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Abstract

In this note I present an example of application of Fourier-transform techniques to the
computation of the interaction force between two magnetic bodies. The first body is composed
of four magnetized right cylinders of height 2d and circular cross section of radius R. The
bases of the cylinders belong to a common plane, and their centers lie at the vertices of a
square of edge 2R. Within each cylinder C, the magnetization is uniform, parallel to the axis,
and antiparallel to the magnetizations of the two cylinders in contact with C. The second
body is obtained by placing copies of the first one at the edges of a square lattice on a plane.

Consider a magnetic body having the shape of a right cylinder with base radius R and height 2d.
The cylinder occupies the region C = {r € R® : r2 + 1) < R,r2 < d?} where r = (r,, 7, 7.) are the
coordinates in a Cartesian frame {O;r,,7,,7.}. The cylinder has axis parallel to the z-axis and is
uniformly magnetized. The magnetization density may be written as:

M (r) = MyD:(r)e., r = (ry,7y,72),

where M is the saturation magnetization, e, is the unit vector along the z-axis, and D;(-) is the
characteristic function of the cylinder defined by

Di(r)=1ifre(, D (r) = 0 otherwise.
The function My defined by

My(r) = > (=1)*""M,(r — Rae, — Rfe,)
ac{—1,+1}
pe{—1,+1}
is the magnetization field of a group of four right cylinders whose mid sections belong to the z —y
plane. The center of the mid sections lie on the vertices of a square, and cylinders in mutual
contact have opposite magnetization, parallel and anti-parallel to e,. By a periodic repetition of
the function My(-) in the z and y direction, with period 4R, we obtain the field M (-) defined by

+0o0 +0o0

My(r):= > Y Muy(r+4R(n.e, + nye,)).

Ng=—00 Ny=—00

The field Moo() describes an infinite array of right cylinders with alternating magnetization.



We shall derive a simple formula for the interaction energy between this infinite array of cylin-
ders, and a group of 4 cylinders with magnetization described by My, placed above the plane at
distance z > 0. The magnetization field of the whole system

Moo (r) = Moo (r) + My(r — ze,). (1)

The following expression for the magnetostatic energy of a magnetic system with magnetization
M(-) has been derived in |1, Equation (8)]:

“+00 |M k|2 5
€= 1o /// |k|2 TRE 0K @

where M stands for the Fourier transform of M, defined by M(k) := [[[°7 M(r) exp(—ir - k)d*r
for all k € R3,

To perform calculations, it is convenient to introduce

Dy(r):= Y (=1)*"Di(r — Rae, — Rfe,) (3)

ac{—1,+1}
pe{—-1,+1}

and

f Z Dy(r +4R(nze, + nyey)). (4)

Mg =—00 Ny=—00

Now, we can write

Moo (r) = (Doo(r) + Dy(r — ze,)) Moe.,. (5)

As a rule, we shall henceforth denote Fourier transforms by a superimposed hat. We will also use

the notation k = (k,, k,, k.), and
kL= \/k2 k2.

According to [3, eq. (10)], the Fourier transform of Dy, is

J1(RE ) sin(dk,) (©)
Rk, dk,

Dy(k) =2V

where J(-) is the Bessel Function of the first kind of order 1 and V' = 27dR? is twice the volume
of the cylinder. The Fourier transform of the franslated function r — D;(r — rg) is given by
exp(—irg - k) D (k). This can be used to compute

Dy(k) = —4sin(Rk,) sin(Rk,)D; (k). (7)

Using the results in the Appendix, we can compute the Fourier transform of D, which turns out
to be the a tempered distribution:

D= (L) S X BT ki - T walh - T (9

Ng=-—00 Ny=—00

where ® denotes the tensor product operation. We remark that a § distribution in Fourier space
has dimension of length, hence (8) is dimensionally consistent.
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The Fourier transform of My, is thus
Moo (k) = (Doo (k) — Dy(k) exp(izk.)) Moe..

We cannot plug My (+) in place of M(-) in (2) since multiplication between distributions is not
defined. However, the energy can be split, at least formally, into a self-energy and an interaction
energy

E=Eear+ &,

IMOMZ +o0 kQ A R 5
=23 /// e Do (k)Dy(k) cos(zk,)d’k, (9)

and where &, which is independent on z, can be ignored, since it not needed to determine the
interaction force. !

The integral on the right-hand side of (9) is to be understood as the application of the distri-
bution 1500 to the function

where

/{2
k2 + k%
A combination of (9) with (7) and (8) yields

o 22 (V PR X G +nd) (™ g2 oo sin?(k.d) cos(k.z2)
s=mii (7) X% 5 CEICE) | G Gt -

k —

Dy(k) cos(zk). (10)

It can be shown that

o (kA (2)2(n2 4 12)(2)? f k2

where

Thus, defining

JE(Z\/n2 +n2) ™ ™
F(ng,n,) = 2V T Y gin?(—2) sin?(—Y),

the energy can be written as

& =2m ,uOM2R3 Z Z (g, ny) (%,%,g n

Ng=—00 Ny=—00

s
+
S
<
——

Now, a straightforward calculation yields

0 z d z d 1 /e — _ (25—
A N _ 9p—CV _ g—128+Clv _ —[26—Clv)
% (R,R,u) R'wf (R o ) R (2e e e )

!Every temperate distribution can be approximated by a weakly convergent series of smooth functions. when
such an approximation process is performed, the self energy of the infinite array blows up. This may be interpreted
as the self energy of the infinite array being infinite.




Hence

9 — —Cv — v —|26—C|v
55 = 27 u0M2R2 Z Z (ng, ny) 26 v gm0l _ =120 )

Ng=—00 Ny=—00

This can be rewritten as:

TNy

ag 8M0M2R2 i f J2 %\/W) .

2 .9,/ Ty ey —|26+¢|v —[26—C|v
sin”(——) sin“(—) (2¢7%" — e —e
0z n2 +n? ( )

Ng=—00 Ny=—00

1 Appendix

For each N € N, let the function s be defined by:

N

sM (k) = Z exp(ink).

n=—N

The functions s™) do not converge pointwise as N — oo. However, by a slight adaptation of the
proof of |2, Theorem 9.6|, it can be shown that

[e.e]

lim M(k)p(k)dk = 2r Z (2mn) V¢ € S(R),

N—oo | —
where S(R) is the Schwartz class (see [2, p. 334]). In other words, the finite sums sV), when
regarded as distributions, converge (in the sense of temperate convergence [2, p. 334]) to the
distribution 276%™ where

(3B g) = Y ¢(2mn).
This result is usually stated by writing (see [2, egs. (9.13) and (9.14)]
00 +oo
Z exp(ink) = 27 Z d(k — 2mn). (11)

Given A € R, a generalization of (11) is 2

= 27T % 27m
Z exp(tAnk) Z Sk — — (12)

2By performing a change of variables, we can write

N N

/ T o) Y explidnk)dk = 2% / T ok/A) Y explink)dF,
- n=—N - n=—N

hence letting N — oo

N “+o0

lim / o(k) Y exp(iAnk)d _2 Y e 27" 2” 2214,

N—oo | _
n=—N n=-—oo



Let us consider the partial sums D& ( ) defined by

Z Z Dy(r + 4R(n.e, + nyey)), (13)

ng=—N ny=—N
where D, is given by (3). If we regard both D..(-) and Déjov)(-) as temperate distributions, we have

Doo(-) = lim DI()

N—oo

in the sense of temperate convergence. The Fourier transform of Dg)(-) is

DM (k Z Z exp(i4R(nyk, + nyky)). (14)

ng=—N ny=—N

Since the Fourier transform is continuous with respect to temperate convergence |2, Theorem 9.8
p. 334], we have ) X
Doo(+) = limy oo DL () (15)

in the sense of temperate convergence. Now,

+N N +N +N
Z Z exp(idR(ngky + nyky)) = Z exp(idRn k,) ® Z exp(i4Rnyk,)
ng=—N ny=— Np=— ny=—

Hence using (12) we obtain from (15) and (14)

Du(k) = <27T) Z 5/@—%% Z 5( 7my

The multiplication on the right-hand side in the above equation is legal, because ﬁ4(-) is in the
Schwartz class, which is equivalent to (8).
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