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Abstract

This thesis is a collection of essays on spherical wavelets and their applications
on statistical models. In particular, its aim is to investigate a form of second generation
wavelets on the sphere called needlets, and their statistical applications to the analysis
of isotropic spherical random fields. These methods are strongly motivated by many
applications, especially from Cosmology and Astrophysics; in particular, the analysis
of so-called Cosmic Microwave Background (CMB) radiation.

Chapter 1 is to introduce the physical background and motivations of this thesis.
We will emphasize on the nature of CMB, and the statistical challenges in this field.

The concept of needlet is introduced in Chapter 2. This chapter is also prelimi-
nary to all the remaining work we have done. It includes the introduction of continuous
and discrete spherical wavelets, isotropic spherical random fields, and the diagram for-
mulae, i.e. the basic ingredients that will be needed in the following chapters.

Chapter 3 is devoted to the investigation of non-Gaussianity testing, focusing on
a new statistical procedure which we label the needlets bispectrum. We also establish
a central limit theorem and multivariate procedures for these statistics and investigate
their power properties against non-Gaussian alternatives.

In Chapter 4, we consider an extension of the needlet ideas, leading to a new
class of spherical wavelets, called Mexican needlets. In particular, we investigate the

extent in which such Mexican needlets enjoy the same stochastic properties as the



standard construction. By means of these, we go on to establish some limit results for
related statistics.

Some auxiliary material is collected in Appendices A-C.



Chapter 1
Motivations and Overview

The interest on isotropic random fields on the sphere has grown enormously
over the last decade. Such interest is primarily due to strong motivations coming from
the applied sciences; in particular, spherical random fields emerge naturally in fields
as different as Image Analysis, Brain Mapping, Atmospheric Sciences, Geophysics,
Astronomy and Astrophysics, and Cosmology. In particular, although we believe that
our results have a broad mathematical interest and can be applied to many different
areas of research, we recognize that our leading motivations arose in connection with
the analysis of so-called Cosmic Microwave Background radiation (hereafter CMB).
To ease the reader, in this preface we shall hence discuss some issues concerning
our motivations; these issues are by no means necessary for the understanding of our
mathematical results, but we hope to provide a clue to the importance of this area of
research.

CMB radiation provides the evidence from an earlier, hotter, and denser period
of the Universe, providing pictures of the latter at the time of so-called recombina-
tion. The existence of CMB was predicted by G.Gamow in a series of papers in the
forties of last century; it was then discovered in 1965 by Arno Penzias and Robert

Wilson at the Bell Telephone Laboratories, and this discovery granted them the No-



bel Prizes for Physics in 1978. For several years, further experiments were only able
to confirm the existence of the radiation, and to test its adherence to the Planckian
curve of blackbody emission, as predicted by theorists (see [24]). A major break-
through occurred with NASA satellite mission COBE, which was launched in 1989
and publicly released the first full-sky maps of radiation in 1992; these maps granted
the Nobel Prize for Physics to Smoot and Mather in 2006 ([77]).

Our basic understanding of CMB can be loosely explained as follows (see again
[24] for a textbook account). In nits primordial state, matter was completely ionized,
i.e. electrons and protons did not form any stable nuclei. The so-called “cross-
section” of a free electron, i.e. the probability of interaction with a photon, is so
high that at such stage the Universe can be considered completely “opaque”. As the
Universe expands, the mean energy content decreases, i.e. the fluid of matter and ra-
diation cools down; the mean kinetic energy of the electrons decreases as well, so that
they are captured into orbits around the protons; stable (and neutral) hydrogen atoms
are then formed. This change of state occurs at the so-called ”age of recombination”,
which is 3.7 x 10° years after the Big Bang, i.e. when the Universe had only the
0.003% of its current age. During this period, the probability of photon-electrons in-
teractions became negligible and the former could start to travel freely through space.
Neglecting second order effects, we can assume they had no further interaction up to

the present epoch. The remarkable consequence of this mechanism is that the Uni-



verse is embedded in a uniform radiation that provides pictures of its state nearly
1.37 x 10'° years ago; this is exactly the above-mentioned CMB radiation.

CMB is distributed in remarkably uniform fashion over the sky, with deviations
in the order of 10~* with respect to the mean value (corresponding to 2.731 Kelvin
degrees). The attempts to understand this uniformity have lead to very important de-
velopments in cosmology, primarily the inflationary scenario which now dominates
the theoretical landscape. Even more important, though, are that the tiny fluctua-
tions, i.e. the one-in-10* variations observed in the CMB, are exactly the amplitude
to form the large-scale structures such as stars and galaxies, which are formed out by
the denser areas under the attractive influence of gravity. Measuring and understand-
ing the nature of these fluctuations has then been the core of an enormous amount of
experimental and theoretical research. In particular, their stochastic properties yield
a goldmine of information on a variety of extremely important issues on astrophysics
and cosmology, and on many problems at the frontier of fundamental physics (just to
mention a few, the matter content of the Universe, its global geometry, the existence
and nature of (non-baryonic) dark matter, the existence and nature of dark energy,
which is related to Einstein’s cosmological constant, and many others).

Much more refined maps have been made available by another NASA satel-
lite experiments, WMAP (http://wmap.gsfc.nasa.gov/); still more refined data are ex-
pected from the ESA mission Planck, which is due to be launched in Spring 2009.

These huge collaborations involve hundreds of scientists and are expected to provide



invaluable information on Physics and Cosmology. At the same time, these massive
data sets have called for huge statistical challenges, ranging from power spectrum es-
timation (see for instance [36, 31]) to outlier detection ([85, 86]), testing for isotropy
([18, 19]), efficient denoising and map-making ( [21, 48]), handling with missing
data ( [64, 83]), density estimation ( [9, 37]), testing for non-Gaussianity ( [62, 70])
and many others.

Among these issues, particular interest has been driven by efficient testing for
non-Gaussianity. This is due to strong physical motivations (the leading paradigm
for the Big Bang dynamics predicts (very close to) Gaussian fluctuations) and dif-
ficulties in finding a proper statistical procedure. There is by now a wide consen-
sus that the most efficient procedures to probe non-Gaussianity are based upon the
so-called bispectrum (see for instance [60] for an alternative method of testing for
non-Gaussianity), in the idealistic circumstances where the spherical random field is
fully observed: see for instance [10], [14], [52], [56], [57], [88]. However, cosmo-
logical maps are usually provided with large parts of missing observations, and the
localization properties of wavelets in the real domain are expected to restore at least
some properties that would be lost by a naive application of Fourier methods. There
is currently a rapidly growing literature on the construction of wavelets systems on
the sphere, owning to the simultaneous space and frequency localization, see for in-
stance [2], [89] and the references therein. Among spherical wavelets, particular

attention has been devoted to so-called needlets, which were introduced in the Func-



tional Analysis literature by [66, 67]; their statistical properties were first considered
by [7], [49], [8] and [53]. Needlets enjoy one main property which seems espe-
cially worth recalling: they are quasi-exponentially localized in the real domain and
compactly supported in the harmonic domain. A further, quite unexpected property
is as follows: under regularity conditions for the angular power spectrum, random
needlets coefficients are asymptotically uncorrelated at the highest frequencies and
hence, in the Gaussian case, independent, see again [7]. This latter feature is rather
surprising in a compact domain and makes asymptotic theory possible even in the
presence of a single realization of a spherical random field.

In this thesis, we shall first review some basic features of Fourier analysis on the
sphere, spending some time to highlight connections between harmonic analysis and
group representation theory. Such connections are important for the understanding
of research in this area, both from the point of view of probability characterizations
and for statistical applications. We shall then review spherical wavelets, with partic-
ular attention to the needlet construction we shall adopt, and some other background
material, such as the diagram formula and spectral representations.

This background material is then exploited in our first line of research, which
borrows ideas from the bispectrum and the needlets literature to propose and ana-
lyze a needlets bispectrum, where the random coefficients in the needlets expansion
are combined alike to the bispectrum construction. The aim is to obtain a proce-

dure which mimics the ability of the bispectrum to search for non-Gaussianity at the



most efficient combination of frequencies, at the same time providing a much more
robust construction in the presence of missing data, as typical of the needlets. We
shall provide asymptotic results both in Gaussian and non-Gaussian circumstances,
suggesting the procedure we suggest may indeed be useful when dealing with CMB
data; indeed, simulated results and applications to WMAP data have been provided
in [76].

Another line of research we pursued is to consider the correlation structure of
the random coefficients for a wider class of wavelet systems on the sphere. Indeed,
the uncorrelation property we discussed for standard needlets coefficients is so crucial
for applications that it is natural to investigate to what extent it is unique or shared by
other systems. To this aim, we focus on an extension of the needlet idea (the so-called
Mexican needlets approach) which was recently introduced in the literature by [34].
This approach not only has considerable mathematical interest, but it also embeds as
a special case a good approximation to the so-called Spherical Mexican Hat Wavelet
construction, which is extremely popular among practitioners. In this thesis, we shall
provide necessary and sufficient conditions for the Mexican needlet coefficients to
be asymptotic uncorrelated in the real and in the frequency domain; these conditions
are completely explicit, depending on a combination of user-chosen features and
assumptions on the correlation structure of the underlying field. We believe this
result has a considerable practical interest for the design of further wavelets, and at

the same time it highlights the rationale behind the uncorrelation result: in particular,



it makes clear that the later (somewhat counterintuitively) does not follow from the
localization properties (in some sense, quite the reverse is true).

Throughout the thesis, the asymptotic theory is developed in the high resolution
sense, i.e. we assume we are observing a single realization of a continuous spherical
random field, with observations at higher and higher resolutions. We believe this
framework fits suitably the actual scientific experience of Cosmologists and other

applied scientists.
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Chapter 2
Preliminaries

2.1 Introduction

LetS? = {x € R?: 22 + 22 + 22 = 1} denote as usual the unit sphere in R?. In this
thesis, we shall be concerned with zero-mean, mean square continuous and isotropic
random fields 7'(x) on the sphere S?; here, by isotropic we mean that the law of
the field is invariant with respect to the action of the group of rotations in R3, i.e.
T(gx) LT (x) forall g € SO(3), where £ denotes identity in distribution as fields.
Our main instrument for the analysis of such fields will be a spectral representation

of the following form [1, 5, 36] : for v € S2,

T(x) =Y amYin(r), 2.1)
Im
where {a;,,} is a set of random coefficients such that they are zero-mean, orthogo-
nal, complex-valued random variables with variance E|a,,|* = C. The {Y},,} are a
triangular array of orthonormal functions whose properties we shall discuss below,
and the representation (2.1) holds in the L?(S?) sense, i.e. we have

jim B [ Q{T@)—Z > almnmm} pldz)| =0,

p(dx) denoting the uniform measure on the sphere. There are many routes for es-

tablishing this fact, usually by means of Karhunen-Loeve arguments, the Spectral
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Representation Theorem, or the Stochastic Peter-Weyl theorem, see for instance [1],
[5] and [58]. Our purpose in this preliminary chapter is to review some of these basic
concepts related to Fourier analysis on the sphere. For the sake of brevity, we shall
not provide full details, and we refer instead to textbooks on random fields and har-
monic analysis for a more detailed treatment. In particular, we will follow mainly
the definitions and notations from [46]; other recommended references include for

instance ([1], [40]). We then start to review briefly some basic background facts.

2.2 Fourier Analysis on S*

Let us first recall that the standard Laplacian in R? with Euclidean metric is repre-

sented by

0> 0? 0?
Azﬁx%—i_@x%—i_&x%'

Let us now consider the change of variables from rectangular to spherical coordinates

r1 = rsindsing, (2.2)
Ty = rsinvcoso, (2.3)
r3 = rcosv. 2.4)

To proceed with our arguments, we need to recall a few basic facts from difter-
ential geometry. We will omit most details and all proofs, and we refer to standard

textbooks such as [12] for a much more complete analysis.
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In spherical coordinates (7, v, ¢), the Euclidean metric tensor transforms into
ds® = da? +dr3 + dag

= dr; ®dry + dre @ dag + drs @ drs

= ®*(sin¥sin ¢dr + r cos ¥ sin ¢df + rsin v cos pde)
+ ®? (sin ¥ cos ¢dr + r cos ) cos ¢pdf — r sin ¥ sin pde)
+ ®?2 (cos Idr — rsin Vdd))

where ®2denotes that for any tensor w, ®*w := w ® w. Thus
ds®* = dr @dr + r*dd ® dV + r*sin® ¥do ®@ do
= dr? + r?d9? 4 r?sin? 9dp>.

The metric can also be written in matrix form as

1 0 0
9= (9ij)ij=123=1 0 12 0
0 0 7r2sin??

Now we recall that the intrinsic Laplacian under a transformed coordinate system y

is given by (see [1, 12])

1 9 Of
- 4

where (¢/) and |g| are the inverse matrix and determinant of g, respectively. Here we
are using the standard convention (due to Einstein) that repeated indexes are summed.
In our case, it is easily seen that this leads to the well-known expression for the

Laplacian in spherical coordinates, that is

ig( 23 =+ 1 ﬁ(s ﬁg)_F#a_z
“r2ort o T rZsmoon o9 2 sin? 9 ¢

(2.5)
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This expression can also be derived more directly, but much more tediously, working
directly with the change of variables in (2.2)-(2.4) and standard rules of multivariate
calculus.

It is then natural to decompose the Laplacian into a radial part 7%2%(7"2@) and
a spherical part

1 0 0 1 0?

g ly L9
S )+ r2sin? ¥ 0¢?

Agz = 72 sinﬁﬁ_ﬁ( 09

where the latter is usually labelled as the spherical Laplacian. Now let us consider

B

. . —
the harmonic homogeneous polynomials a,gz{ x5 x4 (e

) of degree [ satisfying
A (aaﬁx?xgx?(aw)) =0,
i.e. under spherical coordinates,
A(r'H (9,9)) =0, (2.6)
with
H (9,¢) = Z (o (sind sin ¢)* (sin ¥ cos ¢)” (cos )~

a,820,a+B8<l
In view of (2.5), (2.6) and easy manipulations, we obtain

rl(l+ 1) H (9, ¢) + r'*Age H (9,0) =0,
from which it follows immediately that

AS2H1 (79, ¢) ==l (l + 1) H, (197 ¢) ’ (27)

by taking » = 1, i.e. considering the restrictions of harmonic polynomials to the

unit sphere. We have then established a very important fact, that is, H; (¢, ¢) must
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be included in the space H; (S?) spanned by the eigenfunctions of the spherical
Laplacian, with eigenvalue —/ (/ + 1). From an analytic point of view, the chain
of ideas which leads to the spectral representation (2.1) can now be explained as fol-

lows. We shall show below that the spherical harmonics {Y,,,} ;, are indeed

m=—,..
a system of orthonomal bases for the spaces of homogeneous harmonic polynomi-
als H; (S?) ; moreover, it is a standard fact in functional analysis that the polynomial
space B2 H; (S?) is dense in L*(S?), from which it will follow that the spherical
harmonics provide a complete orthonormal systems for L?(S?).

More precisely, it is well-known that the space of continuous functions is dense
in L? space. By Weierstrass theorem, a continuous function f (x,y, z) which is de-
fined in the compact domain —1 < z,y, 2z < 1, can be uniformly approximated by
the polynomial

n

a,B,y=0

The monomials z%y®27 therefore form a basis for the space of square-integrable
functions over this domain; that is, they form a complete set of functions. We can
group the monomials together as homogeneous polynomials of degree | = o+ 3+
and note that there are (I + 1)(I + 2) linearly independent monomials of degree /.
On the unit sphere they are subject to the constraint 22 4 3% 4 22 = 1, so that they
are no longer all linearly independent.

Using this constraint to eliminate 22, each term 2%y°2” can be reduced to terms

of the form 4% 27 where B+~ = [, or 2327 where 8+ v+ 1 = [ together with lower
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degree monomials. There are [ + 1 possible combinations in the first case and [ in the
second, giving a total of 2/ + 1 linearly independent monomials of the [-th degree.
This establishes the dimension of H; (S?) .

We shall now derive explicitly the basis of H; (S?) as a set of spherical har-
monics {Yim}m:—l,...l . To do so, we need to solve the differential equations (2.7);
we use the method of separation of variables, and look for solutions of the form
Yim (0,0) = Opn(0)P1,(0); for ®y,,(p), we shall take the functions exp(ima),
which are easily seen to form an orthogonal system over the sphere S?. With this

choice for ®;,, , we find that ©,,,, satisfies the equation

18'198 182@19' [(1 4+ 1), (V) exp(i
{aran (0055 ) + oo | ©m0) explinmd) + 11+ 1)0u,(0) exp(im)
P (9) 02

= g (5055 ) @ explime) + L2 T expima) + 11+ 1)0u(0) explino)
0 0 2
= {sirllﬂﬁ_ﬂ (sin 19879) + {l(l +1)— sizg 79} } O (V) exp(ima) ,

which leads to

—_

1 0 (. 0 m?
{Sinﬁf)_ﬁ <81n198—79> + {l(l +1) — sinQﬁ} } O () =0,

i.e., after the change of variable . = cos ) ,

o (a=m )+ oy - oo 0. e8)

Hence, for m = 0 we have

d d
o <(1 — /ﬂ)@) O(arccos p) + I(1 + 1)Oyp(arccos ) =0,



16

and a solution is given by

1 d

Oo(arccos ) = Pi(p) = Zl_l'd_,ul(u? -1,

(2.9)

which is called the Legendre polynomial of the [-t/h degree (the normalizing factor
is chosen so that P,(cos0) = 1). It may be noted that Legendre polynomials are a
special case of so-called Jacobi polynomials, which play a very important role in the
theory of special functions (see [87]).

We note that P(p) is independent of longitude-¢ over the unit sphere S?, so that
the Legendre polynomials are naturally applicable to problems with axial symmetry.
For non-symmetrical problems, it is necessary to introduce the associated Legendre

function, which is defined in terms of the Legendre polynomial by the equation

dm
le(,u) = (—1)m(1 — H2)m/2dﬂ_mpl(u) ,m=—l,...01,[=0,1,2,....

and by a careful calculation, we see that the normalized form of ©,,,, (¢) can be taken
as P, (cos ). We shall recall here two important properties of the P, (), both of
which we shall require later; see for instance [84] for a more complete treatment:

Orthogonality

The P, (x) form an orthogonal set of functions on the interval [—1, 1]. Thus

! 2 (I+m)!
Py (18) P (1) dpt = o

where 0/, is the Kronecker delta, such that 6}, = 0if I’ # [ and &%, = 1, if [ = I,

Recurrence relation
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The Legendre polynomials not only satisfy the associated differential equation

(2.8), they also satisty following equations:

QI+ puPp=0—m+1)Pyim+{U+m)P1m .,

AP,

We are now in the position to provide an explicit definition for the spherical
harmonics {Y,,, }, see for instance [46, 84] for some textbook analysis. The definition

we shall adopt is

4 (I 4+m)!
Yim(0,0) = (=1)"Y;",.(0,¢), for m <O0.

Yim(0,0) = \/2l +1(l=m) i Pim (cos 0) exp(im¢), for m >0,

It is immediate to see that the spherical harmonics are orthogonal for different values

of m, m'; indeed we have

[ YnleWiu@de = [ [ (0,000, ) sin 00

20+ 1 (1 —m)!

= (l—i-m)./o Pﬁ(cosﬁ)sinﬁdﬁ/wexp( ilm —m')g)do

and the latter integral can be different from zero only if m = m/. Thus it follows that
the set {Yin },,,— ;. for fixed [ consists of 2/ + 1 orthogonal functions over the unit
sphere, and hence it makes up an orthogonal basis. To establish the orthogonality
across different multipoles [, we use a standard argument for eigenfunctions of the

spherical Laplacian operator. More precisely, we recall that, by Stokes’ Theorem and

standard manipulations on the sphere (see for instance [78]) , it is possible to show
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that

/ ASQ%m}/;km/dx - / KmASQY;km/d:U .
52 52

Now recall that the {Y},,(9, ¢)} are the eigenfunctions of spherical Laplacian opera-

tor, i.e. they satisty Ag2Y},, = =1 (I + 1) Y}, , whence

—I(l+1) / ViV de = | AgYi,Y: dz
S2 S2

- / }/zmA‘SQ Y;km/ daj
S2

= (' +1) / Yin Vit da |
5'2

The orthogonality property for [ # I’ now follows immediately.

2.3 Connection with Group Representation Properties for
SO@3)
In this Section, we shall explore some background material on representation theory
for the group of rotations SO(3), and we shall discuss its relationships with spherical
harmonics and the spectral representation.
It is a standard fact from elementary geometry that any element of SO(3) can

be represented in terms of three Euler angles, i.e., for all g € SO(3) we have

x x
z z
where
cosp —sing 0 1 0 0
R.(¢):=| sinf@ cos¢p 0 | ,Ry(¢p):=1| 0 cos¢p —sing | ,

0 0 1 0 sing cos¢
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0 <a,v<2m,0 < B < 7. More explicitly, each rotation can be realized by rotating
first by an angle  around the z axis, then by an angle 3 around the y axis, than again
around the z axis by an angle «; the angles «, 3,y are called the Euler angles of g.
We recall that a matrix representation (of dimension n) of a group (see for instance
[87, 84, 29]) is a homomorphism H from the group to a matrix space H : G — M,
which preserves the group structure, i.e. for g1,90 € G, H(q1) = M; € M,,
H(ge) = My € M,, implies that H(g1g2) = M; M. The representation M acts on
an n—dimensional vector space V'; a representation is called irreducible if there is no
invariant subspace other than the null space and V itself.

For the group SO(3), a well-known family of irreducible representations is

provided by the so-called Wigner’s matrices D'(«, 3, 7), with elements
DL (a,B,7) = e ™d,  (B)e ™7, (2.10)
where

d (B = (=D [1+m) (1 —m){+m) ({1 —m)]"?

max(l—m,l—m’) B\ 2k—m—m' , . g\2-2k—m—m'
< Y (cos 5) (sin 5) )
— KWl —m — k) —m' —k)!(m+m+k)!

The matrices D' are (2] + 1) x (2] + 1) and unitary, i.e.
(D)) D' =Tys .

We recall now briefly how the spectral representation (2.1) can be obtained,
at least in the deterministic case, by means of group representation results. In par-

ticular, the Peter-Weyl Theorem (see [29, 87]) ensures that the space of square in-
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tegrable functions on a compact group such as SO(3) can be decomposed in terms
of the elements of the group representation matrices. More explicitly, denoting by
dg the uniform (Haar) measure on the group, given any function h(g) belonging to

L*(SO(3),dg), we have, in the L? sense

h’<a7677) = Z Z bin’mDinm’ (Oé,ﬁ,’)/) >

=0 m,m/

where

Vi = [ hg) Dl (9l
SO(3)
Now we identify the sphere S? with the quotient space SO(3)/SO(2); in other words,
we consider functions of the form f(g) = f(gR.(7)), i.e. the functions which are
constant along the commutative subgroup given by the rotations R, (7). For such

functions, we have

Vi = / / fla, B,y))e™d., . (B) ™ sin fdadBdy
—m JO -7

- / : /0 ' fla, B,0)emed (5){ / : eim'”sinﬁdy} dod

= Qunlessm' =0,

i.e. for functions on the sphere we shall only focus on the coefficients corresponding

to m’ = 0. In particular, we have that,

20 +1
Yim (0, ) = \/ ?Dfno (0, 0,7) ,

so that the spectral representation (2.1) is really a special instance of the Peter-Weyl

Theorem. See [71] for a discussion of a stochastic version of Peter-Weyl Theorem.
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Remark The different normalization is due to the fact that for the spherical

harmonics we require orthonormality, i.e.
—_— ! !
/ Yim Yo de = 65 6™

while for the elements of D' we require the unitary property

Z‘Dfnm/ (06,57’7)‘2 =1.

From the group representation properties, we have immediately

The Integral of the triple harmonic product

In the analysis of the higher order moments of spherical random fields and con-
nected invariant statistics such as the bispectrum, we shall frequently need multiple
integrals of spherical harmonics. The integral of the triple harmonic product is also
known as the Gaunt formulae. With fully normalized spherical harmonics Y},,, it may

be written (see [84], [56] for details)

/ lima ( )}/127712 (l‘) }/13777/3 (.T) dx

B \/211+1\/212+1\/213+1

2
/ / DE 3 (9.9,7) Do (2,9, 7) D5 (12,0, ) sin 0o

QL+ 2L+ Qs+ 1, 1 Lol I
_ 12)
47 my Mo M3 0O 0 0

where
i o I3
m; Mo M3
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are called the Wigner’s 3-j symbols, and algebraically defined by (A.1) . From Ap-
pendix A it is clear that the integral vanishes when any of the following relations are

not satisfied.
(i) ms = my + may;

(i) the so called triangle relation in which /1, [; and /5 form a triangle with integral

sides:

= 1o <3 <1+
(ii)) (1 + Il +I3) is even.

Wigner’s 3-j coefficients arise in many different instances, especially in the
quantum theory of angular momentum (see [84], where explicit expressions are also
provided). Apart from their group-theoretical significance, they are very useful in
the manipulation of complicated algebraic expressions. They can be efficiently com-
puted, so that no further algebraic reduction is necessary although, in certain cases,
simplification is possible. Up to a normalization factor, they are equivalent to the
so-called Clebsch-Gordan coefﬁcients-Cllf’,’n”fhm2 , which play an important role in

representation theory for the group of rotations SO(3). The relation beween these

two symbols is given by

m ~lp+m lh 1 [
Ol = (-1 BT (12 b )

my Mg —MmM3

see [58, 59] for a much more detailed discussion and probabilistic applications.



23

Some examples
The following table provides some explicit formulae for the spherical harmon-

ics of degree less than 5.

TABLFE1.The Spherical Harmonics for | < 4.

I m Yim (6, ¢)

0 0 1/V4w

1 0 \/gcos 0

1 +1 :F\/SE,T sin 0 exp (£i¢)

2 0 %\/5(300828—1)

2 41 :ﬂ/%sin@cos@exp (+ig)

2 +2 \/312:57r sin 6 exp (£2i¢)

3 0 %\/§(5COS39—3C089)

3 +1 T/ & sinf (5cos® 0 — 1) exp (i¢)
3 +2 39> 8in® 0 cos 0 exp (£2i¢))

3 +3 F1/ 22 sin® § exp (+3i¢)

4 0 %\/§(35COS49—3OCOS29+3)

4 +1 :F%\/gsiné (7cos® 0 — 3cos 0) exp (£ig)
4 42 %\/gsinz 0 (7cos?0 — 1) exp (£2i¢)
4 43 $§1 \/gsin?’ 0 cos 0 exp (£3i¢)
4ok 3/ sin? 0 (7eos? 0 — 1) exp (+2i0)

2.4 The Spectral Representation, Isotropy and Joint
Moments

The previous two sections were meant to highlight some algebraic and analytic as-

pects related to Fourier analysis on the sphere in the deterministic case. In this sec-
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tion, we shall discuss briefly some issues concerning spectral properties in a sto-
chastic setting; again, our presentation will be rather quick for the sake of brevity,
and we refer to textbooks and recent papers for much more details (see for instance
[1, 5,40, 58, 59]).

We shall first review the construction of the spectral representation (2.1) under
Gaussian circumstances. In some sense, this derivation is redundant, as (2.1) can be
viewed as a direct stochastic counterpart of the previous deterministic constructions
(such as the Peter-Weyl Theorem); nevertheless, we discuss it briefly to provide one
more point of view. Given a mean zero, mean-square continuous Gaussian field 7'(x),

we can define its covariance kernel as

K(z,y) = BT (x)T(y) ;
here, it is convenient to consider the case where 7'(x) may be complex-valued, the
bar as usual denoting conjugation. For fixed z, the function K (x,.) is in L?(5?) and

we have the decomposition

K(@,y)=> > cmYim(®)Yim(y)

=0 m=—1

the sequence {¢;,, } is necessarily nonnegative because the covariance kernel K (x, )

is positive definite. Now consider the space of functions

S = {f(-)IZGjK(Ij,-),aj €R,neN, x; GSzforj:1,2,...,n}

Jj=1
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with inner product (., .) ; given by

<§ :aj1K(xj17')v§ :ajz :13]2,. > E :ahajz x]lvsz)'
H

J1 J2 Jije

The reproducing kernel property is readily verified, i.e.

(f(), K <Zah (51, ), (x>-)>

—Zaﬂ (), ) = f(x) .

It can be shown by standard arguments that the closure of S defines a complete

H

and separable Hilbert space H(K), labeled the Reproducing Kernel Hilbert Space
(RKHS) of K.

The standard procedure for the derivation of the spectral representation is then
the following (see again [1]); consider the space spanned by the random variables
T(z), x € S?

H(K) = span {T(:)s), x e 52} ,
with the inner product induced by the covariance function, (T'(x), T'(y)),, == K(x,y);

next define the linear mapping ® : S — H(K) such that
(Z a;K(z;,. ) = ZajT(mj) ;
J
the application clearly is norm-preserving, indeed
<(I)(f)7 q)<f)>H = Z ajla_jéK(‘rjusz) = <f7 f>H
J1,Jj2

The application makes ®( f) Gaussian with all limits, and can then be extended to all

of H(K) with range that covers all of H; this is known as the canonical isomorphism
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between H and H. As we have mentioned earlier, H is separable, and hence so it
is ‘H; moreover the projection through ® of an orthonomal basis on H will yield an
orthonormal basis on H. An orthonormal basis on H is readily seen to be given by
V/CimYim, whence oy, := ®(\/Cim Yim), m = —1,...,1,1 = 0,1,2, ... In particular, for

a random function 7", we have

T(l’) = Z A <T()a alm>H >

where the identity must be understood in terms of the L? convergence. Now, in view

of the isometry property

(T(@), im)yy = (P(K(< 2. >)), B(VemYim))y
= (K(< 2, >)vVamYim())
= VemYim(z)

for all [, m, in view of the reproducing kernel property. Hence

T(z) = Zalmmnm(‘r) = Zalmylm(x) >

Im

with |Ozlm|2 = 1, ay, = Qm+/Cim, and (2.1) is established. Note that here we did
not assume isotropy, whence the variances of the random coefficients depend also on
m.

We can now focus more directly on the consequences of isotropy, i.e. we recall

we shall deal with random fields such that
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forall g € SO (3) , where £ denotes identity in distribution in the sense of stochastic
processes. We recall that the spherical harmonic coefficients {a;,, } can be obtained

from T'(0, ¢) through the inversion formula
27 s .
Ay, = / / T(0,0)Yim(0,¢)sin0dbdp,m = 0,£1,..., 1 =1,2,... (2.13)
o Jo

We have already seen that the triangular array {a;,},m = 1,...,[, is made up of
zero-mean and orthogonal, complex-valued random variables. Under isotropy, as a

simple consequence of (2.11) we have that
a. < D'(g)a; ,foralll =0,1,2, ...

where a;, = (a;_y, ..., ay). Hence, a simple consequence of Schur’s Lemma (see
[87]) is that the variance of these coefficients is constant over [, E|a;,,,|* = C, (the
angular power spectrum of the random field), see [5] for details; also, for m < 0
we have a;,, = (—1)" @ _,,, whereas ay is real with the same mean and variance.
Moreover, because the random spherical harmonic coefficients are uncorrelated, it
is obvious that they are also independent under Gaussianity. It is more surprising
that the reverse also holds, i.e. under isotropy Gaussianity and independence are

equivalent; indeed, in [5], it is proved the following

Proposition 1 For an isotropic random field T (x) satisfying B |a,|* < oo, coeffi-

cients (ay, aj1, ..., ay ) are independent if and only if they are Gaussian.

Further constraints that must be satisfied by the joint moments and cumulants

of the spherical harmonic coefficients under isotropy are discussed for instance by
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[45] and [59]. In particular, in these references it is shown that, for isotropic random

fields with finite third-order moment, the following identity must hold

E [a’ll m1 Alamg al3m3]

QL+1) 2L+ 1)@+ 1 1 I oLl )
47]' bl1l2l37

where 01,1, 1S known as the reduced bispectrum of the random field. This is a spe-
cial case of a more general characterization of joint moments of arbitrary order. In
terms of statistical applications, a natural way to investigate the possible existence of
non-Gaussianities in a spherical random field is hence the estimation of the reduced
bispectrum, an idea which has been investigated for instance by [45] and [56, 57] et

al. In particular, it is immediate to focus on the statistics

1 lo I3
Iiio1, = E <m1 — [y my Qlyms Blgms)]

mimams3s

for which we have immediately

l ) )
E[hlzlg = Z ( Tr; 7732 7;,3 ) E [a’llmla’ZQmQG’ZSmS]
mimasms
S A (20 + 1 2z2 DR+ 0
o ma 0 O
mimams
)

(251+1><212+1><2l3+1 P kY,
O 0 0 111213 »

[
0

3
> biy 1514
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in view of the orthogonality properties of Clebsch-Gordan matrices. Moreover, we

can show that ;,;,;, is an invariant statistic with respect to the action of SO(3); indeed

Alymq AlomsQlgms  — ]‘_[/S2 g*roz Z D nam (xa)dgxa

— /52 HT 9T o H Z i, 9) Yiom: (4)dge,

a=1m!=—I
- / H e [ Z o (9) Vit (@)
32 a=1m!/ =
— ll l2 l3

mymymy
The third equation follows from isotropy of 7" and the invariance properties of the

Haar measure under a rotation g € SO (3), dgx,, = dz,. Hence we have

Z lh b 3
my my ms A1y Alayme Alzms

! D2
- Z ( TTIZ ) Z Dm m1 7anm2 (g)Df—ZémZ,’ (g) {ahm’l a‘lzmga‘lgmg}

mimams m1m2m3
Z bl I3
= a rQ 1 /
mll m/2 mg lim] Ylams, l3m3 5

as required, in view of the identity

L by s L l2 Is Ly

mimams3
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2.5 Some Background on the Existing Literature for
Wavelet Analysis on the Sphere

In the previous Sections we have discussed at length Fourier analysis on S?, which is
based on expansions of the random fields into a spherical harmonics basis. As it is
always the case with Fourier analysis, this ensures excellent localization properties
in harmonic space, while at the same time no form of localization can be established
in the real space. The latter can make up a serious problem for experiments when
the sky is only partially observed, as it is typically the case with CMB experiments
(for instance, a vast region of CMB is masked by the presence of the Milky Way
emissions). Moreover, in many cases of interest it is extremely important to be able
to localize cosmological features over the celestial sphere - for instance, when test-
ing for anisotropies/asymmetries, a topic which has become very relevant after the
latest data releases (see [28, 41, 70]). From the mathematical point of view, it is
well-known that Fourier analysis lacks in general robustness properties when consid-
ering functional norms other than L?, for instance when one is interested in general
approximation properties over L” spaces. For all these reasons, it is natural to expect
that wavelet techniques may prove extremely useful when dealing with spherical ran-
dom fields. As well-known, wavelets have experienced an enormous success over the
last two decades, with an enormous range of applications in physics, signal process-
ing and applied mathematics in the last two decades (see for instance [43, 20, 42] for

some standard references). The basic idea of the wavelet transform is well-known,
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i.e. to decompose a signal locally into contributions living at different frequencies.
This is a marked contrast with the Fourier components, which are sinusoidal waves
repeating themselves indefinitely and do not have any local concentration in real do-
main. In this section, we will mainly follow the definitions and notations in [3, 43];

for spherical wavelets, we will focus especially on the recent papers [2, 64, 89].

2.5.1 A Quick Review on Continuous Wavelet Transforms

It is customary to distinguish two different versions of the wavelet transform (WT),
the continuous (CWT) and the discrete (DWT). In this thesis, we shall only be con-
cerned with discrete wavelets; however for historical reasons we find it convenient to
provide a very quick discussion on the continuous case, first in one dimension, then
in two and higher dimensions.

As we said before, the basic idea behind wavelet analysis is to aim at a space-
frequency representation. As a consequence, we shall typically need two parameters,
the first (a, say) which characterizes the frequency, while the second (b, say) char-
acterizes localization in the real domain. Let s (x) be a square integrable function
s € L? (R, dx) (a finite energy signal, in the language of signal analysis). A general

space-frequency transform of the signal s will take the form:

5(z) — S (b,a) = |a| 2 /:s(x)w ("” - b)dw | (2.14)

a

where a # 0 is a scale parameter, b € R a translation parameter, and the function

1, the analyzing wavelet, is assumed to be well localized both in the space (or time)
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domain and in the frequency domain. In addition ) must satisfy the following ad-

missibility condition, which guarantees the invertibility of the WT:

%= 2”/: \w|§>

2

d¢ < 00.

In most cases, this condition may be reduced to the (only slightly weaker) require-

ment that ¢) has zero mean:

@(0)20<E>/w¢(x)dm:o.

Intuitively, it express the fact that a wavelet must be an oscillating function, real or
complex (“little wave™).

Notice that, instead of (2.14), which defines the WT as the scalar product
of the signal s with the transformed wavelet 1, , := la| 72 4 (=2), S (b, a) may

also be seen as the convolution of s with the scaled, flipped and conjugated wavelet

V¥ (2) = la| "% (—z/a) :

o0

S(b,a) = (V¥ *s) (b):/ s(z) ¥ (b—x)dx .

In other words, the CWT acts as a filter with a function of zero mean.

Heuristically, the idea behind continuous wavelet transforms is to ensure that
both ) and its Fourier transform @Z enjoy “’good” localization properties; as well-
known, there is a sort of trade-off between properties in the real and harmonic do-
mains, provided by the so-called Fourier (or Heisenberg, in the physical literature)
uncertainty principle [32], which implies the products of the (suitably defined) vari-

ances of 1), @Z is bounded from below. More precisely, one defines the centers of
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gravity (which may in fact be normalized to zero by a suitable redefinition of the

coordinates):

= [ @l &= [ ¢ e

and the corresponding variances

(o af =0l [ " (o — 20)? | (@) d
(6 & =l [ Te—e)r il

it is then possible to prove the lower bound [32]
ArxANE>T/2.

Let us now focus on the two- and higher-dimensional wavelet analysis. In one-
dimension, the CWT (2.14) amounts to projecting the function onto the wavelet 1)y, ,,
obtained by the action of translations and dilations of the mother wavelet ¢). Thus
the transform is fully determined by these elementary operations on R. Likewise,
to discuss CWT in higher dimension, a good starting point is to consider first the
elementary operations we want to apply to our signals.

For instance, given a square integrable function s € L? (R",d"7’), as a trans-
formation group we may focus on the similitude group, which taking the same nota-
tion as in [2] can be written as STM (n) = R™ x (R} x SO(n)) . From the abstact
algebra point of view, this group has a (unique) natural unitary irreducible represen-

tation in L2 (R™, d"7’) , given by [2, 3]

ST a0 (7)) :=a"?%s (a’lg’l (? - 7)) ,
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H
where b € R isatranslation, a > 0 is a global dilation and o € SO(n) is a rotation.

This representation is square integrable, with admissibility condition

L1 ()

implying as usual to the necessary condition [, (7)) d"% = 0. The n—dimensional

2

—|—n —
Kl dvk < oo,

wavelet transform is then as before,

S (?,a, g) =q "/? /n s(Z) (a—lg—l (? — ?))dn? (2.15)

2.5.2 Some Examples of Spherical Wavelets

Over the last decade, a number of attempts have been spent to extend wavelet con-
structions on the sphere. We shall not even try to review all these efforts, and we
refer instead to the existing literature; for instance, The Journal of Fourier Analysis
and Applications published two special issues Volume 13, No.4 and No.5 (2007) en-
tirely focussed on these themes. Some attempts have just tried to lift to the sphere the
most classical construction on R; a classical example is provided by the Haar sys-
tem, which was extended to the sphere by Sweldens [82], and applied to CMB data
analysis by Tenorio et al. [83]. More precisely, it is assumed that we have a grid
partition of the sphere (such as the one provided by HEALPix ([39]), highly popu-
lar among the cosmologists); consider the scaling (“father”) function ¢; , and three
wavelet ("mother”) functions ¢,,, ; ;. at each resolution level j and position on the grid

k, such that each elements of the partition (’pixel”) S; s, is divided into four smaller
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ones S 1 kgs--» Oj+1,k5 at resolution j+- 1. The scaling and wavelet function are given
by (see also [62])

[ 1 ifxe Sy,
bk () = { 0 otherwise,

ity T Pivihy — Pjstky — Pjtiks

Vi =
5J 4/~/L]+1 ’
o ¢j+1,]€0 + ¢j+1,k1 - ¢j+1,k2 - ¢j+1,k3
wQ,j,k - 4 Y
Hjt1
o ¢j+1,k0 _I_ ¢j+1,k3 - ¢j+1,k‘1 - ¢j+1,k2
U3k = :

Aftj

This proposal is simple and has enjoyed some success among practitioners, but is not
difficult to find many reasons why it could not be considered satisfactory, indeed the
Haar system has now been largely abandoned even in the case of the real line. In
other fields of applications, for instance geomagnetic or gravity field modeling, Pois-
son wavelets have been quite often considered. More precisely, and with the same
notations as in [44], we denote by Q2 the sphere of radius R, Qr = {z : /R € $?},

and by Int{)y the interior and Ext{2y the exterior, respectively
Int (Ext)Qp = {z € R, |z| < (>) R} .
We then define the exterior Poisson wavelet of degree d as follows:

Westd (y |y’ Zld (|y|) 21+ 1) P, ((Z,7)),x € IntQr, y € ExtQpg,

where for z # 0, we write Z = z/|z|. F, is the Legendre Polynomial of order !

defined by (2.9).
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The interior Possion wavelet is defined analogously,
. R & : . -
Wit (y) = — Y 1 (M> (20 +1) P ((Z,7)),2 € ExtQg, y € IntQp.

Very little is known on the mathematical properties of this proposal. In the cosmo-
logical framework, a huge success has been met instead by the so-called Spherical
Mexican-hat wavelets (SMHW), see for instance [16, 62, 85, 86]; a detailed treat-
ment may be found in [2, 64, 89]. A naive way to introduce SMHW is to consider
the stereographic projection (on the tangent plane at each point of S?) of the usual

Mexican-hat wavelets on the Euclidean plane,

z/J(az'R):—l Z—ﬁ ex —ﬁ
T en PR\ R )TV 2m )

Standard manipulations yield the the following close form expression, depending on

some positive scale parameter R,
Up (0) oc (14 tan? (6/2))* (1 — 2R? tan® (0/2)) exp { —2R? tan® (0/2)} .

A more refined derivation can be entertained as follows. As mentioned ear-
lier, it is natural to introduce a CWT by considering translations and dilations of
a single function. Of course, the sphere is a compact manifold, and hence it does
not admit any form of global dilations. Several authors have addressed this prob-
lem, with various techniques. The solution proposed by [2] is the following: con-
sider the 2-sphere S?, with polar spherical coordinates ¢ = (6, ). As usual, let
us focus on square integrable functions on the sphere, s € L*(S% du), where

du(¢) = du(0,9) = sinfdfdy is the usual (rotation invariant) measure on S%.



37

The first step for constructing a CWT on S? is to identify the natural operations on

such functions. These are of two types:

(i)

(i)

Motions or displacements, given by elements of the rotation group SO(3),

which indeed acts transitively on S?, and on the homogeneous space

S? « SO(3)/50(2).

Dilations, that may be derived in two steps. First, dilations around the North
Pole are obtained by considering usual dilations in the tangent plane and lifting

them to S? by inverse stereographic projection from the South Pole. This gives:

DM (0, ) = (0a, ) , with tan% _ atan g

Then a dilation around any other point ( € S? is obtained by moving ( to the
North Pole by a rotation ¢ € SO (3), performing a dilation D" as before and
going back by the inverse rotation: DM = Q_ID((IN)Q. Clearly the dilations act

also transitively on S2.

The wavelets that are so-derived can be viewed, from the group theoretic point

of view, as unitary irreducible representation of group STM (3) = R3x (R} x SO(3))

acting on the Hilbert space L? (S?, dyu) . This can lead to a link with the theory of so-

called coherent states, which has important connections with quantum mechanics -

we refer to [50] for more details. We shall not discuss further these efforts, as the di-

rection we shall undertake in this thesis is radically different: i.e. focus on discrete



38

wavelets and their stochastic properties, which have not at all been investigated (to

the best of our knowledge) in the framework of continuous transforms.

2.6 Second-generation Spherical Wavelets: Needlets

Needlets are a new kind of second-generation spherical wavelets, which were in-
troduced in the Functional Analysis literature by [66, 67], whereas the investigation
of their properties from a stochastic point of view is due to [6, 7] and [8]; see also
[30, 31, 33, 49]. They were shown to make up a tight frame (see below) with excel-
lent localization properties in both the real and the harmonic domains. In this section
we shall briefly recall the main features of the needlets construction. We need first
to introduce some notation and definitions, which are largely identical to those in

[7, 67].

2.6.1 Frames

Let us start with the definition of frame.

Definition 1 A countable family of vectors {1,,} in a Hilbert space L is called a
(discrete) frame if there are two positive constants A, B, with0 < A < B < 00, such

that

ANFIP <D b, HP < BIIfIP. Y f € L. (2.16)
n=1
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The two constants A, B are the frame bounds. If A = B > 1, the frame is said to
be tight. if A = B = 1,and ||¢,,|| = 1,V n, the set {1),,} is simply an orthonormal

basis.

The properties of a frame are best discussed in terms of the frame operator

F : L — (%, defined by

Fef— A, )}

As we can see, the upper bound in (2.16) simply means that F' is a bounded oper-
ator, whereas the left inequality guarantees the numerical stability for the recovery
of the signal f from its frame coefficients {(¢,,, f)} — in other words, it gives an es-
timation of the inverse operator F~!. As for the frame bounds A, B, they measure
the redundancy of the representation of the signal in terms of its coefficients. Further

information about properties between frame and wavelets may be found in [3].

2.6.2 Voronoi Cells

In the sequel, we shall find it often useful to partition the sphere S? into some special
disjoint subsets with roughly the same dimension, called Voronoi Cells. In a sense
to be made rigorous later, we need first to introduce some notation and definitions,
which are largely identical to those in [7, 67]. Given any two positive sequences
{a;},{b;}, we write a; =~ b; if there exist a real number ¢ > 0 such that ¢ a; <
b; < ca; for all j. The standard (closed and open) balls in S? are given as always

by B(a,a) = {z, d(a,x) < a}, B°(a,a) = {z, d(a,z) < «a}. For a general
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A C S* we will denote by |A] the spherical measure of A. Now fix ¢ > 0 and
T1,....xn in S? such that Vi # j, d(z;,2;) > € and the set {x1,...,ay} = E. is
maximal in the sense that: Vo € S?, d(z,Z.) < €, Uy ez, B(z;,€) = S* and Vi # j,
B(z;,€/2) N B(xj,€/2) = (. It follows from Lemma 5 in [7] that

4 4
3 < N < 6—27r2 (2.17)

We can now recall the definition of Voronoi cells, for all z; € =,:

Definition 2 Let =, be a maximal e— net. The associated family of Voronoi cells is
defined by:

V(z;) ={z €S* Vj#i, dlz,z;) <d(z,z;)}.

We recall that B(z;,¢/2) C V(z;) C B(x;,€). Also, if two Voronoi cells are
adjacent, i.e. V(z;) N V(x;) # 0, then by necessity d(x;, z;) < 2e. It is proved in [7]

that there are at most 672 adjacent cells to any given cell.

2.6.3 The Cubature Points and Cubature Weights

For the construction of needlets, we should first start to define &C; as the space of the
restrictions to the sphere S? of polynomials of degree less than /. The next ingredient
are the set of cubature points and cubature weights; indeed, it is now a standard
result (see for instance [65]) that for all j € N, there exists a finite subset X; of S?

and positive real numbers \;;, > 0, indexed by the elements of X, such that

Vf e K, SQf(:c)d:U: > Nnf(En) - (2.18)

EiREX;
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Given a fixed B > 1, we shall denote by {5 j k} the cubature points corresponding to
the space Kj3ps+1], where [.] represents as usual integer part. It is known that {X;}22,
can be taken s.t. the cubature points for each j are almost uniformly ¢;—distributed
with kB < ¢; < kB, ie. ¢; & B, and the coefficients {)\;} are such that

¢ 'B7% < \ji < ¢B~%, where c is a finite real number, and card {X;} ~ B%.

2.6.4 Construction of Needlets

We are now in the position to start the construction of the needlets system. Let ¢
be a C* (4 < a < 00) function supported in || < 1, such that 0 < ¢(£) < 1 and
(&) = 1if|¢] < B™1, B > 1. Following again [66, 67], we define

5 .

B(€) = 6() — 0(€) > 0sothat vl¢] > 1,3 Jb*(57) = 1. (2.19)

It is immediate to verify that

(i) b?(-) has support in [+, B], and hence b has support in [ € [BI~1, BIt1];
B

L
BI

(ii) we have > b*(#7) = 1 forall I > 1.

To explore more explicit recipes for the construction of b(+), see Appendix B.

The spherical needlets is defined in the following way

oin(@) = Ak Zb ZYzm €1)Vim(2) . (2.20)

m=—I

The (possibly random) spherical needlet coefficients are then defined as

ﬁjk:/s2 T(x)p(x dx—\/_zb Zalm (€1 2.21)

m=—I
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We have immediately

> B/ A =0, (222)
k

1.e., the (weighted) sample mean of the needlets coefficients is identically zero at any

level j. The proof is trivial, because

Bitl
YDIRVIEED DI Sy TN zajmmm]
k I=Bi—1 m=—I k
Bi+1 _
= Z Z b )y, /Ylm(x)da:} =0.
1=Bi—1 m=—1 52
In the stochastic case, the variance of the needlets coefficients is given by
Bitl Bi+1 1
Ef5 = A Z V2 (— BJ )C Z Yim (&) Yim (1 Vi (€51) = Aji Z V(== BJ ym Py(cos0)
[=Bi—1 m=—I |=Bi-1
Bi+1
2041, 1
= Ak Zl gy bZ(E)Cl =05, >0.
I=Bi~

Note that we have 0%, ~: o3 uniformly over k, where

Bit1
4m 20 + 1
0= — ( )C’l , N; = card {X;} .
J Nj = Bi-1 471'

From now on, we shall typically focus on the normalized needlets coefficients, de-
fined as (3, := B,1./0;.

Needlets enjoy a series of very important properties, which we recall below:
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1) Needlets make up a tight frame system. These ensures in particular that the

following reconstruction formula holds:

T(x) = Zﬁjk%k(x) .

This property (see [66, 67]) is crucial for most applications and it is not shared by
other existing spherical wavelets frames.

2) Needlets do not rely on any tangent plane approximation, while on the con-
trary they are naturally embedded into the intrinsic geometry of the sphere.

3) Needlets are quasi-exponentially (i.e.faster than any polynomial) concen-
trated in pixel space, i.e. their tails decay very fast .This main localization property is
first established in [66], where it is shown that for any M € N there exists a constant
ey > 0, s.t. for every € € S§2:

CMBj
1 + Bi arccos(€ j, §))M

()] < ( uniformly in (j, k) .

In the appendix B, we provide some computations to establish (upper bounds
on) the values of ¢, for alternative choices of the function b(.).

4) Needlets are compactly supported in the frequency domain. Indeed, their
support is exactly localized on a finite number of multipoles, its width is explicitly
known and can be specified as an input parameter by the practitioner. This property
is again crucial for physical applications (see [75, 61]) and lies at the heart of the

uncorrelation results we shall discuss below.
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5) Random needlets coefficients can be shown to be asymptotically uncorre-
lated (and hence, in the Gaussian case, independent) at any fixed angular distance, as
the frequency increases (see [6, 7] for detail). As we shall see further on in this thesis,
this is the crucial property to be exploited in several statistical procedures: in some
sense, it allows to treat normalized needlets coefficients as (approximately) a sample
of independent and identically distributed coefficients on small scales, at least under
the Gaussianity assumption.

To investigate the last point further, we need first to introduce the same, mild
regularity conditions on the angular power spectrum C; of the random field 7T'(z) as
in[6, 7, 15].

Condition A The random field 7" (z) is Gaussian and isotropic with angular

power spectrum such that, for all B > 1, there exist « > 2, and {g;(.)},_,,  a
sequence of functions such that
l , ,
Cr=10"gi(=)>0,for B ' <l<B™ j=12,.. (2.23)

Bi

where ;' < g; < ¢ forall j € N, and SUp; SUPp-1<y<p 1L gi(w)] < e,
€y C1y--sCpp >0, M € N,

Condition (2.23) entails a weak smoothness requirement on the behaviour of
the angular power spectrum, which is trivially satisfied by some cosmologically rel-
evant models (where the angular power spectrum usually behaves as an inverse poly-

nomial, see again [24], pp.243-244). For instance, considering positive constants d,
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7=1,...p,p> 2, forall B > 1 condition A holds for

1 &
C = =7 =17"
: ho dil® do + dil + ...d, [P
_ (1/B7)P - ! i1 i+l
= Vs mraqypy | i) fr BT < l< B j=1,2,..
uP

i\u . == - - .
g]( ) Z:O dkB]kfjpuk

The uncorrelation property can then be stated as follows ([7]): under Condition

Cm
(CorrBae D)l = T3 Bide o™ (224

where d(&;., 1) = arccos((€, & 1s)). In words, (2.24) is stating that as the fre-
quency increases, spherical needlets coefficients are asymptotically uncorrelated, for
any given angular distance. As mentioned before, in a loose sense (2.24) is stating
that it is possible to derive an infinitely growing array of asymptotically independent
“observations” (the needlets coefficients) out of a single realization of a Gaussian
field on a compact domain.

An important fact to remark is that, somewhat counterintuitively, (2.24) is not
by any means a consequence of the localization properties of the needlets frame. In-
deed, in Chapter 4 we shall investigate the stochastic properties of a modified form of
needlets (so-called Mexican needlets), which may have better localization properties
than standard needlets, but for which uncorrelation holds only under further condi-
tions (Mexican needlets were first introduced by [34] and are then considered also in

[35] and [63]). It is easy to construct also other examples of spherical frames hav-
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ing bounded support in real space, whereas the corresponding random coefficients
are not at all uncorrelated.

Finally, we note that, from the computational point of view, needlets are not
only feasible, but indeed extremely convenient. The implementation can be per-
formed with a minimal effort by means of standard packages for the analysis of
spherical random fields such as HEALPix or GLESP ([39] and [27]); we refer for
further details to [61], where plots and numerical evidence on localization and un-
correlation are also provided, see also [23, 74, 75].

To conclude this Section, we recall briefly two further results that will be used

often in the sequel. First, we note that for M > 2, j € N,V k, k' .([7], Lemma 10)

1
Z (1 + Bjd(fjk; gjk'))M

§ikEX;

< Cyprsome Cyy > 0. (2.25)

Also ([67], Lemma 4.8), for some C', depending only on M we have the inequality

> i (RN
§iREX; (1 T Bjd(£jk’ gjk’))M (1 + Bjd<€jka fjk//))M N (1 + Bjd(fjk/a fjk"))M
(2.26)

2.7 Diagram Formula

To complete our background, we need a quick review on the diagram formula. This
is material which can now be found at a textbook level (see for instance [73, 80]);

nevertheless, we need a brief overview to fix notation. Denote by H, the g—th order



47

Hermite polynomials, defined as

u2 d? —u2
Hq(U) = <—1)q€ /2%6 /2.

We now introduce diagrams, which are basically mnemonic devices for computing

the moments and cumulants of polynomial forms in Gaussian random variables. Our

notation is the same as for instance in [56, 57]. Let p and [;; = 1,...,p be given

integers. A diagram ~y of order (ly, ...,1,) is a set of points {(j,1) : 1 < j < p,1 <
. . H H .o, .

[ <;} called vertices, viewed as a table W = [; ® --- ® [, and a partition of these

points into pairs
{(G.0, (ky8) 1 1<j<k<p 1 <1< 11 < s <D},

called edges. We denote by I'(1/) the set of diagrams of order (11, ..., ,). If the order
isly = --- =1, = g, for simplicity, we also write I'(p, ¢) instead of I'(}). We say
that:

a) A diagram has a flat edge if there is at least one pair {(7, j)(¢’, j')} such that
i = i'; we write I'p for the set of diagrams that has at least one flat edge, and 'z
otherwise.

b) A diagram is connected if it is not possible to partition the rows l_l> e l_p>
of the table W into two parts, i.e. one cannot find a partition K3 U Ky = {1,...,p}
that, for each member V}, of the set of edges (V4, ..., V) in a diagram ~, either V}, €

— —
Ujer, lj, or Vi € Ujek, [; holds; we write I'c for connected diagrams, and I'z

otherwise.
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¢) A diagram is paired if, considering any two sets of edges { (i1, j1)(i2, j2)}

{(i3,j3) (44, ja)}, then i1 = i3 implies io = i4; in words, the rows are completely

coupled two by two. We write I'p for the set of paired diagrams, and I'5 otherwise.

Example 1

figl

Infigl, The diagram has a flat edge {(1,1) (1,2)} , and also it is connected as

the first row is connected with the second row via edge {(1,3) (2,3)} , while the sec-

ond row is connected with the third row via edges {(2,1) (3,1)} and {(2,2) (3,2)} .

Example 2

Ty E

fig

The diagram in fig2 is paired, as obviously the first row and second row are

coupled while the third and fourth are also coupled.
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Here we show how a multigraph can be derived from a diagram above. This
representation of diagrams (Gaussian) are always used in the computation of mo-
ments and cumulants of polynomials in Gaussian random variables (see [56, 73]).

We denote the multigraph as I'(W). It can be obtained from I'(W) as follows:

Identify each row of I'(T¥) with a vertex of f(W) , in such a way that the ith

row of I'(WW) corresponds to the ith vertex v; of f(W)

Draw an edge linking v;, and v;, for every pair {(i1, j1)(i2, j2)} € T'(W) such

that (i1, j1) (42, j2) each comes from the i;th row and isth row, respectively.

Example 3 (i)The multigraph obtained from the diagram in figl is

fig3

(ii) The multigraph comes from the diagram in fig2 is
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——
<___>

figd

The following result (see [73] and [80]) plays a key role in evaluating the higher

moments of the Gaussian subordinated variables..

Proposition 2 (Diagram Formula) Let (X7, ..., X)) be a centered Gaussian vector,
and let v;; = E[X;Xj],i,j = 1,...,p be their covariances, H,,, ..., H,, be Hermite
polynomials of degree 1, ..., 1, respectively. Let L be a table consisting of p rows

ly,....l,, where l; is the order of Hermite polynomial in the variable X ;. Then

P
7,] G
E[H H, (X;)] = Z H 7:5(G) (2.27)
j=1 GeD(lh,...,lp) 1<i<j<p
CUTH(Hll (Xl), e Hlp(Xp)) = Z H YZIJU(G)

GEFC(ZI ----- lp) 1§1§J§P

where, for each diagram G, 1,;(G) is the number of edges between rows l;,l; and

Cum(H;,(X4), ..., H;,(X,)) denotes the p-th order cumulant.

Here the cumulant is defined by

Cum (Xq, ... X,) = (—v—l)nf)” log E exp {\/—1 ZViX,} JOV1... 0V =. =0 »

=1

(2.28)
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where X, j = 1,...,n are random variables satisfying F | X;|" < oo. It is easy to see
that Cum (Xl) = EXl and Cum (Xl,Xz) = EXlXQ — EXlXQ = Cov (Xl,XQ) .
In particular, we have Cum (X7, ..., X,,) = 0, if {Xj }j is Gaussian and n > 3. Now
by Leonov-Shiryaev formulas [55],

E[X:..X,] = > Cum (X*7) ...Cum (X°*7)

Vi, Ver(d, ..., 1)
N——

n

and in the centered Gaussian case, all the other components disappeared except the
diagram (V7, ..., V;.) with |V3| = ... |V,| = 2, from which we have
ﬂij(G)
BIX;. X ]= ) I

ger(l, ..., 1) 1<i<j<p
——

n

For the general case, see [81] for detail.

To show how this formula can be used, we provide here a few examples.

Example 4 Assume X, Y are two random variables following standard Normal
distribution N (0, 1), with covariance B [XY'| = p, H,,, H,, are Hermite polynomials

with degrees m and n respectively, then by (2.27) , we have

EH,, (X) H, (Y) = mlp™6" . (2.29)

Example 5 Recall the Hermite polynomials of degree 2 and 4 are Hy (X) = X?*—1,

Hy (Y) =Y*—6Y?+ 3, respectively, with the same random variables X, Y defined
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as in the above example. Then in view of (2.29), we obtain
EX?Y* = EHy(X)H,(Y)+6EH, (X)Hy(Y)—3EH, (X) +EH, (Y)
= 1207
by the facts that BHy (X) Hy (Y) = 0, EHy (X) Hy (V) = 2!p?, EH, (X) = 0 and

EH, (Y) = 0.

We refer to [69, 68] for very important recent developments in the use of dia-

gram formula in the derivation of Central Limit Theorem and Stein bounds.
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Chapter 3
The Needlets Bispectrum

"The purpose of this chapter is to join two different threads of the recent lit-
erature on random fields on the sphere, namely the statistical analysis of higher or-
der angular power spectra on one hand, and the construction of second-generation
wavelets on the sphere on the other hand. More precisely, the aim is to borrow ideas
from the bispectrum and the needlets literature to propose and analyze a needlets bis-
pectrum, where the random coefficients in the needlets expansion are combined in
a similar way to the bispectrum construction. The purpose is to obtain a procedure
which mimics the ability of the bispectrum to search for non-Gaussianity at the most
efficient combination of frequencies, at the same time providing a much more robust
construction in the presence of missing data, as typical of the needlets. The plan of
the chapter is as follows: In Section 1, we introduce the needlets bispectrum and we
establish a central limit theorem, in the high resolution sense. In Section 2, we go
on to establish a functional central limit theorem for the integrated needlets bispec-
trum; in Section 3, we provide some preliminary discussion on the behaviour under
non-Gaussian assumptions and discuss some possibilities for applications and further

research.

' This chapter is based on the paper [53].
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3.1 A Central Limit Theorem for the Needlets Bispectrum

3.1.1 Bispectrum

The angular bispectrum (see [56, 84]) can be viewed as the harmonic transformation
of the three-point angular correlation function, where the angular power spectrum is
the Legendre transformation of the (two-point) angular correlation function. Write
Q; = (0;,,;), fori =1,2,3; we have

0

ET (Ql> T (QZ) T (Q3> = Z Z BglzzZngnlm (Ql) Y22m2 (QZ) stms (Q3> )

l1,l2,l13=1 m1mams

(3.1)
where the bispectrum B;!"*" is given by
Bgll127122m3 =F (allm1a12m2a13m3) . (32)

Here, and in the sequel, the sums over m; run from —I; to /;, unless otherwise indi-
cated. Both (3.1) and (3.2) are clearly equal to zero for zero-mean Guassian random
fields. Moreover, the assumption that the CMB random field is statistacally isotropic
entails that the right- and left-hand sides of (3.1) should be left unaltered by a rota-
tion of the coordinate system. Therefore B;7.}*"** must take values ensuring that the
three-point correlation function on the left-hand side of (3.1) remains unchanged if
the three directions €2, €25 and €25 are rotated by the same angle. Careful choices of

the orientations entail that the angular bispectrum of an isotropic field can be non-

zero only [; < [; + [; for all choices of ¢, 5,k = 1,2,3;1; + lo + I3 is even; and
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my + me + msg = 0. More generally, as mentioned in the previous chapter, [45]
shows that a necessary and sufficient condition for B;7}7"*"* to represent the angular

bispectrum of an isotropic random field is that there exist a real symmetric function

of [1, l5, [3, which we denote b;,,,;,, such that we have the identity

mimams3 __ ~2mimams3 X
Bt = Gy, buntals (3.3)

biy1,15 1s labeled the reduced bispectrum, and G;7}7"*™* is the Gaunt integral (2.12).
In view of (3.3), the dependence of the bispectrum ordinates on m;, ms, ms does not

carry any physical information if the field is isotropic; hence it can be eliminated by

focussing on the angular averaged bispectrum, defined by

Ll mimam
- 3 (B 8 g
mimaoms
@A) @+ )2+ D] L 1 ;
—_— 47T 0 O O 1112l37

where we have used the orthogonality condition

s (bbb T
my Mo M3 ’

mi,m2,ms3

The minimum mean square error estimator of the bispectrum is provided by (Hu

[45)),

D ll 12 l3
Bl1l2l3 = E ( my ms Mms (al1m1alzm2al3m3)'

mimaoms

The statistic Ezl 1,15 18 called the (sample) angular averaged bispectrum; by any real-
ization of the random field 7" (), it is a real-valued scalar, which does not depend
on the choice of the coordinates, and it is invariant with respect to permutation of its

arguments [y, lo, [3.
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Under Gaussianity, the bispectrum can be easily made model-independent,

namely we can focus on the normalized bispectrum, which is defined by

B\ m m m.
T = bt § ( bl s )ah 1UamaBlms 3 4y

/ m /
CllCl? Cl3 mimams3 e 3 011012 Cls

Following [52, 88], an alternative definition of the (normalized) bispectrum can be

considered, namely

T, ()T, () Ty ()
s2 VVar(L, (2))Var(Tiy (2))Var (T, (x))

Dy = dx (3.5)

where

T(w)i= LT = [ T(0) Y ViV i)y = 3 ann¥in )

m

i.e. we focus on the Fourier projections of the random fields at multipoles (11, l2, I3).

Indeed,

[lllglg

/ Z Qlymy Glamo Uzms X Y21m1 (.T) Yizmz (I‘) Y23m3 (ZL’) dx
mimams3 \/ 2l1 +1 212 + 1) 213 +1 \/Cll Clzclg

_ Z Alyma Alama Alsms f52 lima (l‘) nzmz (l‘) }/l:sms (l‘) dx
= VOLCLCly (2 + 1) (21 + 1) (203 + 1)

— Z a/llmlalgmgal?,mg ll l2 l3 ll l2 l3
C, C,Cl, my Mg M3 0O 0 0 )

mimaoms

Loly s

So it is the same as (3.4) up to ( 00 0

). Both versions of the bispectrum
have been shown to be extremely powerful against non-Gaussian alternatives, indeed
there is now a widespread consensus that they make up the most efficient statistical

procedures to search for non-Gaussianity, at least in the presence of fully observed

spherical maps.
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3.1.2 The Needlets Bispectrum

As mentioned in the introduction, the recent literature suggests that the most powerful
statistic to search for non-Gaussianity in fully observed spherical random fields is the
(normalized) angular bispectrum, defined as (3.5).

On the other hand, it is also well-known that the performance of Fourier meth-
ods in general, and the bispectrum in particular, deteriorates quite clearly in the pres-
ence of missing observations/partially observed maps ([14],[52]). A natural idea is
then to explore the localization properties of the needlets in harmonic domain, to-
gether with their robustness in the presence of gaps, in order to devise a statistic
which might mimic the positive features of the bispectrum, at the same time coping
with the difficulties brought in by missing observations.

To this aim, we shall consider the (normalized) needlets bispectrum

I s = Z leklgjzkggjg,k?,(sjlﬁjs(k17 ko, k3) iy jyjs (K1y k2, k) 5 1 < J2 < Ja s
: (3.6)

where

5j1j2j3(k1a k2v kS) = H(§j3k3 € Vj2k2)]l(£jzk2 < lekl) >
s fam
hj1j2j3 (kh ko, kS) = B #{kaih2€Vj kg NGy } J< 2= )
)\j3k37 otherwise

[(.) denotes the indicator function and V. is the Voronoi Cell that corresponds to £ ;;
note that for j, = js we have h;, .5, = \/Aj,k,. It is immediate to see that (3.6) can

be seen as a natural development of (3.5), where the convolution with the orthonor-
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mal projector operator L; is replaced by the (discretized) convolution with the frame
operator projection /Aj; >, b(l/B7)L;. Of course, in practice (3.5) is unfeasible
and requires discretization to be implemented. In words, we are considering a ver-
sion of the bispectrum where the exact identification of the multipoles is blurred by
a form of suitable smoothing, with the purpose of a better robustness against missing
observations.

The summation convention in (3.6) needs some further discussion. In practice,
for applications the Voronoi tessellation is chosen in such a way to be nested across
different scales (this is the case, for instance, for HEALPix ([39]), which is the stan-
dard package for CMB applications). Under such circumstances, our procedure can

be described more explicitly as follows: we take

Ij1j2j3 = Z 6j1k16j2k2/8j3k3hj1j2j3<k17 k27 kg)’ (3'7)
k3

where ko = ky(ks) is the (unique) value of ko such that & . € Vj,, and ky = ky(k3)

Jjaks
is the (unique) value of k; such that §; ;.. & .k, € Vjik,- In other words, the “finest
grid” &, is the one which leads the summation, whereas smaller frequency terms are
identified with those centres whose corresponding Voronoi cells include the points
being summed. Note, however, that in the general non-nested case the centre of V}, ,
needs not belong to X, In the sequel, for notational simplicity we write &, ko rather
than k; (k3), ko(k3), when no ambiguity is possible.

To investigate the asymptotic behaviour of the needlets bispectrum, we shall

make an extensive use of the Diagram Formula which was introduced in the previous
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chapter. A crucial point, of course is the determination of the frequencies where the

needlets bispectrum is evaluated. We distinguish three cases, namely:

e Casel)j; + 1< jo<j3—1;

e Case2)j; + 1< jo=7j3,0rj = jo < jg— I

e Case3) j; = jo = Js.

Case 1 corresponds to the situation where all three frequencies are different.
Case 2) is basically the “squeezed” or collapsed configuration which is considered by
[4], [56], and many other cosmological references; in words, one frequency is (much)
smaller than the other two. It has been widely argued in the physical literature that
this configuration corresponds to the highest power region for so-called local models
of non-Gaussianity. Case 3 corresponds to so-called equilateral configurations; this
case, however, can be largely investigated by means of results in ([7]) and we report
it only for completeness, omitting many details in the proof. It should be noted that
for case 1) and 2) we focus on frequencies that are at least two steps apart, in order
to exploit the semiorthogonality properties of the needlets systems. Relaxing this
assumption implies no new ideas and would only make the thesis notationally more
complicated.

In each of the three cases we have trivially E/; ;,;, = 0. We now focus on the
asymptotic behaviour; here, asymptotic must be understood in the high resolution

sense, i.e. we focus on a single realization of an isotropic random field, and we in-



60

vestigate the behaviour of our statistics at higher and higher bands. The first task is
to ensure the statistics are non-degenerate and do not exhibit an explosive behaviour;
this is the aim of the next Lemma. While the bound from above is quite straightfor-
ward, the lower bound is much more complicated and settles a question which was
left open in ([6]), where the lower limit was simply assumed to be strictly larger than
zero even for the simple case where j; = jo = j3. As it is evident from the proof,
the integer K depends on the choice of cubature points and of kernel function b(.);
more explicit expressions can be found below. Note also that unless the three bands
are equal, condition b) cannot be satisfied for B = 2; indeed in CMB applications

values of order B ~ 1.2, 1.3 are likely to be favoured.

Lemma 3 Under Condition A, as j3 — o0,

a) For all j; < jo < js, BI?

2 injs = O(1); Also, there exists a positive integer

K such that
-1

b) For {j1 = j» = js}, or {j1 + K < jo, B’ + B> > B}, {Eszmjg}

O(1).The bounds are uniform with respect to ji, jo.

Proof. (a) In the sequel, we shall use the fact that the set of the cubature points of
polynomial spaces with degree less than B’ are a kB~ —net; we also define p :=

max; ;{ B —2 Ajk+- The proof of all three cases are similar; we shall focus on case 2)
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71+ 1 < j2 = j3. We have

2 2
9 EﬁjlklﬂjlkﬂE <5j2k26]'2k’2>
Ejju'zjz = Z 2
ko, kheX; (Uj10j20j2)
2, ZEXJ2
. . ~ —~ ~ o~ ~ —~ 2
- B232_2]1 Z Z (Eﬁjlklﬁjlk’l + 2Eﬁj1k1ﬁj1k'1 (Eﬁjzkzﬁjzké) )

k1,ki€X;)) k2€Vj 1 Ny,
/
k2 evjlkll ﬂXjQ

V >\j1/€1 V /\jlkll

X
#{k% k2 € lelﬂ N ij} #{kéa ké € Vj1k’1 N ij}

hj1j2j3(k17 k27 k3)hj1j2j3 (k/h k‘éa ké)

2
_ B2j2—2j1 Z E/B_]lkl/lekll <Eﬂj2k26]2ké> A/ )\jlk-l \/ Ajlkll

oy (05,05,05,)° #{ka, ko € Vi, NG} #{kb, ky € Vi N A,

Since \ji o~ B~% for every £, and #{ky, ky € Vj;p, N X, } =~ B¥27%71 the sum

can be readily bounded by

C SN c L e
B0 > BB B <Eﬁj2k25jzk;) S 5o > (Eﬁjzkzﬁjzké)

koKl koKl

= O(1)as jp — o0,

in view of (2.25). This completes the proof of part a).
(b) The proof of the lower bound on the variance is considerably more delicate.

We recall the correlation of the needlets coefficient is provided by

B35 ~ Siem1 P (55)CiPi(cos0)
ﬂjkﬁjk’ ~ Bi+1 9/ 1 2+1

where § = arccos <$ i § jk,> . The idea of our argument is to replace the needlets
coeflicients in the coarsest grid X;, by coefficients with the same resolution but eval-
J

uated over the pixels X}, NV}, (§;,1, ). This will allow us to circumvent the fact that

the cubature weights at the smaller frequencies stay constant over a Voronoi cell,
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whereas those corresponding to the highest j’s may vary. We shall hence consider

Bitl
’k" \/ Z Z b B] a/lm lm(f ’k’) .
I=Bi—-1m=-I

For fixed (j', k), j' < j, B},(§;4) varies over the pixels in X; N Vji(§;4/). Let us
now recall a few properties of Legendre polynomials, that we shall use extensively

soon (see ([84]) for details); we have

sup Py(cosf) = P(cos0) =1, and sup ]—Pl(cos 0)] <3l.
oe[0,7] oe(o,x] db

See Appendix C for the proof for the second inequality (The inequality could also be
obtained by Bernstein inequality. In fact, with different algorithm, the constant in the
bound may even be improved to 2). As a consequence, for any positive € < 1, there

existsa d > 0,s.t. if 0 < 6 < § < ¢/(3]), then,
| P(cos(fp + 0)) — Pi(cosby)| < 310 <,

because

200+6 . 0

0 < cos(fp + 0) — cosfy = 2sin sm§§0.

Now fix an integer K such that K > log; 6r/¢; if we let { ;. } be the cubature points
of polynomial space with degree less than B/*5+1 (note that we can assume all of

these sets are B~/ —nets), then for any j» > ji, Eioks € Vitkrr ok € Viak,

‘<€j1k17€j1k’1> - <£j2k275j2k’2>‘ = ’d(gjlklafjlkg) —d <5j2k2a§j2k'2>

< 2xBUHERD < p=lntle/3
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It follows that

‘Eﬁjﬂﬂﬁjlk' o E[ﬂ;ﬂﬁ (5j2k2)ﬁ;lk/ (€j2k' )

Bi1+1
< \ ]k/\]k' Z b2 B] Z}/Zm Jlkl lm ]1k’ ZYEm ]2k2 lm(éggk’)
|=RBj1—1 m=—I1 m=—I
Bi1+1
2l—|—1
= Vi Y BP0 P G ) — P8 €y )
[=Bi1-1
paay 21
< e/ e Y V(o BJ - < eCo? , (3.8)
[=Bi—1

where C'is a constant, C' = C (k) (see [65] ). We are now in the position to establish

our lower bound. By simple algebraic manipulations, we have

EI? ~

J1J233

Z EB7 k (Eaks) Bkt (€ BBk (s ) Blakr, (Eiy)

2
k3.kyEX;, (0j,04,05,)

XBEB 1y B ks, V Agsks \/ skl
<Eﬁj1k16j1k’l - Eﬁ;'lkl (§j3k3)6;1k’1 (fjgkg))
+ > =

kig,k‘éEst J1

X o1y B 1ok BB ks By V/ Adska\ [ Assky

Ly B, E ) Bt ) (BBata Bt — BB Cs) By (1))

2
kg,kge.)(js (0—]10-]2)

E6j3k3ﬁj3k‘é V )\jSkS \/ )\J3ké

In view of (3.8), (2.25) and standard manipulations, the second and third components

can be made arbitrarily small. To bound the first component, we recall the Gaunt
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integral (2.12),

JRENCIANEI ST

B \/(211+1)(212+1)(213+1) Lol L1y s
N A7 my Mo M3 0 0 O ’

where for the Wigner’s 3j coefficients introduced on the right-hand side we recall the

properties (see Appendix A)

2
3 ( b bl ) =1, (3.9)
my Mo Mg

and

Lol I35\ _C
(8 5 8) Z_;% {li +1y > 13,11 + 1o+ I3 = even} . (3.10)

Using the fact that {\;;} are the cubature weights corresponding to the space

KC3pi+1, easy manipulations yield

l {
27 2 3
s B 73 Z Z le Bj2 )b (BJ )Cholzcla

J17 527 Js l1l2l3 mimams

XY Vi, (€5ms) Yioms (§jya) Yima (ks ) Nk

k3

X Z }/zlml (é-jgké )Y22mz (£j3ké)}/13m3 (gjgké))\j3ké
k/

l l
020202 g 32 Z Bh BJ )b( )Ol10120z3
ARENE l1l2l3 mimams
X(/S2 }/llml (I>}/ZQWL2(x)}/23m3 (CE)CZ{E)2

l
_ - P2 2 2 3
= 5.3 B J3 Z b le BJQ)b (BJ )011012013

Ji7 J2 ]3 l1lal3

2+ D)2l +1)(205 + 1) 3 (zl Iy I )2(z1 Iy z3>2

4 miy Mo M3

mimams3
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and using 05 ~ B¥Cp;, B/ ~1;,i = 1,2,3 we get

1 2j 2 l 2 Iy 2 l3
77 B D MG P g W () O CinCiy
lilals

2L+ DR+ DR +1) (1 & 15\
X
4 0 0 O
L [ l l
~ —Jj1—Jj2—Jj3 2(_°L \p20 °2 20 3
B > B () > e >0
l1+12>13
l1+la+I3=even

In the previous argument, we have taken ¢ := inf}, j,, ¢;, j,5,, Where

how byl
Cipags 7= BTy (G ()0 (55) -
l1+l2>13
l1+1ls+Il3=even

It is simple to show that ¢ > 0. Indeed, under (2.19), we have

—_

- b? (uy) b2 (ug) b? (us) duydusdus

Coi >
717273 - 2 {u1+u22u3},
[0,2]°N{u1 <ug<us}

1 1+60 1+d¢ 2—28¢
> = / du1 / d'LLQ/ dU3 {62 (Ul) b2 (UQ) b2 (U3)}
1

-2 —do ul 1+d0

Co
> gég.

where g < 1/4,and b (z) > 1/2forany z € [1 — dg, 1 4 do] , co = infefits,2-260) 0*(2).
The same argument as before could be used to establish lower bounds when

J1 = J2 < jsor j; = jo = j3. To conclude our proof, we consider the case when
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j1 < ja2 = j3. We obtain

. . ~ ~ ~ —~ 2
B2]2—2]1 Z Eﬁ]lklﬁjlki <E/8j2k26]2k‘,2)
Kok,
\V; )\Jlkl V /\jlkll
#{k% ko €V jik1 N j2} #{kéa ké € Vj1k’1 N ij}

BQJ2 251

~2 2
B4J2 4312 Z (Eﬁjzkz) )‘jlkl

k1 ko€V: ij2

v

J1k1
BQJ2 251

~ ~ 2
) g 2 O (BBili)

k‘l#k k26V]1k1 jo»

Eth/ NXj,

the two summands corresponding to the cases where ks, £, belong to the same or to

different Voronoi cells, respectively. The first part is equal to

R)BEE NN N, 2Ok ZAM AnC (k),

k1 ko Ele k1 ﬂXj2

while the second part is equal to

k17£ky; k2€Vj 1y NXjy s k1#£k!; k2€Vj, 1y NXy,
d(Vigky Vi, k/) —0 k2€Vj w Ny d<vj1k1’vj1k1>>0 K5EV; k1 N,

BQJQ T INDY (Eﬁmﬁmé)?

k1 k2€Vj K NXjy,
kQEV 1 NXj,

B?J2 Z Z {Z Z <E3j2k23j2k/2>2}

k1 ka€V; 1k Ny 4 kéElekll NXjy;

d("hh ,lek/ ) >0

IN

SOW%QZWﬂ+WQZZ Cu

M
k1 k2 Kb 1+ BJ2 B+ d(k2> lekl kz))))

o0 B“J2 sin @

C'(s,p) B2 ) >+ > > }(Eﬁj2kﬁjzk;)2

< C'(k,p) B9+ C' (k, p, Cu) / = 2240 = C (k, p,Cyy) B~0270))

s (1+ Bro)M
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By taking j, — j1 > K > max {[loggz {2r/€}],3c1/c2}, where ¢; = C(k),co =
C (k,p,Cun), and € < 1¢/C)y, the argument is completed. The proof for case (3) is
similar (actually slightly easier).

The following weak convergence theorem is the main result of this Section.
We stress that the statement could be easily extended to a multivariate Central Limit
Theorem; however, because this extension would not entail any substantial novelty,
at the same time making the notation much more cumbersome, we prefer to stick to

the univariate case.

Theorem 4 Let T'(x) be a zero-mean, mean square continuous and isotropic Gaussian
random field, with angular power spectrum that satisfies Condition A. As j, — 00,

we have

]j1j2j3 sy N(O 1).

\/ EIJZUQJ'S

Proof. In view of the results in [69, 72], to establish a Central Limit Theorem
for a multilinear form in Gaussian random variables, it is enough to investigate the
asymptotic behaviour of fourth order moments (or equivalently cumulants), see also

[22]. Our aim is then to show that, as j; — oo,

EI4

J1j233

= 3(EI7

J1J233

)2+ O(B™/?) .
For notational simplicity, we shall write

pj(kla k) == Egj,k’gj,k'
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By the diagram formula we have, for all index sets I:

3
E{H H/lekzi Z H 6% Jz(k 8 kl(’Z/)) :

icl 1=1 ~ED(1,3) {(,1)(@ ') yery

Similarly to [56], we define

p(’y;jlaj27j3) = Z H 5jl,pjl( Z) kl(’l))

Ky eX; (D 1)) ey

X H 5j1j2j3 (ky)a kéZ)a ki(’j))hjljzjza (ky)v k£2)7 kigl))

el

so that

El . = E{Z5j1k15j2k2513k35j112j3(/ﬁ"fzaks)hjljajg(kljkzakz)}él

k3

4 3
- Z T Z E{H H ﬁjlkf(gﬁjﬁa(kgz)’ kg)a k§Z))hj1j2j3 (k§l)7 k?él), k:gZ))}

= { Z + Z to(v; d1, 2 Ja)

VEFC(473) 7€F6(4’3)

where I'¢ is the set of all connected diagrams. To conclude our argument, we only

need to show that

S p(ididends) = O(B7/?) as jy — o, (3.11)
VGFC’(473)
and
> p(idudads) = D (v dads) = 3B, (3.12)
~EP(4,3) el p(4,3)

(3.12) is an immediate consequence of the definition of E/ ]2 L injs and trivial combina-
torial manipulations(see [80]). The result in (3.11) is proved by splitting connected

diagrams into those with or without flat edges. Diagrams with flat edges are dealt

with in Lemma 5, while those without are dealt with in Lemma 6. We stress that, on
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the contrary of what is often the case when the diagram formula is applied, terms with
flat edges do not vanish, due to correlation among different locations in the spherical

needlets coefficients. This completes the proof of the main result. W

Lemma 5 For a connected diagram with flat edges, v € T'cr(4,3), we have

p(v; 1, J2, J3) = O(B™1) , as j; — oo

-----

denoting the row and column indexes, respectively. We recall also that ky = ks (ks3),
k1 = ki(ks), as explained earlier. For Case 1), i.e. j3 < jo — 1 < js — 2, since
E{B ks Bjoky y = 0 forevery ky € &, k3 € &), itis easy to see that p(v; ji, ja, J3) =
0. For Case 2),1.e. j; +1 < jo = j3, we assume (without loss of generality) that a flat
edge is present in the first row of the diagram, i.e. we let {(kél),jg)(kél),jg)} € 1.

By the same argument as in (2.22) we obtain immediately

1) 1.(2)
. . . . . p]l (k]. I kl ) )\jlkgl)
o 1S T HnH) S V

(1) 7.(1)
1642, 4} 1) it1 {(u)'(z:;i/%}e% k) #iky ' ky' € lel#) N ij}

On the other hand, under j; = j» < j3 — 1, again we assume a flat edge
{(EV, 51V, 2)} € 7; by necessity, there should exist another flat edge in the
graph, and w.l.o.g. we take it be in the fourth row, i.e. {(k\", 1)k, j2)} € ~.

Then we have fjl L = sz (0, and the resulting term can be bounded by
1 2
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2 3
P2 (kP k)

1 (3 1.(4)
B4is H Z‘pjs 3 pjs(k?) ’k3 )

i€{L, 4} (0
1 2 3) 1 (2 3 4
= Zin 2 A s (k) D [ (k7 K]
K ) k(D e
1 2 3
k§2)7ké3)
C 2 3 2 3
< o > A D) fmaxs {6, € Vi () ]| [max# { €0, € Vi () }
2) ;(3) U ke
kl 7kl
C B

= B BYis—4i1 — O(B_2j1) )

Finally for Case 3), the argument is analogous; more precisely, components

with diagrams in I'c (4, 3) can be bounded by

p(3.3,9)] = B4]H2\pj KD KDY (6O ED)| p2(k2), k®)
i€l gG
1
= g 2 A KO 0 )| S [
k() k(3) L) ()
1 y
< O 3 AU =08,
k2 ki3

where in the last equality we used (2.25). Thus the proof is completed.

Lemma 6 For a connected diagram without a flat edge, v € I (4, 3), we have

p(V; 1, Ja, j3) = O(B™?), as j; — oo
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Figure 3.1:

Proof. Connected diagrams without flat edges and with four nodes can be partitioned
into two classes, i.e. so-called cliques, where each vertex is connected to all three
others (see fig3.1), and terms with loops of order 2 (see fig3.2).We focus on the first

class; without loss of generality, we can express p(; j1, j2, j3) by

Hzpﬁ (k1 ki), (R ) g, (R ks ), (s R ) g, (s ), (57 ™)

zlkZ
4

X [T Osusaa (o7 87, RSV By o (R 57 RS

i=1

By means of (2.24) we readily obtain the bound

H Z 1 1
B (1+ Bird % EPNM (1 + Bird(k?, EV)M (1 4 Bizd(k), k)M

zlkl
1 1 1

X : . ; : (3.13)
(1+ Bizd(ks”, k$V)M (14 Bisd(ks”, K™ )M (14 Bisd(k?, k§7))M
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Figure 3.2:

Consider first Case 2), with j; + 1 < jo = j3. Using inequality (2.26), (3.13)

can be replaced by

IA

IN

Y 1 1
4jo—4
B2~ § : : — :

2 4
0 e, (1 BRAUSY BN (1 Brd(k, k7))

1 1 . V)
’ oyl

<1 + szd(k“) )M (1 + Bj2d<k§2’ M ks R € V)0 0 AL}

B8J2 Z {Z ; ! }

(O (L4 Brd( k“) EDNM (1 + Bird(kD, K§D))M

x{Z : — }

(1 + Bizd(k 2> SN (1 4 Brd(kSD, kS )M

C Cr c %y _ 940\ _ (21
55 2 T g gy} S G CuCan B = O(B™) = o(B™)
kS kSt

Likewise, for j; = jo < j3 — 1, we have the bound
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4

1 1 1
B4is H Z .

1 g (1 Brd(, )P (1 Brd(k? k)M (1+ Brd(ky”, k)M
1 1 1
(1 + Bsz(k kWM (1 + Bisd(KD, KDV (1 + Bisd(k®, KP))M

X

1
S .
o 11 3 B T (1 B A
X 1 1
(1 BRd(k KM (1+ BRd(k?, KY)M
1 1
<D 2
j (1) 7.()\\nr j (2) 1.B8)\\mr
K3V, (k)N (L+ Brd(ky ™, ks ™)) kgevjl(kf))mxjg(l+B]3d(k3 N2)
C BYs—4n 1
< B4is Z Z . ( M}

K ® k”) (1+ Bnd /‘Cgl KM (1 + Brd(kY, k)

3 — }

m1+&%3wﬁwm+3w%%WMM

C’B433 451 2 o )
< Hm — o S OB =087
B L2 @ (L BRd(k”, k7))
1 1

This concludes the proof for Case 2); the proof for Case 3) could be imple-
mented along identical lines.

The analysis for case 1) j; +1 < j» < j3 — 1, i.e. the case where all three
frequencies differ, requires considerably more care. As before, let V;, (kq(f), r) be the

Voronoi cells associated to k¢, and we recall it satisfies B(z;,r/2) C V,,(z;) C
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B(z;, 1), kD e &, . Our idea is to partition (3.13) into four elements, as follows:

(3 13)

VAN

B4is

=1 kl
+ I(dEY Y <30, a6 kD > 3r) + 1dED B < 30), a6 B < 30)))
1 1 1

(1+ Bird(ki” k)M (14 Bid(kiY k)M (14 Brd(ky”, k57))M
1 1 1

(1 Brd(k? k)M (14 Brd(k”, k)M (14 Brd(k?, k)M

The first three summands are easy to bound, indeed it is enough to notice that

VLD H Squa((kY, 10 > 3r) d (K2, 40 > 31))

1=1 kl
X 1 1 1
(1 + Bhd(kil)’k?)))M (1 + led(k§3)7k(4))) (1 + BJQd(k k?(3)))M
X 1 1 1
(U Bird(ks” K )M (14 BRd(kS”, k)M (1+ Brd(kg?, k5Y))M
< 45 HZ{H ( > 3T>)} ) 1(1) (4) . 1(2) (3)
B =1 K (1+ Bisd(ks”, k37 )M (1 + BiBsd(k;”, k3™ )M
CB%s 1
< . I({d(k N SUES 3r) ‘
b >Z< (o )
< Bc;ngéjl—jaB%s _ O(B%jl_j:”) _ O(B—éjl)
because

/ 1 0is [ sin 6
D Wk, ¥) > T)(l—i—Bjad(k;,lg'))M < OB : mcﬁ

k'EZj3

[T 0do
2j (M—2)(5j1—j3)
S CB 3/r MJSGM S OB 3J1—J3 ,

H > {1(d(k > 3r), d(2 P > 30)) + 1(d(RD, kY > 3r), d(kP kP < 3r))
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by taking r = B71/2, compare Lemma 10 in [7]. The argument for the second and
y g p g

third term is analogous. Concerning the last summand, we recall that
Card{k' € Vj, jo(x;) N X} = B2Us=01/2), (3.14)
for every k € Xj, /2. Now denote
Q(k; js) = {(F1, ko, ks, ka) = by, kg, kg, ks € Xy ky € V), jo(k), d(k, ka) < 3r,d(ka, ks) < 3r},

where r = kB2 Heuristically, the idea is to split Q(k) into regions where (ki , ks, k3, k1)
are each “close” to all three others, and regions where they are close two by two but
the two pairs need not belong to the same neighbourhood. More precisely, we take

Q(k; j3) € Ay U Ay, where
AI — {(k17k27k37k4) : klu e 7k4 S BGT(k)ukl € le/Q(k)}

and
Ao = {(k1, ko, ks, ka) : k1 € Vj,p2(k) , ko € S?/ B, (k)}.
We can hence define

Q1 (k; g3) == Qk; js) N Ay, Qa(k; J3) == Q(k; js) N Ay .

In the region 24 (k; j3), the idea is to keep k fixed and then proceed by evaluating the

cardinality of Bg,(k); in view of (3.14), this leads to

C 1 1
B13) = 5 Z Z ‘ M ‘ M
B3 kEX;, /o (k1,k2,k3,ka)€Q1 (ki) (1 + Bﬂ3d(/{317 k?4)) (1 -+ B]3d(k‘2, k3))
BAGs—i1/2)+i »
= Ol B3 )=0(B""),



76

by (2.24) and Lemma 4.8 in [67]. On the other hand, in the region (%), we exploit

the fact that d(ky, k2), d(ks, ks) > 3r = 3kxB~71/2, so that we obtain the upper bound

(for some C' > 0)

C 1 1
(3.13) < -y > : A
BY S (14 Brd(ks” k5?)M (1 + Bid(ky”, k7)™
J1 (k31~

; ~~7kg4))692(k;j3)

1 1
(1+ Brd(ks” KM (1+ Brd(k?, k)M

X

C 1 1 )

< B4is Z Z (1 -+ O(Bj2*j1/2))2M (1 + Bjsd(k k ))M (1 + Bj3d(l€ k ))M
keXj, (k1,k2,ks,ka)€Qa(k;js) 1, K4 2, k3

B4i3—2M(j2—j1/2)

= O( B ) = O(B*Mjl)) )

The proof for the remaining terms is very similar and hence omitted for brevity’s
sake.
Similarly, it can be shown that the same argument holds for the term corre-

sponding to diagrams as those depicted in fig3.2.

1 5 1 1 1
B (1t Bk kD) (1t B (R k) (Lt Brd(i) k)P
1 1 1
X(1+Bﬂ'1d(k(3) K93 (1 ( + Bisd(ED KDY (14 Bisd(kY kV))3
1

IN

A ’123 1+ Bid k?%H4D3U=%Bﬁd@f%kf5P
1 1

X
(14 Brd(kg”, k) (1+ Brd(ks”, k5)?
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Again we divide the region (k) into two parts 2, (k) and Qs(k),taking r = 2727

IN

Q

IN

Q

1 1 1
B4is Z Z

j (1) 1.(4) j (2 1.3
keX%h (ki(:,l)’...7k§4))691(k)ﬂ/¥j3 (1 + led(kl 7k1 ))3 (1 + led(kl 7k1 ))3

1 1
X J...
(1+ Brd(ks”, k7))* (1+ Brd(ky”, k5)?
1 1 1
: BAUs—351)+2x 551
B4is
O(Bfﬁ)

1 1 1
B4Js Z Z

. 1 4 : 2 3
REXL S (6D e )0 ()N, (1+ BJ1d(k§ ), k§ )))3 (1+ Bhd(kg ), k% )))3
1 1

(1+ Brd(ky”, k) (1+ Brd(ks”, k5Y)?
1
B4Js

O(B~7)

J...

X

9473
My B

Thus the proof is finished. W

3.1.3 Unknown Angular Power Spectrum

As the final result of this Section, we wish to focus on the case where the variance of

the needlets coefficients is unknown and estimated from the data. A natural estimator

for o; is provided by

1
7} = EEZ 1854’

jkGX]'
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where as before N; = card {X;} ~ B*. We define our studentized statistics as
ﬁjk := B,;/0; and we then consider
11132]3 Z ﬁ 1k16 zkzﬁ j3ks J1]2]3 (kh k27 k3)h’.713213 (kh k27 k3)
k3

Our next result shows that this studentization procedure has no effect on asymptotic

behaviour.

Theorem 7 As j; — oo, we have {0 22 VPP — 1 in probability
1 J17 72" j3 J17327 93 ’

and hence

]j1j2j3 —d N(07 1) .

Proof. By a standard application of Slutzki’s theorem, the weak convergence result
follows immediately from the consistency of the variance estimator. We provide a

proof for the three cases separately.

—1~9 ~2 ~
Forcase 1),1.e. j; < jo < j3 we have immediately £ [{0]10]20323 a?laiai]

1. Moreover

2
4 4 4
ﬂm;‘ ] 0195593 »

Var[a]lo-jzajs] N2 N2 NQ H Z Hﬁjﬂﬂ i

1= lfhk fj k/EX]

where

Yoo BBl = () Bl +2 Y BBk Bl

§j1k1 85, k) €N Sk €1 Sinkr S kg S¥in

N2 g? —1—0( i ]1) .

- n
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Hence

~2 ~2 ~2
Var[ajlaj20j3]

1 1 1
= WWW(NJ% + O (N;,)) (N7, + O (N)) (N}, + O (Njy))o3,05,05, — 05,05,075
J1 J J3

J17J27J3 J17 42733
1
4 4 4
= 0O (— o:0: 0
i . R J1 7327 93°
NJ1N12NJ3

For case 2), we focus on the case where j; = j < j3; the remaining part of the

proof is nearly identical. First note that

4 _2 N. 0_4 0_2 {(N Z E’ﬁj1k1|2)2

g.: 0 : i
J2 J1 .
Jg2 €j1’€1 €Xj,

Pt 2
E {0?1052} _ ijmexgg E|ﬁj2k2| 4_71'

J1~ Jje2

2(4m)?
T &Gk 5w €

1 ol 1
(e rro( L),
0?1052 ’ Nj 72 Nj

Likewise
d 2 1 24 1 212
Varlo;o3,] = Blg- > 1Bl Bl > 1Bawl)
7 Ej1ky €y 2 Eigka €Xia

ol 2
4 J1 4
- (“ﬁ o (N—j))

4
1
= WE[H Z lek%|2|ﬁj1k§|2|ﬁj1k§|2|ﬁj1k;l|2]E( Z |Bj2k2|2)2
J

vz =l £, k! €Xjy Ejgka €452

4
—(c% +0 <Uj1 >)204
J1 N] J2
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The first ingredient in the last equality is equivalent to

(> BB +120 Y ElBun®? Y. BBk Bl

iy ky € Ej1ky €X5 5.7'1’@1’51'1141 €Xj,

3
+8( Z E|ﬁj1k1’2)<H Z E[ﬁjlk%alekf]E[ﬁjlk%,ﬁjlki)’]E[ﬁjlk%?lek?)]
&1k €5 =1 Ejlki €Xi
0?2(1—1—0(]\,%2))

X
4
NG

By (2.24) and [67] (Lemma 4.8) , we have

3
i=1 gjlk{ €Xj,
3

1 1 1
< o6 : : :
< o ll 2 (1+ Bird(kl, k2))3 (1 + Bid(k2, k3))3 (1 + Bird(kL, k3))?

1 )
? 5]1’“{ eXJl

: : < N, o> .
J1 Z (1 + szd(k%,k%))ﬁ >~ CM ]1JJ1

51'1’“% ’gjlk% erl

IN
Q
(e}

Hence the variance is bounded by the absolute value of

05,(1+0 (NLD))

INAGS, +805,0 (N2) +1203,0 (N3] x

Ji7n N;41
4 75 V2 4
—(o; + 0O (i)) o
J1 N] J2
and we immediately get that
~4 ~2
0.0 1 1 1
Var[-2~2]1=0 <( + —)> =0(—).

0-2;10-]2’2 Nj Nj Nj

The proof for case 3) is an easy consequence of results by [7, §]. H
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3.2 Convergence to Multiparameter Gaussian Processes

Our aim in this Section is to extend the previous results to functional convergence
theorems. The motivation for such an extension can be easily explained. Indeed,
from the applications points of view, practitioners are typically interested not only
at the possible existence of non-Gaussianity and/or other features, but also to their
location in frequency space. If we focus for instance on cosmological applications,
which are the main driving rationale behind our work, it is important to recall that
the existence of possible non-Gaussianities takes a very different meaning according
to the scales where they are located, so that a suitable statistical procedure should
provide information not only on their existence, but also on their position in the
frequency domain. As an example, a huge debate has arisen in the Cosmological
literature on the possible existence of a non-Gaussian “Cold Spot” in CMB data,
much of the related literature concerning the determination of the angular scale of
such features, see for instance [18, 19]. Concerning this feature, it may even be of
interest to test for Gaussianity only on a subspace of the sphere (this is indeed what
happens in practice, because of missing observations). The modification of (3.6)
under these circumstances is straightforward: we would simply restrict our sum to
a subset of the cubature points. Our following discussion would be asymptotically
unaltered.

In [14], [56], it was proposed to build alternative forms of partial sum process

from the bispectrum B;,;,;,, and to use them as a probe of non-Gaussianity at various
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scales. All different proposals were univariate, in the following sense. Assume the
resolution of the experiment is such that frequencies up to [ = 1, ..., L are observed,
the partial sums were then run only on a subset of configurations with cardinality L,
whereas the number of multipole combinations (I1, I3, 3) which would be available
for statistical analysis is in the order of L. One of the reasons for this restriction
had to do with computational complexity: the evaluation of even a single bispectrum
statistic is extremely time consuming, so that the exploration of all possible config-
urations is likely to be unfeasible even on the greatest supercomputing facilities. On
the contrary, needlets are extremely convenient from a computational point of view,
and there is no obstacle in considering larger frequency configurations, provided of
course that the triangle conditions are satisfied.

We shall hence focus on two possible partial sums processes, which correspond

broadly to cases 1) and 2) of the previous section; more precisely

[Lrl ] [Lr2]

Jip(ri,72) E E Ly i Kvmjit K4m (3.15)

]1 1 m=0

[Lr] Ny

1
JQL(T> Z Z Z Ju+K+my ji+2K+mi+me >
\/_\/Zml[) my) + 1) j=1 m1=0 mz=0

(3.16)
where

~ I,

_ J1,J2,J3

[j1:j27j3 = 5 )
\/ E]jl 172,03
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K > 0 is some integer satisfying the constraint determined in Lemma 3,

N; = max {m 1+ BEm > B2K+m}

N(m) :=max {m :logg (1+ B*™™) — 2K —m; >m} .

Theorem 8 a) As L — oo

JlL(Tl,rg) = W(Tl,T’Q) , mn D[O, 1]2 , (317)

where W (.) is two-dimensional Brownian sheet, i.e. the zero mean Gaussian process
with covariance function EW (r1,1r2)W (s1,82) = (11 A $1)(r2 A S2).

b) As L — oo
Jor(r) = W(r) , in D[0,1] (3.18)

where W (.) is standard Brownian Motion.
Here, = denotes weak convergence in the sense of [11], D[0,1]?, p € N is the

usual multidimensional Skorohod space.

Proof. We start from (3.17); as usual, we need to establish convergence of the

finite-dimensional distributions and tightness. Obviously,

EJip(ri,m2) =0,
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A

and because E[1}, j, 1,11 js 1] = i g%

J1792°

[Lr1] [Lre] [Ls1] [Ls2]

EJip(r1,m2)J1L(s1, 82) = L2E E E E EI it K +mogr K +md gy Kbl K m?

J1=1m=0 j/=1m'=0
[Lri]A[Ls1] [Lra]A[Ls2]

1 ET>
o Z Z JuLji+K+mji+K+m

J1=1
[LTl]/\[LS]_}
Lra] AN |Ls
= Z [2][1#%[7’2/\82}[7”1/\81].
Ji=1

To establish Gaussianity, we can again rely on the results by [69] and proceed with
the bounds for the fourth-order cumulants. As the computations are very much the
same as in the previous Section, we omit the details for brevity’s sake. To consider
tightness, we use the classical criteria given for instance in [79]. Define first the

two-dimensional increments

J1L((51,7"1] X (8277’2]) = «]1L(7’1,7”2) - J1L(7°1, 82) - J1L(3177’2) + J1L<31:52) .

It is again a standard computation to show that, as L — oo,

[Lr1] [Lra]

EJ12L<<817T1} X <527T2]) = _{ Z Z 131+K+m31+K+m}

j1=[Ls1]+1 m=[Ls2]+1

1
= o [Lry] — [Ls1]}H{[Lre] — [Lsa]}

4{T1 — 81}{7’2 — 82} .

IA

We can then establish tightness by showing that

)s; <t; <rji=1,2

E[JL((s1,t1] X (s2,]) J7 ((E1,71] X (2,72])]
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[Lt1] [Lta] [Lt2)] [Lr1] [Lra] [Lr2]
= Z Z Z [Juzjz 343 Z Z Z Ijuzjzl jbi )
J1,j1= [Lsﬂ]z =jn+K+m, jl=j1+K+m/, JLji= [Ltl]]z =n+K+m, j} 7]1+K+m
=[Ls2]+1  m/=[Lsa]+1 =[Lt2]+1 =[Lta]+1
1 [Ltl] [Ltg] [Lrﬂ [L’r‘g]
- ﬁ( Z Z E 731+K+m31+K+m)( Z Z Elji,JHKer ,J1+K+m')
j1=[Ls1] m=[Ls2] Ji=[Lt1] m’=[Lta]
S 16(7”1 — t1)<7"2 — tg)(tl — 81)<t2 — 82)
S 4(7“1 — 31)2<7"2 — 82)2.

2) 51 <11, 89 < tg <1y,

E[Jir((s1,71] % (89, t2])Jan((s1,71] X (ta,79])]?

[Lt1] [Lt2) [Lta] [Lr] [Lro] [Lr2]
E : E : E : [J132J2 71353 E : E : E : IJUsz[J{JéJé)
J1.J1= [L81}J2 =j+K+m, ji=j1+K-+m/, Jui1= [L81132 =j1+K+m, ]2—]1+K+m
=[Ls2]+1  m/=[Lss]+1 =[Lt2]+1 =[Lt2]+1
LT]_ Ltz L'f’]_ LT2

1 B2

- _4 Z Z ]1,J1+K+m7J1+K+m Z Z JiJiHK+m/ ,11+K+m>
j1=[Ls1] m=[Ls2] Ji=I[Ls1] m’'=[Lt2]
[LTl] [Ltg] LTQ

1
+ﬁ Z Z Z Z %HI © 504 K 4m® <l>+K+m<>>

[le}—i-l m=[Lss]; m)=[Lts]; vE€LC
i=1,..,4 1=1,2 1=3,4

For the first part it is easy to see that it is bounded by 16(r; — s1)(ro — t2)(t2 — $2);

for the second part, for jfi) , jéi) in each of their domain, we have,

4
Z p(7; 11 fjinjéi)jg))

v€l'c
~ o~ 4 i @@
fd N I I H 6*1 5 2 2
PDNCETIEATIO) | Lislive
vel1c i=1

+ E ,77 -71-71-71 ]/ -(3) (3))H1 ]éz) Jél)jéw

vel2c i=

“
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where 'y denotes the graphs with cliques (all nodes connected with all others), and
['y¢ refers to graphs with loops of order two; these two disjoint classes cover all

possible connected graphs with four nodes. We have

LT‘l [Ltz] [LTQ] 4

1
CIDSIED SIED DD C | (/PP

= AR m=[Lso); m®)=[Lty); v€{fig2} =1
i=1,. 1=1,2 ’L:34

[LTl] Ltg LT‘Q

< % Z Z Z 1 < C'(r1 = 51)%(r2 — t2) (2 — 52)

Ji .71 L51]+1 m(®) [LSQ} (= [LtQ],

1=1,2 =

from which we obtain

E[J1((s1,71] % (s2,t2]) J1n((s1,71] X (L2, 72]))?

< C(ry —51)%(r2 — t2)(ta — s2)

Similarly, we can get the same result for

3) S1 < tl < 1,82 < T2, that is

E[JlL((Sbtl] X (527T2])J1L((tlvrl] X (82,7“2])]2

< Cry—s2)(r1 — t1)(ts — 51)

This concludes the proof of (3.17).

For (3.18), we start again from the convergence of the finite-dimensional dis-
tributions; for notational simplicity, we stick to the univariate case. It is obvious that

EJy1,(r) = 0; on the other hand,

EJQL(’I“)JQL(S)
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[Lr] [ Ny N(my) N(m}) T

_ ZZ Z Z Z Eljl,j1+K+m1,j1+2K+m1+mz]j{,Jl+K+m’1,j{+2K+m’1+m’2
LYo —o(N (m1) +1)

n=141=1 | mi,mj=0 m2=0 ml{=0

[Lr]A[Ls] N; N(m1)

- Z Z Z E J,J1+K+my,j1+2K+my+ma

LZml O( 7J1=1 m1=0 mo=0

= %([Lr] A[Ls] = 1) — [r As], if min{r,s} > 0.

For Gaussianity, we analyze once again fourth-order cumulants, i.e. the connected
components in the expansion of the fourth moment. As before, we need only focus
on connected diagrams with four nodes, which can be partitioned into two classes:
the cliques, where all nodes are connected with all three others, and diagrams with a

loop of order 2. As before, these terms can be bounded by
: (i)
,0<7§ H Ijii)jéi)j:(’)i)) = O(B_ max{j; }/2> ,
i=1

because for instance

1 Z 1 1
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(1+ B2 d(kP EDN)M 1+ B d(k5), k$)M (14 BE d(kD, k)M (1 + B d(kS) | kD)) M

X

1
Zk§3)7k§4) 1+BJ§ )d( (3),k§4)))M Z 1 Z 1
Bis )+ 24 C(1+ B Ak kD))

7 (14 B (k) k)M
27
> Ot B _ o).

(D), () 5.3 (3 1 (3) 1.(4) A C R C P
+j5 +2 M +iz +2
Bis " His 253 RO (14 Bis"d(ky”  k3”)) Bis iz 4253

IN




88

To sum up

(i)
4 [Lr] Ny N( 1) 4
IS DDORD DR SIVILH | LEFTICHEIc
=1 | 921 m=0 m{P=0 | v€le i=1

N 2 [Lr]
< cm<2< (m +1> > B =0().

m1=0 Jji=1
It follows easily that

[Lr]

EJL(r) = leImIZ_O o L2 (Zml O(N(m1)+1)>

[L7] Ny N( v

N(m1) 3 (EP

2
Jj1,J1+K+my ]1+2K+m1+m2)

: > ere PO ITE T )
vele PV Lli=1 450 500 4 pe i 50 Lo i 4D
+ | | g E E 1
i=1 | j_y (@) L? <§ M (N (my) 4 1))
J1 =0 my =0 mi1=0 1

=1my
1
B+ 0(5)

which is enough to conclude the proof for the finite-dimensional distributions, in
view of the standard argument from [69] that we used before.

To conclude the proof, we need only to consider tightness in D([0, 1]). Note

that E(I, j, ;11 j1.51] = 6;16;35;2, the variance of Joy, in [s, 7] is provided by
[Lr] N(m1) EI2

E|J2L( ) J2L Z Z Z J1 j1+K+m1 J1+H2K+mi1+ma < 2(7“ o S)

=[Ls]+1 m1=0 m2=0 m1 O(N (ml) + 1)
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Now we establish our tightness criterion. Forany 0 < s <t <r <1,

Bl o (r) = Jar (8) | Jor(t) — Jar(s)[*

[LT] N N(ml) EI Lt] Ny ml EI% ,

_ § : § : 2 : 31111+K+m1]1+2K+m1+m2 2 : 2 : 2 : JudiHE+mA g1 +2K+m) +m)

j1=[Lt] m1=0 m2=0 Zm1 0( §4=[Ls] m}=0 m,H=0 LZml 0( ( ) + 1)
(Lr] [Lt] 4 N N TTA _
p(v: 11y Ijm D4 kpm® 5O 42kt m® D)
DD YIRS | DD SR DY ;
JY) 4, 59— (Ls), | =1 m®=0 m{)—o | vele (L Zml oIV (mq) + 1))

1=1,2 z 3,4

< o]~ (LAY ~ [Ls) < 4(r — )

Thus we finished the proof of tightness. W

3.3 Behaviour under non-Gaussianity

In this final Section, we shall provide some quick and informal discussion on the be-
haviour of our statistics under non-Gaussianity; see [75, 61] for other applications of
the needlets to cosmological data analysis. There exist of course a huge variety of
non-Gaussian models for spherical random fields, and we shall delay a much more
detailed treatment to future work. Our purpose here is different, i.e. we want to pro-
vide some heuristic discussion on the expected behaviour of our procedures for phys-
ically motivated non-Gaussian models. This provides some guidance to practitioners
for applications to CMB data. Much more refined simulations and applications to
CMB done are provided in [76]. In that paper, in particular, we used the needlets bis-
pectrum to constrain the non-linear parameter fy, which measures the amount of

non-Gaussianity in CMB under the simplest models of so called inflation.
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We start from the expected value of the needlets bispectrum, which is provided

by

1 -~ ~ ~
E]j1j2j3 R \/W Z E/Bjﬂﬂ 6j2k26j3k35j1j2j3 (kla k?a k3)
k

1k2k3

l3
b(—=—)E (ai,m, Qiymy Gism
0]10]20]3 \/ﬂ Z Z B]l B.72 ) (Bj?) ) (all 1al2 al3 3)

kikoks 11,l2,l3
mimaoms

X Yl1m1 (€j1k’1 )H2m2 (szk‘z)Yl3m3 (6]’31@3 )5j1j2j3 (klv k27 k3)

Q

BI+1

1 . ls
= ——p» > b(—=)b
05,05,05, BJ2) (G et

l1,l2,l3=BJ~1 mimams

Lo 1y Loy I \/(211 +1)(2, + 1)(2l5 + 1)
X
mip Mo M3 0O 0 O 471

1
X {B2j3 Z }/llml (gjlkl)}ﬁ2m2 (fjgkg)}/ZBmS (£j3k3>§j1j2j3(k17 k27 k?’)} .

kikoks

Here, we recall that by, ;,;, 1s the so-called reduced bispectrum (see for instance [52],[56]),

which collects the non-Gaussian component in the third order moment E (a;, n, @1ymy Qigms )

i.e. by definition

Lol Lol I o0 + 1)(2s + 1)(205 + 1
E(ahﬂuabwmahnm>:: ( ! 2 3 ) < 6 S 8 ) V/< 1 )( 2 )( 3 )

mp Mz Mg 47
In the cosmological literature, a very popular model for b;,;,;, is provided by the

so-called Sachs-Wolfe bispectrum ([52], equation (21)), which yields
bl1l2l3 - _GfNL {Cllclg + Cll Cl3 + Cl20l3} )

where fx is a physical constant (see for instance [10, 88]). The Wigner coefficients

on the right hand side ensure that the expected value E (a1, @1ym,Gisms ) 18 Totation-

bl 1y -
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ally invariant under a change of coordinate, an obvious consequence of the isotropy

of the random field. For our purposes below, it is sufficient to recall that

N A O A T B P O Ve (3.19)
coo,)~ ¢ \oo0o o )7 i '

Now exploiting again the cubature formula (2.18) we obtain as before

1
{ Z Y21m1 (§j1k1 )}/lzm2 (gjzkg)HBWS (€j3k3 )5j1j2j3 (kla k27 k3) }

B2
k1koks

~ /S Vi, (€)Yiama () Vigns (€)d6

. 1 Iy I3 Iy 1y I3 \/(2[1 + 1)(2[2 + 1)(2[3 + 1)
o mip Mo M3 0O 0 0 47 i

whence
Bitt 2
Bljijoja = ——— —B” >, b5 (550 55 butats ( 00 0
J17J27 73 I1,l2,l3=Bi~1
(20, 4+ 1)(2l5 + 1) (215 + 1) ( Lo )2
x >
47 mi; Mo M3
mimasms
. Bit1 2
T o oo - \Bi/\Bi/\Ris/thtkl 00 0 47 ’
71932953y, 1, 1o—pi—1

in view of the orthonormality properties of the Wigner’s 3; coefficients. To keep
the analogy with the cosmological literature, we shall focus on “equilateral” and
“squeezed” configurations, see [4], [56]. In the equilateral case j; = j» = j3 = j we

have

B CAN
Bljj=—— >, b5

O

b (l_z)b(l_g)b Lol 15\ (2l + 12+ 1)(2l5 + 1)
Bi’ g’ ikl \ 0 0 0 4

g;,0; .
J2793 1, 19 l3=Bi—1
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Now recall [ = B7, 03 ~ C’Z/J?B?’j, biyits = [nrly 15 so that, using also (3.10)

RBI+1

BJ Z b b i( ly ( I3 )bl1l2l3 ( Iy Iy I3 ) (20, +1)(2l, + 1)(2l5 + 1)

B’V BiI7 B e L0 0 0 A
ll,lz,l?,:BJ*l J

Bit1

. ll lg lg fNLll_al;a ll lg l3 2 34
J = < IR T i S ]
B3 , b<Bj)b(Bj)b<Bj) c32psi \ 0 0 0 B

l1,l2,l3=Bi—1 BJ

12

Bit1

; Loy, b, ls . fnp B 2 p—jo/2
B’ Z | b<E)b(§)b(§)mBj ~ fNLB T B~ .
I1,l2,l3=Bi~1

12

This suggests the expected value of the needlets bispectrum can either diverge or con-
verge to zero, according to the asymptotic behaviour of the angular power spectrum,;
in particular, it does diverge for all @ < 4. On the other hand, for j; << j, = j3 by

an analogous argument we obtain

Bit1

fNL-Bj2 ll 12 l3 —ai—a ll lg
E[j1j2j2 — B—jl(a/Z—l)B—jQ(a—Q) Z . b(le) (BJQ) (E)ll l2 0 0
l1,l2,l3=Bi~1
Bit1

fni B I I I3\ e st s
B B > i MG g5, B B )

ly,la,l3=BJ~1

12

~ fNLB—jla/2B2j2'

As for the usual bispectrum, the previous computations suggest that the power is
maximized by “squeezing” frequencies, i.e. maximizing the differences between
the “side lengths” j; and j,. This is the same sort of qualitative result which was
found for the bispectrum in ([56]) and successfully applied to CMB data in [14]. Our
heuristic calculations in this Section suggest very clearly that the needlets bispectrum

may enjoy the same good power properties, at the same time healing the difficulties

I3
0

2
) B B2z
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that were met in [14] in the presence of missing observations. As mentioned before,

these theoretical arguments have been confirmed by simulations in [76].
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Chapter 4
On the Dependence Structure of Wavelet
Coefficients for Spherical Random Fields

?As we have discussed in the previous chapters, random needlet coefficients
enjoy a capital uncorrelation property: namely, for any fixed angular distance, ran-
dom needlets coefficients are asymptotically uncorrelated as the frequency parameter
grows larger and larger, see[7]. We stress again that the meaning of this uncorrela-
tion property must be carefully understood, given the very specific setting of statis-
tical inference in Cosmology. Indeed, CMB can be viewed as a single realization of
an isotropic random field on a sphere of a finite radius ([24]). The asymptotic theory
is then entertained in the high resolution sense, i.e. it is considered that observations
at higher and higher frequencies (smaller and smaller scales) become available with
the growing sophistication of CMB satellite experiments (see [56, 57]). Of course,
uncorrelation entails independence in the Gaussian case: as a consequence, from
the above-mentioned property it follows that an increasing array of asymptotically
1.1.d. coefficients can be derived out of a single realization of a spherical random
field, making thus possible the introduction of a variety of consistent procedures for
testing non-Gaussianity, estimating the angular power spectrum, testing for asymme-

tries, implementing bootstrap techniques, testing for cross-correlation among CMB

2 This chapter is based on the paper [54], which has been tentatively accepted for publication on

Stochastic Processes and their Applications.
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and Large Scale Structure data, and many others, see for instance [7], [8], [33], [53],
[61], [75].

Given such a widespread array of techniques which are made feasible by means
of the uncorrelation property, it is natural to investigate to what extent this property
should be considered unique for the construction in [66, 67], or else whether it is ac-
tually shared by other proposals. In particular, we shall focus here on the approach
which has been very recently advocated by [34]. The latter approach (which we shall
discuss in Section 4.1.2) can be labeled Mexican needlets, for reasons to be made
clear later. Its analysis is made particularly interesting by the fact that, as we shall
discuss below, the Mexican needlets can be considered asymptotically equivalent
to the Spherical Mexican Hat Wavelet (SMHW), which is currently the most popu-
lar wavelet procedure in the Cosmological literature (compare Chapter 2.5.2, or see
again [64, 18, 19]). As such, the investigation of their properties will fill a theoretical
gap which is certainly of interest for CMB data analysis.

Our aim in this chapter is then to investigate the correlation properties of the
Mexican needlets coefficients. We shall provide both a positive and a negative result:
namely, we will provide necessary and sufficient conditions for the Mexican needlets
coefficients to be correlated, depending on the behaviour of the angular power spec-
trum of the underlying (mean square continuous and isotropic) random fields. In
particular, on the contrary of what happens for the needlets in [66, 67], we shall show

that there is indeed correlation of the random coefficients when the angular power
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spectrum is decaying faster than a certain limit. However, higher order versions (al-
ready considered in [34]) of the Mexican needlets can indeed provide uncorrelated
coefficients, depending on a parameter which is related to the decay of the angular
power spectrum. In some sense, a heuristic rationale under these results can be ex-
plained as follows: the correlation among coefficients is introduced basically by the
presence in each of these terms of random elements which are fixed (with respect to
growing frequencies) in a given realization of the random field, because they depend
only on very large scale behaviour (this is known in the Physical literature as a Cos-
mic Variance effect). Because of the compact support in frequency in the needlets
as developed by [66, 67], these low-frequency components are always dropped and
uncorrelation is ensured. On the other hand, the same components can be domi-
nant for Mexican needlets, in which cases it becomes necessary to introduce suitably
modified versions which are better localized in the frequency domain (i.e., they allow
less weight on very low frequency components). In view of the standard trade-off be-
tween localization properties in the frequency and real domains, an interesting conse-
quence can be loosely suggested as follows: the better the localization in real domain,
the worse the correlation properties. This is clearly a paradox, but it does shed some
light within the class of needlets - in particular it clarifies that the uncorrelation prop-
erty of wavelets coefficients does not follow at all by their localization properties in

real domain: given the fixed-domain asymptotics we are considering, perfect local-
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ization in real space does not ensure any form of uncorrelation (all random values at
different locations in the sphere have in general a non-zero correlation).

The plan of this Chapter is as follows: in first Section we shall review the
Mexican needlets construction. In the second Section we provide our main results on
the dependence structure in real space, providing necessary and sufficient conditions
for the uncorrelation properties to hold. In the third Section we focus on uncorrelation
properties at different frequencies and in the fourth Section we review some statistical

applications.

4.1 Spherical Mexican Needlets

The construction in [34] is in a sense similar to NPW needlets in [66, 67], insofar
as a convolution of Legendre polynomials with a smooth function is proposed; the
main difference is that for NPW needlets the kernel of the convolution is taken to be
compactly supported, which allows on one hand for an exact reconstruction function
(needlets make up a tight frame), at the same time granting exact localization in the
frequency-domain. It should be added, however, that the approach by [34] enjoys
some undeniable strong points: firstly, it covers general oriented manifolds and not
simply the sphere; moreover it yields Gaussian localization properties in the real do-
main. A further nice benefit is that it can be formulated in terms of an explicit recipe
in real space, a feature which is certainly valuable for practitioners. In particular, as

we report below in the high-frequency limit the Mexican needlets are asymptotically
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close to the Spherical Mexican Hat Wavelets, which have been exploited in several
Cosmological papers but still lack a sound stochastic investigation.

More precisely, [34] propose to replace b(I/B’) in (2.20) by f(I(I + 1)/B%),
where f(.) is some C'™ function (not necessarily of bounded support) and the se-
quence {I(l +1)},_, ,  represents the eigenvalues of the Laplacian operator Age.

In particular, Mexican needlets can be obtained by taking f(s) = sexp(—s), so to

obtain

)= D 58 (r,)

>1

More generally, it is possible to consider higher order Mexican needlets by focussing

on f (s) = sP exp(—s), so to obtain

l—i—l _ 2J
Vikp () 7=/ AMZ yre Ly ((.650)) -

>1

Throughout this chaper, we shall only consider weight functions of the form f(s) =
sP exp(—s). It is certainly possible to consider more general constructions; however
this specific shape lends itself to very neat results, allowing us to produce both up-
per and lower bounds for the coefficients’ correlation. Also, it makes possible a
clear interpretation of the final results, i.e. the effect of varying p on the structure of
depedence is immediately understood; this is, we believe, a valuable asset for practi-
tioners.

The resulting functions make up a frame which is not tight, but very close to, in
a sense which is made rigorous in [34]. More precisely, we have explained in Section

2.6.4 that in order to make the needlets system to be a tight frame, the sequence
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b(l/B?) must satisfy that for every [,

f: b (é) =1

j=—o0

p 1(141)
z(l+_1)) o5
B2] 9

and replacing b(I/B’) in the standard needlets construction with (
by simple manipulation we obtain that

> l 210+ 1DN\? 2
S (_> S ( | ) —2U(141)/B
B B2j

j=—o0 j=—o0

= i M ” o —2U(1+1)/B% [(1+1) (B_2j — B—2(j+1))
B2 1(I+1)/B% (1 - B~2)

j=—o0

1 T et
N o———— P e dt
(1—3‘2)/0

(2p—1)!

It can then be concluded that the mexican needlets frame is actually a nearly tight
frame. The difference between the frame constants is of order (% — 1) £ 104 for
the first few values of p (see [20, 34]). On the other hand, exact cubature formu-
lae cannot hold (in particular, {)\% } are not exactly cubature weights in this case),
because polynomials of infinitely large order are involved in the construction, but
again this entails very minor approximations in practical terms. The random spheri-
cal Mexican-hat needlet coefficients are immediately seen to be given by

By = [ T@vdr= [ 33 anin (@)t () da

5% >0 m=—

I(+1 e
— /)\%Z(%)pel(lﬂ)@2 Z amYim (fjk) :

>1 m=—1
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whence their covariance is
l(l + 1) _ 220 +1
EB%%PB%'W - A%)‘%’Z( Bi )2p€ /B An Cih (<€jk7 Sjkr’>) :
>1

In the sequel, we shall drop the superscript M, without risk of confusion.

Remark As mentioned earlier, it can be suggested from results in ([34]) that Mexican
needlets provide asymptotically a very good approximation to the widely popular
Spherical Mexican Hat Wavelets (SMHW), which have been used in many physical
papers; the asymptotic analysis of the stochastic properties of SMHW coefficients is
still completely open for research. The discretized form of the SMHW can be written
as

y 1 y Yy g jan?
T (0 B9 — 1 21219 _ I 1,v*/4B
Jk( ’ ) (27T)%\/§ij(1+872j _‘_874]')%[ + (2) ] [ 2t2]€ ’

where the coordinates y = 2 tan g follows from the stereographic projection on the
tangent plane in each point of the sphere; here we take 6 = 0, (z) := d(z,{;;). Now

write

Vi (O (2)) = ¥ (0) 3

by following the arguments in [34] and developing their bounds further, it is possible

to show that

U,.(0; B — K3 (0)] = B0 (min {#*B*% 1}) , (4.1)
Az j
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for some suitable normalization constant X' > 0. Equation (4.1) suggests that our
results below can be used as a guidance for the asymptotic theory of random SMHW

coefficients.

4.2 Stochastic Properties of Mexican Needlet Coefficients

As mentioned in the Introduction, having established (2.24) opened the way to several
developments for the statistical analysis of spherical random fields. It is therefore
a very important question to establish under what circumstances these results can
be extended to other constructions, such as Mexican needlets. In this Section, we
provide a full characterization with positive and negative results. We start from the

former, as follows:?

Theorem 9 Assume Condition A holds with o < 4p+ 2 and M > 4p + 2 — «; then

for some constant C' > 0

C
|Corr (Bigps Bjwp) | < : —, (4.2)
jkipy k" p (1 + Bid (gjk7€jk’))(4p+2 )
if o € RY/N (i.e. ifit is non-integer), and
C
|Corr (B Birp)| < (4.3)

(14 (Bi-lo8s3)d (€1, €))7

ifa e N

3 While finishing the paper [54], we learned by personal communication that working indepen-

dently and at the same time as us, A.Mayeli has obtained a result similar to Theorem 9, see [63]. The
statement and the assumptions in the two approaches are not equivalent and the methods of proofs are
entirely different; we believe both are of independent interest.
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Proof. We prove (4.2) following some ideas in [66]. We focus on

> (M) eI B BACLP, (€1 )

>1

Corr (Bjk;p’ ﬁjk’m) - (4.4)

Wi+1) \2p ,—212 /B2 21+1
>( B2 )2Pe=2/ i C
I>1

Now replace C; = [~®g; (- in the denominator of the above representation, for

which we get

) B~ (pt+2-a)j M gpeqz?/BZj M

< - < cqpgp——.
“ 4p+2—oz_l>1( 5 ) i pr2—_a

Denoting 6 = arccos (£, ,&; 1), the numerator can be written as

Jk>

2/ 2j i i [ i
Z(Z(JH))%*% e 2”10,1/ ( sin (14 1) ¢ " @)
0

= B2 4t w cos  — cos 4,0)1/2

where we have used the Dirichlet-Mehler integral representation for the Legendre
polynomials [38].

The following steps and notations are very close to [66]. We write

- l(l"‘l) 2 _2l2/32j21+1 —a l . ]_
Cpy = Z(W) Pe ?l 9i | 5 | sin l—|—§ v (4.6)

where

Bi

u(u—+1 2u+1 _ U\ _o(u/BiV2ti(utd
1) = (LD () st

By Poisson summation formula, we have

Shia(l) = 53 hiall) = 53 e ()

1>1 €7 HET

Denote

Goj (1) =79 (1) e Ips o) - 4.7
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Let us now recall the following standard property of Fourier transforms:

Some simple computations yield

~ B-a)j 2p % Clop dmt1 - o dm
hy (2mp) = pp > (m> <2B (2p=m)j it B (2p+1 >J_dwm>

X2 / Ga,; (t/B7) R T
1

BE-igkie & 2p “pmyj A" —epri-m); A"\ A
B 4 Z (m) (23 Brmm dewm+1 +B s Y dwm) GOCvj (W) ‘w:Bi(zﬂ-,uﬂFga) )
m=0

where

~

Goj(w)= /R Goj(t) e ™dt .

For all positive integers k£ < M, we can obtain

oo Jk kT (m+2p—a)Cy p—j(2p+1+m—a—k) .
| gmtnGay @y < { | Homag BT C S Pripk bk 7
- dtF ’ kI'(m+2p—a)Cy(jlogB) , for2p+1—a+m==k

(4.8)
where C; = max {co, ..., ¢y } and

'2p+1+m—-—a—k)when 2p+14+m—-—a—k)>0,
T'(k—2p—1—-m+a)) when 2p+14+m—-a—k)<0. "

e - {

It should be noticed that our argument here differs from the one in [66], because we
cannot assume the integrand function on the left-hand side to be in L! for all k¥ < M.
Let us now focus on the case where 2p + 1 — a + m # k; the modifications needed

for 2p + 1 — o + m = k are obvious. We obtain

dm ~
o G (W)

B~ 2pt1l-m)j
dw™

|Bj (2mp — gp)‘k < B~@ptl-m)j

[e§] dk
< |t wya
kI (m + 2p B Oé) Cg B—j(4p+2—o¢—k:),

L(p,m,a, k) ’




therefore

. Crn g B340 +2-0)
k
(2mp — )

Y

where

k(m+2p—a)!C,
L(p,m,a, k)

Om7a7k7g =

Now let C,, ., = max{Cp, gk, m =0,...,2p+ 1}; we have

)/};ﬁ: (27”0‘

B(2 a)J ) dmtl
< ( M) e | G )
+B*(2p+1fm)j d_@ (w)
dw™
2-a)j 2P —j(4p+2—a)
S B (2p> kagB -
4w m/) @Qmp— )
2p —4pj
< Tl B 10
2mu F )
Therefore
‘CBg‘ < 9% by L_,_Z_ 1 - B4
397 a,R, k
’ 2p e 2T £ ol

1 _
< 2% (290’“ + (k- 1)7r1—k) CopgB ™

Up to now, we can have for the numerator of the correlation

1 1-k

ol (k=17

(4.5) < Ca,k,gB‘lp]/ (%k 1/2 ) de .
o (cosf —cosep)"/

104
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As in [66], we recall that cos § — cos ¢ = 2sin (HT@ sin ‘PT%). For 0 < 6 < 7/2, using

the fact that sin ¢/t is decreasing for 0 < ¢ < 7, we obtain

sin 0—;99 sin 59;—9 sin %71’ sin %171'
g2 > e A > 03 %09,
5 5 Zlﬂ- Z?T

Therefore, we can get the following inequality

,n_k

(4.5) < Oy B~ / dp < C,B~"ig*
! 0 0.27¢pF (p2 — 92)1/2

Ifr/2 < 0 < 7, letting 0=n— 0, o = ™ — @, we can obtain the same bound. Going
back to 4.4, we obtain

Cle—kaszj

— Cp~F p—pt2—a)j ;
C,BE— =C0"B — 0, as j — oo,

Corr (ﬁj,ka Bj,k') <

where C} = 2¢/27%T2 (1/2) Copgand Cy = {7 (4p + 2 — a) o} .

Taking k£ = 4p + 2 — «, we thus get inequality (4.2) and (4.3). W

The previous result shows that Mexican needlets can enjoy the same uncorre-
lation properties as standard needlets, in the circumstances where the angular power
spectrum is decaying "slowly enough". The extra log term in (4.3) where « is inte-
ger is a consequence of a standard technical difficulty when dealing with a boundary
case in the integral in (4.8); however, from the point of view of Physical applications
this does not seem to entail any practical drawback, since the case of an integer « is
a measure zero set of the parameter space.

The following Theorem complete the analysis, establishing indeed that the ran-

dom Mexican needlets coefficients are necessarily correlated at some angular dis-
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tance in the presence of faster memory decay. This is clearly different from needlets,
which are always uncorrelated. The heuristic rationale behind this duality can be ex-
plained as follows: it should be stressed that we are focussing on high-resolution
asymptotics, i.e. the asymptotic behaviour of random coefficients at smaller and
smaller scales in the same random realization. For such asymptotics, a crucial role
can be played by terms which remain constant across different scales. In the case of
usual needlets, which have bounded support over the multipoles, terms like these are
simply dropped by construction. This is not so for Mexican needlets, which in any
case include components at the lowest scales. These components are dominant when
the angular power spectrum decays fast, and as such they prevent the possibility of
asymptotic uncorrelation. In particular, we have correlation when the angular power

spectrum is such that o > 4p + 2.

Theorem 10 Under condition A, for o > 4p + 2,V € € (0, 1), there exists positive

§<e(1+) VO stifd(y, € ) < 0, then

lim Corr (ﬁjk;p,ﬁjk,;p) >1—c.

o0
Proof. For notational simplicity, we perform the proof for p = 1; the general case
can be established under the same lines.

We first divide the variance of the coefficients into three parts, as follows

2 2
Z + Z + Z l (l +1) 672l(1+1)/32]’ 2l + ]_Cl .

. . . _ B4 47
1<l<e; BI €1 BI<l<ea BJ [>ea2BI



107

For the first part we obtain easily

12(l+1) iy 220+ 1 14 l [
Lt 2(-1)/BY _
Z T B4 Amt 5 Grs 22 B (Bj)
1<l<e1 BY 1<l<e1 BI
€ (a—86)j 6—a
< 2@3(2—0%)3'/ ' 22y = 200 (B o6 )B(z—a)j7
T B 7 (o — 6)
and
2 a—6)j 6—a
Z P(+1) J—2(+1)/B 20 + 101 (B9 — ¢ )G_QE%B@_OM
 BY 47 ~  2mco (o —6) ’
1<i<e; BI
Similarly, for the second part
6—a 6—a 2 2
( €2 6 ) 7263 (2—a)j l (l + 1) —21(1+1)/B% 2l +1
e B 7< _ —C
21 (6 — @) o < > —proe i
€1 BI<I<ea BI
6—«a 6—a
< 9 (61 — & )606726%8(2701)]
- (o —6) 7
for the third part

2 2 oo
Z I ( +_1) o~ 21(1+1)/B% 2l + 101 < %B(au)j/ 25 1
Am Am .

B4
[>eaBI

360 —a_—€3 —a)j
EG% e 2 B2 )], (62 > 1) .

IN

The last but one inequality follows from the asymptotic formula

2
—y%/2
e , Yy — 00.

V2 Jy V2my

If we choose €; = NB~7 where N is sufficiently large that N~ (1 + ¢2) < 1, then

(B(a—6)j _ efli—a)

Co

>(e?_a—eg O‘)co, asj — 00.
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Therefore
—1

2
3 1?(l + 1) _aenypa 2t 1Cz

 BY 4T
1<l<e1 BI
P(+1)7° 2 20 + 1
AT ) 2l(4)/BE A T
X Z + Z B4 € A &

€1BI<l<exBJ I>exBJ
= O(B6) =0(1), as j — c0.
It follows that the order of the whole sum is the same as for the summation restricted

to the elements in the range 1 < [ < ¢; B?. We recall also that

sup P(cosf) = Pj(cos0) =1,
0€[0,n]

and
su |iP(COS9)| <3l
oe[ogr] do -

(See Appendix C for detailed proof of the last inequality). As a consequence, for any

positive ¢ < 1, there existsa d > 0, s.t. if 0 < § < 6 < &/N, then,
| P(cos ) — Py(cos0)| <310 < ¢
for any [ > N, where the above inequalities follow from
o0
0 <cos(fy+0)—cosly=2sin 3 <0,V0€l0,2m).
Therefore, for any &, &1 € S? s.t. arccos <§jk, §jk,> < 4, we have

2 2 ;
> e %Ll) e UEN/BY 2L Py (€54, Ejpr))

>1

Corr (Bju: Bjw) = > lz(;_lf e 2111)/B% 21 0
J T

>1



109

> —12(”1)26—25(“1)/3%Qfl—jrlCl X (1—¢)

B4
1<IKN
Z

+0(B' %)) = (1—e)+0(1), as j — 0o
Zl2(lBE})2e—21(l+l)/32j2£1_jrlcl ( )= )+o(l)
I>1

Thus, the proof of the theorem is completed. W

The results in the previous two Theorems illustrate an interesting trade-off be-
tween the localization and correlation properties of spherical needlets. In particular,
we can always achieve uncorrelation by choosing p > (« — 2)/4; of course « is gen-
erally unknown and must be estimated from the data (in this sense standard needlets
have better robustness properties). Introducing higher order terms implies lowering
the weight of the lowest multipoles, i.e. improving the localization properties in fre-
quency space; on the other hand, this may entail some worsening of the localization
in pixel space, in view of the usual trade-off between real and harmonic space local-

ization properties (i.e., the indetermination principle).

Remark In Theorem 10, we decided to keep the assumptions as close as possible
to Theorem 9, in order to ease comparisons and highlight the symmetry between the
two results. However, it is simple to show that the correlation result holds in much
greater generality, for angular power spectra that have a decay which is faster than

polynomial. In particular, assume that

Cy=H(l)exp(=I*),l=1,2,..
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where H () is any kind of polynomial such that H(l) > ¢ > 0 and p > 0. Then
it is simple to establish the same result as in Theorem 10, by means of a simplified
version of the same argument. The underlying rationale should be easy to get: for
exponentially decaying power spectra the dominating components are at the lowest
frequencies, and they introduce correlations among all random coefficients which

cannot be neglected.

4.3 Correlation Across Different Frequencies

The asymptotic uncorrelation we established in Theorem 9 is indeed sufficient to
obtain central limit results for finite-dimensional statistics based on nonlinear trans-
formations of the Mexican needlets coefficients, see below. However, for many ap-
plications it is useful to consider different scales {j} at the same time. Because of
this, it is also important to focus on the correlation of Mexican needlet coefficients at
different j, j’. We stress that no such analysis was needed for standard needlets; given
the compactly supported kernel b(.), the frequency support of the various coefficients
is automatically disjoint when |j — j'| > 2. We start by writing the expression for

the correlation coefficients, which is given by

Corr (Bmﬂa szkz)

Z(l(g;ll))p(l(g;;)) EE B (9] | 1), (<£ﬁk1,£m2>)

1/2 1/2
{Z(Z%—&;l))élpe 2l(l+1)/B2]1 <2l+ )C} {Z<l%‘;‘1))4pe 2l(l+1)/32]2<2l+ )C}

>1
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We have the following result.

Theorem 11 Assume Condition A holds with o < 4p + 2 and M > 4p + 2 — «;

then
Cu
COTT ﬂk?ﬁk S —_a)? (49)
| ( Jikiipr 2 g2 27p)’ (1 | Bli+i2)/2g (fjlklvszkg))(4p+2 a)
if « € RT/N (i.e. if it is non-integer), and
Cu
Corr (B ...0. . )| < ,
} (lek'l,p 632k2,p)| (1 n (B(jl+J'2)/2*10g3(jl+j2)/2)d (£jlk17€j2k2))(4p+2—a)
(4.10)

ifa € N, for some constant Cyy > 0. On the other hand, for « > 4p+2,V e € (0, 1),

there exists positive 6 < ¢ (1 + cg)_l/(a_4p_2) y 80 d(E 1y Eiory) <0, then

lim Corr <6j1k1;p’5j2k2;p) >1—c. (4.11)

Jj—00

Proof. As the proof is very similar to the arguments for Theorems 9 and 10, we
just provide the main ideas and we omit many details. In the sequel, for any two
sequences a;, b;, we write a; ~ b; if and only if ¢; = O(b;) and b; = O(q;).

First, we consider the variance of the random coefficients, which can be repre-

sented by:

WI+1) 4y —oysry o (2—a)j1 ' N apti-a —2u(t+1)
Z(?> e (21+1)C; ~ B - + : t e g, (t)dt

+1

— B2-a)n {2p _:02 — anj1(4p+2fa) +0 (1)} :
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therefore

1/2 1/2
U4 1) 4y —oras1)/82% / W+ 1) 4y —orsr)/p22 :
Z<T> e (20 +1)C, Z(W> Pe (20 +1)C,

1>1 1>1
o Al . 1/2 1 . 1/2
B—a/2)(1+i2) {—4]) +02 — aB‘Jl(4p+2—a) +0 (1)} {mBh(‘mH—a) +0 (1)}

O (1) BU-e/2(1+i2)  4p+2 — o > 0;
- O (1) B~2Uniti2) - 4p 42— a < 0.

Now let us focus on the case where 4p + 2 — o > 0; without loss of generality, we
can always assume j; < jo. To establish (4.9), we can implement the same argument
as in Theorem 9, provided we replace Cp 4, in (4.6) by

LA 1) o tarnyB2np-2) 2L+ 1, AP 1
CB’gjl,jQ = Z(W) (& ?l 9, g sin | { + 5 (2

>1

= Qiy, (hj1j2+(l) - hjljz— (l))

>1

where

u(u+1),2u+1 U\ 21 4 B-272) (s L
Mgt (0) = (555 )? U (ﬁ)e (DB BT Ei(ut )¢

As before, by Poisson summation formula, we have

1 1—~
D () = §Zhj1j2i<l) = izhjljéi (2mp)

>1 leZ MEZL

Denote

Gajuj (t) 1= BPUR)2r—0g, () e_t(HBih)(HB%FJ‘Q))I(B*%oo) ;
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by the same argument and notation as in Theorem 9, we have

1-a)j; 2P mtl "
B( )1 Z 2p QB_(Qp_m)jl d + + B—(2P+1_m)j1d_
4 = \m dwm+t dwr

XQ/ Gugus (1/B) X EDe 0 |y,
1

Be-a)n 2P 2% o | AT B Cqam
< A Z (m> <2B (2p—m)j1 —dwm+16a,j1j2 (w)‘—i-B (2p+1-m)j1 o Gajijo (w)) |w:Bj(27r#
m=0

IN

Be-mi (2p> Cip g B2~ 0)=2(i1-+52)
m (2mp— )"

AN
=

\
—
\.l\D

Therefore

IN

1 1 o
) 2p - § '— B—2r(j1+j2)
|CB’gj1’j2| 2¥Cakg <2<,0’~C * 127 £ <p|k> o

HEN

¥

It is then straightforward to conclude as in the case where j; = j5, to obtain

029716B—2p(j1+j2)
Corr (/le,lm sz,k’) = ClB(l_a/2)(j1+j2)

— 00 g~ @pti—a/2(iti2) _, 0, as j, — 0.

Thus (4.9) is established.
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Let us now focus on the case where 4p + 2 — a < 0. We can again fix two

integers 1 < N; < N, and evaluate

Z ([([ +1) )p(l(l +1) )pe,l(l+1)(32j1+32j2)_1(2[ +1)C,

B Biz
N1 <I<N2
l2p<l + 1)2p 1 25 2jo\—1
_ —(I+1)(B¥14B%2)
= Z 20 0r e (2l + 1)0{
N1 <I<N2

. NZ/B(j1+j2)/2

_ NP (B2 2j9)—1 oy _ _

o NI (BY1+B%2) C(:)I:IB(JI—F]Z)(I a/2)/ pAptl—o gy
Nl/B(j1+j2)/2

BU1t52)(1—0/2) {(Nilp-i-Q—a B N;lp“‘a) B_(j1+j2)(2p+1—a/2)}

Q

Q

a—4p —2

Q

(pr+2—a _ N24p+2—a) B—(j1+j2)2p/ (. —4p—2) .

The proof of (4.11) can then be concluded along the same lines as in Theorem 10. W

4.4 Statistical Applications

The previous results lend themselves to several applications for the statistical analysis
of spherical random fields, in particular with a view to CMB data analysis. Similarly
to [7], let us consider polynomials functions of the normalized Mexican needlets
coefficients, as follows

N,
1 : ) e ﬁjk;p

Q
thj = N Zwuqu(ﬁjk;p) > leﬁp o
VY k=1 ¢=1 Eﬁjk;p

where H,(.) denotes the ¢-th order Hermite polynomials (see [80]), [V, is the cardi-

u=1,....U,

nality of coefficients corresponding to frequency j (where we take {5 jk} to form a
B~J-mesh, see [8], so that N; ~ B%), and {w,,} is a set of deterministic weights

that must ensure these statistics are asymptotically non-degenerate, i.e.
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Condition B There exist jg such that for all 7 > j
TCLTL]C(QJ') =U , Qj e EhN]-thj 9 hN]. = (hLN]., ciey hU,N]-), .

Condition B is a standard invertibility assumption which will ensure our sta-
tistics are asymptotically non-degenerate (for instance, it rules out multicollinearity).
Several examples of relevant polynomials are given in [7]; for instance, given a theo-
retical model for the angular power spectrum {C;} , a goodness-of-fit statistic might

be based upon

H

M=
=
=)

NA
1 <& =2
jk;p) - FE :wjk;p_ 1)
k=1

J

E
i

N 2
1 J
= WA —1);

VN = A () G

>1

likewise, tests of Gaussianity could be implemented by focussing on the skewness

and kurtosis of the wavelets coefficients (see for instance [13],[18, 19]), i.e. by fo-

cussing on
N; N,
{ ]kp )+ Hy (Bjk;p)} = 3 and
N: ;
{ ]kp +6H2(5]kp)} { jkp }
k: k:

The joint distribution for these statistics is provided by the following results:
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Theorem 12 Assume T is a Gaussian mean square continuous and isotropic ran-
dom field; assume also that Conditions A and B are satisfied and choose p > (« +

9)/4, some 6 > 0. Then as N; — 00
QO Phy, —a N0, Iy) .

Proof. The asymptotic behaviour of our polynomial statistics can be established by
means of the method of moments. In particular, it is possible to exploit the diagram
formula for higher order moments of Hermite polynomial, as explained for instance
in [69],[80]. The details are the same as in [7], and thus they are omitted for brevity’s
sake. We only note that, in order to be able to use Lemma 6 in that reference, we

need to ensure that

|Corr (B Bjrp) | < ¢ some C' > 0.

T (14 Bid (& 60))" "

In view of (4.2), this motivates the tighter limit we need to impose on the value of p.

It may be noted that the covariance matrix €2; can itself be consistently esti-
mated from the data at any level j, for instance by means of the bootstrap/subsampling
techniques that are detailed in [8]. Again, the arguments of that paper lend themselves
to straightforward extensions to the present circumstances, as they rely uniquely upon
the covariance inequalities for the random wavelet coefficients. A much more chal-
lenging issue relate to the relaxation of the Gaussianity assumptions, which is still

under investigation.
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Appendix A
The 3-j Symbols

Here we list a few properties of the Wigner’s 3-j symbols which are relevant for
the analysis of the bispectrum. A much more detailed discussion can be found in [84],

chapter 8. An explicit formula for Wigner’s 3-j is as follows

jl j2 j3 (A 1)
my Mo Mg )
= (=) (Gy + o — ga) (r — Ja + J3)! (=1 + o + 3)! (i + ma)! (ji — ma)!

X (ja 4+ ma)! (ja — ma)! (ja + ma)! (s — ma)]Y?/ (1 + jo + js + 1)1/

XZ ) /2 (G4 d2 = g — 2L — ma — 2)! (2 — ma — 2)!
(]3—j2+m1+2) (j3 — j1 —ma + 2)!.

The 3-j symbol is zero when either of the following conditions is not all satisfied:

my + mg + mg = 0;

J1+J2—733=>0
ji—Ja+j3>0 Triangular Conditions.
—J1tJj2+7j3=>0

(a) Symmetry properties

( JuJ2 I3 ) is invariant under even permutation of columns and is
mp Mz M3

multiplied by the factor (—1)7 7277

Ju J2 s — (1)t JiJ2 J3
—my; —Mgo —M3 m; Mo M3 ’

There are altogether 72 known symmetries of the 3-j symbol;

for odd permutations.Also
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(b) (symmetry) for any triple [y, lo, I3

ll l2 ZS _ l2 l3 ll _ 13 ll l2
my Mo M3 o mo Mg My o ms 1M1 My

(—1)atiats S R
myp M3 Mo

— (_1)11+l2+l3 l2 ll l3
mo 11 M3

— (_1)11+l2+l3 I3 I h
ms3 1Mo My

(c) Orthogonality properties

. . . 2
Z JuoJ2 3 -1
my Mg M3 ’

mi,m2,ms3

, TR A S N
Bzms(zj?’—i_l) < mp; Mg Mg ) ( my my mj ) = Oyt Omams
Z Ji J2 J3 JiJ2 U3 _ 5j3j§5m3m§,‘
e\ ma my my my Mg (2j3+1)"
(d) Useful special cases
Jidz s\ gy (J = 2j0)! (] = 252)! (J — 2j5)!]*
0 0 O N (J+1)!
(1/2J)!
(7= G~ 3 (T )

(non-zero for J = j; + jo + j3 even);

X

(e) Upper bound

for any j17j27j3

( o J2 Js ):o<[max{j1,j2,ja}]_l/2)-

my Mo Mg
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Appendix B
Construction of b(-)

There are of course many explicit recipes for the construction of functions b(-)
which satisfy the properties we required for needlets; one simple example is the fol-
lowing (see also [61]):

STEP 1: Construct the function

fexp(—1%), —1<t<1
1) = { 0, otherwise

It is immediate to check that the function f(-) is C'™ and compactly supported in the
interval (—1,1);
STEP 2: Construct the function

=T

The function ¢(-) is again C*°; it is moreover non-decreasing and normalized so that
¢(—1) =0,6(1) =1;

STEP 3: Construct the function

1 if 0< ¢t <4
pt) =4 o1 —2E(t-%) if <t <1 .
0 if to>1

Here we are simply implementing a change of variable so that the resulting func-
tion ¢(-) is constant on (0, B~!) and monotonically decreasing to zero in the interval
(B71,1). Indeed it can be checked that

i
B

2B I 1 for t=
1_B—1(t_§){—1 for t=
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and
Ly 1)=1
B5) = 6(1) =1,
¢(1) = ¢(—1) = 0;
STEP 4: Construct
() = 6(5) — 6(6)

and for b(£) we take the positive root. In view of all the above four steps, we see that
b(.) € C* in this construction method.
For the needlets

03el®) = VA S b() D Vinl)¥in (€50,

m=—1

as mentioned before, the main result of Narcowich,Petrushev and Ward [66] is the
followings localization property of ;.

For any M there exists a constant c); such that, for every n € 5% :

CMBJ

(1 + BJ arccos <77, 5jk>)k.

‘SOjk; (77)‘ <

Likewise, the main result of [7] lemma 5 is as follows :

< Cu .
T (14 Bid (g 650)) "

’OOT(Bjmﬁjk')

Our aim here is to provide more explicit results for the bound C'y;. More pre-

cisely, in [66] it indicates that if a function b (1) € C™ (R) satisfies

6 ()] < Cy (1 + [¢))' ™, forallt € R,r =0,..., M,
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where o > 2 + M, as well as

< BMb; forr = 0,...,M, j = 0,1,
dt?‘ . ’

then we can get the bound

Twn—1Bary
= 6Ch/wn, ——F— ¢
cyp max{ b/ w NG }
and
147TBMb
Cu = = 6C,/ (472), ——=2
M CoCMm COmaX{ b/(ﬂ-)v Qﬁ }7

in view of n = 2. Here ¢, is the same constant as in Condition A.
Without loss of generality, we take M = 3. Then it is easy to see that we can
get the bound ('), through calculating the upper bounds of the derivatives of b (t) up

to the third order. To exploit b (¢) a little bit more, we notice that

() = /f )ds

w1=1- 52 (t-1) — 1/ f(s)ds

: f 1 exp )dS r1= 1_7@ 1) 1<t< B;
- I _1—32>d8 wo=1—2B_(t-1) > £ <t<1;
0, otherwise.

Therefore, we can divide b(¢) into 3 cases, whichare ¢ € [£,1],[1, BlandR/ [§, B] .

(i) 1<t<B;herewetakex; =1— 525 (t — 1),

—1 1

c(B-1) exp(=

(I e S

V() = b(t) 7)

1 —x7

whence

max |0 (t)] < 1.85/ (B — 1), tmax = 0.961758 + 0.03825 (< B) .



Moreover

vi(t) = b(t)_l(c(B_l)g 1_ )

)ds

—exp(—152) / [ 1 =32 (day [*] exp(— s
= — / exp(— )ds

1 1—s? (1 — 22)?

which leads to

max |b" (t)] < 32.33(B — 1)7?, tmax = 0.8476 B + 0.1524.

4 exp(—12)

(1 —3az7) =30 ()b (1))

: Wl_l)g </il P~ —132)d8> h exp(—7 _133%)
x{ (4 /jl exp(— . _1 82)d3>2 8 :Z;ﬁi

+3eXp— +exp_

which gives
max [b® ()] < 24602 (B — 1), tyax = 0.9753B + 0.0247 .
(i) £ <t<1;herewetakezs =1— 22 (t—1/B),

B

B
mf(%)

1 [ 1 ~1/2 Bexp(—113)
- (12 _ T 1w
< c/_l exp( 1—32)d8) c(B-1)

V) = bt

giving

.84
max |l ()] < 1.85B/ (B — 1)t — 8376 +0.1524 (> 1/B).

z1 [T exp(——15)ds
1 ) (4 f—l p< 1—s ) 1 ))}
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T exp(—
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Also

b1 = bt

41y (1 — 3 [T exp(—3 2)ds) : 1 )
X — exp(—
(1—a3)? T
so that we obtain
0.95755

+0.04245

max |b” (t)| < 64B% (B — 1), tmax =

and finally

_41R2 €X (_1—1;1:2) \
c (34131)2 (I; i (1730) — ()

= ———(1—- - d —
c(B-1)° ( 0/1 (-5 S) (-7 2)

1 [ 1 2 (1 — 3z
4(1-= - ds) ~——U
x ( C/—l el 1_52) S) (1—a3)
4, (1 -1 exp(—ﬁ)ds) 1
) 2 — exp(— — ) |}
1 xy (1 — x%) 1 T

B0 = b0 (

+3 exp(—

which gives

0.9591
-+ 0.0409 .

max [b® ()] < 33608 (B — 1), tynax =
Combining the all the bounds of derivatives (up to the third order) of b (.) above,

we obtain

Cy, Bsy < 24603 (B — 1)

Therefore Cyy = max {6C/ (47%), 5724 L ¢ = 305254 (B — 1) e,
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The constant seems very large, due to form of b (-) . Here we give another method
of construction of b (-). The steps for constructing b(z) € C* (o < k + 1/2) are as
follows:

1) define polynomials (of Benstein)

Example: forn =1

forn =2
BPt)=@1-1t)2,BP@) =2t(1—1), BPt) =1,
forn =3
BOW) =1-1)?,BPw) =3t(1 —1)*, BY(t) =321 — 1), BP (1) = .

2) define polynomials

k
par+1(t) = Z GBI (t)
=0
where
c;=1,fori=1,... &k, and ¢; = 0 otherwise.

Example: for k =1

ps(t) = Z BP(t) = (1—1)* +3t(1 - 1)?,

=0

OVt) = (1= )° +5t(1 — t)* + 10£2(1 — t)? .

3
ot
=
I
S
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Note that

p3(0) = ps(0) =1,

and

pi(t) = 30t%(1 —t)?

Therefore the derivatives of ps; have value zero up to order 2 at points 0 and 1. In

general
(1) =p8) (0 =0forr =1,...k
Pary1(1) = o (0) =0forr =1, k.
3) define
p T~ 1/B
-~ 1-1/B
where B > 1.
4) define the function
1, ifz € [0, 5]
— z—1/By 1
p(r) = p2k+1(m)7 ifz € [5,1]
0, ifz>1

5) Finally, we have

_ (%) —p(r), 5 <z<B
b(x) { 0, otherwise '

In view of the examples given in this construction, we can also easily see that the
constant (' is in the order of %7 which is rather small compared with the one
we obtained from the first recipe. For the sake of brevity and also due to its similarity

to the procedure we have done for the former one, we omit the computation of C';

derived from this latter method.
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Appendix C

A proof for the bound of M

In this final appendix, we shall provide some bounds on Legendre polynomials
which were used throughout the thesis. These results are classical, and can be obtained
by many techniques - we provide one more derivation for completeness.

Let us first recall a few properties of Legendre polynomials, that we shall use

extensively soon (see [84] for details); we have

(1-a) T @) py @)1

If we replace x = cos 6, we obtain

dP (cosf) 1
do ~ sinf

(cos P, (cos@) — P,_1 (cosh)) 1. (C.1)

Differentiating the component in the bracket on the right side of the above differential

equality, we have

% (cosOF, (cos @) — P,_1 (cosf))

cos

= —sinfP (cosh) + 7 (cosOP, (cos®) — P (cosh)) 1

sin

! (cosOP,_1 (cosf) — P_5(cosf)) (I —1)

sin @

= —(l+1)sinbP, (cosh)

o (1P (cosB) — (21 — 1) cos OP,_; (cosf) + (I — 1) P,_5 (cos B))

= —(l+1)sinfP, (cosb) .
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The last equality comes from the fact that the Legendre polynomials satisfy

[P (cosf) = (2l — 1) cosOF,_1 (cosd) — (I — 1) P,_5 (cosf) .

We know that the Dirichlet-Mehler Integral representation for the Gegenbauer polyno-

mials is

Pl(’\) (cosf) =

2T (A+ 1) T2\ +1) /’f cos((l—i-)\)(P—)\W)dw
) : |

VT (AT (2)0) (sin 0)2’\*1 )17)\

(cosf — cos p

and in our case P, (cosf) = PZ(E) (cos®) . Thus

dP; (cosf) —1(l+1) [? o VI (1) [Teos((I+1)¢—in)
do sin 0 / ’ w\/_F(l/Q)/ (COS@/)—COSSO)U2 dede

_ZSfHZ </ / /dgp/)sm <l+ ) (Cos;iiiif¢)1/2

M[/O 2sin <l+ 2) o (1= cos )" dp

sin 0

T 1
- / 2sin (l + 5) ¢ (cosf — cos )2 dy). (C2)
0

The first part in the bracket is equal to

T 1 T 1
/ 2 8in <l+ —) w(l— cosgp)l/zdgp = / 2v/2 sin <l + —) QDSinfdgp =0,
. 2 ; 2 2
(C.3)
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while for the second part , we can see that it is absolutely integrable, so as m, j — oo,

we can obtain

T 1
/ 2sin (l + 5) ¢ (cosd — cos p)? dp
0

o Th 2% + h/m \'
- nlllréo @ Dm Z Z{sm <2k7r + —) (cos@ — COS Wﬁ)

k=[(1+1/2)0/x] h=0

h 9%k +24+h 1/2
—sin (2k7r + ;—) <cos 6 — cos Mﬂ')
m

20+1
_ w  7h 2k+1+h/m 1/2
2 e cog Tt
—i—sm( km 4+ 5 + 2m) <C089 cos ST 7r>
, ™ wh 2k +3+h/m \'?
_ 2 2t —cog T2
sm( km + 5 + Qm) (0059 Ccos ST 7r> }
m l 1/2
. s . 7h d 2k + wh/m 27
= lim ————— ) sin— E — <cos€ — cos <— + x)) |z=0
m—o00 (2[ -+ 1) m h—0 m K=[(141/2)0 /] dz 21 + 1 21 + 1

l

L " rh 3 d ( ; <2k+1+h/m+ ))1/2’ 2
—_ CcoS — — (cosl —cos| —————— + =0 ———
2L+ 1)m — 2m Ay dx 20+ 1 20+ 1

= lim T zm: sin W—h + cos ﬂ cos ) — cos mh + 217 v
~ meee 20+ 1)m 2m 2m 2U4+1)m  (20+1)

2
27;\_{__1 (cosf — cos )"/

IN

We are now in the position to establish the upper bound of the first derivative of
Legendre polynomial of degree I. First consider the case that ¢ € [7/2, 7], and recall

one of the trigonometric equalities 1 — cosa = 2sin® a/2, we can then bound (C.2)
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with

1 T 1 1/2
sin@/e 281ﬂ(l+2)g0(c089 cos )" dyp
mwsin (7 —0) /2
~ (I+1/2)sin(m —0)
s

- (2l +1)cos(m —0) /2 (C.4)

Therefore

‘dPZ(COSQ)'< ml(l+1) <3

do ~(2l+1)cos(m—0)/2
in view of (C.3), (C.4) and (C'.2).

Similarly, in the case of § € [0,7/2] , we do the transform 6 = 7 — 0,5 = 7 — ¢

into the integral representation of P, (cos ),

V20 (=D cos(I+1/2) ¢
Pl(/\) (eos0) = Vvl (1/2) /o (cos p — cos 0)*/? e

The follwoing steps are the same as before. Thus we can obtain the same bound, and

make the conclusion that the following inequality exists for any 6 € [0, 7| , which is

‘ dP, (cos )

< 3.
o <



