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FREE GROUP FACTORS AND HECKE OPERATORS

FLORIN RADULESCU

ABSTRACT. This is a note on Radulescu’s work taken by N. Ozawa. We first review the
construction of the classical Hecke operator and recall the Ramanujan—Petersson con-
jecture about its spectrum. We then relate it to the study of a type II; factor via Berezin
calculus.

Part 1. Hecke algebras (Ref: [K1]).
1. DEFINITION OF HECKE ALGEBRAS
For subsets a, f G of a group G, we define a* and a8 < G by
a*={g':gea}and af = {x:3g € a,Ih e Bsuch that x = gh}.

Let T < G be discrete groups, and p: G ~ ¢?(I'\G) be the quasi-regular representa-
tion defined by p(g)é(x) = ¢(xg). What is p(G)"? It suffices to know p(G)'. Since 6r is
p(G)-cyclic, itis p(G)’-separating. LetT € p(G)’. Then, Tor € P2(T\G) is pI)-invariant.
Hence, Tt can be regarded as a function on the double coset space I'\G/T, which is
supported on those double cosets I'gI" which are finite unions of right cosets.

Lemma 1.1. ForI <G, TFAE.

(1) Every double coset is a finite union of right cosets.
(2) Every double coset is a finite union of left cosets.
(3) ForeverygeG,onehas[:Tng 'T'g] < +oo.

Moreover, for s; €T, one hasTgl' = | |IT'gs; iff T = U ng~'Tg)s;.

We assume that I' < G satisfies the above conditions. Such a pair I' < G is called a
Hecke pair. We define ind: I'\G/T' — N by

ind(a) =l{xel’'\G:xca}| = [F:Fmgill“g].

For each a € T\G/T with @ = Ui.i‘i(“) T'g;, there is an operator A(a) € p(G)’ such that
Ma)dr =64 =Y ;Org;. (We freely view a function on I'\G/T as a right I'-invariant func-
tionon I'\G.) For x=Th eTI'\G, one has

AMa)by=A@pWbr =p(h) Y rgx=) Orgn= ), 0y=Xax
i i yel'\G, ycax
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Thus, |A(@)] <ind(a) and
A@)*ér= Y x=Ala*)dr.

xel'\G, 'cax

Let e '\G/T' and f=1;Th;. Then,
AMaABSr=A@) ) 6= Y 6,= Y  c@f2)b;,

xcp xcpycax zel'\G, zcaf

where for z =T'u one has

cla,B;2) = (i, ):Tgihj =2} ={j: ucah
=l{(gWeaxpP:gh=u}/~rl

The last one is the number of the I'-orbits of {(g,h) € a x B : gh = u}, where s €T acts
on (g, h) by (gs’l, sh). We observe that z— c(a, f; z) is constant on each double coset.
Fory e I'\G/T, let c(a, B;y) = c(a, B; z) for z c y. It follows that

A@AB) = Y cla,f;7IAY)
Yel\G/T

and

ind(@)ind(B) = Y l{(i, /): Tgihj=zll= Y cla,B;y)ind(y).
z YEI\G/T

These naturally make C[I'\G/I'] a *-algebra, C[I'\G] a C[I'\G/I'|-module, and ind a ho-
momorphism on C[I'\G/T]. The trivial double coset I becomes the unit of the Hecke
algebra C[I'\G/I']. We note that for a, f € '\G/T, the product « - § in the Hecke algebra
C[I'\G/T] has the set theoretic product af as its support, but the coefficients of a - §
are not necessarily 1. We write # = C[T'\G/I'] and vN(#) := p(G)' = A(#)". The proof
of the last equality is easy when the vN(#)-separating vector Or is tracial (see [BC] for
a general case). Indeed, A(A)6r = CII'\G/T] is dense in VN(#°)ér which consists of
p([)-invariant functions in 2(T\G). Let T € vN(#) and f =Tdér onT\G/T. We write
T formally as A(f). We will write w for the vector state of dr:

wA(f) =(f,0r) = fD).
One still has
ANOAN(Y) = Z cla,B;7)f(a)g(P).

a,Bel\G/T
Moreover,

IT8r1? =) ind(@)|f(@)* and [IT*6r)* =) ind(a®)|f(a)I*.
a a

Thus, ot is a trace vector for VN (/) iff ind is symmetric on I'\G/T.
A map o: G — H between groups is called an anti-homomorphism if
o(gh)=o0(h)o(g) forall g,heG.

Lemma 1.2. Let o be an anti-automorphism on G such that o(I') =T. Then, o extends
to an anti-automorphism on /€. Suppose moreover that o(a) = « for all « € T\G/T.
Then, A is commutative and Ot is a separating trace vector for VN (/).
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Proof. We define o(a) ={o(g): g€ a} e'\G/T. Then, for a, B,y €eT\G/T and u € y, one
has

cla, ) =HEg heaxp:gh=u/~r|
=W, g ea(Pp)xo(a): g =ow}/~r|
=c(o(B),o(a);0(y))

It follows that o(a - ) = o(B) - o(a) and o extends to an anti-homomorphism on #
such that ind(o(a)) =ind(a*). If o (a) = a for all @ e T\G/T, then

a-B=ca-P=0cp)-ola)=F-a
and ind(a) = ind(o(a)) = ind(a™). O
Lemma 1.3. Let g € G be in the normalizer of T. Then, for every h € G, one has (I'gl’) -
(ThT) =T'ghl and (ThT) - ('gT) =T hgT.

Proof. We only prove the fist equality. Since (I'gT')(I'hI') = T'ghT as a set, it remains
to show c(I'gT’,ThI';T'ghl') = 1. This reduces to show ind(I'ghI') = ind(T'hI’). Observe
now that for ij € G, one has ThI' = | [T h; iff Tghl’ = Il gh;. t

2. ACTIONS OF HECKE ALGEBRAS

LetI' < G be a Hecke pair and V be a vector space on which G acts. Then, the Hecke
algebra # acts on the space V! of I'-invariant vectors by

av=>y gpv

for ve V! and @ = | | g,T € I'\G/T. Note that we are using left cosets here. It is easy to
see that av is indeed I'-invariant. Moreover, if @ =| |gxI" and = | ;T are elements in
I'\G/T, then for every y e '\G/T and u € y, one has

Hk,D):ueghT=l{(g, R eaxB:gh=u}/~r|=cla,B;y).

It follows that (@, v) — av is indeed an action of the Hecke algebra /. If V is a Hilbert
space and G ~ V is unitary, then for every v € H' and g € G, one has

ind(Tg™'1)
av=Pyr Y gv=indTg 'T)Pyrgv,
k=1
since Pyrs=sPyr = Pyr forany seT.

Example2.1. Let V be the space of all functions ¢: G — C and define the G-actionon V
by (g&)(h) = g‘(g’1 h). Then, VT is identified as the space of functions on I'\G. Suppose
x €T\G and view 4 also as the characteristic function y, on G. Then,

aby = Xlgex = Z(sgkx = XYax=AMa)by.
k
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3. THE HECKE ALGEBRA ASSOCIATED WITH SL(2,7) < GL* (2,Q).

LetT =SL(2,7) and G = GL* (2,Q). We will show I < G is a Hecke pair and studies the
structure of its Hecke algebra. Let M(l) = {Ae M(2,2) :detA= [} and M = U‘l’il M(]) <
G.

Theorem 3.1. LetT acton Z? and onM from the left. Then,

(o)
7%= |1(3) and M=| |ir(¢5):a,deN,beNy, 0= b<d}.
a=0

Proof. The first assertion is easy: (%) € I'(§) iff @ = ged(a, ). By the first assertion,
every I'-orbit in M has a representative of the form (g Z) where a,b,d € Ny and ad >

0. By multiplying appropriate ((1) { ) from the left, one may assume the representative

(4 D) satisfies 0 < b < d in addition. Now, suppose that (¢ ) and (g g) belong to the
same I'-orbit. Then,

(5= (e

which implies a=a, d =4, and b = §. O
Corollary 3.2. The pairT < G is a Hecke pair.

Proof. Let A € G and choose m € N so that mA € M. Then for B; € G, one has TAT' =
UIB; iff TmAl = | UT'mB;. Since I'mAI' c M(l) for I = det(mA) and M(/) has finitely
many I'-orbits by Theorem 3.1, one has |[I'\T'AT'| < +o0. |

For Ae M(2,2), let (A) be the g.c.d. of its entries. Then, one has
det(UAV) =detA and §(UAV) =6(A)

for every A€ M and U,V € T'. The pair of these values is a complete invariant for the
double coset in M.

Theorem 3.3. For A€M, one has AcT(§9)T iff a=6(A) and d = (detA)/5(A). In
particular,
M= IT(§9)T:a,deN, ald}.

Proof. Since A is a 2-by-2 matrix, det A is divisible by 5(A)? and a = §(A) divides d =
(det A)/6(A). It remains to show that every A € M is equivalent to (g 2) with a | d. We
may assume that § (A) = 1. By Theorem 3.1, we may further assume that A = (g Z). By
the Chinese Remainder Theorem, there is m € Z such that b+ md =1 mod p for all
prime divisors p of a which do not divides d. Since gcd(a, b,d) = 1, one has gcd(a, b +
md) = 1. Replacing A with (} ) A, we may now assume that gcd(a, b) = 1. Then, for
x,y€Z such that ax—by =1, onehas A(%, 7?) = (1 ?). By elementary transformation
over Z, it is equivalent to (§ 9). O

Corollary 3.4. The Hecke algebra of T < G is commutative.

Proof. The transpose o is an anti-automorphism of G such that o(I') =T. Let A€ G
and choose m € N so that mA € M. Then, by Theorem 3.3, one has

mIAT) =T'(mATI =T'o(mAI = mT'o(AT).
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Hence, AT’ =T'o(A)I'. By Lemma 1.2, we are done. O

By Lemma 1.3, for any r € Q., the element I (} %) I'is in the center of # and satisfies
T(52)D)-TAD) =T (rA)T. for every A€ G.

Lemma 3.5. Ifgcd(k,l) =1, then for every A € M(k) and B € M(l), one has 6(AB) =
0(A)0(B) and (TAT)-(I'BT) =T ABT.

Proof. By the remark preceding this lemma, we may assume that §(A) =1 =06(B). We
first prove that 6(AB) = 1. In light of Theorem 3.3, it suffices to show that for every
U=(4b)eT onehas5((§ $)U(39)) = 1. Suppose that a prime number p divides the
entries of (§ ) U (3 9) = (& kbdll). Then p | a and p | k¢, but since U € T, this implies
p | k. Likewise p | I. A contradiction. This proves 6 (AB) = 1. Now, Theorem 3.3 implies
that (TAT')(I'BI') = T ABT as a set. It remains to show ¢(I'AT', T BI';T ABT') = 1. Since this
value is independent of the representatives, we may assume that A and B are of the

forms A= (}?)and B=(}Y). According to Theorems 3.1 and 3.3, one has
IBT=| |{(¢5):ad=1,0<b<dand gcd(a,b,d) =1} =| |T'B;

It follows that

c¢TAlLTBI;TABT) =|{j: AB€ FAFB]'H.
But, the matrix ABB; ' = (1(“ ~hlad) is integral only if a = 1, b = 0, or equivalently only
ifBj = B. Therefore, c(I'AT', T BT';I'ABT") = 1. |

4. THE HECKE ALGEBRA ASSOCIATED WITH PSL(2,Z) < PGL*(2,Q).

The structure of the Hecke algebra of PSL(2,Z) < PGL*(2,Q) is easier than that of
SL(2,2) =GL*(2,Q).

Proposition 4.1. The pair PSL(2,7) < PGL* (2,Q) is a Hecke pair and the quotient map
from GL*(2,Q) onto PGL*(2,Q) induces a surjective homomorphism between their
Hecke algebras.

Proof. Let G=GL"(2,Q), T =SL(2,7), G’ =PGL"(2,Q) and I’ = PSL(2, 7). The quotient
map 7: G — G’ extends to a surjection from I'\G/T onto I"\G'/T".

Claim 4.2. IfTAT =T A;, thenT'n(A)T' = T"n(A;).

Proof. We only prove that I'7(A;)’s are mutually disjoint. Suppose the contrary. It fol-
lows that there are i # j and B € I" such that AITIBAj € kerz. But, since det(Al.‘lBAj) =1
and kerm = {(}) 9)}, one has A7'BA; € T'. A contradiction. O

We proceed to prove that 7 is a homomorphism between Hecke algebras. Let a =
TAT =T A;, B=TBI'=JI'Bj and y =T CI' < a . To see

cla, B;y) ={(i, j): CeTA;Bj}|
={(i, j) :1(C) e I'm(A; B} = c(m(a), w(B); T (Y)),

it suffices to show 7(C) € I'n(A;B;) implies C € TA;B;. If n(C) € I'n(A;Bj), then
there exists D € I' such that DA,‘BjC’1 € kerzm. But det(DA;B; C™YH =1, this implies
DA;B;j C~! e T. This completes the proof. ]
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Theorem 4.3. Let Ac GL*(2,Q) and r € Q be such thatr A M(2,7) and 6(r A) = 1; and
let k = det(rA) € N. Then, A belongs to the same double coset as
(4%) inPSL(2,2)\PGL* (2,Q)/PSL(2, Z). Moreover,

PSL(2,Z)\PGL*(2,Q)/PSL(2,Z) = | | PSL(2,2) (3 ) PSL(2,2).
k=1

Proof. Let A, r and k be as in the statement. Then, A=rA in G’ and A is equivalent
in I'\G'/T’ to (} ?) by Theorem 3.3. Moreover, if (} %) and (} 9) belong to the same

double coset, then there are A, B € T such that A(}9)B(}9)™" € kerz. Hence, there is
r € Q such that A(} J)B = (} ). It follows that r € Z and, by Theorem 3.3, r = 1 and
k=1 ]

Let / be the Hecke algebra of PSL(2,Z) < PGL*(2,Q) and, for every prime number
p, 7€) be the subalgebra generated by {((1) ;)z) : 1 €Np}. By Theorem 4.3 and Lemma 3.5,

one has
H= Q) Hp.

p prime
We investigate the structure of /. We write T), for the element in / represented by
(0 p)- We note that T = T),.

Theorem 4.4. One has T5 = Tjz + (p+1) and Tp- Tk = Tyert + pTyer for k= 2. In
particular, 7€, is generated by T),.

Proof. By Theorem 3.3, one has (I'(¢ ) D) (T'(§ ) T) = F((l) ;z)l“ ur ('g 2)F as a subset
of GL* (2,Q). By Theorem 3.1, one has

b=0
We note that
rENGEN=r(59),
rg‘l’( f;,’) r(s7)=r(} ) foral b’
r(gg) p)=r(hs )foraub
(1

) forall band b'.

It follows that Tg 2t (p+ l)F( )F in I'\G/T. Passing to the quotient, one sees
T5 =Ty +(p+1)inI'\G'/T'. Next, observe that

(F(éS)F)(F(é,?k)F)zr( kﬂ)rur( )r
as a subset of GL*(2,Q). Indeed, if U = (¢ 5) €T, then ged(a, ¢) = 1 and the value

s((9)U (6,4 =0((2 )
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can only be 1 or p. We note that

s =L

i . k=i gy
. zi):OSisk,Osb’<p‘,5((p0 zi))zl}
and

r(y (1)) (”ff ﬁ) =T (pk;m [iﬁ’])» where [pb'] = pb' mod p’,

1b pk—i b _ pk—i bpi+b’
rop)(% )= (" ")
Observe that T’ (z ;k) appears only in the first case and only if i = k and pk‘l | b, be-

p 0 p 0 . .
cause 6((0 i1 )) # 1. It follows that Tp - Tk = Ty + pF(O pk)F in T\G/T. Passing to
the quotient, one sees T), - T,k = Tyt + pTpe1 in I'\G'/T". O

Let N=(p+1)/2 and x4 = Z|g|:k/1(g) € VN(Fp). Then, {Tp;C : k € Np} satisfies the
same relations as {y : k € Ng} and w(Tpyr) = 0ko0 = T(xx).- Hence, the von Neumann
subalgebra VN (7)) of vN(#) is naturally *-isomorphic to vN(y1). In particular, the
spectrum of A(T}) is [-2,/p,2,/p] by Kesten’s theorem.

Lemma 4.5. Let p be a prime number and consider the Hecke algebra of SL(2,7) <
~ —ki2
SL(2,Qly/P)). Then, the elements T, represented by(’” 0 pg,z) are self-adjoint and sat-
isfy the same recursion formula as Ty in Theorem 4.4.
Proof. Since () a‘ll)_l = (0§ 1) (% h), the elements T, are self-adjoint. More-
over, one has Tpk = p‘k/2 Tpk in the Hecke algebra of SL(2,7) < GL* 2,Q[y/pD). It fol-
lows from the proof of Theorem 4.4 that
| 1 0 N
T2=—Tpo=—(Te+(p+DI(F)|T]|=T,+(p+1)
PTp p( p (0 n) ) p
and

0 ~
Tpk“ +pI’ (s pk) F) = Tpk+1 + prk—l . U

J 1 T, Ty = 1 (

A P —
pk+1 pk+1
5. CLASSICAL HECKE OPERATORS AND THE RAMANUJAN—-PETERSSON CONJECTURE

(Ref: [Iw].) Let H={x+iy: y > 0} be the upper half plane and PGL* (2,R) ~ H be the
action given by

(a b)-z az+b
c dj’ cz+d’

Hence, g € PGL"(2,R) also acts on the functions on H by (g¢)(z) = é(g7'z). We note
that

C\(az+ b) (Sz)(ad - bc)
\Y =
cz+d lcz+d|?

and the measure dug = y 2dxdy is PGL" (2,R)-invariant. Let & be a PSL(2,Z)-fun-
damental domain of H, and view L2 (%, o) as the space of those functions which are
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PSL(2, Z)-invariant and square-integrable on . Recall the discussion in Section 2 and
consider the action of the Hecke algebra of PSL(2,Z) < PGL* (2,Q) on 12(Z, o). Since

p-1
T(é%)Fﬂ(’S?)uHF(é b))
itis given by

0 Pl b P=l z+b
@ N@ =152+ X 1(3p)a =12+ ¥ ).
b=0 b=0 P

This is the classical Hecke operator. The constant function 1 is an eigenvector with
eigenvalue p + 1. “Hecke’s trivial estimate” says || 7|l < p + 1, and the Ramanujan-
Petersson conjecture for Maass forms asserts that || T}| L2(F o) | =2\/p. Namely, T,
restricted to the orthogonal complement L(Z) (Z, o) := (C1)* of the constant functions

hasnorm <2,/p.
Consider the hyperbolic Laplacian

0?0

A= —yz(@ + W)

on [2(Z, Lo)- It is an unbounded, (essentially) self-adjoint and positive operator. The
spectral resolution of A has both discrete and continuous parts:

+00

1
L(F, o) =Clo@PCu; eaf EC, 5 +indt.
0

The constant function 1 has eigenvalue 0. The other eigenvectors u; are called Maass
(cusp) forms. Selberg’s conjecture asserts that the eigenvalues of Maass forms are all =
i. The function z — E(z, % +it) belongs to the Eisenstein series. It is an eigenvector for
A with the eigenvalue i + 2, but a care is needed because these functions do not belong
to L? (and this is why they do not constitute discrete spectra). Since the hyperbolic
Laplacian on H commutes with PGL* (2,R) ~ H, every Hecke operators on L?(%, )
commutes with A also. Thus u;’s and Eisenstein series are eigenvectors for T}, as well.
The eigenvalues of T, at the Eisenstein series E (-,% +it) are all < 2,/p and pose no
problem. (The Ramanujan-Petersson conjecture in more general setting only asserts
that the eigenvalues of T}, at cusp forms are <2,/p.)

Part 2. Berezin transform: From the Ramanujan-Petersson conjecture to operator
algebras (Ref: [Ral]).

Throughout this chapter, let I = SL(2, Z) (or any other lattice in SL(2,R)), and & be
aI'-fundamental domain of H.

6. DISCRETE SERIES REPRESENTATIONS OF SL(2,R)

(Ref: Section IX in [La] and Sections 16 and 17 in [Ro].) Throughout this paper, let
m = 2 be an integer.
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Let py, = y"™ o and H,, = H?(H, ) be the space of all L?(i,,)-holomorphic func-
tions on H. The space Hyy, is closed in L?(H, ). For g = (‘C‘ 2)71 e SL(2,R),
(@D @ = fg " cz+d)™

defines a unitary representation ,, on Hy,. Indeed, multiplicativity is directly checked
and since

ap—l Sz
S A= ar
one has
||nm(g)f||§=f Fe P —A @ = 1f12,
H lcz+d|?2m 2

The representation r,, is irreducible and square integrable, i.e., for every u, v € Hy,, the
function ¢¥: g — (m(g)u, v) belongs to L2(SL(2,R)). (Proofs omitted.) For a fixed non-
zero v, the map H,, > u— c¥ € L?(SL(2,R)) defines a (bounded) intertwiner between
7, and the right regular representation p. By irreducibility, H,, can be regarded as a
subrepresentation of psy o ).

Lemma6.1. Thereisd >0, called the formal dimension of « ,,,, which satisfies for every
u,v,u,v' € H, that

/ 1 —_—
e = 5wy v.

Proof. Fixv,v' andlet Tu=c¥and T'u’ = c;‘,/ . Then, T* T' commutes with 7, (SL(2, R))
and hence is a constant a,,,7. Thus {c};, cf}‘,’) =Yy U, u'y for all u,u’. Likewise there
exists B, which satisfies (c;‘,cl’f,' )= ﬁu,u'm for all u,u'. Therefore, v, (u,u') =
Buw v, v'yand d = {u,u'y/ B, isindependent of u, u/’. O

Every lattice in SL(2,R) is essentially ICC; namely, there are only finitely many con-
jugacy classes that are finite. Note that 7, |1 is stably unitary equivalent to the subrep-
resentation p* of the right regular representation. Here y = (71,,] z)) ™! is a character
on the center Z(I') of I and, more generally for any central subgroup Z of I" and a
character y on Z, we define p* to be the right regular representation restricted to the
subspace

AT :={felrT:Vsel,Vze Z &(z7's) = y(2)E(9)}.
Likewise for A¥. Note that AX(z) = y(2) € C1 for z € Z. We define
ol = ”m(r)’ cB(H).

Note that o, is stably isomorphic to the factor LT := AX(T)" = p* £T, where p* =
|z~ Y gez X(8)A(g) is a central projection in £T. It is also isomorphic as the group
von Neumann algebra of I'/ Z twisted by the 2-cocycle associated with y. We view y as a
function on I which is supported on Z. Then vector 1% = | Z|~1/2y is a cyclic separating
tracial vector for Z*T and

XX (9) := (AX ()11, 1%) = x(s)

for all s €T. A calculations shows that the formal dimension of 7, is ’Z—;l, which de-
pends on the choice of a Haar measure of SL(2,R). We use the standard Haar measure
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dug %, and in this case, vol(SL(2,Z)\SL(2,R)) = %. A further calculation ([GH]J, 3.3.d])

shows

. m-—1
dimy,, s,z Hm = =5~

7. BEREZIN CALCULUS

The Hilbert space Hy, is a reproducing kernel Hilbert space. Namely, for every z € H,
the map H,, 3 f — f(z) € Cis bounded and hence there is e, € Hy;, such that
VfeHn (fez=f(2.
The kernel K(z,{) = (e, e;) = e;(2) is called the reproducing kernel. It is known that for
some constant c;, > 0 (probably c,, = (m —1)/4) one has
Cm Cm

(z—Q)/2)m Q2™
(See Section 1.1 in [HKZ], where they work with the disk model, but it is interchange-
able with the upper half plane model by using formulae in Section IX.3 in [La].) Note
that dy,(2) = ¢ - K(z, z)‘ldpo(z). We define

lz-¢P
4(32)(30)
Recall the relation between u and the hyperbolic distance dy on H:

124
23280
In particular, u is invariant under the diagonal action of SL(2,R). We further define

1 )’" B (4(%z)(%c) )’" _ IK(zQP

1+ u(z,Q) lz—(|2 K(z,2)K((,0)°

Note that ¢, f336(2,0) dpo) = K(2,2)7! [1ez(Q)I* dum(() = 1. Also note that every f €
H,, is expressed as the weak integral

f= fH FQer dpm(©).

Indeed, (f,e;) = [ fQez () dum() = [ (e, ez) dpm ().
Let A€ B(H,,) be given. Since {e,} is a total subset of H,,, the kernel

A(z,0) = (Aeg, e2)/K(2,0)

K(z,0) =

and in particular K(z,z) =

u(z,() =

coshdy(z,{) =1+2u(z,{) =

6(z,C)=(

on H x H determines A. The kernel A is sesqui-holomorphic, i.e., it is holomorphic
in the first variable and anti-holomorphic in the second variable. It follows from the
Cauchy-Riemann equations that if F(z,{) is a sesqui-holomorphic function and f(z) =
F(z,z), then
of OF of OF
(3@ = (am,o\(:z and (52)(2) = (a_z)(z’olf”‘

In particular, the restriction F — f is a one-to-one map for sesqui-holomorphic func-
tions. Thus A(z) := A(z, z) determines A. This abuse of notation should not cause any
confusion. The function A is called the symbol or the Berezin transform of A.
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Proposition 7.1. Let A,B € B(H,,). Then,
(1) sup,elA(2)| <Al
2) A*(2,0) = AW, 2),
(8) AB(z,0) = fy, XELENE Az, By, Q) dptm ).

Proof. We only prove the third identity:
(ABeg,ez) = <Af(Be()(n)en dumm),ez) = f (Aey, ez)(Beg, en) dum(n). O

Lemma7.2. Forg=(%%)eSL(2,R) and z € H, one has wm(g)e; = (cz+d)™™
Proof. (er,mm(g)es) = (Tm(g Ve (2) = e(g2)(cz+d) ™™ = (cz+d) (e, egz). O
I:roposition 7.3. For A € B(Hy,,) aAnd g € SL(2,R), the symbol of ﬂm(g)’lAnm(g) is
A(gz,80). In particular, A€ oy, iff A isT -invariant.
Proof. We note that
K(gz,g() = (egz,eqr) = (cZ+d)" (c{ +d)""K(z,{)
It follows that
(ﬂm(g_l)Anm(g)e(, ez)/K(z,{) = (Aegz, eg)(cz+ d)y"™cl+d)""IK(z,()
=(Aegz, eq)/ K(gz, g0). O
Let A € of,;,. Then, the symbol A(z) is a bounded T'-invariant function on H and

hence A is determined by Alg. Recall that Uo is the SL(2,R)-invariant measure on H
given by dug =y ?dxdy.

Theorem 7.4. Lett: B(H,,) — C be the positive linear functional defined by

Alz)d

for A€ B(Hy,). Then, T is the unique tracial state on of,,.

T(A) =

Proof. Observe that 7 is indeed a state on B(H,;). Let A € o/;,. By Proposition 7.1, one
has

K K
T(A*A) = f f MA*(ZC)A(( 2) dm () dpo(2)
zeF J(eH

No(g) K(z2)

= 8(z,O1A(=, O dpo(Q) dpo(2).
,UO(J ) Jzez Jren
The last integration is over a I'-fundamental domain of H x H (w.r.t. the diagonal action)
and since the measure g x yo is I'-invariant, we may replace it with the integration
over another fundamental domain (z,{) € H x &. Therefore, the above integration is
invariant under the swap z < (. This means that 7(A*A) = 7(AA*) and hence 7 is
tracial. O

We note another expression of 7(A* A):

% 1 ((A*A)e, ez) 1 ”Aez”2
A*A) = dun(z) = ——
WA= @) Ken MO w @ s er

d[.t() (Z)
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8. TOEPLITZ OPERATORS

For f € L*(H), we define the associated Toeplitz operator Ty on Hp by
T = PMfl g2 p,,) Where My is the multiplication operator by f and P is the orthogo-
nal projection from L2(H, Um)onto Hy, = H2(H, Um). One calculates the symbol Tf(z,()
of Ty as

. er(w)ez(w)
Tf(z,C)=<fe(,ez>/K(z,C)=f f(W)TOd#m(W)
K(w,OK(w,z)
_C'”ff( W) @O Ko, w) o)
In particular,
IK(w,2)?

Tr(z) = cmef(w) dpo(w) = cmeé(z, w) f(w) dpo(w).

K(z,2)K(w, w)
Since 6 and pg are SL(2,R)-invariant, Proposition 7.3 implies that for g € SL(2,R), f €
L®(H) and (g f)(z) = f(g"'2), one has

Ter=mm(@Trmm(g)".

If f € L*°(H) is I'-invariant, then Ty commutes with 7,,([). Therefore, T can be re-
garded as an operator from L*° (%) into «f,;,. We freely view L>° (&) as I'-invariant func-
tions in L*°(H). Let D be the positive function on & x & defined by

D(z,{) =cm ) 6(z,80).
ger

This function D is called an automorphic kernel. Note that

f D(20) dpo@) = e f 50 dpo(@) = 1.
F H

In particular, the infinite sum in the definition of D is convergent almost everywhere.
Since 6 is symmetric and I'-invariant, the kernel D is symmetric. It follows that the
integral operator associated with D is contractive on L” (&, o) for all 1 < p < co. (In-
deed, it is easy to check this for p = 1,00. For the rest of p € (1,00), use interpolation or
Holder's inequality.) We write the operator by Ba:

(Baf)(2) = cm fH 520 Q) duo@) = fg DO fQO) duo©).

One has Ty = By f for f € L®(Z).
The operator Bp on 1%(%, o) is a function of A in the spectral sense (Theorem 7.4
in [Iw]). Indeed, by [Be, (4.17)] (see also Section 2.2 in [HKZ]), one has

e} A -1
BA"kl:[m(H (k+1)(k+2)) '

It follows that B, is positive and injective on L?(Z, o). Injectivity of B also follows
from Proposition 2.6 in [HKZ].
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Theorem 8.1. For A€ of,, and f € L°°(%), one has

1 .
AT ) =——1| A da .
T(ATy) 0 F) fg (2) f (2) dpo(2)

Moreover, the operator L°(F) 3 f — Ty € oy, extends to a bounded linear operator
S: L2(F, o) — L*(tyn, T) which satisfies S*S = po(F) "B and S* A = po(F)~'A for
A€ ey < L (s, T).

Proof. Let f € L°°(&), which is regarded as I'-invariant function in L*°(H). Then, one
calculates (all integrals below are absolutely convergent)

T(ATy) = 25t frvevan 0 (2 DA O Ty (2,0) duf(2,0)

o A K(w,2)K(w,
= s [t 02 O AR O f (W) RS dpd (2, w)

_ i K¢, 2)K(w,2)Kwdl) 7,3
- ,llo(ing) fF\(IH]xIH]xIH]) Fw)A(z,0) K(z,2)K((,0)K(w,w) Az, w)

) *W) S ) figeaa(Aeg, €2y 5280 dyi (2,0) dpso (w)
= o J# fW) Bewew) g (w)
= (19) [z f(2A2) duo(2).

Hence by letting A = T* Tf’ one obtains

T(T;Tp) = (g)f f@Baf)(2) dpo(2) = ﬁ“ ' Baf) 12 o)+ O

Corollary 8.2. The operator S is injective and has dense range.

Proof. Since S*S = B, is injective, so is S. We prove the injectivity of S*. We essen-
tially prove that the formula S* A = (%) 'A is valid on L?(s#,,7). By the proof of
Theorem 7.4, the map </, 3 A— A(z,0) extends to a scalar multiple of an isometry R
from L? () into L>(I'\(H x H), 8 - (o * to)). We note that ran R consists of I'-invariant
sesqui-holomorphic functions on H x H. By Theorem 8.1, the operator S* R* on R(<#;,)
is the map A(z,( ) — A(z) € [2(ZF, Lo), and a fortiori, the latter map is bounded and
well-defined on ran R. By sesqui-holomorphic property, the operator S* R* is injective
onranR. (]

9. HECKE OPERATORS ACTING ON VON NEUMANN ALGEBRAS

(Ref: [Ra2].) Sticking to the notation of previous section, let I' = SL(2,Z) (or any
other lattice in SL(2,R)). The group SL(2,R) acts on B(H,,) by conjugation Ad,, and
one has <7, = 71,,()' = B(H,,,). Since the action Ad, ., 18 trivial on the center, it can be
regarded as an action of PSL(2,R). We still denote by F the image of I" in PSL(2,R). Let
G =PGL*(2,Q) < PSL(2,R) (or any other intermediate subgroup I < G < PSL(2,R) such
that I' < G is a Hecke pair). By the arguments in Section 2, the Hecke algebra of I' < G
acts on «;; by completely positive maps:

Wo(X) =) 7m(8r)XTm(gr)"
k

where a =| | g I’ e I'\G/T.
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Theorem 9.1. Leta € I'\G/T. Then, the completely positive map ¥ o, viewed as an oper-
ator on L? (4, T), is unitarily equivalent to the classical Hecke operator T, on L*(F, o).

Proof. Let T: L®°(H) — B(H,,) and S: L?>(%, o) — L?(/,, T) be the operators defined
in Section 8 and recall that Tg.r = 7, (8) Trmm(g)*. Hence, for every f € L®(F)
L2(ZF, ) and a = | | giT € '\G/T, one has

STaf=S) gk f=Trg =2 Tm(@) Tfm(gr)" = Val(Tp).

This implies ST, = ¥, S on Lz(gf",po). Let S = U|S| be the polar decomposition. By
Corollary 8.2, U is a unitary operator. Moreover, since |S| = Bi’ 2 commutes with T,
and is a positive injective operator, one has UT, = W, U. (]

We are inclined to conjecture that the operator UAU* on L? (<, T) gives rise to a
quantum Dirichlet form in the sense of [Sa].

Part 3. Von Neumann representations for Hecke operators (Ref: [Ra2]).
10. FROM HECKE ALGEBRAS TO GROUP VON NEUMANN ALGEBRAS

LetT' < G be a Hecke pair and y be a character on a central subgroup Z cI'n Z(G).
(WehaveI' = SL(2,2), G =SL(2,Q[,/p]) and Z = Z(I') in mind.) We assume that there is
a unitary representation 7: G ~ !;(1“ such that 7| = pX. (See Section 6.) Let A# be the
Hecke algebra of T' < Gand 0: T\G/T — £4G be the map defined by the formal sum

L ¥ migin inang,

12| &

where 1% € l;l“ is the cyclic trace vector for AT such that M ()X = p’f(s’l)il. Ob-
serve that formally 6(a*) = 6(a)*. Moreover, since 7(z) = pX(z) = y(z~') and A (z) =
x(2) for z € Z, the function g — (1(g){,{)A¥(g) is Z-invariant and the map 6 factors
through I"\G'/T’, where G' = G/Z and I" = T'/Z. The Zg-th coordinate of 0(a) is
(1Y, 102X (g).

O(a) =

Lemma 10.1. For every « € I'\G/T, one has ||9(a)||§ =ind(a). In particular, ind(a) =
ind(a®).

Proof. Leta =[I'g;. Then,

ind(a) o ind(a) .
O@lz=Y Y Krlsgnit,iNP= Y In(g)i¥I* =ind(a),
i=1 sel/Z i=1
since {p4(s) i¥:seT/Z) formsa complete orthonormal basis for Z;(I“. O

Because of this lemma, 6 is well-defined as a map into [2(%XG). We consider
L?(£XG) as the space of closed operators on [;‘ I which are affiliated with £*G. The
product L[2(LXG) x [2(LXG) — LH(LXG) makes sense and can be computed by a for-
mal calculation.

Lemma 10.2. View6(a)’s as vectors in ﬁ;‘l". Then, one has0(a) = 6() = 0(a - B).
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Proof. Let @ =| |g; and x € G. We will compute the Zx-th coordinate of
1 ~y A FUTN
0(a) *0(B) = = Z (@1, 1% (M) 1Y, 1) A (gh).
1Z] gea,hef
Choose representatives (g;, h;) of I'-orbits in {(g,h) : gh = x}. Note that there are
c(a, B; x) orbits. Hence the Zx-th coordinate is

ﬁ Yo Y (m(zgi X, 1) (s ) I, 1) A (2x)
<i<c(a,p; T
1 zce(%ﬁ X) S€
|Z| Z(n(h X, m(zg) * 1) A (zx) = c(a, B; x) ((x) 1%, TX) AX (x).
This shows indeed 6(a) * 8(B8) =60(a - f). O

Theorem 10.3. The map 0 is well defined and extends to a trace-preserving *-isomor-
phism from vN (A (I'\G' IT")) into £LXG.

Proof. By above lemmas, the map 6 is a *-homomorphism from the Hecke algebra
#(I"\G'I/T") into the *-algebra of closed operators affiliated with £*G. Moreover, its
range is in L? and it is trace-preserving. These conditions imply that 6 is bounded and
extends to a von Neumann algebra isomorphism. O

Recall that since LT = [EB([;C )T where G acts on [EB([;C I') by Ad,, the Hecke algebra
of T < G acts on T by
Wy (x) =) m(gr)xm(ge)”
for a = |T gk. This action factors through I'\G'/T".
Proposition 10.4. For a € I'\G'/T” and x € T, one has
Wo(x) = ES L (0(@)x0(@)).
Proof. For a =gl and x, y € T, the Zy-th coordinate of 6 (a)A* (x)0(a)* is
Y Y (@it i@ Hiy it gxh™
z€Z g,hea s.t.
gxh’1=zy
|Z|2 Yo Y (mges I N m(x T sg e 1Y, 1) M (=)

zeZ1<k<ind(a™)
sel’

IZI2

Y Y s Hiago ez it ats it ey)
|Z| zeZl<k<1nl£1(a*)
NS

Y oY (s hin g MW wr (gt e 1, nsTHINH A (zy)
z€Zl<k<1nI£i(a*)
SE

IZI2
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1 2 A~
iz YooY Mngr ey n(g) 1A (zy)
zeZ 1<k<ind(a*)

1 o
= _|Z| Z <‘lja(/lx(x))17(((zy)*l)1%, 11}/11(23/)
zeZ

=T(Yoa AX DAY (1) *)AX (),
which coincides with the Zy-th coordinate of ¥, (A4 (x)). O

Corollary 10.5. Suppose that & € L>(£XT) is a unit eigenvector of ¥, with the eigen-
value A(a). Then, one has

Aa)
LG [ rx _
Eind € 0@ = = -0(@).

Proof. For every fe€I'\G/T, one has
Tor(E* W) iff=a
0 iff#a
by Proposition 10.4, since al' 8* NT # @ iff a = B. |

T16(E"0(@E0(B)) = Toxr (ETELr L O(@)EO(B))) = {

11. SYMMETRIC ENVELOPING ALGEBRAS

We stick to the notation of the previous section. By Proposition 10.4, when viewed
as a bounded linear operator on égl“, the completely positive map ¥, has the form

P A1 (0(@)p? 0(@) Py,
where AX is the identity representation of £%G, and and we will explain . The map 6

was constructed from 7. Out of 77, we may construct 6. Since 7| = p¥ = p*, the map 0
maps into AT, which is *-isomorphic to

_ X
(LAY = 20T = 2T & B(eIT),
Since a — ¥ is a representation of the Hecke algebra, the same is true for
& P AN 0(@)pt O (@) Py

Let C = £*°G be the C*-subalgebra generated by {egrp, : A <¢ T, g, h € G}, where
A <¢ T means that A is a finite index subgroup of I which contains Z, and eg,, is the
characteristic function on gAh. We note that gl'hNT is a right A-coset of " for some
A=sTifhe Fg‘IF; else gT'hnT = @. Since A;s; N Ays; is a union of right (A; N Ay)-
cosets, C is the closure of the directed union Ua<r coo(A\G), where ¢ is the space of
finitely supported functions. There is a unbounded positive linear functional 7 such
that T(epp) = [I': Al 1 for every A <¢I" and h € G. We claim that 7 is invariant under the
conjugation by G. Let A <¢T and g € G. Then, one has A’ :=T ngAg~! <;T'. Moreover
since [gAg ! :A'l=[A:g"'A'g] and

C:A1=[:Tnglg Inglgt:A)]
=:Tng 'Igllg 'TgnT:g 'A'gl=T:g7'A'g]
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(we have used the fact that a(I'gT’) = a(l“g’ll“)), one has

[gAg™ Al [A:g'Ag]

. = co—1Al = . = T(eA)'
([:A] T:g 1A’g]  [T:A]
This proves the claim. The group G x G acts on C by right and left, leaving 7 invariant.
Since we assumed Z < A for every A <¢T, the right and left action of Z on C is trivial.

In particular, p¥ ® p* (defined in Section 6) commutes with C in the crossed product.
We define

T(egpg-1) =

Bl = er(C xreq (Gx G)) (p¥ ® p)er.
There is a canonical faithful conditional expectation E from C Xeq (G x G) onto C, and
|Z|27 0 E| g is a faithful tracial state, which will be simply denoted by 7. The map
A (g) — er(AX(g) ® pX)er extends to a trace-preserving completely positive map from
LXGinto (1)

Proposition 11.1. The map
®: I'\G'IT"3a— er(0(a) ®0(a))er € (BY)"
extends to a trace preserving *-isomorphism from vN(I"\G'IT") into (%8})".

Proof. The map ® is trace-preserving. Moreover, it is a quotient of ¥® and hence is
multiplicative. (Il
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