (,)[) /2

2 o
— / Ay (k,t) cos wyt cos ky dk ~ Cos <k:;fby —wpt + %) . (3.3.23)
T Jo

with
V2n +1

(3.3.24)
Analogous considerations can be made for

V2B, (K, t)
( tleon (k) ) /2

2 oo
— / By, (k,t) sinwyt cos ky dk ~ —
0

™

sin <k;;y — wat + Z) . (3.3.25)

By substituting (3.3.23) and (3.3.25) into (3.3.19) and summing up the single modes,
we obtain

C0,y,t) = > 0,y t) =~ v2
n=0

X
= (mtlon (k)2

X [An(k:;, t) cos (k:;y — wpt + %) +
By (ky,, 1) sin (kny — wnt + Z)] : (3.3.26)

The latter equation is an approximated expression (error = O(t~!), see Mei et al.,
2005) of the free surface elevation at the shoreline for large times. In (3.3.26) each of
the modal components is the sum of two waves, of amplitude

V245 Ky, t)

nt) 3.3.27
mt|ion (k)] (3:3:27)

and /3
2B, (k! t
# (3.3.28)
mt|ion (k)]
respectively, both vanishing with time as t~1/2. Finally, by using the same method but
for z > 0, we get the approximated expression of the free surface elevation for all (z,y)
at large times:

C(z,y,t) = Y e M T Ly (2k52) (0, y,1). (3.3.29)
n=0
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k
FIGURE 3.11: Behaviour of @, (3.3.24) vs. k. Note that & — —o0 as k — 0.

Expression (3.3.29) shows the fast decay in x of the free surface oscillation, distin-
guishing feature of the edge waves. Therefore, at large times the motion consists of a
system of edge waves propagating along the shoreline, with amplitudes proportional to
A, ]d}n]_l/z and B, ]d}n]_l/z. Now, figure 3.11 shows that &, — —oo for k — 0; as a
result the wave amplitudes (3.3.27) and (3.3.28) vanish for & — 0, as shown in figure
3.12.

These crucial observations allow us to investigate the physics of expressions (3.3.26)
and (3.3.29) more in detail. An observer moving along the shoreline at a fixed speed
&1 = y/t sees the superposition of two wave trains decaying as t~Y/2. For larger speed
& > &, i.e. smaller wavenumber k) (3.3.22), a faster-moving observer sees longer
waves which are also of larger amplitude, since the amplitude functions (3.3.27) and
(3.3.28) first increase as k; — 0 from larger values (see figure 3.12). Finally, an observer
moving close to the front at a speed & = y/t > 1 (i.e. k} ~ 0) sees a train of even
longer waves, but with very small amplitudes, since both (3.3.27) and (3.3.28) vanish
as k approaches zero (see figure 3.12). Hence at a given time t1, longer waves, which
travel faster, are not those of larger amplitude, as shown by the summarizing graph
of figure 3.13. Let us now consider the spatial snapshot of figure 3.13 at a later time
to > t1. All the observers have moved forward, thus increasing their mutual distance.
As a consequence, the wave field appears to be stretched, and new wave crests are
created during the propagation. This physical picture agrees with the results obtained
with earlier numerical models and experimental tests (see, for example, Lynett and
Liu, 2005). The lack of a properly defined leading wave for large times distinguishes
landslide generated tsunamis on a plane beach from transient waves generated and
propagating over a constant depth d (see Mei et al., 2005; Di Risio and Sammarco,
2008). In the latter case, in fact, the dispersion relation

w(k) = \/gk tanh kd

determines the wave amplitude, proportional to || ~1/2, to increase as k decreases (i.e.
while moving toward the wave front), till it becomes unbounded at £ = 0. Solution of
this singularity (see Mei et al., 2005) yields the known expression of the leading wave
in terms of the Airy function. In the present case, instead, there is no singularity at
k = 0 as discussed above.
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FIGURE 3.12: Behaviour of the wave amplitude functions (3.3.27) (a) and (3.3.28) () in
absolute values versus k. Time is ¢ = 10. Note that all amplitudes vanish as k;, — 0.
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FiGURE 3.13: Qualitative shapshots of the propagating wave field for ¢ > 1. Different views
given by three moving obseervers at speed £ < & < &3 are depicted. Note the dispersive
behaviour of the wave field. Longer waves travel faster and are followed by a tail of shorter
waves. The maximum wave amplitude is reached in the middle of the wave train.
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FIGURE 3.14: Contour levels of the evanescent component (¢ in non-dimensional variables at
times (a) t = 0.5, (b) t = 1.5, (¢) t = 4.5, (d) t = 7. Parameters are ¢ = 2,29 = 0,u9 = 1. The
first six modes have been considered.

3.3.3 The wave field

Let us analyse the wave motion generated by a characteristic landslide with parameters
c=0/X=229 =0 and ugp = 1. In figure 3.14(a—d) the contours of the evanescent
component (¢, expression (3.3.11), at four different instants are shown. When ¢ is small,
€€ is non-zero only in a narrow area landward of the slide (see 3.14a). After some
instants, the evanescent component is propagating mostly in the offshore direction
(figure 3.14b), while its amplitude rapidly decreases as t approaches tg.. ~ 4.5 (see
3.14¢). Finally, for t > tgee, (¢ is zero everywhere in the fluid domain (figure 3.14d).
Hence the evanescent term is a result of the early interaction between landslide and
water, directly affecting the wave motion only during the phase of generation. In
this phase, the occurrence of source-specific waves has also been shown via numerical
investigation by Lynett and Liu (2005).

Now, let us focus on the actual free surface elevation ¢ = ¢° + (¢, given by (3.3.8)
and (3.3.11), and represented in figure 3.15(a—d). At the earliest times of motion, the
landslide pushes water ahead and generates a leading elevation wave. The latter is
propagating mostly in the offshore direction, due to the stretched shape of the slide,
while along the shore is less noticeable. In the meantime, a depression wave occurs
landwards (figure 3.15a). After few instants, the elevation wave is spreading also along
the shoreline, while the depression wave dominates over a large area around the origin
(figure 3.15b). At larger times the first elevation wave has already left the domain,
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FIGURE 3.15: Contour levels of the free surface ( = (¢ + (° in non-dimensional variables at
times (a) t = 0.5, (b) t = 1.5, (¢) t = 4.5, (d) t = 7. Parameters are ¢ = 2,29 = 0,49 = 1. The
first six modes have been considered.

followed by the propagating depression wave (figure 3.15¢). In turn, the latter is wrap-
ping a second elevation wave generated by the elastic rebound at the origin. Water
motion along the shoreline becomes evident. Finally, for ¢ = 7, the perturbation is
travelling mostly in the longshore direction (figure 3.15d), while around the origin the
water returns to the unperturbed position. The three-dimensional effects along the
indefinite plane beach lying on the y axis can be further appreciated with the plots of
figures 3.16 and 3.17. Here three-dimensional snapshots of the free-surface elevation are
presented at fixed times, starting from the beginning of the motion (¢ = 0.5) with time
increments 0t = 0.5 till the perturbation is fully generated and propagating away from
the source. Again, at the earliest times of motion the landslide pushes water ahead,
while a deep depression generates just landwards of the slide (instants ¢t = 0.5 to t = 2).
Hence large free-surface gradients are created along the shoreline, driving strong fluxes
to converge towards the centre (¢ = 2.5,3). As a result, the convergent flows eventually
collide at the origin to form a large elevation wave. Finally the rebound wave splits
into two crests which symmetrically start to travel along the shoreline (¢ = 3.5,4).
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The plots of figure 3.18(a—d) show four snapshots of the free surface elevation at
large times, and are obtained by using the stationary phase solution (3.3.29). Starting
from the left, note the longshore wave motion becoming predominant already at ¢ = 10
(see figure 3.18a—b). By t = 20, the wave motion is bounded at the shoreline (figure
3.18¢), and progressing again in time only edge waves are present (see figure 3.18
d). The first occurring waves are not those of larger amplitude, as demonstrated
above. Furthermore, new wave crests are created in the course of propagation, while
the perturbation moves ahead from the origin. Longer waves travel faster and are
followed by a tail of shorter waves, as obtained numerically by Lynett and Liu (2005).

The linear long wave theory, non-dispersive over bottoms of constant depth, repro-
duces the dispersive behaviour of the trapped waves over inclined bottoms!
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FIGURE 3.17: Snapshots of the free-surface profile in non-dimensional variables at the beginning of motion, for ¢ = 2.5 to t = 4. Parameters are
c=2,x9 =0,ug = 1. The first six modes have been considered.
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FIGURE 3.18: Contour levels of the free surface in non-dimensional variables at times (a)
t =10, (b) t =15, (¢) t =20, (d) t = 30. The first five modes have been considered. All values
have been multiplied by the magnifying factor /z.

3.4 Parametric analysis

In this section we investigate the influence of the landslide centroid initial position g
and velocity ug on the generated wave field for a double-Gaussian shaped landlslide
(see section 3.2.1). As an application of the results obtained in the previous §3.3, let
us first consider the limit case zg = 0 and ug = 1, which will be also useful for further
comparison. This represents a landslide starting from a half-submerged position and
moving along the incline with unit horizontal velocity. Take the oscillatory component
¢° (3.3.8) of the free-surface elevation

9 & o)
¢°=- Z / e_lan(Qk:x) [A,, cos wyt + By, sinwy,t] cos ky dk.
T 0
n=0

The values of the amplitude coefficients A4,, and B,,, expressions (3.3.9) and (3.3.10)
respectively, for g = 0 and up = 1 are

Ay, = Ap(k,t) = wp LY [wnan(a, k,t) — e_o‘2]

and ,
B, = By(k,t) = —3L" [2046_0‘ + w2bp(av, k:,t)]

respectively, where

an, = ap(a, k,t) = ge“’%/ﬁm {ei”"a [erf <a + 1%) —erf <a —t+ lﬁ)] } )

2
while
VT —w? /4 iwna <Wn - Wn
by = bp(a, k,t) = e Re{e " [erf (a—i—l?) — erf (a—t+17)}}.

In the same limit, the evanescent component (¢ (3.3.11) of the free-surface elevation
becomes

2 o= [
== Z/ e kL, (2ka) wp 5L™ [e*(a*t)ﬂ cos ky dk.
™ 0
n=0

In the following we shall first consider the influence of the two parameters zy and
ug separately, in order to get a clear physical insight of the problem. The more complex
issue of the combined influence between the two parameters xy and ug will be studied
afterwards.
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FIGURE 3.19: Time series of the free surface elevation (3.3.26) at y = 8.38. Landslide parame-
ters are: o = 0.37m, n = 0.045m, ug = 1; slope is s = 1/3. The initial position of the centroid
is (a) xzo = —1 and (b) o = 0. The first five modes have been considered. The single waves
are identified via the method of down zero-crossing. The first incoming perturbations at times
t < 10 are not considered, being time too small to apply the stationary phase approximation
with reliable accuracy.

3.4.1 Influence of the initial position z

In this section we analyse the influence of the centroid initial position zg on the gen-
erated wave field, for constant ug = 1. The analysis is made at large times, when the
perturbation is already propagating along the shoreline far from the origin. Therefore
the stationary-phase approximation (3.3.26) for ¢ ~ (° is employed.

A large number of simulations has been made considering a landslide of fixed char-
acteristic length ¢ = 0.37m and height n = 0.045m, sliding along an incline of slope
s =1/3 (i.e. that described in table 3.2, equivalent to the experimental slide of Di Risio
et al. (2009a) described in table 3.1). The landslide centroid initial position x( increases

from xy = —2.1, representing a subaerial slide (see §3.3), to xy = 0.6, relevant to a sub-
merged slide. As an example, the time series of the free-surface elevation (3.3.26) at
point y = 8.38 far from the origin are represented in figure 3.19 for g = —1 (figure

3.19a) and zp = 0 (figure 3.19b) respectively. For each of the time series relevant to a
fixed value of the parameter zg, we first identify the single waves with the method of
down zero-crossing, as shown in figure 3.19. Then we record the runup and drawdown
values for each single wave. This procedure allows to investigate the influence of the
centroid initail position xy on the runup and drawdown of the single waves, as shown
in figure 3.20. Here the dash-dotted line (—-) shows the behaviour of the drawdown of
the first incoming wave (D1%%) at y = 8.38, versus zg. In the same figure, the runup
of the first and the second wave at the same point (R15¢, R25) are also plotted with a
dashed (——) and a solid (—) line respectively, again versus xy. First, note that at the
chosen point, far from the origin, the runup reached by the second incoming wave is
always larger than the runup reached by the first wave. This is a characteristic feature
of edge waves propagating along a plane beach, as discussed in section 3.3.3. Figure
3.20 shows that this property is not affected by the initial position of the slide. On
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FIGURE 3.20: Runup of the first wave (dashed line, ——), runup of the second wave (solid

line, —) and drawdown of the first wave (dash-dotted line, —) vs. zg. For xy < 0 the slide is
defined as subaerial, otherwise submerged. Landslide parameters are: ¢ = 0.37m, n = 0.045 m;
slope is s = 1/3; y = 8.38 far from the origin. Values are obtained by numerically integrating
expression (3.3.26).

FIGURE 3.21: Initial position of the landslide which generates the maximum runup for the
second incoming wave in figure 3.20, corresponding to (3.4.3). This is the condition under
which the point of zero water depth coincides with the steepest point of the slide (for which

the other hand, the behaviour of the single runup and drawdown curves depends on
xo. Let us follow these curves from left (subaerial slide, zp < 0) to right (submerged
slide, g > 0). When 2y < 0, i.e. the landslide is totally subaerial, the runup and
drawdown are not much affected by the slide initial position. The generated wave field
appears to be saturated. The largest possible amount of energy is transferred from the
slide to the fluid, such that the maximum wave amplitude does not vary by further
increasing the distance between the slide centroid and the origin (i.e. moving to the
left of figure 3.20). Now let us gradually move to larger zy values, i.e. towards the
right of figure 3.20; the behaviour of the three curves is now different. The runup of
the first wave (dashed line ——) decreases while increasing xg, i.e. decreasing the initial
distance of the slide from the water. On the other hand, the runup of the second wave
(solid line —) first increases while diminishing z, reaching its maximum at xy ~ —0.5,
i.e. z{ ~ 0.185. For the specific geometry defined above, this configuration determines
the landslide steepest point to touch the water at the starting position, as sketched in
figure 3.21.
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Let us demonstrate this statement analytically. Following §3.1.1, the bottom depth
at a generic point (2/,0) for ¢ = 0 is given by

B (2') = —sa’ + f(2',0,0), (3.4.1)

where f’ is the landslide shape function (3.2.8). Also, the point of maximum steepness
of f along the offshore direction is

2
zy = g o + xg, (3.4.2)
which is given by the positive solution of f!, , = 0. Now, in order to have the point
of zero water depth exactly at z,, we must require h’(2)) = 0. Therefore, combining
(3.4.1), (3.2.8) and (3.4.2) we obtain in non-dimensional variables

2
—0s <£ + xo> + 77671/2 =0,

2

which is a function of xg only. Solution of this linear equation gives finally

2

3.4.3
oS 2 ( )

o =
The latter condition makes the point of zero water depth coincide with the steepest
point of the slide, as sketched in figure 3.21. Substituting the current parameters
o =037Tm, n = 0.045m and s = 1/3 into (3.4.3), we finally obtain zyp ~ —0.5 as
anticipated above. From this discussion we infer that the behaviour of the runup
and drawdown curves (figure 3.20) does not depend only on the initial position of the
centroid g, but also on the shape of the landslide. Finally, note that for larger values of
xg, corresponding to a submerged slide, the runup and drawdown of each wave quickly
decay to zero (see again figure 3.20). This is due to the reduced time of interaction
between the landslide and the fluid at the beginning of motion, wich allows only a very
small amount of energy to be transferred to the fluid.

3.4.2 Influence of the landslide velocity u

Let us analyse the influence of the landslide velocity ug on the generated wave field, for
fixed 9 = 0. Note that changing uo determines the slide kinetic energy (proportional
to u%) to change, while the slide potential energy (proportional to () remains constant.
The parameters of the landslide are still those of the previous section; the slide velocity
along the x direction varies from ug = 0.8 to ug = 1.5. Figure 3.22 shows the behaviour
of the drawdown of the first wave (dash-dotted line —-), the runup of the first wave
(dashed line ——) and second wave (solid line —) versus ugp at y = 8.38. Again, note
that at a point far from the origin, the runup of the second wave is always larger than
that induced by the first wave, as a typical feature of edge waves propagating along a
plane beach. This property is not influenced by either changing the slide initial position
or its velocity. Following the curves of figure 3.22 from left to right, the amplitude of
the runup and drawdown increases almost linearly with increasing the slide velocity ug.
The influence of the initial velocity on the generated wave field is then straightforward:
the larger ug, the larger the amplitude of the propagating waves.
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FIGURE 3.22: Runup of the first wave (dashed line, ——), runup of the second wave (solid line,

—) and drawdown of the first wave (dash-dotted line —-) vs. wg. Landslide parameters are:
o =0.37m, n = 0.045m; slope is s = 1/3; y = 8.38 far from the origin. The runup values are
obtained by numerically integrating expression (3.3.26).

3.4.3 Combined influence of initial position z; and velocity ug

So far we have assumed the landlisde velocity along the x direction ug to be independent
on the centroid initial position zg. This assumption simplifies the algebra and allows
to point out the influence of each parameter on the generated wave field separately.
However, in reality the motion of the slide is induced by gravity, and the velocity
depends on the centroid initial position: ug = wug(xg). Several factors intervene in
determining the relation between ug and xg, like the slide shape, the characteristic
parameters o and 1 and the bottom friction. As already discussed in §3.3, we shall
asssume

uo(zg) = 1119 cos a — 1.139\/E(1 + x0), (3.4.4)
Vogs gs
where the constants 1.119 and 1.139 have the dimensions of m/s and s~! respectively
and o = arctan s. This expression has been determined experimentally by employing a
landslide of elliptic shape (see figure 3.4 for a sketch and table 3.1 for dimensions) sliding
along an incline of slope s = 1/3. Recall that this landslide is equivalent in volume to
the double-Gaussian shaped slide of parameters o = 0.37m and n = 0.045 m considered
in this chapter (see figure 3.6 for a sketch and table 3.2 for dimensions). Relation (3.4.4)
between xg and 1y has been used here for various simulations. First, we set the value
of zp and obtain ug from (3.4.4). With these values, we consider the time series of the
free surface elevation (3.3.26) at a given point along the shoreline (y = 8.38 as above)
and record the runup and drawdown reached by the single waves. Figure 3.23 shows
the behaviour of the drawdown of the first wave (dash-dotted line —-), together with
the runup of the first wave (dashed line ——) and the second wave (solid line —), versus
xg, at y = 8.38. When the variations of the initial centroid position xg and the slide
velocity wug are combined, the effect of ug is dominant. The induced runup reaches
its maximum values when the slide is fully subaerial and the corresponding velocity
(3.4.4) is much larger than unity: 2o < 0 and ug > 1. Hence the higher the slide
initial position on the incline, the larger the amplitude of the induced wave field at a
point on the shoreline far from the slide. Moving the landslide towards the origin both
increases xg and reduces ug. As a result, the runup and drawdown decay quickly, due
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FIGURE 3.23: Combined influence of zy and ug on the wave field. Figure shows the runup of
the first wave (dashed line), the runup of the second wave (solid line) and the drawdown of
the first wave (dash-dotted line) vs. . Expression (3.4.4) is used to relate the slide velocity
ug with the centroid initial position xg. Landslide parameters are: ¢ = 0.37m, n = 0.045m;
slope is s = 1/3; y = 8.38 far from the origin. The runup values are obtained by numerically
integrating expression (3.3.26).

to the small exchange of total energy between the slide and the fluid.

3.4.4 Maximum runup along the shoreline

We now investigate the influence of the slide initial position and velocity, x¢ and ug
respectively, on the maximum runup R,.x reached by the generated wave field along
the shoreline. As an example, let us consider the plots of figure 3.24. Here the time
series of the free-surface elevation (3.3.26) are represented at points y = 6 (figure
3.24a) and y = 8.38 (figure 3.24b) on the shore, for the sample slide of table 3.2. In
both cases the slide centroid initial position is set at xy = 0, corresponding to an
average velocity ug = 0.582, according to the empirical law (3.4.4). Note that at the
first point y = 6 the maximum runup is reached by the second incoming wave (still
identified via the down zero-crossing method), while at larger distance from the origin
(point y = 8.38) the maximum runup is reached by the third wave, as a result of the
dispersive effects described in section 3.3. If we perform a similar analysis for various
points on the shoreline y and several values of the initial position xy, we obtain the
summarizing graph of figure 3.25. Here the behaviour of the maximum induced runup is
plotted versus the shoreline coordinate y, for two different values of the centroid initial
position zg. Labels identify the wave reaching the maximum runup (i.e. second, third,
etc). Note that, when the slide is fully subaerial (g = —1, solid line of figure 3.25),
the maximum runup is always reached by the second incoming wave at all distances
from the origin. Since the first incoming waves are those more related to the strong
elastic rebound occurring at the origin at earlier times, we infer that for a subaerial
slide the early elastic effects dominate over dispersion, also at larger times. Now let
us consider a partially submerged slide (zg = 0 dashed line of figure 3.25). Closer
to the origin the maximum runup is still reached by the second wave (i.e. the wave
field is still influenced by the early elastic rebound at y = 0), but at larger distances
the maximum runup switches towards late-coming waves, due to the dispersive effects
discussed in §3.3.3. Hence we infer that moving the initial position of the slide closer
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FIGURE 3.24: Time series of the free-surface elevation on the shoreline at points (a): y = 6,
(b): y = 8.38. Landslide parameters are: o = 0.37m, n = 0.045m; slope is s = 1/3; 2o = 0
and ug = 0.582. The runup values are obtained by numerically integrating the stationary-phase
approximation (3.3.26). The first five modes have been considered. Waves are individuated via
the method of down zero-crossing. The first perturbations at smaller times are not considered,
being time too small to apply the stationary phase approximation with reliable accuracy. Note
that the maximum runup is reached by the second wave in (a) and by the third wave in (b).
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FIGURE 3.25: Maximum wave runup Ry,ax vs. shoreline position y for a subaerial slide zp = —1

(solid line) and a partially submerged slide ¢y = 0 (dashed line). The vertical ticks separate the
zones on the shoreline where the maximum runup is reached by the second, third and fourth
waves. For zp = —1 (solid line) the maximum wave runup is always reached by the second
wave. For o = 0 the maximum wave runup switches towards the third and the fourth wave at
large distances from the origin.
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to water produces the combined effects of both decreasing the maximum runup and
enhancing the dispersive behaviour of the fluid. In conclusion, the wave field generated
by the fully subaerial slide x¢g = —1 is driven by the early elastic effects. On the other
hand, the wave field generated by the partially submerged slide xy = 0 is driven by the
elastic effects only close to the origin, dispersion becoming dominant at larger distances
along the shoreline.

3.5 Experimental comparison

In this section the free-surface time series at the shoreline are evaluated and compared to
experimental data of Di Risio et al. (2009a), which have been kindly given to the author.
The latter have been obtained at LIAM (Laboratory of Maritime and Environmental
Hydraulics of L’Aquila, Italy) by letting a ellipsoidal 0.8 m long by 0.4 m wide block
slide down a steep slope, s = 0.3, as illustrated in figure 3.26. The landslide maximum
thickness is 0.05 m, its maximum cross-sectional area is about 0.03 m?. The basin
of LTAM facility is 5.40 m long by 10.80 m wide, 0.8 m deep, as sketched in figure
3.27. Note that this experimental setup is the same of that discussed in §3.3 and
here is summarised again in table 3.3. As anticipated before, by letting the model
parameters be ¢ = 0.37Tm, n = 0.045m and ¢ = 2, the overall area beneath the
double-Gaussian forcing function f’ (3.2.8) approximates the landslide maximum cross-
sectional area. Then the nonlinearity parameter € and the dispersion parameter p?
(3.1.8) are respectively

e="L —0365, u2=4n2s>=1.396,
gs

while the Ursell number (3.1.6) is
€
U, = 5 ~026 <1
i

i.e. dispersion cannot be completely neglected and is stronger than nonlinearity. As a
consequence, the analytical model employed here might be inadequate in fully reproduc-
ing the dispersive behaviour of the fluid occurring in the experiments. The experimental
release distance of the ellipsoidal slide is set to X, = —0.2m. Let us consider the equiva-
lent double-Gaussian shaped slide defined above. The centroid initial position relevant
to the chosen experimental release distance X is given by (3.2.16): z{, = —0.18m.
Since x(, < 0, the landslide centroid is outside the water at the starting position, while
only the front part of the landslide is submerged. Finally, to estimate the horizontal
velocity of the landslide relevant to the centroid initial position z, = —0.18 m, we shall
employ the empirical relation (3.2.17) which gives uy = 0.845m/s. The parameters
indicated above are summarised in table 3.3 respectively for the experimental slide
(left column) and the equivalent theoretical slide (right column). In figure 3.28 the
time series of the free-surface elevation are plotted in physical variables at two different
points along the shoreline 2/ = 0 and compared to the experimental data of Di Risio
et al. (2009a). Figure 3.28(a) shows the time series at ¥’ = 3.10m away from the point
of generation; in figure 3.28(b) is instead depicted the free-surface time series at point
vy’ = 4.07m from the origin. The main properties of the generated wave field, i.e. the
shape of the waves, the time of arrival of crests and troughs and the maximum runup
and drawdown, are predicted satisfactorily by the analytical model. The agreement
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CHAPTER 3. LANDSLIDE TSUNAMIS PROPAGATING ALONG A PLANE BEACH

FIGURE 3.26: Experimental setup of Di Risio et al. (2009a), LIAM laboratory at the University
of I”Aquila (Ttaly).
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FIGURE 3.27: Sketch of the experimental setup of Di Risio et al. (2009a), LIAM laboratory at
the University of L’Aquila (Italy). (a) plan view, (b) elevation.

95



3.5. EXPERIMENTAL COMPARISON

Property Experiment Property Analytical model
Shape ellipsoidal Shape Double Gaussian
Length 0.8m Char. length o =0.37Tm
Width 0.4m Char. width A=0.185m
Max. vert. height 0.05m Max. vert. height n = 0.045m
Release distance X! =-02m Cent. init. pos. zy = —0.18m
Avg. vel. along slope U. =0.87m/s Velocity along z’ uy = 0.845m/s

TABLE 3.3: Properties of the experimental landslide of ellipsoidal shape (left column) used by
Di Risio et al. (2009a) and the equivalent analytical double-Gaussian shaped landslide (right

column).
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FIGURE 3.28: Free-surface time series in physical variables at (a) (2/,y’) = (0,3.10m) and
(b) («',y") = (0,4.07m). The bold dashed line shows the experimental data (visual imag-
ing technique), the continuous line represents the theoretical values. ( is evaluated with the
stationary-phase approximation formula (3.3.26) and then transformed into dimensional form.

The first five modes have been considered.

between analytical and experimental results is good up to t = 8s. After that, waves
reflected by the side walls in the experiment make the wave field not comparable with
that given by the model.

Numerical values of the runup and drawdown reached by the first incoming waves at
both points are reported in table 3.4 and table 3.5 respectively, and are compared again
to the experimental data. The analytical model predicts the runup and drawdown
with satisfactory accuracy, especially for the first sample point 3’ = 3.10m. Also,
the analytical values agree with the experimental ones when comparing the maximum
values of runup and drawdown reached at both points, as shown in table 3.6. However,
there are still some minor differences between the analytical and the experimental
data, especially for the first incoming waves. Other than the role played by dispersion,
several other factors can explain these differences. First, the analytical model does
not take into account energy dissipation phenomena, such as shear actions or wave
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Value at 3’ = 3.10m Experimental Analytical model Rel. error (%)
Max runup 1st wave (cm) 1.227 1.258 0.03
Min draw 1st wave (cm) -0.942 -1.216 0.29
Max runup 2nd wave (cm) 1.328 1.341 0.01
Min draw 2nd wave (cm) -1.318 -1.318 0.00

TABLE 3.4: Experimental and analytical values for the maximum runup and minimum draw-
down of the first incoming waves at point 3’ = 3.10m.

Value at ¢/ = 4.07m Experimental Analytical model Rel. error(%)
Max runup 1st wave (cm) 0.490 0.244 0.50
Min draw 1st wave (cm) -0.654 -1.071 0.64
Max runup 2nd wave (cm) 0.931 1.062 0.14
Min draw 2nd wave (cm) -0.228 -0.321 0.40
Max runup 3rd wave (cm) 0.962 1.150 0.19
Min draw 3rd wave (cm) -1.124 -1.115 0.01

TABLE 3.5: Experimental and analytical values for the maximum runup and minimum draw-
down of the first incoming waves at point 3’ = 4.07 m.

Value Experimental Analytical model Rel. error(%)
Yy =3.10m

Max runup (cm) 1.328 1.341 0.01
Min drawdown (cm) -1.318 -1.318 0.00
y' = 4.07m

Max runup (cm) 0.962 1.150 0.19
Min drawdown -1.124 -1.115 0.01

TABLE 3.6: Experimental and analytical values for the extreme runup and drawdown at points

y' = 3.10m and y’ = 4.07 m.
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breaking, occurring in the experiment. Second, note also that the different shape of the
landslide, whose front is much smoother in the analytical model than in the experiments,
could have led to some differences in the propagating wave field, especially for the first
incoming waves.

3.6 Validity of the hot-start condition

This discussion has been motivated by fruitful internal communication with Dr. P.
Lynett, TAMU, U.S.A.

So far, the forced initial-value problem set by (3.1.11), with initial conditions ¢ = 0
and (; = 0 at t = 0, has been solved. The solution in terms of the free surface elevation ¢
is given by (3.1.34). Recall that this model simulates the interaction between landslide
and water at all stages of motion, rendered by the forcing term f in (3.1.11). However,
several numerical codes are available which analyse a simplified system, based on the
assumption of the so-called hot-start condition. Within this assumption, the early
interaction between water and landslide is neglected. An equivalent unforced system is
studied where the water motion is triggered by an initial free-surface bump, as it was
generated previously by the landslide.

To discuss the validity of the hot-start condition, let us first rewrite the initial-value
problem (3.1.11) as:

<>C = ftt7 C(x7y70) = Oa Ct(maya 0) = O, (361&, b7 C)

where O(-) = — [2(")zx + (-)yy + ()2 — (-)&]. The hot-start condition approach relies
on the fact that at t ~ tg4.., the landslide has already reached deeper water, so that
wave forcing in shallow water is less effective. Also, the initial free surface perturbation
generated by the slide starts to propagate from the shoreline in the horizontal plane.
Therefore, when analysing the behaviour of the system near the shoreline, for ¢ > ¢4,
the forcing term in (3.6.1a) can be neglected and a homogeneous initial-value problem
starting at t = tg.. can be considered instead. At this time the initial free surface
elevation can be described by a known function of the spatial coordinates, ((z,y,0) =
g(z,y). A double Gaussian function is often used to represent it:

g(x,y) = 2/m [exp(—(2® +y%)) — a exp(—(a® + *y*) /0)]

where a and b are shape parameters, depending on the characteristics of the landslide
(see Carrier and Wu, 2003; Watts et al., 2005, for a compendium of possible wave
forms). Hence to solve the problem, only the initial velocity (;(x,y,0) = h(z,y) would
need to be set. It has been widely assumed in the literature that after the landslide
initiates, the total tsunami energy is almost all potential energy (see Watts et al., 2003,
2005). With this hypothesis, the initial velocity can be neglected: h(x,y) ~ 0, and the
problem becomes

<>C = 07 C(.%', Y, tdec) - g(xa y)7 Ct(xa Y, tdec) - 07 t 2 tdec (362&, b7 C)

i.e. a non-forced homogeneous initial-value system. This approach is currently em-
ployed in some landslide generated tsunamis forecasting models (see Watts et al., 2003).
Here we further investigate on the analytical effectiveness of describing the fundamental
behaviour of the fluid in this manner. In so doing, the following questions are posed:
if it does really exist a homogeneous system equivalent to (3.6.1), and, for ¢ > tge, if
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CHAPTER 3. LANDSLIDE TSUNAMIS PROPAGATING ALONG A PLANE BEACH

this system is (3.6.2) indeed. In order to respond to the first question, define a function
n(z,y,t — 1), with 7 a positive real parameter, solution of

On=0, n(x,y,0)=0, n(x,y,0)= fu(z,y,7), t>T1. (3.6.3a,b,¢)

The latter is a homogeneous system, starting at ¢ = 7, with zero initial free surface
elevation and initial velocity given by the forcing term fi(z,y,7). Extension of the
Duhamel’s principle to the forced problem (3.6.1) reveals that

C(x,y,t) = /0 n(z,y,t —7)dr (3.6.4)

is the solution of (3.6.1). Hence the first question has a positive answer: the homoge-
neous system (3.6.3), together with the Duhamel’s integral formula (3.6.4), yield the
solution of (3.6.1). No other equivalent homogeneous systems seem to exist. For a prac-
tical numerical simulation, solution (3.6.4) could be more suitable than solving directly
the forced system (3.6.1). Now the second question: the equivalence between (3.6.1)
and (3.6.2). Consider again the full problem (3.6.1), but with initial time t = tge.:

<>C = ftt($,y,7f), C(xayatdec) = g(x,y)a Ct(x,y,tdec) = B('Iay), (365@, ba C)

where, taking only (°,

2 o= [®
Jg= — Z / e_]“Ln(2kx) [An (ky tgec) cos wntgee + Br(k, taee) sin wptgee] cos ky dk,
n=0 0

(3.6.6)

t=tdec

pRa

h = = Z/ o kan(Qk;c)wn {[An,t + W"B"]t:td cos Wptdec + [Bnt — wnAp] X
7T n_O 0 ec

X sinwptgect cos ky dk. (3.6.7)

(3.6.6) and (3.6.7) are respectively the free surface elevation and velocity at ¢ = tge.
computed with (3.3.8). By definition, for ¢ > ¢4 a rigorous analytical equivalence
occurs only between systems (3.6.1) and (3.6.5). The latter is equal to (3.6.2) if and
only if: (i) the forcing term fy; is omitted, (ii) the initial free surface elevation (3.6.6)
is substituted with the easier double Gaussian form g(z,y), (iii) the initial velocity
(3.6.7) is neglected. As discussed above, point (i) might not produce appreciable errors
in shallow water. On the other hand, the approximations in points (ii) and (iii) might
result in simulating a different physical behaviour of the system. Especially the total
neglect of the initial velocity seems to have no analytical confirmation, since it can’t be
stated that (3.6.7) is zero in all the fluid domain for any shape of the landslide (i.e. for
any tgec). In conclusion, no analytical demonstration of the correctness of replacing the
homogeneous problem (3.6.2) in lieu of (3.6.1) seems to exist: the hot-start condition
cannot be validated analytically.
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Chapter 4

Landslide tsunamis propagating
along a semi-plane beach

In chapter 3 we have shown that, within the linear shallow-water theory, the land-
slide forced waves rapidly decay in the offshore direction, while a transient system of
longshore travelling edge waves propagates away from the landslide. Indeed, given the
geometry of an indefinite slope, the solution is expressed in terms of Laguerre poly-
nomials and exponential decaying functions of the offshore coordinate z. However, an
infinite slope does not fully represent a coastal area.

To obtain a more realistic model, in this chapter we investigate a different geometry,
where the slope is extending to a finite length and further connects to a continental
platform of constant depth.

4.1 Position of the problem

The physical domain of the model is shown in figure 4.1. Having set a 3D system of
coordinates (2',y’, '), water is in the region 2’ > 0. At a distance b’ from the coastline
the slope ends and connects to a flat bottom of constant depth h},. Due to the geometric
discontinuity introduced by the flat-bottom zone, we shall define the near field as the
domain z’ < V', where b’ is the horizontal length of the incline. As a consequence,
we shall also define the far field as the region 2’ > b where the bottom depth is
constant h' = hy, = st/, being s the slope of the incline. The system is assumed to be
symmetric with respect to the g3 axis; also assume that the landslide motion starts in
a neighbourhood of the origin and that the landslide shape is symmetric with respect
to 2’ and /.

4.2 Governing equations

Within the assumption of linear shallow-water waves, the behaviour of the fluid is
described by the forced long-wave equation

62 (/
ot
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—gV - (Wa'V() = aT;’;, (4.2.1)
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o x

b/

FIGURE 4.1: The fluid domain in physical coordinates. The dash-dotted line divides the near
field 2’ < V' from the far field 2’ > '

where the notation employed is the same of §3.1.1 and the bottom depth A’ is now
defined as

W(z') = (4.2.2)

sa! if o/ < ¥
hy, = st ifa' >0’

according to the geometry of figure 4.1. Let us introduce the same non-dimensional
variables seen in chapter 3

(z,y) = (@', )]0, t=1/gs/ot', (C.f)=({.f)/n, h=Hn]os, (4.2.3)

where o denotes the characteristic length of the landslide and 7 its maximum vertical
height. The equation of motion (4.2.1) becomes:

hCze + hzCe + hlyy = Gt — fut- (4.2.4)

In (4.2.4) h is the non-dimensional bottom depth, obtained by substituting the latter
of (4.2.3) into (4.2.2), i.e.

itz <b
hz) =" pesy (4.2.5)
hy=b ifx>b

where b = b’ /o is the non-dimensional inclined beach length. As already done in chapter
3 for the plane beach, we require the free-surface elevation ((z,y,t) to be bounded at
the shoreline

€(0,y, )] < oo (4.2.6)

and to be an even function of the shoreline coordinate y. Finally, we require null initial
free-surface elevation and velocity, i.e.

C($, Y, 0) =0, Ct(xa Y, O) =0. (427)

Now employ the cosine Fourier transform pair of ¢
) ) 2 [
okt = [ coptycoskydy. Glot) =2 [T lwkcosky b, (1.25)
0 T Jo
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k being the non-dimensional transform parameter. The equation of motion (4.2.4) is
then transformed into

heap + haCa — K2hE = (o — Fula, k. t), (4.2.9)
while the boundary condition (4.2.6) can be rewritten as
(C(O, k,t)‘ < 0 (4.2.10)
and the initial conditions (4.2.7) become

~

{(2,k,0) =0, (i, k,0) = 0. (4.2.11)

4.3 Eigenvalues

Recall that for the simple plane-beach geometry discussed in chapter 3, the solution of
the homogeneous form of the governing equation (3.1.17), together with the boundary
conditions (3.1.21), gives the system eigenfunctions in terms of Laguerre polynomials

Ch(x, k,t) = Lyp(2kx) cos(wnt),

with relevant eigenvalues
wn =Vk(2n+1), (4.3.1)

as shown in appendix A.2.
To determine the eigenfunctions and the eigenvalues of the semi-plane beach geom-
etry we seek the solution (;, of the homogeneous equation associated to (4.2.9)

Wz + huy — K2R E — (e = 0. (4.3.2)
By introducing the further transformations
€ =2k, (=e2Z( k1), (4.3.3)
expression (4.3.2) becomes
4k* [WZge + (he — h)Ze — She Z) — Zy = 0, (4.3.4)
while the boundedness condition at the shoreline (4.2.10) is
|Z(0,k,t)| < oo. (4.3.5)

To solve (4.3.4) with the boundary conditions (4.3.5) we shall assume the following
separation of variables for Z (¢, k,t)

Z =Re {X(£)e '} (4.3.6)

where X (&) is the unknown spatial part of the homogeneous solution and w a complex
wave frequency. Re{} denotes the real part and will be omitted for brevity in the
following. Note that the complex frequency w = w, + iw; must have a null or negative
imaginary part w; < 0 in order for (4.3.6) not to diverge for large ¢, i.e. w € ), where

N={weC:—rm<argw <0} (4.3.7)
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is the lower complex half plane, real axis included. With the substitution dictated by
(4.3.6), expression (4.3.4) can be finally rewritten as

h w?
thg + (hg — h)Xg — <7€ — 4—k2> X = 0, (4.3.8)

while the boundary condition (4.3.5) becomes simply
| X (0, k)| < oo. (4.3.9)
Equation (4.3.8) is to be solved separately in the two fields; the two solutions obtained

will be matched afterwards at the common boundary to assure continuity of pressure
and fluxes.

4.3.1 The near field

In the near field h = z or, in terms of the transformed variables (4.3.3),

By using the latter expression, the homogeneous form of the governing equation (4.3.8)
becomes

EXee + (1-9) Xe—aX =0, (4.3.10)
where
1 w?
_ —_ - _ 4.3.11

and the boundedness condition at the shoreline is still | X (0)| < co. Expression (4.3.10)
is the Kummer equation of parameter «, whose general solution is a linear combination

of the Kummer functions of first and second kind, respectively M and U (see appendix
A), ie.

X(&,k) = AM (&, o) + BU(§, ),

where A and B are integration constants. Since the Kummer function of second kind
has a logarithmic singularity at the origin, application of the boundedness condition at
the shoreline (4.3.9) requires B = 0, i.e.

X(& k) =AM (&, ), & < 2kb. (4.3.12)
Hence the homogeneous solution of (4.3.4) is simply
Z(&k,t) = X(€,k)e @ = AM(€,0)e ™t € < 2kb,
and, in terms of the original variables (4.3.3),
Chla, ko t) = Ae ™M (2kz, a)e ™!, & <b. (4.3.13)
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4.3.2 The far field

In the far field h = b. By using the latter expression, the homogeneous form of the
governing equation (4.3.8) becomes

2
w
Xee — Xe +— i X =0. (4.3.14)
This is also a linear ordinary differential equation of the second order, whose general
solution is

X(&,k) = Ce=RE/2 4 pe1+8)E/2 (4.3.15)

with C' and D integration constants and

B =B(k,w) = /1 - % k\[ (kVD - w) 2 <kx/5+w>l/2 (4.3.16)

a complex parameter. The solution of the homogeneous equation (4.3.4) is then ob-
tained by substituting the spatial component X (4.3.15) into the general form (4.3.6),
ie.

Z(& k,t) = X (&, k)e W = Ce1=P)E/2e710t | D(IHA)E/2e=it ¢ 5 ok,
and, back to the original variables via (4.3.3)
@h(x, k,t) = Ce Bhae—ivt | pebhe—ivt 4 5 p, (4.3.17)

Note that the complex parameter § (4.3.16) is given by the product of two square
roots of complex variable. Now, it is a trivial fact that the square root of a positive
real number ¢ has two values, +v/t. We wonder if this property still holds for complex
numbers and, in case, how multivaluedness can be avoided.

Let us first consider the complex function

f(z)=+vz =zeC.
The complex number z can be rewritten in its polar form as

5= 7nei(2n7r+€)
where r is the magnitude, 6 the phase angle and n = 0,1,2,... a positive integer.
Substituting the latter expression into f(z) we get then

r1/2¢i0/2 if n iseven 4318

| =rY2e2 if pisodd (4.3.18)

To investigate this fundamental property, consider a point on the complex plane z =
re? where f = \/Few/ 2. Then make a complete loop around zy = 0 and stop again at
z. In so doing, z returns to the initial value but 6 has increased by 27w. As a result
f(z) = \/Fei(”+9/2) = —\/FeiG/Q, i.e. f is double-valued. The same happens if we trace
several loops around the point zp = 0 and return to z: the complex function f (4.3.18)
changes its sign from positive to negative and vice-versa at each loop. Generally, if a
function f(z) does not return to its initial value when tracing a complete loop around
a given point z in the complex plane z, then z is called a branch point for f(z). In
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Im (2)

o Re (2)

FIGURE 4.2: Branch point at the origin and branch cut along the positive real axis for f(z) =
V%, where z = rel?. To avoid multi-valuedness of f, crossing of the cut is not allowed.

our case the origin zp = 0 is a branch point for the function f(z) = /2. Analogously,
let now ¢ = 1/z, so that f(z) = ¢~1/2; it is straightforward to show that f has another
branch point at { =0, i.e. z = co. To avoid multivaluedness, first cut the z plane along
any line connecting the branch points, then do not permit crossing of this line. This
geometric construction on the complex plane is called a branch cut. As an example, for

f(Z) = \/; = T1/2el(nﬂ-+€/2)

we can set the branch cut along the positive real axis joining 0 to 0o, as shown in figure
4.2, thus getting two separate regions. On the first region 6 € (0,27] and f = \/?eie/Q,
while on the second region 8 € (2,47 and f = —\/re?/2. Each region where z is
single-valued is called a branch; each of the branches can be figured as a sheet of paper
joined to the others along the branch cut, thus forming a 3D structure called Riemann
surface (see Mei, 1997, for examples). For the complex square root f(z) = /z, the
Riemann surface defined by the branch cut of figure 4.2 is a twin-sheet structure and
f (4.3.18) is single-valued on each of the two sheets (branches) introduced above.

Let us now go back to the complex parameter [, expression (4.3.16). Note that
has two branch points in the complex domain Q (4.3.7), respectively at w = FEVD
i.e. the zeros of the square roots. With the same procedure as above, we introduce
two semi-infinite branch cuts along the real axis of €, as shown in figure 4.3 (see Mei,
1997, for a similar example). To evaluate 3 correctly on the different edges of the cuts
of figure 4.3, let us define

w+ kVb = ryel?1 , EVb—w = 74261(027#)7 (4.3.19)

where the phase angles 0 2 are measured counterclockwise from the positive real axis.
To avoid multivaluedness of the square roots in (4.3.16), let us first consider the Rie-
mann sheet defined by

0, € [-m, 7], 02€]0,2n]. (4.3.20)

Then restrict the range of variation of 6 5 (4.3.20) by requiring w € 2 (unshaded region
of figure 4.3, including the real axis), so that

01 € {r} N [-m,0], 6y€{0}N][r 2n]. (4.3.21)
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Im (w)
Branch cut
0 (7
/\/ \\ AE Re (w)
_kA/B \\\ //k@
ri \\ //]"2

w

FIGURE 4.3: Branch cuts in the complex plane for 5(k,w) (4.3.16). The complex frequency
w € Q (4.3.7), which is the unshaded area corresponding to the lower half-plane, real axis
included. Angles 6; and 0 are measured counterclockwise from the real axis on the chosen
Riemann sheet (4.3.21).

Note that, according to (4.3.21), 81 = 7 (—n) describes the upper (lower) edge of the
left-hand cut on the negative real axis, while §2 = 0 (27) describes the upper (lower)
edge of the right-hand cut on the positive real axis. Substituting (4.3.19) into (4.3.16),
we obtain for the complex parameter

_ M2 i(01+62-m)/2
B=\71 ol (Or+02=m)/2. (4.3.22)
Now, if the frequency w is anywhere along the upper edge of the right-hand cut, 6; =0
and 65 = 0, so that

rire . .

p= e (—i) = —i|B]
is imaginary with negative sign. On the other hand, if w is on the lower edge of the
right-hand cut, ; = 0 and 62 = 2, so that
mra2. .
B = Wl =1i|B|

is imaginary with positive sign. Therefore Im {8} (4.3.16) has the same absolute value,
but opposite signs along the two edges of the right-hand cut. A similar analysis can be
done also for the left-hand cut, where 8 = +i || respectively on the upper and lower
edge of the cut. In all these cases the corresponding free-surface elevation in the far
field (4.3.17) is an oscillating function of the offshore coordinate x. Finally, if w is on
the real axis between —kvb < w < k‘\/g, then 6; = 0 and 03 = 7 so that (4.3.22) gives

VT2

kvb

i.e. a positive real number. As a consequence, the second term of the far-field solution
(4.3.17) would grow without boundaries as * — oo unless D = 0. With this position
the homogeneous solution in the far field (4.3.17) becomes

Cola, ko t) = Ce PRt g s (4.3.23)
while the relevant spatial component (4.3.15) reduces to

X (&) = Cell=ME2 ¢ > 2kb, (4.3.24)
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4.3.3 Matching

The solutions of the homogeneous equation (4.3.2) in the near field and in the far field,
(4.3.13) and (4.3.23) respectively, must now be matched at the common boundary x = b.
Continuity of the free-surface elevation ¢ and the fluxes 9(/dx yields respectively

Ae R M (2kb, o) = CeBkY
Ae R [~ kM (2kb, o) + M, (2kb, )] = —CBke kb, (4.3.25)

This homogeneous system with unknowns A and C' admits a non-trivial solution (A, C') #
(0,0) if and only if

Ak, w) = My (2kb, a) + & (8 — 1) M(2kb, a)) = 0, (4.3.26)

where A € C, k > 0 is a real parameter and a(w) and f(w) are given by (4.3.11) and
(4.3.16) respectively.

Expression (4.3.26) represents the eigenvalue condition of the matching system
(4.3.25); the complex values w,, for which (4.3.26) is satisfied are the sought eigenval-
ues. Before solving (4.3.26) numerically, we shall investigate some properties of A(k,w).
Note that A depends linearly on 3; hence the branch cuts of figure 4.3 introduced for
also apply to A. Now, when w is anywhere along the real axis, the parameter « (4.3.11)
is always real; then the Kummer function M (2kb, ) and its derivative M, (2kb, o) in
(4.3.26) are also real, since they are power series of real arguments (see §A). However
B (4.3.16) can be either positive real or positive (or negative) imaginary, according to
which segment of the real axis w is on, as already discussed. If w is along the real axis
on the upper edge of the right-hand cut (see figure 4.3), § = —i|f| so that from (4.3.26)
we obtain

Re{A(k,w)} = M,(2kb, o) — kM (2kb, @)

and
Im {A(k,w)} = —k|B| M (2kb, o).

On the other hand, if w is on the lower edge of the right-hand cut, § = i|5|, so that
Re{A} does not change, but

Im {A(k,w)} = k|5| M(2kb, ).

Therefore Im {A} has the same absolute value, but opposite signs along the two edges
of the right-hand cut. A similar analysis can be done also for the left-hand cut. Finally,
if w lies on the real axis —kvb < w < kv/b, then 8 = |B], so that A (4.3.26) is real with
a null imaginary part. As a consequence, the segment —kv/b < w < kv/b is a zero-level
contour for Im {A(k,w)}.

Numerical solution of (4.3.26) shows that for a given value of k, there is an enumer-
able set of 2 - [N (k,b) + 1] real eigenvalues +wq, w1y -+ + wy -+ + wyn on the chosen
Riemann sheet, such that

Vb < —wuy < < —w <wp <0 <wp<wy < <wy < kVb,

i.e.

tu, € <—/<:\/E,kx/5), n=0,1,...,N(kb)

as shown in figure 4.4. When w = +w,,, the solution of the system (4.3.25) is straight-
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0.1

0.05;

wr Tk /B —Twi —wo wo w1 kb
0.001 --+-=-1- St

-0.05

010 -2 0 2 4

WR

FIGURE 4.4: Contour plots of Re {A} = 0 (solid line) and Im {A} = 0 (bold line). The bold
dashed lines represent the two branch cuts on the real axis for |w| > kv/b. The zeros of A
are the complex roots of (4.3.26) occurring at the intersections of the two contour levels (bold
points). Parameters are k = 1, b = 4, for which a set of four eigenvalues, +wy = +0.999 and
tw; = £1.722 is found.

forward:

C = M(2kb, ay, )ePn =1k,

having set the arbitrary parameter A = 1.
Now consider the spatial eigenfunctions in the near and far field given respectively
by (4.3.12) and (4.3.24), with w = wy,:

M (&, an) if &€ < 2kb
X, (¢) = , 4.3.27
© {M(ka, Qv )e(I=An)(E/2=R0) if ¢ > o) ( )
with n =0,1,..., N(k,b), where
M(& an) = nm(w)E™, (4.3.28)
m=0
and
(an)m

Anm = W,

being (an)m = an(an+1)(an+2) ... (e, +m—1) (see appendix A). Finally, in (4.3.27)

, (4.3.29)

RI&

1
an = awy) = 5

2
B = Blwn) = /1 Z%; . (4.3.30)
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FIGURE 4.5: Geometries for different problems of wave propagation from shallow to deep water.
(a) Stepped ridge and (b) shelf lying on a continental platform studied by Mei et al. (2005); (c)
construction of a semi-plane beach by the superposition of small shelves.

and again £ = 2kx . Note that for a given modal order n, both the real eigenvalues +w,,
correspond to the same real parameters o, (4.3.29) and 3, (4.3.30), i.e. both +w,, are
relevant to the same spatial eigenfunction (4.3.27). Therefore, to ensure uniqueness of
the solution we retain only the eigenmodes (4.3.27) associated to the positive eigenvalues

wp, € (0, k:\/5> Recurring back to (4.3.3) and (4.3.6), the solution of the homogeneous

equation (4.3.8) can be written as the linear superposition of all the (N + 1) modes for

a given parameter k
N(k)

Cnlw kb, t) = > e h X, (2ka)e“nt, (4.3.31)
n=0
where the X,;s are given by (4.3.27).
To investigate the physical nature of the perturbation described by (4.3.31), let us

consider the spatial part
fin (2, k,t) = e " X, (2kz) (4.3.32)

of the n-th modal component of the free-surface elevation fh(x, k,t). Using (4.3.27) to
express the eigenfunctions X,,, (4.3.32) becomes

fin(, k,t) = M (2kz, a, )e @ (4.3.33)
in the near field x < b and
iz, b, t) = M (2kb, ay, )e R0 =Bn) =Bk (4.3.34)

in the far field z > b. Since the eigenvalues w, are all real and positive, with w, < kv/b,
the parameter (3, (4.3.30) is a positive real number too. As a consequence, all the
spatial components 7, of the free-surface elevation, proportional to e #"%* in the far
field (see 4.3.34), decay exponentially while moving in the offshore direction at large
distance from the shore. Hence all the natural eigenmodes of the semi-plane beach are
trapped along the shoreline and no wave propagates to infinity, even if the presence of
the flat-bottom region would suggest a propagating nature of the perturbation.

This somehow unexpected fact, i.e. that waves existing at a slope discontinuity
are unable to propagate to deep water, has been pointed out first by Longuet-Higgins
(1967) and then further investigated by Mei et al. (2005). As an example, Mei et al.
(2005) studied the trapping of waves by a stepped ridge with two edges at a distance
2a apart, as shown in figure 4.5(a). The water depth is hy above the ridge and hy > hs
over the continental platform away from it. By solving the long-wave equation in each
field separately and matching pressures and fluxes at the common boundaries x = *+a,
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n =0, wy=1.4139, @y = 1.4142 n=1, w = 24359, @1 = 2.4495

1 | 1 |
0.5
5
—~ 0
=
-0.5 |
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x x

FIGURE 4.6: Profiles of the first two modes of the trapped waves on a semi-plane beach (solid
line —) and on a plane beach (dashed line - -) in non-dimensional variables. Parameters are
k = 2, b = 2. The vertical dash-dotted line (--) indicates the beginning of the continental
platform at x = b. In each of the subplots the modal order n, the relevant eigenfrequency w,
and the corresponding eigenfrequency of the plane-beach model @, are shown. Note that the
eigenmodes of the semi-plane beach decay slower than those of the plane beach in the offshore
direction.

Mei et al. (2005) showed the eigenmodes of the system to be proportional to e=A» (%)

respectively for z < —a (left of the shelf) and = > a (right of the shelf); the parameters
An are the roots of the matching system described above. Analytical investigation
showed that there is no solution corresponding to imaginary A,: no propagation along
x is possible and all the eigenmodes are trapped on the ridge. As pointed out by Mei
et al. (2005), the even modes over the ridge can be also regarded as the trapped modes
on a shelf lying upon a continental platform, with x = 0 being the coastline, as depicted
in figure 4.5(b). Again, for this system no propagation to infinity can occur. Therefore,
one can imagine the semi-plane beach as made by a superposition of a large number of
infinitesimal shelves, as shown in figure 4.5(c), all of them trapping a small amount of
energy and preventing the perturbation from propagating away in the far field.

The profiles of the first modes 7),, (4.3.32) of the semi-plane beach are plotted along
the offshore direction z with solid lines in figure 4.6, for given wavenumber k£ and beach
non-dimensional horizontal depth b. Furthermore, in the same figure 4.6 the dashed
lines show the edge-wave modes corresponding to the same modal orders, but relevant to
an indefinite plane beach , i.e. b = co. First, note that when w,, is small, the eigenmodes
of the plane-beach resemble very closely those of the indefinite plane beach with same
order n. On the other hand, differences occur for higher eigenfrequencies. In the
semi-plane beach, waves of larger w,, travel larger distances along the x direction than
their plane-beach counterparts, before attenuating exponentially far from the shoreline.
Physically, all the eigenmodes are trapped by the beach-continental shelf system, and
no propagation to infinity occurs. However, wave trapping is more effective for longer
waves than for shorter waves. In conclusion, the semi-plane beach acts as a perfect
barrier whose trapping power is maximised for low eigenfrequencies.
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4.4 Orthogonality of natural modes

It is a well-known result that the spatial eigenfunctions of the plane beach problem,
namely the Laguerre polynomials L,, are orthogonal with respect to the weighting
function e~¢ (see Abramowitz and Stegun, 1972), i.e.

/0 ¢ €L (€) Ln (€) dE = Gy,

In this subsection we wonder if a similar property still holds for the spatial eigenfunc-
tions X, (4.3.27) of the semi-plane beach problem. To perform this investigation, recall
that the X,,s are the independent solutions of (4.3.8), in other words they satisfy

2

wn
hXnee + (he = h)Xne + (4_142 - ;hg> X, =0, (4.4.1)

with w,, the system eigenvalues solving (4.3.26). Now, every 2nd_order differential equa-
tion of the general form

a(§)Xeg + b(§) Xe + [Ae(§) — d(§] X =0 (4.4.2)

can be reduced to its corresponding Sturm-Liouville form

[s(§) Xele + [Ap(§) — a(§] X =0, (4.4.3)
provided
s@ =/ L =s©5F . a0 =55
In the present case the variable coefficients of (4.4.1) are respectively
w2
a=h(), b=he—h,, c=1, d=1h, )‘:ﬁ’
such that
s(€) =he™*, p(¢)=e, q(¢) =hee™*
and (4.4.1) can be rewritten in the Sturm-Liouville form (4.4.3) as
{h(§)e_§Xn4 - <%h5(§) ~ w—%) e=$X, = 0. (4.4.4)
3 4k

Now, let us consider two independent solutions of (4.4.4), X, and X, of eigenvalues
wp and w, respectively, with p,q € N and p # ¢. If we first write (4.4.4) for X, and for
X, separately, multiply the first equation by X, the second by X, and then subtract
the two of them, we get

2 _ 2

w.
h*ﬁx}X—[h%X]X: el PSS
[e p,ﬁg q € tLEf P A2 € p<Yq

The latter expression can be further simplified by using the differential form

dop, _ wy —wi\
T [he™¢ (X, X = XpXge)| = ( L q) e €X, X,. (4.4.5)
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Integrating (4.4.5) in all the fluid domain £ € (0, 00) yields
2,2

“Yp — Y
e /0 X, X, d¢ = / (X Xy — XpXoe)| (4.4.6)

To solve the latter integral, express the bottom depth h (4.2.5) at the right-hand side
in terms of the transformed variable £ (4.3.3):

£ if &< 2kb
_ 2k
he) = {b if € >2kb

Note that A is a continuous function of £; also, continuity of the free-surface elevation
and of the fluxes (4.3.26) determines X (&) and X¢(£) to be continuous over the entire
domain £ € (0,00). As a result, the integrands at both sides of (4.4.6) are continuous
functions of €. Solving the integral at the right-hand side of (4.4.6) gives then

2 2

Wp ~Wq [T e ¢ *©
X e = RO (XX e - XpXyg)| | =0, (4.4.7)

since h(0) = 0 and by virtue of (4.3.27)

lim h(f)eig (XqXp7§ — Xqu7£) = const - im e*(ﬁerﬁq)f/Q =0

E—+o0 E—o0

As a consequence, (4.4.7) simply becomes

/0 h e X (6) X (6)dE =0 if n # m. (4.4.8)

Let us now define the square norm of the eigensolutions X,, (4.3.27) as

(o) 2kb —
(k) = / e EX2(€) dé = / eEM2(g, an) de 4+ S MEERb ) -y g

0 " 0 Bn

hence coupling (4.4.8) and (4.4.9) yields the orthogonality relation satisfied by the
spatial eigenfunctions X,, of the governing equation (4.3.8)

| e X)X €)= X200, (4.4.10)
0

4.5 Wave field

After having investigated the homogeneous problem (4.3.2), we now seek the solution
of the forced equation of motion (4.2.9), subject to the boundary condition (4.2.10)
and the initial conditions (4.2.11). By using the transformations dictated by (4.3.3),
(4.2.9) becomes

AK? (W Zge + (he — h) Ze — Lhe Z) — Zy = —e /2 f1y (£/2, K, 1) . (4.5.1)

To solve the latter equation, we shall employ the method of variation of parameters,
assuming for Z(&, k,t) the following expression

N (k)

Z(&, k,t) Z Xon( (4.5.2)

73



4.6. TSUNAMI GENERATED BY A DOUBLE-GAUSSIAN SHAPED LANDSLIDE

where X, (4.3.27) are the spatial eigenfunctions of the associated homogeneous problem
(4.3.8) and T,, are unknown functions to be determined. Following the same procedure
as in §3.3, substitute the series expansion (4.5.2) into the governing equation (4.5.1)
and exploit the orthogonality property (4.4.10) of the homogeneous eigensolutions X,
thus getting

1 [ _ 5 _
Toit +wiTy = =] e X (&) fu(€/2, k,t)e /2 d¢ (4.5.3)
n J0
for the unknown functions 7),. Similarly, the initial conditions (4.2.11) in terms of T,
now become
Tn(k,0) =0, Tk, 0)=0. (4.5.4)

In (4.5.3) w, are still the eigenvalues of the associated homogeneous problem, as dis-
cussed in §4.3 , and x,, (4.4.9) is the square norm of the relevant eigenfunctions (4.3.27);
finally f is the cosine Fourier transform of the landslide shape function. By making the
same algebraic operations as §3.1.1, solution of the Cauchy problem (4.5.3)—(4.5.4) is
straightforward:

2 o
WnXn Jo
with p = £/2k and
t
I,(p, k,t) = / frr (py ke, ) sinwy, (t — 1) dr, (4.5.6)
0

which is the same expression as (3.1.32) for the indefinite plane beach. Again, (4.5.6)
can be solved twice by parts to obtain

Li(p.k,t) = —fr(p,k,0)sinwnt + wnf(p, k,t) — wnf(p, k,0) cos wnt +
t
- wi/ f(p,k,7)sinw, (t —7)dr, (4.5.7)
0

which can be fully determined only once the landslide shape function f is defined.
Finally, inverse transform of (4.5.2) together with the substitutions dictated by (4.3.3)
yelds the free-surface elevation

oo NV(K)
C(z,y,t) = g/ Z X (2kx) T, (k, t) cos ky dk, (4.5.8)
TJo n=0

where the T), are given by (4.5.5) and X, (4.3.27) are the eigenfunctions of the associ-
ated homogeneous problem (4.3.4). Further analysis can be done only after the forcing
function f(z,y,t) is specified.

4.6 Tsunami generated by a double-Gaussian shaped land-
slide

In this section we determine the analytical form of the free-surface elevation (4.5.8)
generated by a landslide whose shape function is

exp [—(z — zo — ugt)?] s(y) ifz <b

, 4.6.1
0 ifz>0b ( )

f(w,y,t)Z{
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where ,
s(y) = e (V) (4.6.2)

is still the lateral spreading function and ¢ = o /A the landslide shape coefficient. Ex-
pression (4.6.1) represents a double-Gaussian shaped landslide sliding along the incline
with uniform velocity ug from the initial position xg. With the position (4.6.1) f is
non-zero only in the near field x < b, while in the far field x > b the direct influence of
the forcing term on the generated perturbation is assumed to be negligible, i.e. f ~ 0.
Since the effects of the parameters zg and ug on the generated wave field have been
already investigated in §3.4, in this subsection we shall limit our analysis to the case
xg = 0 and ug = 1, describing a half-submerged landslide moving with unit horizon-
tal velocity. This assumption simplifies the algebra, yet allowing us to investigate the
influence of the beach horizontal length b upon the generated wave field. Substituting
(4.6.1) with g = 0 and up = 1 into (4.5.7), the I,, become

2
I, = wps(k) { [wnan — e_pQ] coS wpt — [_p St wnbn} sin wpt + e_p2} ,  (4.6.3)

n
with p < b, where
a() = YT o
2c
is the cosine Fourier transform of the spreading function s(y) (4.6.2) and

an, = an(p, k,t) = g e /4 Im {ei“”p [erf <p + 1w—2n) —erf <p —t+ 1%)} } , (4.6.4)
while

b = bn(p, k,t) = ? e~/ Re {ei“’"’) [erf <p + 1%) — erf (p —t+ 1%)} } .(4.6.5)
Re{} and Im {} are respectively the real and imaginary part of {}. Substituting (4.6.3)
into T}, (4.5.5) and then the latter into (4.5.8), we finally obtain the analytical form of
the free-surface elevation ((x,y,1).

Let us now follow the same steps of §3.3 to investigate the physical meaning of
(4.5.8). First, define the integral transform M™ of a given function u(p, k,t)

b
M) = 25 [ e M2k, 00) ulp k. 0) 4, (1.6

WnXn

where M is still the Kummer function of first kind and ay, is given by (4.3.29). Then,
by making use of (4.6.6), rewrite expression (4.5.5) as

T, = M"[L,].

Hence, by simply applying the transform M" to (4.5.8), we can formally write again
¢ = (°+ (°, where

N (k)
2 o0
== / Z efkan(Qkx) [A;, cos wyt + By, sinwyt] cos ky dk, (4.6.7)
TJo n=0
with ,
Ay, = Ap(k,t) = wp, SM™ [wnan(p, kjt) —e 7|, (4.6.8)
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By, = Bp(k,t) = —5M" [Qpe_pQ +w2b,(p, k,t)} , (4.6.9)
and
o9 oo NB)
¢ = —/ Z ek X, (2kx) Wy dM™ {e_(p_ty] cos ky dk, (4.6.10)
TJo n=0

X, being the eigenfunctions (4.3.27). Now, ¢° (4.6.7) describes a transient oscillatory
motion in time. The coefficients A,, and B,, are formally similar to those already found
in §3.3 for the indefinite plane beach, respectively (3.3.9) and (3.3.10). The differences
lie in three aspects: (1) the usage of the Kummer transform M™ instead of the Laguerre
one, L™, (2) the presence of the eigenfunctions X, instead of the Laguerre polynomials
L,, and finally (3) the truncation of the sum to the order N (k).

(€ is an evanescent component decaying with time, its expression being similar
to the evanescent term (3.3.11) of the indefinite plane beach of section 3. Again,
the landslide generates a twofold wave field made up by oscillatory and evanescent
components, the latter rapidly vanishing with time. Due to the analytical similarity
between the wave field of the semi-plane beach and that of the indefinite plane beach,
all the observations already made in §3.3 about the behaviour of the coefficients A,
and B, and the time of decay of (¢ can be repeated also for the current system. On the
other hand, note that the stationary phase approximation of the free-surface elevation
(4.5.8) for large ¢ (see §3.3.2) cannot be performed here. Recall that to apply the
method of the stationary phase the analytical expressions of w, and their derivatives
are needed, while the eigenfrequencies w,, of the semi-plane beach can be determined
only numerically from (4.3.26) and not analytically. In the following we shall focus
our attention on the influence of the main system parameter, i.e. the non-dimensional
horizontal length of the incline b, on the behaviour of the generated wave field.

4.7 Influence of b

As a first step to investigate the influence of the beach non-dimensional horizontal
length b = V/ /o on the generated wave field, let us consider the variation of the system
eigenvalues w, with b. Recall that the w, are the positive solutions of the eigenvalue
condition (4.3.26), with

oy, € (0, k\/B) . n=0,...,N(kb). (4.7.1)

Figure 4.7 shows the behaviour of the first four eigenvalues w,, n = 0,...,3, versus
b for the fixed parameter k = 1; the bold line represents the upper limit kv5. When
b is very small, i.e. the domain (4.7.1) is very narrow, only the first eigenvalue wq
exists. Increasing b, wg increases and quickly reaches a limiting value, corresponding
numerically to the first eigenvalue of the indefinite plane beach wo(k = 1) = 1 (see
4.3.1), as shown in table 4.1. For larger values of b, the upper limit of the domain
(4.7.1) increases as /b, thus leaving room for higher-order eigenvalues to appear. As a
consequence, the sequence of eigenvalues wy,...,wy, N =1,2,... forms progressively,
all the w, quickly converging to their relevant indefinite plane-beach values w,, as
shown again in table 4.1. For very large b all the eigenvalues of the semi-plane beach
wy, eventually equate those of the indefinite plane beach w,, (4.3.1) and N (k,b) grows
to infinity, i.e.

wp = wp =Vk(2n+1) and N(k,b) — oc. (4.7.2)
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@,(k.b)

FIGURE 4.7: Behaviour of the first eigenvalues w,, n = 0,1, 2,3, versus b for kK = 1. The bold
line represents the upper limit w = kv/b of the domain (4.7.1). Note that w, — @,, expression
(4.3.1), as b — oo.

wo

w1

w2 w3

0 O Tt W+~ | o

o0

0.885627780
0.987173095
0.998465306
0.999804966
0.999974516
0.999996626
0.999999550
0.999999939

1.000000000

1.722438019
1.730317688
1.731740172
1.731996273
1.732041454

1.732050808

2.227485105
2.234185862
2.235660036 2.637757193

2.236067977  2.645751311

TABLE 4.1: Values of the first four eigenvalues w,,, n = 0, 1, 2, 3, obtained by solving numerically
(4.3.26) via the Newton-Raphson method (see Dahlquist and Bjorck, 2008, for further reference);
k = 1. In the last row the theoretical eigenvalues @w,, = v/2n 4+ 1 obtained in the limit b — oo
are reported for comparison. Digits common in w, and @, are shown with bold characters.
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Now, in the limit b — co the parameter «,, becomes

1 w?
an:§—2—g—>—n, n=0,1,...

and the relevant Kummer function M (&, ) (4.3.28) of the first kind and order n
transforms into the Laguerre polynomial L, (&), i.e.

M (&, o) = M(E, —n) = Ln(§)

as shown in appendix A.2. As a consequence, for b — oo, the eigenfunctions (4.3.27)
are given by
Xn(§) = M(§, —n) = Ln(§), £ € (0,00)

while the distinction between the near field and the far field becomes meaningless, since
the geometry is that of an indefinite plane beach. Finally, note that the square norm
of the eigenfunctions (4.4.9) becomes

xam—+/“%fLﬂads=1
0

as b — 0o, so that (4.6.6) can be rewritten as

2k [
Ml (6.6) = 2 [ 7L (k) o, ) dp = £ [u] (1,1,
Wn 0
where L™ is the Laguerre integral transform (3.3.7). As a consequence, the asymptotic
forms of the oscillatory and the evanescent components of the free-surface elevation,
expressions (4.6.7) and (4.6.10), are respectively

2 o= [
Oz, y,t) = — Z / e L, (2kx) [A, cos wnt + By sinwyt] cos ky dk (4.7.3)
T 0
n=0

and

C(x,y,t) — 2 Z/ e L, (2kx) wy3L" [ef(pft)Q] cos ky dk, (4.7.4)
™ 0
n=0

as b — oo, where the A,s and Bys are still given by (4.6.8) and (4.6.9) respectively,
replacing w,, with @, and M™ with £". Now note that the asymptotic forms of the free-
surface components (° (4.7.3) and (¢ (4.7.4) coincide with the analogous expressions
of the indefinite plane beach, (3.3.8) and (3.3.11) respectively, provided zg = 0 and
ug = 1. Therefore, in the limit b — oo, the semi-plane beach model perfectly agrees
with the indefinite plane beach model.

In the following we investigate the influence of b = V//o on the generated wave
field by analysing the tsunami propagating along a semi-plane beach, either for small
b = O(1) and large b > O(1) and comparing the results to those obtained for the
indefinite plane beach of §3.

4.7.1 Behaviour for small b

If b = O(1), then b’ ~ o, i.e. the characteristic length of the landslide is comparable
to the horizontal length of the incline. As an example, this situation can occur for
unstable rock faces falling into the ocean. To analyse the wave field propagating in such
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FIGURE 4.8: Time series of the free-surface elevation at points: (a): (x,y) = (0.148,0), corre-
sponding to (2/,y’) = (0.4,0) m, and (b): (x,y) = (0,0.296), corresponding to (2’,y’) = (0,0.8)
m. Landslide parameters are those of §3.3.3. Solid lines (—) represent the time series for the
semi-plane beach of horizontal length b = 1, while dashed lines (- -) are relevant to the indefinite
plane beach model.

a geometry, let us consider the same landslide of §3.3.3, with parameters ¢ = 0.37m,
c=o0/X =2, 29 =0, up = 1, sliding along an incline of slope s = 1/3 and take
bV = o,ie. b =1V/c =1 as a limit case. The solid lines (—) of figure 4.8(a,b)
show the time series of the free-surface elevation ((x,y,t), expression (4.5.8), at points
respectively (z,y) = (0.148,0), corresponding to (z/,y’) = (0.4,0) m offshore, and
(x,y) = (0,0.296), corresponding to (2’,y") = (0,0.8) m on the shoreline, evaluated via
the Gauss-Laguerre numerical method described in §B. In the same figure 4.8(a, b), the
time series of the-free surface elevation obtained at the same points, but for an indefinite
plane beach, are reported with dashed lines (- -) for comparison. First, note that the
maximum runup and drawdown of the generated wave field are larger for the indefinite
plane beach than the semiplane beach, i.e. the wave field generated in the semi-plane
beach is less energetic. This happens since for small b only the very first eigenmodes are
excited and concur to generate the propagating wave field. Physically, having required
the forcing function f, expression (4.6.1), to annihilate in the far field, determines the
landslide mass to disappear suddenly as it reaches the boundary x = b. The reduced
time of interaction between landslide and water for small b is therefore responsible of a
strong decrease in the amount of the total energy yielded by the landslide to the water,
especially in the offshore direction (see figure 4.8a). This determines the amplitude
reduction of the generated waves in the semi-plane beach. However this does not imply
loss of physical meaning for this case: the landslide accumulates and stops at the toe
of the slope.

4.7.2 Behaviour for large b

Now let b >> 1, or in physical variables b’ >> o, i.e. the characteristic length of the
slide is small if compared to the horizontal length of the incline. Physically, this situa-
tion represents a landslide involving only a small part of the beach. As an example, here
we consider the same slide of the previous subsection, but increase the non-dimensional
horizontal length of the incline to the value b = 10. In figure 4.9(a, b) are represented
the time series of the free-surface elevation in non-dimensional variables both for the
semi-plane beach (solid line, —) and the indefinite beach (dashed line, - -) at points
(x,y) = (0.148,0), corresponding to (z’,y") = (0.4,0) m, and (z,y) = (0,0.296), corre-
sponding to (2/,3’) = (0,0.8) m respectively. Note that for b = 10 the semi-plane beach
and the indefinite beach models agree almost completely, i.e. the influence of the flat
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FIGURE 4.9: Time series of the free-surface elevation at points: (a): (z,y) = (0.148,0), corre-
sponding to (z',y’) = (0.4,0) m, and (b): (x,y) = (0,0.296), corresponding to (2’,y") = (0,0.8)
m. Landslide parameters are those of §3.3.3. Solid lines (—) represent the time series for the
semi-plane beach of horizontal length b = 10, while solid lines (-) are relevant to the indefinite
plane-beach model. Note that for b > 1 the two models converge to the same results.

bottom on the generated wave field is negligible. In such cases, application of the plane
beach model is preferable, due to its easiness in calculations and to the availability of
a closed form for the free-surface elevation at large times, obtained via the method of
the stationary phase (see §3.3.2).

4.8 Experimental comparison

Experimental data available for comparison are still those of Di Risio et al. (2009a),
already discussed in §3.5. In the wave tank employed by Di Risio et al. (2009a), 5.40
m long by 10.80 m wide, the horizontal length of the incline, slope 1/3, is b’ = 3.25
m. Since the characteristic length of the slide is still o = 0.37 m, the non-dimensional
horizontal length of the beach isb ='/o ~ 9, i.e. b>> 1. As pointed out in the previous
subsection, when b is large the influence of the flat bottom on the generated wave field is
negligible, and the indefinite plane beach model can be applied with excellent accuracy
and less computational effort. This justifies the employment of the plane beach model of
§3.5 for the experimental comparison with the available data of Di Risio et al. (2009a).
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Chapter 5

Landslide tsunamis propagating
around a conical island

The occurrence of some destructive events, such as the landslide tsunami of the Strom-
boli island (2002, Italy, South Mediterranean Sea) has recently renewed the interest in
studying tsunamis propagating around islands (see Tinti et al., 2005). In the literature,
the first known event of coastal inundation by tsunamis is dated back to 1620BC, re-
ferring to the eruption of the Thera volcano in the eastern Mediterranean (see Bruins
et al., 2008). Several similar tsunamis occurred through the centuries, like the dev-
astating Krakatau island tsunami of 1883 (see Bruins et al., 2008) or the more recent
Hokkaido island tsunami of 1993 (see Liu et al., 1995). Among these, the 1992 Flores
island tsunami is of great interest, mostly because of the unexpectedly large runup
reached in the lee side of the Babi island (Yeh et al., 1994; Bardet et al., 2003). Such
recurring events led several authors to investigate on the scattering of incident long
waves by circular islands (see Lautenbacher, 1970; Smith and Sprinks, 1975; Zhang and
Zhu, 1994; Fujima et al., 1995; Kanoglu and Synolakis, 1998; Mei et al., 2005; Syno-
lakis et al., 2008). Lautenbacher (1970) analysed the refractive influence of the bottom
topography on tsunami runup around a conical island. He did not solve analytically
the the long-wave equation of motion, but transformed it into an integral form, which
he eventually solved numerically. With this methodology, Lautenbacher (1970) showed
that island runup can exceed runup of mono-dimensional plane beaches if the tsunami
wavelength X is comparable to the island diameter L, i.e. A/L ~ 1. Later on, Zhang
and Zhu (1994) studied the propagation of water waves over variable depths in a cir-
cular geometry and found a so-called “new” solution to the problem. They presented
a transformation of the original equation and then provided a power series solution.
Nevertheless, the governing equation of motion studied by Zhang and Zhu (1994) is
known as a confluent form of the Heun’s equation and had already been investigated
long time ago (see Heun, 1899). Then Fujima et al. (1995) described the characteristics
of long-wave trapping around a conical island. They also solved the governing equa-
tion via the Frobenius power series expansion, but using a different and more complex
transformation than that employed by Zhang and Zhu (1994). Finally Kanoglu and
Synolakis (1998) developed an original analytical solution for long-wave runup around a
conical island. Knowing the existing solution of the linear shallow-water wave equation
for a cylinder over a flat bottom, Kanoglu and Synolakis (1998) were able to construct
a conical island from sills. Then solved the long-wave equation for each of the sills
separately, in terms of Bessel functions. Finally they obtained the complete solution
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by matching the free-surface elevation and the fluxes at the geometrical discontinuities
of the piecewise island. The methodology produced good comparison with laboratory
data of Liu et al. (1995) in terms of time histories of free-surface elevation and max-
imum runup distribution around the island. Again, neither Fujima et al. (1995) nor
Kanoglu and Synolakis (1998) recognised the governing equation to be a confluent form
of the Heun equation (Heun, 1899). However, note that either Zhang and Zhu (1994),
Fujima et al. (1995) and Kanoglu and Synolakis (1998) started their investigations be-
fore Slavyanov (1995) had formally developed and tuned the theory of confluent Heun
equations. Several analytical studies of landslide generated tsunamis along a plane
beach are also available in the literature, from the seminal work of Tuck and Hwang
(1972), who first analysed and solved the one-dimensional forced long-wave equation,
to the new one-dimensional model introduced by Liu et al. (2003).

On the other hand, the analysis of tsunamis directly generated on the coast of
a round island and propagating around and from it has not been fully developed.
Tinti and Vannini (1995) worked out an analytical model of long waves propagating
around a circular island lying over a flat bottom and enclosed in a large but finite
ocean basin. The perturbation was induced by a bottom displacement occurring in the
proximities of the island itself. A null free-surface elevation condition was imposed at
the basin boundary, i.e. they assumed that the perturbation should decay at a finite
distance from the island. As a consequence of this somewhat arbitrary assumption,
Tinti and Vannini (1995) observed the occurrence of a local system of rotating edge
waves, persisting long time after their generation. Indeed their results differ from those
found earlier by Longuet-Higgins (1967), Meyer (1971) and Summerfield (1971): long
waves propagating about a round island can’t be perfectly trapped. In the following we
will show this fundamental result via the asymptotic analysis of the governing equation
of motion.

5.1 Trapping power of a conical island

Let us consider the long-wave equation

0%¢

gV - (hV() = 2 (5.1.1)
where g is the acceleration due to gravity, V is the nabla operator in polar coor-
dinates (r,0), t time, ¢ the free-surface elevation and h = h(r) the water depth,
to be specified further on. Now assume the free-surface elevation to be of the form
C(r,0,t) = n(r)e™—“Y being i the imaginary unit and n € N; w > 0 is a given wave
frequency. Physically, this form represents a wave propagating around the island, with
a generic shape 7n(r) in the radial direction to be determined. Under these assumptions
the long-wave equation (5.1.1) can be written in the Sturm-Liouville form (see Mei

et al., 2005)
0 on w?  n’h _
o () + (5 = 5 ) o o

After differentiating and grouping terms of the same order, (5.1.2) simplifies to

— +p(r)— +q(r)n =0, (5.1.3)
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where ) 1 dh
p(r) = - + T (5.1.4)
and ) )
w n
= — — —. 1.
atr) =5 -5 (5.15)

Expression (5.1.3) is an ordinary differential equation of the second order with variable
coefficients. Now, if the coefficients p(r) (5.1.4) and ¢(r) (5.1.5) were constant instead,
the most general solution of (5.1.3) would be an exponential of complex argument.
Therefore it is reasonable to assume

n(r) =) (5.1.6)

as a solution of (5.1.3), with S(r) an unknown phase function to be found. Substituting
the latter into (5.1.3), we obtain

d2S ds\? ds
2 + <E> —i—p(?“)% +q(r) =0, (5.1.7)

whose solution is not straightforward yet. However, (5.1.7) undergoes a strong simpli-

fication if we assume )

2
L PR (5.1.8)

dr? dr
which needs to be confirmed at the end of our calculations. Under this simplifying
assumption, (5.1.7) becomes a quadratic equation for dS/dr, whose solution is simply

ds _ —p(r) £ vp*(r) — 4q(r)

dr 2 ’
Now, assuming the water depth to vary smoothly with r and to be finite at infinity, i.e.
h — heo < 00, yields dh/dr — 0 as 7 — oo, so that p(r) — 0 and (5.1.9) becomes

ds
dr
for large r. Integrating the latter equation and substituting the result into (5.1.6), we

finally obtain the leading behaviour of the radial component of the free-surface elevation
at large distance from the shoreline

n(r) ~= )" Vae)dr, (5.1.11)

(5.1.9)

++/—q(r) (5.1.10)

where the signs + take into account both the two independent solutions of the second-
order equation (5.1.3). Now, the square root inside the integral of (5.1.11) is a purely
imaginary number if ¢(r) > 0 or a positive real number if ¢(r) < 0. Hence, recalling
expression (5.1.5), n(r) will be oscillatory (¢ > 0) or exponential (¢ < 0) following

2 .
w h oscillatory

— 2 — 112
gn? = 72’ exponential ’ (5 )

which are the same conditions obtained by Mei et al. (2005). Now, assuming the water
depth at infinity to be finite yields
2

q(r):gh—oo>0
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for large r, so that (5.1.11) becomes

where

oo = o

is the wavenumber in the far field at large distances from the island. All the radial
solutions 7(r) of the governing equation (5.1.2) exhibit an oscillatory leading behaviour
at large distances from the origin, even for small w (see Longuet-Higgins, 1967; Meyer,
1971; Mei et al., 2005). Incidentally, note also that the initial assumption (5.1.8) is
verified, being

2
d5 ~ k2
dr
and
d2s N 1 dq(r) ~0
dr?2| 21/—q(r) dr |
for large r.

We have shown that perfect trapping is not possible in a polar-symmetric topogra-
phy where h/r? — 0 as r — co. As an application of the general theory exposed above,
Summerfield (1971) studied the free-surface oscillations around a circular vertical is-
land of radius r = a1 with a vertical edge at r = as > a1, lying on a continental shelf.
Assuming again the free-surface elevation to be of the form ((r,8,t) = n(r)el(®0—«t)
he solved the long-wave equation (5.1.1) separately for the two domains r < ag and
r > a9 respectively, in terms of Hankel functions. Then, by matching the two solutions
at the common boundary r = as, he found the existence of a discrete set of complex
eigenfrequencies wpm = Enm — 1€nm , m € N, for each of the n-th angular modes. These
eigenfrequencies are characterized by a negative imaginary part, whose absolute value
€nm Physically represents the rate of energy loss in time (damping factor). Modes with
very small damping factor €, (for which energy leakage in time is small) were classified
qualitatively as “almost trapped” on the shelf; their amplitude was shown to attenuate
exponentially while moving towards the ocean. On the other hand, modes with large
enm were defined “leaky”, with a profile of a propagating wave to infinity. Regardless
of the amount of damping, all the free modes propagate some amount of energy to-
wards infinity. Hence, we infer that the free modes cannot be directly excited by local
transient sources such as a landslide, which generates local perturbations, not in the
form of radiating waves to infinity. Indeed, the free-modes of an island-shelf system
could resonate only if excited by incoming wave trains (or travelling plane impulses,
see Summerfield, 1971). This observation has a counterpart with that of Meyer (1971),
who noted that edge-wave modes on a sloping beach, due to their exponential decay in
the offshore direction, can be excited only by local disturbances and not by waves inci-
dent from infinity (unless a nonlinear mechanism of subharmonic resonance is invoked,
Guza and Davis, 1974). In conclusion, for landslide-generated tsunamis propagating
around a conical island, the free-surface elevation cannot be expressed either as a sys-
tem of rotating edge waves or in terms of the free modes of oscillation of the island-shelf
System.

In §5.2, an analytical two-horizontal-dimension model of landslide tsunamis prop-
agating around a conical island-shelf system is presented, based on the forced linear
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long-wave equation. The fluid domain is divided into a near field and a far field accord-
ing to the discontinuities of the bottom slope. Separation of variables and the Laplace
transform methods are employed to obtain the solutions of the governing equations in
terms of the free-surface elevation in each field. The two solutions are then matched
at the common boundary. An analytical representation of the free-surface elevation is
derived in each field, consisting in an integral form of an analytic function (Confluent
Heun for the near field and Hankel for the far field), multiplied by amplitude factors
depending on the characteristics of the slide. In §5.3, results obtained are shown to
agree with the theoretical observations made by Meyer (1971) and summarised in Mei
et al. (2005). The existence of a transient leading wave propagating outwards in the far
field and decaying as O(t_l/ 2) is also shown. In §5.4 the time series of the free-surface
runup generated by a subaerial slide are satisfactorily compared with the available ex-
perimental results of Di Risio et al. (2009b). At the sampled points on the shoreline, the
first incoming wave generated by the subaerial landslide is an elevation wave, followed
by a deep trough, while the highest runup is reached by the second or third wave. This
is due to the excitation of imperfect edge-wave like components of the wave motion
generated by the landslide. Finally, further investigation demonstrates that tsunamis
propagating along a conical island generate smaller runup than those propagating along
a plane beach with similar landslide characteristics. This is due to the energy leakage
phenomenon always occurring with waves propagating in a round geometry.

5.2 Wave field

Consider a conical island of bottom radius ¢’ lying on an indefinite horizontal continental
platform; the island flanks have a uniform slope s (see figure 5.1). Let the primes
denote physical dimensional quantities. In the cylindrical reference system (r/,0,2")
the v’ axis is directed radially, the 2’ axis rises up from the undisturbed water level and
6 € (—m,m) is the angular coordinate, positive counter-clockwise. The origin O’ is at
the intersection of the undisturbed water level and the island vertical axis. Water is in
the region r’ > r{, being r{, the radius of the wet contour located in the upper part of
the island. Assume that the landslide originates in a neighbourhood of the origin O’
and is symmetric with respect to 6.

5.2.1 The governing equations

In the whole fluid domain, consider the forced linear long-wave equation of motion in
polar coordinates (', )

1 1
Ctllt/ - gh/ <F CT/,/ + <7/"’7"’ + 7"7 Cég) - gh;/ CT/,/ = ftllt/ , (521)

where ('(17,0,t') is the free-surface elevation, ¢’ time. Subscripts denote derivation with
respect to the relevant variable. In (5.2.1), A’/ (') is the overall bottom depth, in the
absence of the landslide, measured with respect to the undisturbed water surface 2z’ = 0.
Hence ' = s (r' —r() if r{, </ < Vs B = s (b —r() = h if ' > b/, with hj the water
head over the continental shelf. Finally, f'(r,0,t') is a time-dependent perturbation of
the sea-floor, representing the landslide moving along the flanks of the island (see again
figure 5.1). Now let o and 7 be respectively the characteristic length and maximum
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FIGURE 5.1: The fluid domain in physical coordinates. Radial section (@) and plan view (b)
of the conical island, the continental platform and the landslide.

vertical thickness of the landslide; then the following non-dimensional variables can be
defined:

r r'
gs ¢ ¢’ } W
r — 7,,/ O', t: _t , e s h:— 522
o=y se S ={ 5 b = 22
The long-wave equation (5.2.1) becomes
1 1
Gt —h <; G+ Gor + 2 C96> —hy G = fur- (5.2.3)

Boundedness of the free-surface is required at every time in all the fluid domain:
|C(r,6,t)| < co. Zero initial free-surface elevation ¢ and velocity (; are also prescribed:

C(T7 67 0) = 07 Ct(ﬁ 07 O) = 0.

To solve the equation of motion (5.2.3) we employ the Laplace transform pair

CA(T,H;w) = /000 ¢(r,0,t) e wldt, ¢(r,0,t) = 1 /CJriOO CA(T,H;w) e“tdw (5.2.4)

2 s

w = ¢ + id being the complex non-dimensional transform parameter; ¢ > 0 is a real
constant, large enough so that the integrals in (5.2.4) exist. Transform of (5.2.3) gives

w2742

2
72y + 7 (1 +r > r — C+ Cop = —%f}t , (5.2.5)

where

ﬁt - / ftt(ra 97 t)eiwtdt
0
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is the Laplace transform of the forcing term fi; of the governing equation (5.2.3).
Referring to the whole fluid domain as sketched in figure 5.1, we shall define the near
field as the domain where rg < r < b, and the far field the remaining indefinite region
r > b. The equation of motion (5.2.5) will be solved in each field separately, starting
from the near field and then moving to the far field. The two solutions will be matched
afterwards at the boundary r = b.

5.2.2 Solution of transformed equation
The near field rg <r <b

In the near field h = r — rg, then (5.2.5) becomes

2,.2 2

wire . 4 T A
C+Coo = — it s (5.2.6)
—To —To

""267’7*"‘7"(14'_ ><r_

which is an inhomogeneous second order partial differential equation. To obtain its
solution, let us consider the associated homogeneous equation

w2742

{+ oo = 0. (5.2.7)
— 70

o 1 (1 + —> G-

Separation of variables ((r,0;w) = R(r;w)0(0) yields ©,(0) = cosnfd, n = 0,1,2,...
for the angular part ©, having required © to be a periodic function of period 27 and
to be symmetric with respect to # = 0. Back to the homogeneous equation, separation
of variables yields the following ordinary differential equation for the radial function

R=R,(r;w):
1 1 iw)?  n?
Rn,rr + <_ + ) Rn,r + |: (IW) - %:| Rn - 0, (528)

T T —T0 r—7To

which is a confluent Heun equation in its natural general form (CHE in the following,
see Slavyanov, 1995), r being the independent variable and (iw) a complex parameter.
Solution of (5.2.8) can be found by applying the Frobenius method of power series, as
shown in section C.1, thus obtaining

Ry (r;iw) = ap Hell) (riw) + BuHel) (r3iw)
an and B, being the integration constants. Hcsll’z) are the confluent Heun functions of
order n of (1%¢,2"?) kind (see section C.1) respectively

(1) _To\™
Hec,, 1) (r;iw) Z A (iw (1 7") , (5.2.9)
and

He® (r:iw) = In (1 - %) HeD (r i) + i B (i) (1 - 7;—°>m (5.2.10)

where parametric dependence on the radius rg is omitted for brevity. The series coef-
ficients any, in (5.2.9) and by, in (5.2.10) are given respectively by

A (iw) — Zanm k|: _1)+w2ro (k+k2)}
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5.2. WAVE FIELD

and .
. 1 w?rg 2
bum (i) = —; an,m,k [nQ(k — D+ (k+ k)| — =
with m = 1,2,..., a,o = 1 and b, = 0. Since the confluent Heun function of the

second kind H 0512) has a logarithmic singularity for » — r¢ (see 5.2.10), boundedness of
the free-surface elevation at r = rg is satisfied only if £, = 0. Hence

Ry (r;w) = aHelM (r;iw) . (5.2.11)

The solution ¢, of the homogeneous equation (5.2.7) associated to (5.2.6) is then:

n(r,0,t) Z anR ©,(0) = Zaang) (r;iw) cos nb. (5.2.12)
n=0

The method of variation of parameters can now be employed to find the solution
¢(r,0;w) of the inhomogeneous equation of motion (5.2.6). We assume for ¢ the same
algebraic expression as (y, i.e.

((r,0;w) = ZGn(r;w) cosnb , (5.2.13)

with G,, unknown functions. By using the expansion (5.2.13) into the inhomogeneous
equation (5.2.6) and employing the orthogonality property

/ cos ml cos nfdld = 2—7T Snm
—r €n

€n, being the Jacobi function and 0, the Kronecker operator, an inhomogeneous ordi-
nary differential equation for G, (r;w) is obtained:

1 1 : 2 2 1
Grrr + (F + > Gor + [ (w)” _ “—} G =— Fo(riw),  (5.2.14)

r—r1o r—rg 712 r—ro

which is the CHE of complex parameter iw (5.2.8), forced by the function
F,(r;w) = ;—n/ fu(r, 0;w) cosnf db. (5.2.15)
7T —T

For a translating Gaussian sea-floor movement with initial position of the landslide
centroid rs = 1, /o, the time-dependent perturbation of the sea-floor is

J(r,0.8) = exp { = [r = re(t)] = (46)? }. (5.2.16)
where v = 1/6), 6y is the characteristic angle subtended by the landslide and r.(t) =

rs + t the radial coordinate of the centroid, moving at the uniform speed v = 1. With
reference to figure 5.2, if A is the characteristic width of the landslide, then

The forcing term F,,, expression (5.2.15), can be integrated twice by parts, yielding
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FIGURE 5.2: Landslide specifications. ¢ and A are the characteristic dimensions of the slide,
while 6y = 1/~ is the characteristic angle subtended by the slide with respect to the origin of
the reference system.

Fulriw) = I {=[20r ) +we 0

b Tt [Herf(r_rs_gﬂ}, (5.2.17)
where o
—n* /4y i
€Ene m
. =" lerf . .C. 2.1
" T [ (“*27)*“}’ (5:2.18)

c.c. being the complex conjugate. II, is a real amplitude factor dependent on the
landslide characteristic angle 1/+; figure 5.3 shows the fast decay of II,, for increasing
modal order n. The solution of the forced ordinary differential equation (5.2.14), subject
to the boundary condition |Gy, (ro;w)| < 0o, is then

Gn(r;w) = anHelP (r;iw) — Py (ryw). (5.2.19)

In (5.2.19) P, is the particular solution

" Fn(pw) 1 . . . .
P,(r;w :/ — Hc,g) s iw Hcg) T iw —Hc,(f) ;iw Hc,(f) r;iw)| dp.
) = | By [ ) el i) — 1A i) 1lP 5109 ap

5.2.20
o (5.2.20)

)

is the Wronskian of the two homogeneous solutions H cgll)(r; iw) and H ) (r;iw) of the
CHE (5.2.8), as shown in section C.2. By substituting (5.2.19) into the series expansion
(5.2.13), the complete expression of the free-surface elevation transform in the near field
is obtained

((r,0;w) = Z [anHCS)(r;iw) — P,(r;w)| cosné. (5.2.21)
n=0

The integration constants o, in the above expression are to be determined by applying
the matching conditions at the boundary r = b.
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[Ta/Th ’

0.2 .

FIGURE 5.3: Behaviour of the ratio II, /TI; with increasing modal order n. Parameters are:
o=0.175m, A = 0/2, ry = 7.43, v = 7.43, modelling the geometry of the conical island of §5.4.

The far field » > b

In the far field, the bottom depth is constant everywhere: h = hy, = b—rg, and the direct

influence of the forcing term on the behaviour of the fluid is negligible: f(r,0,t) ~ 0.

Then the governing equation (5.2.5) simplifies into

~ ~ w27°2 a ~

TQCTT + TCT - h—C + CGG = 0.
b

Separation of variables (7, 0;w) = R(r;w)O(0) yields the same angular solution as in

the near field, ©, = cosnf, n =0,1,2... while for the radial part R,

2’1“2

w
TZRn,T,, +1rRy, — ( -
b

+ n2> R, = 0. (5.2.22)

With the change of variables « = kr, with

v
Vhy'

(5.2.22) becomes a standard modified Bessel equation,

k:

22 Ry pz + TRy — (2% +0?) R, = 0. (5.2.23)

The independent solutions of (5.2.23) are the two modified Bessel functions I,,(x) and
K, (x). Then the general solution of the governing equation (5.2.22) is

which has a branch-cut on the negative real axis of the complex plane w introduced by
K,,. Note that, since w = ¢ + id has a positive real part c,

ag (S0 ) € (-3.5).
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Now, for |arg(z)| < m/2 the modified Bessel function of first kind

e:B

2z

as |x| — oo. Hence, boundedness of the free-surface elevation as r — oo requires a,, = 0

and
wr
Rn(r,w) = Ky (ﬁ) .

Finally, the free-surface elevation é in the far field is

(r,0;w) ZR T, W) Zﬁn n ( > cosnf, r>b. (5.2.24)

The coefficients 3, in the above expression can be obtained by matching (5.2.24) with
(5.2.21).

I, (z) ~

Matching

The near field solution (5.2.21) and the far field solution (5.2.24) are now matched at
the common boundary » = b. Continuity of the free-surface elevation ¢ and the radial
fluxes (- yields respectively for each n = 0,1, 2,

b
oancg) b;iw) — P, (b;w) = B, K, (w_)
(b iw) (b;w) N

b
an HeY), (biw) — Pop(b;w) = 8K, <w—>
(b;iw) — Py (bsw) \ 7w

The solution of the above inhomogeneous linear system is

10 AP .

an(w) = — [ Fulpw)p HCS)(/);M)T()—HCQ)(,O;M) dp (5.2.25)
70 Jro Ay (w)

Bulw) = ——— / Fo(psw)p HesD (psic0) dp (5.2.26)
bhy ALY

b wb
A () = He) (b iw) Ko <w—> + K, (—) Hel? (biiw).  (5.2.27
(w) (b i) Konr | —7= 7 ) Hens (bii) (5.2.27)

The free-surface elevation transform in the complex half-plane | arg(w)| < /2 is then

1S9 (1) .
2 nHen” (1 — P (r;
¢(r,0;w) = g anflen " (r; i) (rs) cosnf if { 0OST b (5.2.28)
8K ( wr ) r>b
=0 nin Uy

for the near field and the far field respectively, with «,, and 3, given by (5.2.25) and
(5.2.26) respectively.

5.3 Physical description

Inverse transform of (5.2.28) can be obtained by means of complex analysis. For the
sake of clarity we shall first consider the free-surface elevation in the far field r > b.
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5.3. PHYSICAL DESCRIPTION

5.3.1 The far field

Inverse transform of (5.2.28) yields

¢(r,0,t) = L i /CHOO Bn(w) K YT ) etdw cos nf
T 2mi n—0 Y c—ioo " " \/h_b .

Upon substitution of (5.2.26) for f3,,, the latter expression becomes

o 1 b c+ioco "
0= 5 /Op | fwretdudp cosns, (5.3.1)
n—0 r c—ioco

having defined
Fu(piw)Hen (p3 i) Ko (wr/v/f)
AR (W)
where p € (r9,b) and r € (b, 00) are regarded as parameters, the forcing function F,, is
given by (5.2.17) and the denominator AV vy (5.2.27). Now, let us evaluate the inner
integral of expression (5.3.1).
For t < 0, contour integration in the complex plane and usage of the asymptotic

expressions of the confluent Heun functions (5.2.9) and (5.2.10) (see appendix C.3)
yield simply

fn(w) = , (5.3.2)

c+ioco
/ fn(w)ewtdw =0,

—ioco
as shown in appendix D.1. As a consequence, ((r,0,t) =0 for ¢t < 0.
For ¢t > 0, contour integration in the complex plane gives

c+ioco 400

/ frn(w)e¥tdw =i fa(is)e's'ds (5.3.3)
C—100 —00

as shown by some lengthy algebra in appendix D.1. Now, substituting the latter result

into (5.3.1), writing back the integrand in terms of 3, by using (5.3.2) and (5.2.26),

and further transforming s = —w, yield

¢(r,0,t) = nZ%cos n@% /Z B (—iw) K, (%) et g (5.3.4)

for the free-surface elevation in the far field. If now we define
iwr r
— = —(d—1ic),

/hb /hb ( )

z=—

then
—m < arg(z) <0,

since w = ¢+ id and ¢ > 0 as defined above. Recalling that
Kn(z) = gi"HHn(iz), —m < arg(z) < 7/2

where H,, is the Hankel function of first kind and order n, the free-surface elevation
(5.3.4) in the far field r > b assumes the form

¢(r,0,t) = nzocos no /_O; Cr(w)H, (\7—}%) e Wiy, (5.3.5)

92



CHAPTER 5. LANDSLIDE TSUNAMIS PROPAGATING AROUND A CONICAL ISLAND

0.0
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FIGURE 5.4: Plots of |C,,| vs. w; 25 Gauss points are needed for (5.3.6) to converge. Non-
dimensional parameters are: ro = 11.83, r; = v = 7.43 modelling the conical island of §5.4.

having defined

in—l—l ) 1 Z'n-l—l b ) 1)
Cn(w) = —Bn(-iw) = Mm /TO p Fn(p; —iw)Hey, (pyw)dp. (5.3.6)

Let us further introduce the symbol ()* to denote the complex conjugate of (). Then
from (5.3.6) it is straightforward to show that the integrand of (5.3.5) satisfies the

property
—wr

ooty (2 ) &t = Gt (S0 ) (e7)".

As a consequence, the free-surface elevation (5.3.5) becomes

> & wr ;
((r,0,t) = cos nH/ Cn(w)H, <—> e “dw +c.c., 5.3.7
(r,0,1) 7;) ; (w) N (5.3.7)

i.e. areal number. Integrals like (5.3.6) on the finite domain (rg, b) can be conveniently
evaluated via the Gauss-Legendre quadrature method (see Press et al., 1986, for de-
tails). Numerical evaluation of (5.3.6) shows that the |C),(w)| fast decay with increasing
w, as depicted in figure 5.4; as a result the convergence of the integral (5.3.7) is assured.

Now define
w

N

the wavenumber in the far field. Then note that each spectral component of the free-
surface elevation (5.3.7) is proportional to

k=

Hn(k‘r)efi”t,

i.e. outgoing in the far field. This result agrees with the general theory of Longuet-
Higgins (1967), Meyer (1971) and Summerfield (1971) already discussed in §5.1. Note
also that ((r,0,t) (5.3.7) is obtained by integrating the frequency response H, (kr) to
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an incident wavetrain of unit amplitude, multiplied by the forcing factor C),(w). This
solution is similar to many other linear-system responses to transient excitations, like
for example the harbour response to a transient incident wave (see Mei et al., 2005).

5.3.2 The leading wave

As anticipated in §5.1, the transient landslide-generated disturbance propagating around
the island is not perfectly trapped. In this section we investigate on the existence of a
leading wave propagating radially at large distances from the coastline, 7 > 1. Let us
consider the free-surface elevation (5.3.7); to obtain an approximate expression of ¢ at
large distances from the island, use the asymptotic expansion of the Hankel function

for large argument
Hn(x) ~ i ei(:vfwn/277r/4)
V 7 ’
so that

¢(r,0,t) Zcosn@e i(5+1) / Ch( “ hb o (r/Vit) qu 4 c.c.. (5.3.8)

Since the wave front moves at the group celerity

dw
Cg — E — hb,

its position at a given time is described by r = y/hyt. Substitution of the latter relation
inside (5.3.8), yields the expression of the leading wave (;(0,t)

2 o
1(0,t) >~/ — Z A, cosnb, (5.3.9)
n=0

where the real values

o

A, = e iz +5) / Cn®) 4 4 cc. (5.3.10)
0o Vw

are modal amplitudes. The latter integral on the infinite domain (0,00) can be evalu-

ated by employing the more advanced Gauss-Kronrod iterative method.

Note that the leading wave (5.3.9) decays as O(t~'/2) in the three-dimensional
geometry of the shelf. Therefore it has the same asymptotic behaviour of the non-
dispersive transient waves propagating on a flat bottom, already studied in §2, but
it vanishes slower than the evanescent component, O(t~2), of the landslide-generated
wave field propagating offshore in a plane-beach geometry (see §3.3).

Let us now investigate on the influence of the distinctive parameters of the system,
b' (bottom radius) and o (characteristic length of the slide), upon the characteristics
of the leading wave travelling offshore. The amplitude A,, of the n-th leading wave
component (5.3.10) depends on C,, (5.3.6), which in turn is a function of the ratio
b =1U/o. As shown in figure 5.5, the A,, fast decay as b increases. Physically, the
submerged beach surrounding the island acts as a barrier to trap wave energy: the
longer the beach with respect to the slide, the less the energy propagated offshore. We
now turn to the analysis of the near field and the free-surface runup.
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FIGURE 5.5: Plots of A,, vs. b =b'/0, evaluated with the Gauss-Kronrod quadrature method.
Non-dimensional parameters are: rg = 11.83, ry = v = 7.43, modelling the conical island of
§5.4. Note that the A, fast decay by increasing b.

5.3.3 The near field

In the near field r < b inverse transform of (5.2.28) yields

o0

C(r0,4) = —

2mi
n=0

c+ioco
/ [an(w)Hcg)(r/ro; iw) — Pn(r;w)] e“!dw cosné.

—ioco

By using (5.2.25) for ay, and (5.2.20) for the particular solution F,, the free-surface
elevation can be expressed as

c+ico
— wt
¢(r,0,t) = 27717’0 E cos nb [/ /c fin(p,w)e dw dp+

c+1oo
/ / fon(p,w tdwdp] (5.3.11)

In (5.3.11) the two integrand functions are

Jin(p,w) = Fu(psw) [Hel (pyiw)—gy = — HeP (priw) | HelD (riiw)  (5.3.12)
Ay’ (w)

and
Fan(p.w) = Fulpsw)  [Hel (psiw)Hel? (r;iw)+
— HeP (p; iw)HcSll)(r; iw)} (5.3.13)

respectively. In the latter expressions, F,, is the forcing function (5.2.17), while AS’Q)

are given by (5.2.27). In order to solve (5.3.11), consider the contour integrals

c+ioco
/ fin(p,w)dw,  j=1,2 (5.3.14)

—ioco
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and employ again the technique used to get the inverse-transform of ¢ in the far field.
For t < 0, as shown in appendix D.2, it is straightforward to show

c+ico
/ . fjn(p,W)dWZO, .]:1’2
c—ioco

implying ((r,6,t) = 0.
For ¢t > 0 contour integration in the complex plane yields

c+ioco +o00 )
/ . finetdw =i fin(is)e'ds, j=1,2 (5.3.15)
C—100 —00

as shown in appendix D.2. Substituting (5.3.15) back into (5.3.11) and further trans-
forming s = —w, we obtain

1 S b 00 )
(0. = 5o HZOCOS né [ /T K / fule. —iw)e ¥ dw dp+

- /p / fzn(p,—iw)ei“tdwdp] (5.3.16)
70 —00

By making use of both definitions (5.3.12) and (5.3.13) for the fj,, the free-surface
elevation in the near field (5.3.11) can be finally expressed as

00 +oo .
¢(r,0,t) = Z cos né?/ {An(r; w)HD (r;w) + By (r;w)He (r; w)] e “dw + c.c.,
n=0 0

(5.3.17)
where
1 b AP (—iw)
Ap(riw) = / Fp(p; —iw) | H D (p;w0) —2—2 — HP (p;w) | +
(r;w) G M (p )[ (p )A,&” Cio) (p;w)
1 T
Fy(p; —iw)HcP (p; w)d 3.1
py— /T o’ (p; —iw)Hey (p;w)dp (5.3.18)
and ) .
Bulriw) =~ [ pFulpi—) D (p0)dp, (5.3.19)
27ro Jr,

being A, (r; —w) = A} (r;w) and B, (r;—w) = B} (r;w). As shown in figure 5.6, the
terms |A,| and |B,,| are fast-decaying oscillating functions of w, so that the integral in
(5.3.17) is convergent. Finally we need to show that in the limit » — b, the expressions
of the free-surface respectively in the near field (5.3.17) and in the far field (5.3.7)
coincide. Evaluating the term in the square brackets of (5.3.17) at r = b we obtain

[ = An(b;w)Hc Y (b;w) + By (b;w)He?) (b;w)

1 b pFu(p; —iw) —iwb
= UALS He (p;w)dp W (D) K, (—) 5.3.20
s | S E e dp ok (). G20)

where
To

W(b) - b—?"()
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FIGURE 5.6: Plots of (a): |An| and |B,| vs. w at r = 15. Non-dimensional parameters are:
ro = 11.83, rs = 7 = 7.43, modelling the conical island of §5.4.

is the Wronskian evaluated at » = b and use of (5.3.18) and (5.3.19) respectively for
A, and B,, has been made. Now, recalling that

—iwb T wb
K, = —i"tH, <_> ,
() =5 (7

(5.3.20) becomes

[] = LL/%F (p: —iw)HeW (psw) dp H. (w_b> = C(w)H (w_b)
4bhb Agll)(—lw) o n ) n ) n \/h_b n n \/h_b 9

(5.3.21)
which is exactly the integrand of the free-surface elevation in the far field (5.3.7) eval-
uated at r = b. Therefore the near-field expression (5.3.17) coincides with the far-field
one (5.3.7) if both are evaluated at r = b, so that the matching is verified.

The solution (5.3.17) in the near field is a transient propagating wave. It is obtained
by summing over the positive real frequency spectrum the two independent solutions
H csll) and H cg) of the governing equation (5.2.8), multiplied by the forcing factors A4,
and B, respectively. The free-surface elevation in the far field (5.3.7) and in the near
field (5.3.17) can be evaluated by solving numerically the relevant integral expressions
over the infinite domain w € (0, 00); fast-converging method such as the Gauss-Kronrod
quadrature can be employed with reliable accuracy.

5.3.4 The free-surface runup

The runup at the shoreline is a variable of interest for risk assessment purposes. Sub-
stitution of r = r( into the free-surface elevation (, expression (5.3.17), determines the
second integral in (5.3.18) and the B,’s to be null. The corresponding value of the
free-surface runup is therefore

00 +oo .
C(ro,0,t) = Z cos né?/ Ay, (ro,w) e “fdw + c.c., (5.3.22)
n=0 0
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Basin
Length (m) Width (m) Depth (m)
50.00 30.00 3.00
Island
Wet contour Bottom radius Flank slope
ro (m) b (m) s
2.07 4.45 1/3
Landslide
Length (m) Width (m)  Max vert. height H (m) Initial position 7 (m)
0.80 0.40 0.045 1.3

TABLE 5.1: Basin, island and landslide dimensions of the laboratory experiment made by
Di Risio et al. (2009b)

where
b 2)_.
A (r0.) = 5o [ oo i) | HD o) T — el i) | ap. (5329
2110 Jrg AV (—iw)

In (5.3.23) Aﬁ}’z) are still given by (5.2.27), while F), is again the forcing function de-
fined by (5.2.17). In the following, parametric discussion of the free-surface runup is
made; the physical observations on the free-surface runup, heights and periods made by
Di Risio et al. (2009b) are compared with numerical integration of expression (5.3.22).
Finally, discussion is made on the mean features of the solution, pointing out the differ-
ences between tsunamis propagating around a conical island and tsunamis propagating
along a plane beach.

5.4 Experimental comparison

In order to validate the theory, comparison is made with the experimental results of
Di Risio et al. (2009b). The dimensions of the basin, the island and the landslide used
in the experiments, are indicated in table 5.1. The initial position of the landslide
centroid, r, = 1.3m, is such that the mass at the starting position rests completely
out of the water, thus representing a subaerial slide. The mass, reproducing half of
an ellipsoid, is a rigid block with flat bottom, sliding along a plane slope 0.5m wide,
as shown in figure 5.7. The resulting geometry is that of a plane slope connected to
the curved flanks of a conical island, i.e. slightly different from the conical island of
the analytical model. Note also that the landslide used in the experiments preserves
its shape during all the phases of motion. On the other hand, the landslide described
analytically by (5.2.16) modifies its shape adapting to the curvature of the island while
sliding along its flanks. As a result, the theoretical volume of the slide

V() = O'2H/7T /Oof(r,H,t)rdrdH
—m JO

_ g w {0 4 VR fert (ry + ) + 1) (ry + 1)} (54.0)
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FIGURE 5.7: View of the experimental device used by Di Risio et al. (2009b). The landslide is
forced to move along a plane incline 0.5 m wide; as a result the geometry of the experimental
model is that of a very thin plane-beach strip connected to the curved flanks of a conical island.

depends on time, increasing linearly for large ¢. This curvature-induced increase of
volume, even if physically reasonable, is absent in the experimental model, therefore
the equivalence in volume of the analytical and the experimental slides cannot be strictly
applied. However mean quantities can still be represented. We choose the characteristic
parameters ¢ = 0.175m and A = ¢/2 to match respectively the wave period time

scale in the experiments 1" (oc o/ gs) ~ 2s and the shape of the landslide, whose

characteristic width to length ratio is A : ¢ = 1 : 2. With this choice, the volume
of the theoretical landslide at the beginning of motion is V’(0) = 0.0045m3 and then
increases linearly, equating the volume of the experimental slide Ve’xp = 0.0084m? at
about t' =~ 1.6s, as shown in figure 5.8. At larger times V' > V{,, and still increasing,
but the slide approaches deeper water and its influence on the generated wave field can
be neglected.

The sample points along the shoreline 2R (20.6°), 4R(47.6°), 5R(60.2°) and 7TR(86.3°)
of Di Risio et al. (2009b), sketched in figure 5.9, have been chosen for comparison (“R”
stands for “runup”). In figure 5.10(a—d), the time series of the free-surface runup,
expression (5.3.22), are plotted in physical variables at the chosen sample points (see
figure 5.9) and compared to the experimental time series of Di Risio et al. (2009b).
Figure 5.10(a) shows the time series of the free-surface runup at § = 20.6° (gauge 2R),
i.e. about 0.72m (~ 40) from the point of tsunami generation. In figure 5.10(b) is
instead depicted the time series of the free-surface runup at 6 = 47.6° (gauge 4R), i.e.
about 1.24m (=~ 7o) far from the origin. Figure 5.10(¢) shows the runup time series
at 0 = 60.2° (gauge 5R), i.e. about 2.17m (~ 120) far from the origin and finally in
figure 5.10(d) is depicted the runup time series at § = 86.3° (gauge 7R), i.e. about
3.12m (~ 180) from the point of tsunami generation. Overall, the graphs show good
correspondence between the analytical results and the experimental ones. The main
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FIGURE 5.8: Volume of the analytical landslide (bold dashed line) evaluated with (5.4.1) and
of the experimental landslide (continuous line) vs. time. The first one increases almost linearly

with time while the landslide moves along the flanks of the island; the second one is constant
during all the phases of motion.
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FI1GURE 5.9: Skecth of half of the conical island with the positions of the sample points con-
sidered for experimental comparison and indication of the island dimensions (in metres). The
solid line (—) represents the island wet contour r{,, while the island bottom radius ¥’ is indicated
by the dashed line (— —). The bold arrow indicates the direction of motion of the sliding mass.
Segments on the island flanks indicate the position of the gauges employed in the experiments
of Di Risio et al. (2009Db)
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FIGURE 5.10: Analytical (bold line) and experimental (bold dashed line) time series of the
free-surface runup R, = ('(r(,0,t") at the shoreline in physical variables. The geometry of
the island and the landslide is reported in table 5.1. The Gauss-Kronrod quadrature method
has been used for numerical integration of (5.3.22), modes n = 0...10 have been taken into
account. Subplot (a) refers to the shoreline point 2R located at § = 20.6°, subplot (b) refers to
4R located at § = 47.6°, subplot (¢) to 5R located at § = 60.2° and subplot (d) to 7R located
at § = 86.3°. In each of the subplots, a plant view of the island is sketched on the top left
corner. Here, the solid line () represents the island wet contour, while the dashed line (- -)
represents the island bottom radius. The arrow indicates where the slide enters the water and
the filled circle specifies the position of the relevant runup gauge.
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properties of the generated wave field, i.e. the shape of the waves, the time of arrival of
crests and troughs and the maximum runup and drawdown, are predicted satisfactorily
by the analytical model. Other than the difference in landslide volumes pointed up
above, several minor factors can also explain the slight differences between the ana-
lytical and the experimental data. First, recall that the geometry of the experimental
model is a narrow plane beach surrounded by a conical island. The presence of this
thin-strip plane beach influences the overall behaviour of the fluid in the neighbourhood
of the generation zone. Due to the energy-trapping property of the straight coast, the
maximum runup obtained in the experiment is larger than the one obtained with the
analytical model for a purely conical island (which is unable to trap energy completely)
especially near the generation zone (see point 2R in figure 5.10a). Second, note that
the long-wave governing equation (5.1.1) used in the model is non-dispersive, hence the
dispersive behaviour of water waves on a bottom with varying depth cannot be properly
rendered with the analytical model used here. As a result, while in the experimental
time series the period of the first incoming waves is longer than that of the following
group, in the analytical model the wave period is almost constant for all the waves in
the group (see figure 5.10b,¢). Finally note that the landslide used in the experiments
is not of a double Gaussian shape, but is an half an ellipsoid. The difference in the
front shape, which in the model is much smoother than in the experiments, could have
led to some diversities in the shape of the first propagating waves.

5.5 Tsunami generation and propagation around the is-
land

After having shown a good agreement between the theoretical and the experimental
data, we analyse the tsunami generation and propagation mechanisms more in detail.
In figure 5.11(a — d) snapshots of the non-dimensional free-surface runup ((ro,0,t)
at four different times are shown, together with the contour of the slide f(rg,0,t).
The geometry of the island is still that of table 5.1. The landslide is kept subaerial
(rl, = 1.3m), but its characteristic length is increased to o = 0.37m (rs = ., /o = 3.51),
still being A = /2. The larger ratio o /b allows to gain a clearer insight on the early
interaction between the slide and the water occurring during the generation process. At
the first instants of motion (figure 5.11a, b) the shoreline recedes as the landslide pushes
water away. The early depression wave formed landwards of the slide is clearly a source-
related perturbation, having the same width as that of the slide (Lynett and Liu, 2005,
found numerically a similar result for landslide tsunamis along a plane beach). Moving
ahead in time, the slide disappears in deeper water (figure 5.11¢,d). At the origin the
shoreline inverts its motion and goes back up the incline (figure 5.11¢), due to the elastic
rebound. The perturbation leaves the origin with the profile of a positive N-wave along
the coastline, as shown in figure 5.11(c). Finally water inundates the the dry land at
the origin (figure 5.11d), meanwhile the leading elevation wave is travelling around the
island, followed by a deeper trough. Note that the generation mechanisms of landslide
tsunamis around a conical island do not differ from those of landslide tsunamis along
a plane beach (see Lynett and Liu, 2005). In fact, the shoreline snapshots of figure
5.11(a — d) resemble very closely the digital pictures of the shoreline position taken
by Di Risio et al. (2009a) during the experimental modelling of landslide tsunamis
along a plane beach. At larger times, however, the smaller refractive power of the
island enhances the amount of energy radiated to infinity. As a result, the wave field
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FIGURE 5.11: Spatial snapshots of the free-surface elevation in non-dimensional variables for
a subaerial landslide at the shoreline. 6 in degrees. The dimensions of the island are those of
table 5.1, the slide characteristic length is ¢ = 0.37m, A = /2. The centroid initial position is
rs = 3.51 (r, = 1.3m). Bold lines depict the landslide surface contour f(rog,0,t) at the given
times, solid lines represent the free-surface elevation ((rg, #,t). Subplot (a) refers to t = 2.97
(' = 1s), subplot (b) refers to t = 3.57 (t' = 1.2s), subplot (¢) to t = 5.94 (¢’ = 2s) and finally
subplot (d) refers to t = 8.92 (¢’ = 3s). Modes n = 0-9 have been considered. Note that the
symmetry condition 9¢/00 = 0 at § = 0 is fully reproduced by the model.

propagating around the island differs from the one propagating along the plane beach,
as shown in the following section.

5.5.1 The conical island vs. the plane beach

In this section, the features of tsunamis propagating around a conical island are further
compared to the features of landslide-generated tsunamis on a plane beach (see §3.3).
To perform this comparison, beach slope and landslide characteristic parameters are
kept equal, i.e. s = 1/3,0 = 0.37m, A\ = 0/2 in both geometries; landslide is half-
submerged in its initial position in both cases. The island geometry is the same of table
5.1, the half-submergence condition requires the landslide centroid position at 7, = r{ =
2.07m. Figure 5.12(a) and figure 5.12(b) show the time series of the free-surface runup
(expression 5.3.22) in non-dimensional variables at the shoreline points 1.5 = (r¢, 20.6°)
and 2S5 = (rp,60.2°) respectively, while figure 5.12(¢) and figure 5.12(d) show the free-
surface elevation time series in the far field (expression 5.3.7) at the offshore points
10 = (b,0°) and 20 = (2b,0°) respectively. As the landslide motion begins, water
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FIGURE 5.12: Time series in non-dimensional variables for a half-submerged landslide (rs = 7).
Subplot (@) refers to the shoreline point 15 located at (1o, 0 = 20.6°), subplot (b) refers to 25
at (ro,0 = 60.2°), subplot (¢) to the far-field point 10 at (b,0°) and finally subplot (d) refers to
point 20 at (2b,0°). Modes n = 0-9 have been considered. In each of the subplots, a plant view
of the island is sketched on the top left corner. Here, the solid line (—) represents the island wet
contour, while the dashed line (— —) represents the island bottom radius. The arrow indicates
where the slide enters the water and the filled circle specifies the position of the relevant point.

is pushed ahead and a leading elevation wave travelling offshore is generated, quickly
reaching the two points 10 at r = b (figure 5.12¢) and 20 at r = 2b (figure 5.12d) in the
far field. Note also the strong attenuation experienced by the leading wave crest while
travelling from point 10 to point 20. In the meantime, a deep depression wave occurs
just behind the slide. As a result, at point 1.5 on the shoreline close to the origin the first
incoming wave has a trough, followed by a large crest generated by the elastic rebound
(see figure 5.12a). The maximum runup is reached by the first crest, then oscillations
decay in time, the free-surface elevation eventually reaching the unperturbed position.
At point 25 on the shore far from the origin the first wave has instead a small crest,
followed by a larger trough (see figure 5.12b), i.e. the first incoming perturbation is
still a positive N-wave. Note that the maximum runup here is reached by the second
incoming wave, which is followed in turn by a tail of smaller-amplitude waves. The fact
that at large distances from the slide the largest wave is shifted towards the middle of the
group is also a feature of tsunamis propagating along a plane beach. As demonstrated
numerically by Lynett and Liu (2005), experimentally by Di Risio et al. (2009a) and
then analytically in §3.3, this characteristic is due to the excitation of edge-wave modes
trapped along the straight coast. The occurrence of such a phenomenon around the
shoreline of the conical island suggests that edge-wave components of the water motion
can be partially trapped along the coast also in a round geometry. Let us demonstrate
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FIGURE 5.13: Plots of |A,,(rg,w)| versus frequency w for the geometry used in the experiments
of Di Risio et al. (2009b). Modal orders are: (a) n =0, (b) n=1.

this feature analytically by looking at expression (5.3.22) for the runup ((ro,8,t). This
is obtained for each of the angular modal components by integrating with respect to
w € R the form e™“!, representing a simple harmonic oscillation in time, multiplied by
the forcing factor A, (rg,w), expression (5.3.23). The latter physically represents the
amplitude of each wave component in the frequency domain. Figure 5.13 shows the
fast decay of |A,(rg,w)| for increasing w, so that the effective domain of integration
of (5.3.22) is restricted only to smaller w, for each of the angular modal components.
Therefore only the lowest frequencies concur in determining the magnitude of the free-
surface runup at the shoreline. Now, recalling condition (5.1.12), the lowest frequencies
experience the strongest exponential attenuation as r increases towards infinity (see
also Meyer, 1971; Mei et al., 2005): the relevant wave components are almost trapped
around the shoreline, resembling the edge-wave modes. Hence the free-surface runup,
expression (5.3.22), can be regarded almost as a sum of edge-wave like modes, for which
the largest wave is always shifted towards the middle of the group (see Sammarco and
Renzi, 2008).

Are then any practical differences between the wave fields generated around a conical
island and along a plane beach? A direct comparison of the relevant runup time series
shows them. The bold dashed lines in figure 5.14(a,b) show the free-surface runup time
series at points ¢’ = 0.72m (y = y'/o = 2.05, corresponding to 15) and ¢y’ = 2.175m
(y = y'/o = 5.88, corresponding to 25) along the shoreline of a plane beach, obtained
via the analytical model of §3. Here the beach slope s = 1/3 is the same as that of the
island flanks. The characteristic parameters of the slide, o and A do not vary too, as
anticipated above. In the same figure 5.14(a,b) the time series at points 15 and 2S5 of
the conical island, already depicted in figure 5.12(a,b), are reported again for easiness
of comparison, in bold lines. Note that at both points 1.5 and 25 the maximum runup
(and minimum drawdown) of the first incoming waves is larger in the plane beach than
in the conical island, even if the characteristic parameters of the slide are the same in
both the geometries. This feature is again consequence of the fact that perfect wave
trapping is possible only in a straight geometry. While on the plane beach energy is
all trapped along the coast, due to the propagation of edge waves along the shoreline,
in the circular geometry of the conical island perfect trapping is not possible. All
frequencies, even the smallest ones, leak some amount of energy to infinity, resulting
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FIGURE 5.14: Free-surface elevation at points: (a) y = 2.05 (corresponding to 1S) and (b)
y = 5.88 (corresponding to 2S) for the plane-beach geometry (bold dashed line) and the conical
island (bold line).

in attenuation of the maximum wave height around the coast. This crucial result has
been also shown to occur in the experiments of Di Risio et al. (2009Db).
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Chapter 6

Conclusions

This study concerned several aspects of the generation and propagation of landslide
tsunamis in different oceanographic topographies, i.e. an indefinite plane beach, a
plane beach connecting to a flat continental platform and a conical island.

An analytical forced two-horizontal-dimension (2HD) model has been developed
to analyse the distinguishing physical features of landslide-induced tsunamis along a
straight coast. After a short transient immediately following the landslide generation,
the wave motion starts to be trapped at the shoreline and finally only transient long-
shore travelling edge waves are present. Longer waves travel faster and are followed by
a tail of shorter waves, while new crests are created. Unlike transient waves generated
and propagating in water of constant depth, for landslide-induced tsunamis along a
sloping beach the larger waves are not in the front of the wavetrain, but are shifted to-
ward the middle of it. Parametric analysis shows the dependence of the tsunami runup
on the landslide shape, initial position and velocity. The higher the slide initial position
on the incline, the larger the generated runup. Moving the initial position of the slide
closer to water produces the double effect of decreasing the runup and enhancing the
dispersive behaviour of the wave field. Experimental comparison shows the validity
of the model in reproducing the physical behaviour of the system. Finally, the accu-
racy of homogeneous initial-value models in reproducing landslide-generated tsunamis
is discussed. Since no analytical demonstration of the validity of this approach seems
to exist, usage of such simplified models is advised only for quick runup assessment.

An analytical forced 2HD model has been developed to analyse the distinguishing
features of landslide tsunamis on a semi-plane beach. The solution obtained via the
method of separation of variables only allows the existence of trapped wave modes
propagating along the coast. For very large values of the horizontal length of the slope,
the free surface elevation matches the solution obtained for an infinite sloping beach,
where all the eigenmodes are trapped. For a finite horizontal length of the slope, the
free-surface elevation is the sum of an evanescent component, fast decaying with time,
and an oscillatory component travelling along the shoreline, as it was the case for the
plane beach. Despite the presence of the constant depth region would suggest the oc-
currence of a leading wave propagating offshore, no wave is propagated offshore and all
energy is trapped along the coastline.

An analytical forced two-horizontal-dimension model has been developed to analyse
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the distinguishing features of landslide tsunamis propagating around a conical island
-continental shelf system. Two fields of wave motion are defined, the near field, i.e.
the inner zone with variable depth, and the far field, i.e. the outer zone with constant
depth. The long wave equation is solved in each of the two fields separately. The
free-surface elevation in the whole domain is then found by matching at the common
boundary the solutions for the two fields. As many other linear-system responses to
transient excitations, the free-surface elevation in each field is given by integrating the
solution of the homogeneous wave equation multiplied by the forcing factor proper to
the field and dependent on the characteristics of the slide. The resulting perturbation
of the free surface is made by transient waves propagating to infinity and transient local
waves almost trapped. The occurrence of a leading elevation wave travelling offshore
at large times is shown, its amplitude decaying as O(til/ 2), i.e. faster than the leading
Airy wave generated by a transient disturbance in a two-dimensional ocean of constant
depth. Experimental comparison shows the validity of the model in reproducing the
overall fluid behaviour. The tsunami generation mechanism is analysed for a subaerial
slide. Just after the landslide has entered the water, the first perturbation leaves the
origin as a positive N-wave. The wave profile near the generation zone resembles that
of tsunamis along a plane beach. The free-surface runup at the shoreline induced by
a half-submerged slide has been also investigated. Near the landslide the maximum
runup is reached by the first crest of the incoming wave train, while far from the
generation zone the highest wave is always shifted towards the middle of the incoming
group. This is due to the excitation of edge-wave like components of small frequency,
for which the energy is almost trapped along the shore. However, unlike tsunamis
propagating along an indefinite plane beach, where edge-wave energy is all trapped
along the shoreline, tsunamis around a conical island propagate energy also in the
offshore direction. As a consequence, the waves travelling along the shoreline of a
conical island are characterised by smaller runup than those generated by a similar
landslide along a plane beach with the same slope.
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Appendix A

Kummer’s equation

A.1 General solution
Kummer’s equation in its general form is (see Abramowitz and Stegun, 1972)
EXee + (B~ &) Xe —aX =0, (A.1.1)

where o and ( are real numbers. (A.1.1) has a regular singular point at £ = 0 and an
irregular singular point at £ = co. Let the two coefficients be

1 w?
e =1 Al12
a=3(1-%). o=1. (A12)
so that (A.1.1) becomes
1 w?

As seen in section , this equation describes the behaviour of linear water waves prop-
agating along a constant slope. We will now employ the Frobenius’ method of power
series to find the two independent solutions of (A.1.1) about the regular singular point
¢ = 0. Let us assume

X(§) = i &P, (A.1.4)
m=0

with p and a,, being respectively the index and the coefficients of the Frobenius ex-
pansion (A.1.4), still unknown. Substitution of the series expansion (A.1.4) into the
Kummer equation (A.1.1) gives

Z (m+p)(m+p— 1)am£(m+p—2) +(1-¢) Z (m + p)amé(’”*”‘Q) +
m=0 m=0

1 WQ) - (mtp—1
—=z— = Zamgmp ) = 0.
<2 2k ) 2

With some simple algebraic manipulation of the power series, the latter expression can
be finally written as

pPagt >+ {(m +p+ 1) ams1 — am (m+p+ a)] grret (A.15)

m=0
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where the term a (A.1.2) is used for simplicity. Equation (A.1.5) is a polynomial
expression which involves powers of {. For (A.1.5) to be satisfied we must require that
the coefficients of each power of ¢ are zero. Starting from the lowest power £°~2 we
obtain the indicial equation

aop2 =0.

Setting ag # 0 to avoid trivial solutions, the two indexes of the indicial equation are
p1 = p2 = 0 and coincide. According to Frobenius’ theory, in this case only one
independent solution of (A.1.3) has the sought form (A.1.4). The remaining one has
instead logarithmic terms and can be found only via further investigation (see Bender
and Orzsag, 1978). Back to the first independent solution (A.1.4), setting to zero the
coefficients of £&m+P~1 gives

m+p+«

T (A.1.6)

am+1(p7 k7w) - am

Finally substituting p = 0 into (A.1.6), we obtain the following recurring relation for
the coefficients a,, (w) = an,(k,w)

m—+ «

e (A.L.7)

Um+1 = Gm

having set the arbitrary parameter ag = 1. From (A.1.7), note that

Qa 1 m
mil —0asm — oo

am, (m+1)2

and the power series solution (A.1.4) with coefficients (A.1.7) converges in all the phys-
ical domain £ € (0,00). Finally we seek an explicit expression of the series coefficients
ap,. Starting from m = 0 and then increasing the index, (A.1.7) gives

ai = Q,
 a(l+a)
as = —1
G = ((:L)';; , (A.1.8)

where the parameter « is still defined by (A.1.2) and
()m=ala+1)(a+2)...(a+m—1).

The Kummer function of first kind is therefore
M(§7 a) = X(g) = Z am(w)gm, (Alg)
m=0

with the a,, given by (A.1.8).

Since the indicial equation has double zero roots p? = 0, the second independent
solution of (A.1.3) contains logarithmic terms. As demonstrated by Bender and Orzsag
(1978), its general form can be expressed as

X(©) =E&> bmd™+ D cmé™ (A.1.10)
m=0 m=0
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By substituting this form into the governing equation (A.1.3) and following the same
passages as above, it can be shown that the b,, and ¢, must satisfy the following
relations respectively

-1
_ 1o () N 3
o = ] 2 o 10 +#) = 20(1 -+ (A-1.12)

where ¢(z) = T'(z)/T'(z) and T is the gamma function. With these results, (A.1.10) can
be re-written in its final form, i.e. the Kummer function of second kind and parameter
o
-1 >
U(¢,0) = = [InEM (&) + D emé™| (A.1.13)
P(a) m=0
Finally, the general solution of the Kummer equation is the linear combination of the
two independent ones, respectively (A.1.9) and (A.1.13)

X(€) = AM(¢, @) + BU(&, ). (A.1.14)

A.2 Boundary conditions

In most physical applications, the solution (A.1.13) of the Kummer equation (A.1.1) is
required to satisfy some basic boundary conditions, i.e. to be bounded as £ — 0 and to
vanish as £ — oo. For perturbations propagating along a plane beach, these boundary
conditions are (see section 3.1.1)

[ X(0)] < o0, (A2.1
lim e ¢/2X(¢) = 0.
{—o0

Due to the logarithmic singularity of U(&, «) as & — oo, condition (A.2.1) is satisfied
only if B = 0. Hence we are left with X () = AM({,«), which must satisfy the
b.c. (A.2.2). To further investigate this condition, we employ the asymptotic form of
M(&, «) for large argument (see Abramowitz and Stegun, 1972)

M(€, a) ~ ﬁ €01 £ o0, (A.2.3)

With this asymptotic expression, (A.2.2) can be re-written as

1
lim ——— e¥/2¢o71 = A.2.4
RS vy R (A.24)
which is verified only if
') = 0.
The latter condition is satisfied for
1 w2
=—(1—-—1)=0,-1,-2... A25
a=3(1-%) =01 (A.25)
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A.2. BOUNDARY CONDITIONS

ie.
w=w,=vVk(2n+1), n=0,1,2,... (A.2.6)

which defines the motion eigenfrequencies. Therefore each of
Xn :M(gaan), n=0,1,2,...

is a solution of the governing equation (A.1.3), provided that the «,, satisfy the eigen-
value condition (A.2.5), in other terms

ap=-n, n=0,1,2...

Also, for these special values of the parameter «, the series coefficients a,,(A.1.8) of
the series expansion (A.1.4) become

ain = —N
-n(l—n
o = =)
(A.2.7)
—1)m n
A = ( ? < ) (A.2.8)
m! n—m
where n =0,1,2..., m <n and
n n!
=—— if 0<p<m,
<p> p!(n —p)! -r=
n .
(p)zO if p<0 or p>n
is the binomial coefficient. Note that (A.2.8) implies also
A(n+1)n = 0,
being
" (™ VY=o
n—(n+1) -1
Therefore, thanks to the recurrence relation (A.1.7), we obtain
amn=0, m=n+1n+2,... (A.2.9)

In the series expansion (A.1.4) only the first n terms survive, i.e. M (&, ;) is a poly-
nomial of degree n, namely the Laguerre polynomial of order n

La(€) = nfjg(—nm ( o ) - (A.2.10)

In conclusion, the boundary value problem studied admits as eigenfunctions each of
the Laguerre polynomials L, (£) (A.2.10) with the relevant eigenfrequency wy, (A.2.6).
As an example, the lower-order Laguerre polynomials are given by
n=>0 LO =1
=1 Li(§)=1-¢
n=2  Ly(f) =1-26+ 12
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Appendix B

Gauss-Laguerre integration

Let us consider a regular real function f(z); the integral

/000 e “f(z)dz (B.0.1)

can be evaluated numerically via the Gauss-Laguerre integration formula
00 m
/ e f(2)dz =Y wif (=), (B.0.2)
0 i=1

as shown by Dahlquist and Bjorck (2008). In the latter expression, z; is the i-th zero
of the Laguerre polynomial of the m-th order, L,, and the w; are weights evaluated as

o
2 [ (2))”

With these positions, expression (B.0.2) is exact if f(z) is a polynomial of degree 2m—1
or less.

w; =

Application to landslide tsunamis propagating along a semi-plane beach

We now apply the Gauss-Laguerre numerical integration to evaluate ( = (°+ (¢, where
¢° (4.6.7) and (¢ (4.6.10) are respectively the oscillatory and evanescent component
of the free surface elevation, representing a tsunami propagating along a semi-plane
beach. By making use of (4.6.7) and (4.6.10), ¢ can be rewritten as

C(z,y,t) = /OOO e M £ (k. t) dk, (B.0.3)

where

N (k)
2 2
i i S M |a—(p—1)
fn(k,t) - nEO X, (2kx) {An cos wpt + By, sinwpt + wy, M [e } } cos ky

and the nomenclature is still that of §4.5. Now, to transform (B.0.3) into the general
form (B.0.1) we should make a change of variable, i.e. kK = z/x. However, this position
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will generate a singularity at x = 0, i.e. when evaluating the free-surface elevation at
the shoreline. To circumvent this singularity, we shall rewrite (B.0.3) as

((x,y,t) = / e Fathiekt (k. t) dk, (B.0.4)
0

where b > 0 is the non-dimensional horizontal length of the incline. Note that the
position (B.0.4) does not modify the leading behaviour of the integrand, which is still
convergent for large k. Let us now set

so that (B.0.4) becomes

C(z,y,t) =

1 > —z,2b/(z+b) Z
n 7t d )
:U—i—b/o ¢ ° f x+b ‘

which is in the form of (B.0.1). Hence application of the Gauss-Laguerre integration
formula (B.0.2) to the latter yields

L NT b %
C_x+bizlwze fn ﬂ:—l—b’t , (B.0.5)

where z; is the i-th zero of the Laguerre polynomial L,,. Note that the approximation
(B.0.5) is valid for all  in the fluid domain and does not produce any singularity at
the shoreline z = 0. Finally, let us define

Zi

ki: )
z+b

so that (B.0.5) becomes

(=~

1 m
Ay e f (Kt
Hb; e fukis ),

which the sought Gauss-Laguerre approximation for the numerical calculation of (.
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Appendix C

Confluent Heun’s equation

The confluent Heun equation (CHE) in its natural general form is (see Slavyanov, 1995)

2

R (r) + (Z - fz‘r

i=1

2 2
* (Z . ?r 2 (T,_Bir)z + Do) R(r) = 0. (C.0.1)

i= i=1

+ Eo) RT(V“) +

i

In the latter equation, R(r) : R — C is the dependent function, A;, B;, C; (i = 1,2),
Dy and Ej are given coefficients. The CHE has two regular singular points at r = ry
and r = ry, while r = 0o is an irregular singular point.

Let the coefficients in (C.0.1) be as follows:

A1 =A4y=1; Bi=Dy=0; Ci1=X,Co=0; By=-n* FEy=0,
with n € N and A € C. Also, set the two regular singular points respectively at

r1 = 19 > 0 and r9 = 0, while leaving the remaining irregular singularity at infinity.
Finally, restrict the domain of interest to r > rg. With these positions, (C.0.1) becomes

1 1 A2 n?
Ry r + <— + > Ry, + { — —2] R, =0. (C.0.2)
roor—rg r—rg T
As seen in section §5.2, this equation describes the behaviour of the radial part R(r) of
the free-surface elevation ((r,#,t) around a conical island of radius ry, A representing

the complex wave frequency and n the order of the angular modes.

C.1 Solution

To find the two independent solutions of the CHE (C.0.2), we shall use the following
change of variables

§=1-"0, Zu(&N) = Ralrs) (CL1)

first suggested by Zhang and Zhu (1994), who already solved (C.0.2), but only finding
one of the two independent solutions. Note that Zhang and Zhu (1994) called their
result “new”, without explicitly referring to the theory of confluent Heun functions
originally developed by Heun (1899) and then tuned by Slavyanov (1995). Here we
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C.1. SOLUTION

pursue a slightly different deduction of the solution, which eventually will enable us to
investigate the asymptotic behaviour of the confluent Heun functions for large param-
eter \. By using (C.1.1) the regular singular point at r = ry is mapped to £ = 0, while
the irregular singularity at infinity is mapped to £ = 1 and (C.0.2) becomes

Znge + @me + @Zn =0, (C.1.2)

§ &

where

Nro§ —n*e* (1 -¢)
(1-¢)°

We shall now employ the Frobenius’ method of power series to find the two independent

solutions of (C.1.2) about the regular singular point £ = 0. Let us assume

p€) =1, q(§) = (C.1.3)

Z(&A) =€ anm(p; NE™, (C.1.4)
m=0

with p and a,,, being respectively the index and the coefficients of the Frobenius
expansion (C.1.4), still unknown. Also, since both the polynomials p(§) and (&) are
analytic at £ = 0, they can be expanded in Taylor series about the origin:

{Zgg }::io{ o }gk’ { a }:{ —n2(/g—1)+0%(k+k2) } (C.15)

k > 1, with pg = 1 and gy = 0. Substitution of both the series expansions (C.1.4) and
(C.1.5) into (C.1.2) gives

o (m+p)m+p=Dapn™ 7D 4 N peF(m o+ p)agmTV 4
m=0 m, k=0

+ Y g flanme D =0, (C.L6)
m,k=0

where p and the a,,, are unknown. Equation (C.1.6) is a polynomial expression which
involves powers of {. For (C.1.6) to be satisfied V¢ € (0,1), we must require that the
coefficients of each power of ¢ are zero. Starting from the lowest power £7~2 (obtained
with m = k = 0) we have

ano [p* + (po — 1) p+ qo] =0, (C.1.7)

which is the indicial equation. Setting the arbitrary parameter a,p = 1, the roots
p1, p2 of the indicial equation (C.1.7) give the two indexes of the series expansion
(C.1.4). With pg = 1 and ¢gg = 0, (C.1.7) simply becomes p?> = 0. Hence p; = pa = 0
are two coinciding indexes. According to Frobenius’ theory, in this case only one
independent solution of (C.1.2) has the sought form (C.1.4). The other solution has
instead logarithmic terms and can be obtained only via further investigation (see Bender
and Orzsag, 1978). Back to the first independent solution (C.1.4), the unknown terms
anm(p; A) are to be found by setting to zero the remaining coefficients of the polynomial
expression (C.1.6). Hence we get:
)\27“0

a 5 :# ma n2 — _ 2 m =
o) = s S oneblo) [0 =) = 23 (k4 ) m = 1.2
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APPENDIX C. CONFLUENT HEUN’S EQUATION

Then by substituting p = 0 in the latter relations we get the sought expression for the
coefficients apm () = anm(p = 0; \) of the series expansion (C.1.4):

1 & A2
anm(A) = — > tnmen [nZ(k: —1)— % (k+ kQ)} ,m=1,2,... (C.1.9)
k=1

so that the first independent solution of the transformed equation (C.1.2) is
Zn(&EX) =D anm(N)E™, (C.1.10)
m=0

with the @, given by (C.1.9). The Confluent Heun function of first kind and order n
in terms of r (recall C.1.1) is

[e.e]
HD (1 /ro; N) = Zn(&)0) = Z Anm(N) (1 - %)m, (C.1.11)
m=0

and it represents the first independent solution of the governing equation (C.0.2). As
done in section §1, the parametric dependence on the radius rg is further omitted for the
sake of brevity. The series solution (C.1.11) has been checked numerically against the
result of Zhang and Zhu (1994) showing perfect agreement. The second independent
solution can now be found by differentiating the Frobenius series (C.1.4) with respect
to the index p. In so doing, define the shorthand notation

p(£) q(é)
§ &
such that (C.1.2) can be rewritten as LZ(&;A) = 0. The general Frobenius expansion

(C.1.4) satisfies

L= (ee + =2 (e + =570),

LZ(&A) = ano &2 p. (C.1.12)

Indeed, by setting p = 0, the right hand of the latter expression vanishes and the
polynomial expression (C.1.6) is obtained again, leading back to the first independent
solution. However, differentiating (C.1.12) with respect to the index p and then sub-
stituting p = 0 yield

0Z
— =0. (C.1.13)
ap =0
Therefore
OZI () S aumWE™ + 3 brun (V™
m=0 m=0
is also an independent solution of (C.1.2). The series coefficients
nm (P A
brm () = 9anm(p3 A)
dp =0

must satisfy the following relationship in order to be a solution of (C.1.13)

)\27“0

1 & 2
bum () = Wme,k [rﬂ(k —1)— (k+ k2)] - apm(N), m=1,2,...
k=1

(C.1.14)
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C.2. WRONSKIAN

—n=0

FIGURE C.1: Confluent Heun functions of the first kind He' (a) and of the second kind
He? (b) for the first modes. Parameters are: w = 1, 7o = 1. Note that Hc%l)(ro) =1 and
Hcg)(z) — —o0 as z = 7p.

with b0 = 0 and the a,,, given by (C.1.9). Back to the original variable r via the
transforms (C.1.1), the second independent solution to (C.0.2) is then the Confluent
Heun function of second kind and order n

HD(ry ) = In (1 - 7;—0) i trm (N) (1 - :—O)m + i B (\) (1 - @)m. (C.1.15)
m=0 m=0

r

The general solution of (C.0.2) is the linear combination of the two independent ones,
respectively (C.1.11) and (C.1.15):

R, (r;\) = ap Hc,(ll)(r; A) + Bn Hcg) (r; A).

The variations of H cg) and H cg) for the first modes are plotted in figure C.1.

C.2 Wronskian

Let us rewrite the confluent Heun equation (C.0.2) in the Sturm-Liouville form

d
d_ (h?"’Rn7r) +

n2h
r

(iw)?r — T] R, =0, (C.2.1)

where h = r — rg, w = iX. The two linearly independent solutions of (C.2.1), RS) =
Hcgll)(r;iw) and R? = H? (r;iw) satisfy then

d 0 4 [wyzr — 1] gy —

e <h7"Rn7r> + _(1w) re-= | R, =0
and

d 2) | *h] (2) —

e <h7"Rn,,,> + _(1w) re-= | R =0
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APPENDIX C. CONFLUENT HEUN’S EQUATION

2

respectively. Now multiplying the first of the latter equations by R,,”, the second one

by RS) and then subtracting the two results, we get

% (hng{;R@) - hrR,g%;RgD) ~0.

Integration of this differential equation with respect to r provides

ROR® _ gpe A

7 e (C.2.2)

where the left-side term is indeed the Wronskian W [RS), Rg)] of the two indepen-

dent solutions. The integration constant A can be found by directly evaluating the
Wronskian W as r tends to rg. For r — 7y the behaviour of the two functions
Ry = Hc%l)(r;iw) and R = Hc? (r;iw) is defined by truncating the series solu-

tions (C.1.11) and (C.1.15) respectively to terms of order O(1 — r¢/r). This yields
M) — 7 (peiw) ~ 2 _T
R, =Hc,’ (r;iw) ~ 14w 7“0(1 7’)

for the first solution and

R? = H? (r;iw) ~ In (1 - 7;—0> [1 + w?rg <1 — %0)} — 2wy <1 — %0)

)

for the second solution. Derivatives RS% and Rgr for r — rg can be evaluated by
differentiating the above expressions with respect to r. Then equation (C.2.2) becomes

3
70 4o A
W = —— — —_ — —
7”(7“—7“0)+w 7“3(r o) 7o (r —10)’
which in the limit for r — rg yields A = —rg, i.e.
D) (e (2) (-5 — — "0
w [ch (ryiw), Hey (s 1w)] W (r) - (C.2.3)

C.3 Asymptotic behaviour for large parameter \ = iw

Consider the confluent Heun equation (C.0.2), whose independent solutions are the two

confluent Heun functions H cgll)(r;)\) and Hc!? (r; A) of first and second kind respec-
tively. Now let the parameter A = iw, with w € C. Then, the ap,, (A = iw) are

_ _ .2 _ 1,42 ,3 2 1
ano =1, ap1=wrg, apo = g wW'rg+ 3w ro+ g n

2

an3 = % w67°8 + % w47“(2] + (% n? + %) w2rg + %n2.
For very large w we retain only the higher order terms in the preceding expansions,
thus getting the following approximated behaviour for the a,,:

nm

2m
:%, m=1,2,... (C.3.1)

Therefore, to the crudest approximation,

HeD(r;iw) ~ i M = Iy(z)
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C.4. BEHAVIOUR FOR SMALL PARAMETER A

where x = 2w+/ro(1 — ro/r) and Iy(z) is the modified Bessel function of first kind and

order zero. Hence, for large w
HcD (ryiw) ~ I [QW 70 <1 - _7'0>] . (C.3.2)
r

The second independent solution of the CHE H cg) has coefficients by, given by
(C.1.14), which letting A = iw and w — oo can be approximated by

1 1 1 1 2m
bno =0, bn,m2_2<1+§+§+'”+ﬁ>W@Jw—o) , m=12,...

(C.3.3)
Therefore to the crudest approximation for w — oo, recalling (C.1.15) and (C.3.2), we
obtain

2
1) = 2 {n () o) = [+ 0+ 1) e () +

Frbh Gt ] (C34)

with
T = 2w,/ <1——r0>.
r

Now, the terms inside the square brackets of the latter equation can be further expressed

) %2+ <1 - %) ﬁ (?)2 + = Ko(z) + [ln (g) +7] Io(),

with v = 0.577... and K the modified Bessel function of second kind and order zero
(see Abramowitz and Stegun, 1972). Hence expression (C.3.4) can be simplified as

HCQ)(T;iw) ~ 2 {IO {Qw\/ro ( — TTO)] [ln (w 17"0) — fy] +
e [QWW]} (C.3.5)

for large w € C. Moreover, in the complex half-plane |arg(w)| < /2, Ky — 0 for
large w. The asymptotic expansion (C.3.5) can be further approximated to the leading
behaviour

Hc? (ryiw) ~ =21 [Zw 70 <1 - T—O>} In (wy/ro) . (C.3.6)

r

for large w, with |arg(w)| < 7/2.

C.4 Behaviour for small parameter )\

The behaviour of the confluent Heun functions for small A can be obtained by keeping
only the first term in the relevant series expansions, with the argument 7 /ry regarded
as a parameter. Hence the confluent Heun function of the first kind (C.1.11) becomes

Hel(r; A) = Hel) (r;,0) + O(A?), (C4.1)
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while
HeP) (r; A) = Hel) (r;0) + O(A?), (C4.2)

is the approximation of the confluent Heun function of second kind (C.1.15). Asymp-
totic expansions of derivatives for small A are defined accordingly, giving respectively

He l)r(r; A~ He l)r(r; 0) + O()\Q)

n, n,

and

He 22,(7“; A) ~He 22,(7“; 0) + O()\2).

n, n,
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Appendix D

Complex integrals evaluation

D.1 Evaluation of the inner integral of (5.3.1)

Consider the integral in the far field

c+ioco
J (d.11)

where
Fo(p;w)HEY (p;iw) K (wr /+/By)
AP ()

fo(w) = : (D.1.2)

Here p € (rg,b) and r € (b, 00) are regarded as parameters, the forcing function F), is

given by (5.2.17) and the denominator AS) by (5.2.27). ¢ is a positive real constant. A

branch cut on the negative real axis is introduced to avoid multivaluedness of K, (see
Abramowitz and Stegun, 1972).
For t < 0, take a large semicircular contour C'r on the half-plane

Q={weC: |arg(w)| < 7/2,w # 0},

to form the closed circuit I', as depicted in figure D.1 . Hence
c+ioco
/ fn(w)e¥tdw = jé fnetdw — fre“tdw. (D.1.3)
c—ioco Tr Cr

Note that in the complex domain ) each of the functions at the numerator of f,,
expression (D.1.2), are entire functions of w (K, has a pole at w = 0 € Q). The

denominator AS) (5.2.27) of the integrand f,, has no zeros in the same complex domain,
as shown in figure D.2(a,b). Since no poles are found for f,,

% fnGWt = 07
r

as a result of Cauchy’s theorem. On the large semicircular contour Cr the function Fj,
(5.2.17) at the numerator of the integrand f,, (5.3.2) can be expanded for large w as

Fn(p; w) ~ —2I1, (T - Ts) >
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Im (w)

. Cr

branch cut

V% c

Re (w)

FI1GURE D.1: Integration contour I' for ¢ < 0 and the semi-circular contour Cr.

7.5 ‘ ‘ ‘ ‘ 7.5
5 (a) 5 (b)
25 25
wr 0B 0=
-2.5 -2.5
-5t -5
- 1 2 3 4 5 1 2 3 4 5
WR WR

FI1GURE D.2: Contour plots of the curves Re {Ag)(w)} = 0 (solid line) and Im {A%l)(w)} =0
(bold line) in the complex w = wg + iw; plane, for modal order n = 0 (a) and n = 1 (b).
Parameters are: rg = 11.82, b = 25.43. Complex zeros of AS), expression (5.2.27), occur at the
points of intersection of the two curves Re {AS)} =0 and Im {A%l)} = 0. Note that no point

of intersection is found in the domain considered.
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i.e. a constant, having used the approximation erf(—z) ~ —1 4+ e’ //mx for large x.
Also, recall the asymptotic expression (C.3.2)

HcD(r;iw) ~ I <2w\/7"0(1 — 7“0/7")> ,

as shown in appendix C.3. Finally, the modified Bessel functions of first and second
kind can be approximated to the leading order by

I, (x) ~ , if |arg(x)| < =
@)= . if|aug(@)
and
e 3
K, (z) ~ ¢ if |arg(z)| < o

respectively (see Abramowitz and Stegun, 1972). By substituting the asymptotic ex-

pansions of F},, HCS), I,, and K, for large w into the integrand function f,(w) (D.1.2),

we get the leading behaviour of f,, for large w:

o~ (aw+p)
frn(w) =~ — (D.1.4)
where
_ _ro_ i _To
a_2m<,/1 2! p) (D.1.5)
and
B=h, 2 (r—1b) (D.1.6)

are constant for fixed p and r. Since p € (r9,b) and r € (b,00), both the terms «
(D.1.5) and B (D.1.6) are positive. Now let us substitute w = Re'?, || < 7/2 inside
(D.1.4); since

Re{w} = Rcos? > 0,

the asymptotic expansion (D.1.4) on the large semicircular contour Cg is a negative
exponential of R. As a result |f,| — 0 in the limit R — oo. The application of the

Jordan’s lemma gives then
/ frne¥tdw =0,
Cr

c+ioco
/ fn(w)e“ dw =0

—ioco

so that

for t < 0.
For t > 0, consider the new integration path I" C Q shown in figure D.3. As above,
we may write

/_*:’ Snle)edw = (j{ N /F+ - /_ - /F> fr(w)e dw, (D.1.7)

where the straight lines I't and I'~ are parallel to the real axis at Im{w} = +oo
respectively, and the line I'¢ lies just on the right of the imaginary axis, with ¢ < 1
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+

I

Im (w)

branch cut

N & c
I,

Re (w)

r

F1Gurge D.3: Integration contour I' for ¢t > 0.

(see figure D.3); f(w) is still given by (D.1.2). As seen above, the integrand f,, has no
poles for w € Q. Hence application of the Cauchy theorem to the first integral gives

7{ fn(w)e* dw = 0.
r

Now, as € approaches zero, the second integral on the straight line I'* can be written
as

€ ) ) € os(t—a)
L In(@)eido = Jim [ fus + 1§)el*ds = lim o~ 7H(=e) / . T2 =0
(D.1.8)

having used the asymptotic formula (D.1.4) for f,. Analogous considerations can be
made on the third integral in (D.1.7), yielding

fn(w)e?t = 0.
-

Expression (D.1.7) becomes
c+ioco e+ioco
/ frn(w)e dw :/ fn(w)e¥tdw.
c—ioo e—ioco

Consider the transform .
w = e, (D.1.9)

which is a rotation of —90 degrees about the origin. The latter integral equation
becomes then

c+ioco +oo—ie )
/ fn(w)e“ dw = i/ fn(is)e'ds =i L,(s). (D.1.10)

—ioco —oo—ie

In the limit ¢ — 0, the new integration path becomes slightly deformed due to the
presence of the pole for K, at w = 0. The branch cut is now placed on the positive
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Im (w)

branch cut

A

3/

QC»‘ Re (o)

FIGURE D.4: Integration path (bold line) for (D.1.10). Note that the presence of the pole for
K, at w = 0 induces a deformation of the path, generating the small semicircle Cs.

imaginary axis after having applied the transform (D.1.9)(see figure D.4). Hence we
obtain

Ly(s) = /:O:E fn(is)e*tds = </:+/OOO+/06> fn(is) e'*tds, (D.1.11)

Cjs being a small semi-circle of radius § < 1 surrounding the origin of the complex plane,
as depicted in figure D.4. To evaluate the integral on the semi-cricle Cy, consider
Fulis) = Lulesis)Hen Ef) ) Knlisr/vie) (D.1.12)
Ay (is)
as s — 0. The forcing term F,, (5.2.17) at the numerator of (D.1.12) can be approxi-
mated as

Fn(p, 13) ~ —2 (p — 7“8) e_(p_T'S)2

for small s, p being still regarded as a parameter; the asymptotic expansion of the
modified Bessel functions of second kind is instead

LR} =)

for small argument z € Cand n = 1,2,... (see Abramowitz and Stegun, 1972). Finally,
the confluent Heun function of first kind can be expanded for small parameter s as
shown in appendix C.4 | yielding

Hel)(ris) = Hel (r;0) + O(s%),
where the first expansion term is a finite value depending on the parameter r/rg €
(1,00). The derivative of the confluent Heun function of the first kind H CS} is defined
accordingly

Hel)(r;s) = Hell)(r; 0) + O(s%),

Substituting the approximated forms for the forcing function F),, the modified Bessel
function K, and the confluent Heun function H cg) into both the numerator and the

denominator A,(ll)(is) of (D.1.12) yields

fo(is) ~2b(p —rs) e ()’ Iy (\7—}%) (D.1.13)
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D.2. EVALUATION OF THE INTEGRAL (5.3.14)

for n = 0 and

HeD (p;0) (8)" [<2(p = 1) =77
o (is) ~ -0 D.1.14

forn=1,2,..., s < 1. Note that in (D.1.13) and (D.1.14) r and p are to be regarded
as parameters. With the approximated forms (D.1.13) and (D.1.14) the integral on the
semi-circle Cy (third of D.1.11) becomes

: 2 isr
folis)e™tds ~ 2b (p — 1) e~ (P77 / In <—> ds (D.1.15)
Cs o \Wh
for n =0 and
fn(is)elstds ~ O(1)ds (D.1.16)
Cs Cs
for n = 1,2,... respectively. Making use of the parametric transform s = de'?, ¢ €

(—m,0), and letting 6 — 0 yield

0
fo(is)e'*tds o 6/ In (i 6ei¢) e%dg — 0
Cs

for (D.1.15) and

0
fulis)e'tds oc 6 O(1)e?d¢ — 0
Cs -7

for (D.1.16). Hence the integral form (D.1.11) simplifies into

L,(s) = /00 fu(is)e®tds,

and the Laplace integral (D.1.10) becomes

c+ioco - .
/ fn(w)ewtdw = an(S) = 1/ fn(iS)GIStdS_

D.2 Evaluation of the integral (5.3.14)

Consider the complex integral

c+ioco
/ fin(pw)dw, =1,2
C

where
AP (w)
fin(p,w) = Fn(piw) | HelD (p;iw) =t — HelP) (pyiw) | Hel (r;iw)
AP ()
and

fon(p,w) = Fy(p;w) [Hcg)(p;iw)Hcg) (ryiw) — He? (p; iw)HcSll)(r;iw)} .
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APPENDIX D. COMPLEX INTEGRALS EVALUATION

In the latter expressions, F,, is the forcing function (5.2.17), while AS’Z) are given by

(5.2.27); p and r are fixed parameters.
For t < 0, take the large semicircular contour Cr depicted in figure D.1. Hence

c+ioco
[ oo = f fuetas = [ et
c—ioco T Cr

where I' is the closed circuit represented in figure D.1. Since both fj,, j = 1,2 are
entire functions of w € €2, again

7{ fine“tdw =0
r

by application of the Cauchy theorem. Furthermore, repeating the same algebra of the
previous section, it is straightforward to show that |fj,(p,w)| = 0 as |w| = co. As a
consequence of the Jordan lemma,

| et =0
Cr

and

c+ioco
/ fin(w)e'dw =0, j=1,2
C

—ioco
for t < 0.
For t > 0, consider again the closed circuit shown in figure D.3. As seen before

/_+: inedw = (}{_/H _/ —/F> fin(w)e* dw, (D.2.1)

where I't and T'~ are two straight lines parallel to the real axis at S{w} = +oo
respectively, and the line I'¢ lies just on the right of the imaginary axis, with ¢ < 1
(see figure D.3). Again, since the f}, are entire functions of w € 2, application of the

Jordan lemma gives
j{ fin e“tdw = 0.
r

Using the same argument of section §3.1, it is immediate to show that

(€c) .
/ fine“'dw = lim fin(s(+, —)id) et — 0,
r+-)

d—00 (c,6)
Therefore we are only left with
ctioco e+ioco
/ fine?ldw = / fine”tdw,
c—ioco e—ioco
¢ < 1. With the change of variable s = €l™/2w, the latter integral equation becomes

c+ioo oco—ie )
/ fine?ldw = i/ fin(is) e"tds = iL;,(s), (D.2.2)

—ioco —oo—ie

where the new integration path is slightly below the real s axis. Letting ¢ — 0, the
integrals L, (s) are evaluated again on the deformed contour shown in figure D.4, thus

yielding
Lin(s) = ( / 4 / > Fimetds,
—00 Cs
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D.2. EVALUATION OF THE INTEGRAL (5.3.14)

where Cj is the semi-circular path of radius § < 1 (see again figure D.4). Consider the
two integrand functions

AP (is)
fin(p,1s) = Fu(p;is) | Hell) (pys) —-— — HelP) (p;s) | Hell) (r;9)
AW (is)

and
fon(p.is) = Fulpsis) [Hel (psis) He? (1 5) +
—Hcg) (p; ) Hc,(ll) (r; s)} .

With the limiting forms for F,, K,, H CS) and H c,(f) already used in the previous
subsection, it is immediate to show that

[fin(is)] = O(), 5 =1,2,...,

as s tends to zero. Once again fcé fjneiStds = 0 on the small semicircle Cs5. Hence
(D.2.2) can be rewritten as

c+ioco 0o .
/ finetdw = iLj,(p) = i/ fin(p,is)e™ ds, (D.2.3)

—ioco

with fjn.j = 1,2, given by (5.3.12) and (5.3.13) respectively.
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