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Abstract
We first develop a unifying Malliavin calculus in a jump-diffusion context,
by taking into account all the randomness involved (Brownian motion, jump
times and jump amplitudes) and by stating an integration by parts formula
which gives the starting point of our work. The results are then applied to
study representation formulas both for sensitivities (delta) and conditional
expectations (in terms of non conditional ones) for a two dimensional process

Zt = (Xt, Yt), in which X stands for a jump diffusion and Yt =
∫ t

0
Xrdr.

Therefore, the link with problems arising from Finance (price/delta of Asian
options) is studied. Several examples are analyzed in details and equipped
with numerical studies.
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Introduction

Let (Ω, F ,P) denote a probability space, where the following ingredients are
defined:

• a standard one-dimensional Brownian motion W ; we use the notation
Wt = σ{Ws ; s ≤ t} ∨ N , where N stands for the P-null sets;

• a sequence {Ti}i≥1 of positive r.v.’s such that T1, T2 − T1, T3 − T2, . . . are
i.i.d. r.v.’s exponentially distributed with parameter λ > 0; we denote
by Jt the associated counting process, i.e. Jt =

∑
i≥1 1{Ti≤t}, and by

Jt = σ{Js ; s ≤ t};
• a sequence {∆i}i≥1 of independent and real r.v.’s; we assume that there

exists the probability density function g of ∆i.

From now on, we assume that W , {Ti}i≥1 and {∆i}i≥1 are independent.

Take now a time horizon T > 0 and the vector fields b = b(t, x), σ = σ(t, x)
and c = c(t, a, x), with

b : [0, T ]× R→ R, σ : [0, T ]× R→ R, c : [0, T ]× R2 → R.

The, we assume to be in a one-dimensional framework but the general case
gives no technical difficulties and makes the notations much more complicated.
Suppose for the moment only that b, σ, c are smooth enough in order to en-
sure the existence of the process X solution to the following jump-diffusion
stochastic differential equation (s.d.e.)

Xt = x +

∫ t

0

b(r,Xr)dr +

∫ t

0

σ(r,Xr)dWr +
Jt∑

i=1

c(Ti, ∆i, XT−i
), t ≤ T. (1)

Now, let us define the pair Zt = (Xt, Yt), t ∈ [0, T ], in which

Yt =

∫ T

0

Xrdr (2)

This is our framework, and we can now describe the aim of this paper, which
is twice.
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The first part is devoted to an attempt to give a unifying approach to the
Malliavin calculus jointly in the Gaussian direction as well as in the the jump
times and the jump amplitudes one. More precisely, we aim to develop integra-
tion by parts formulas for functionals of the Brownian motion, the jump times
and the jump amplitudes taking into account all the three random sources
involved, even if one has to say that sometimes this cannot be done (see e.g.
next Example 1.1.25). For this purposes, we inspire to the classical Gaussian
Malliavin calculus (there are many references, e.g. the classical book of Nu-
alart [25] or also the approach by Bally [2], which we have used) and the mixed
jump times and amplitudes Malliavin calculus developed by Bally, Bavouzet
and Messaoud [3]. But several other papers handling jump-diffusions should be
cited: a Malliavin calculus in the direction of the Brownian motion has been
recently developed by Davis and Johansson [13] and Forster, Lütkebohmert
and Teichman [15]; in the direction of the jump-times, let us cite also the book
of Bichteler, Gravereaux and Jacod [9] and the recent works by Privault and
Wei [27], [28], by El-Khatib and Privault [14] and the paper of Vives, León,
Utzet and Solé [29].

Once a suitable integration by parts formula is obtained, we can tackle the
second goal: the study either of sensitivities and representation formulas for
the conditional expectation for the pair Zt = (Xt, Yt). This has an immediate
application to Finance. In fact, if X models the underlying asset price then
the payoff of an Asian option of European type with maturity T is given by
f(T, XT , YT ). For example, one can take

f(T, x, y) = fput(T, x, y) =

{
(K − y/T )+ standard Asian put option

(x− y/T )+ floating Asian put option

and similarly for the call option case, in which K plays the role of the strike
price. Therefore, in our framework the sensitivity analysis relies the study of
the Greeks for Asian options.
In the American context, the payoff function is given by f(t, Xt, Yt) and the
price is usually approximated by means of a Dynamic Programming Principle,
which can be roughly summarized as follows. Set ∆t = T/n ∈ (0, 1) and
let (X̄k∆t, Ȳk∆t)k=0,1,...,n be a discretization for (Xt, Yt)t∈[0,T ]. Since the pair
(Xt, Yt) is Markovian, the American price P0 is approximated by P̄0(x, 0),
where P̄k∆t(X̄k∆t, Ȳk∆t) solves the following backward problem:

P̄n∆t(X̄n∆t, Ȳn∆t) = f(n∆t, X̄n∆t, Ȳn∆t) and for any k = n− 1, . . . , 1, 0

P̄k∆t(X̄k∆t, Ȳk∆t) = max
(
f(k∆t, X̄k∆t, Ȳk∆t) ,

e−r∆t T[P̄(k+1)∆t](X̄k∆t, Ȳk∆t)
)

where the operator T is defined as

T[P̄(k+1)∆t](X̄k∆t, Ȳk∆t) = E∗
(
P̄(k+1)∆t(X̄(k+1)∆t, Ȳ(k+1)∆t)

∣∣∣ X̄k∆t, Ȳk∆t

)
,
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in which r stands for the (constant, for the sake of simplicity) spot rate and
E∗ for the expectation under the risk neutral measure. Therefore, a repre-
sentation formula for the conditional expectation in terms of non-conditional
ones is really helpful in order to set up Monte Carlo methods for the pricing
of American Asian options, as already observed and done in the literature. As
for the pure diffusion case, such arguments have been developed by Fournié,
Lasry, Lebuchoux and Lions [17], Lions and Regnier [23], Bouchard, Ekeland
and Touzi [11], [10], Bally, Caramellino and Zanette [4].

Let us finally add that in the case of Asian options, in the already cited liter-
ature one can find formulas allowing to represent the delta as an expectation
of the payoff multiplied by a suitable weight even in the presence of jumps.
Nevertheless, these formulas require the payoff to be dependent on the inte-
gral coordinate only, as in the case of the standard call/put Asian option, and
are not suitable to handle for example floating call/put Asian options, that is
Asian options in which the payoff depends also on the underlying asset price.
This last case has been studied only for pure diffusions, see e.g. Benhamou
[6]. Notice that this is not a trivial complication: the pair (Xt, Yt) solves a
degenerate jump-diffusion, and some standard generalizations cannot be ap-
plied. This holds mainly for the problem of finding representation formulas for
the conditional expectation in terms of non conditional ones. And as for this
latter problem, as far as we know, no formulas are available in the presence of
jumps also if one is interested to work with the coordinate X only.
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Chapter 1

Malliavin calculus: a primer

In abstract terms, when one is interested to develop a differential calculus of
Malliavin type and the aim is to find representation formulas for sensitivities
(e.g. derivative of expectations w.r.t. the initial state) in terms of weighted ex-
pectations or representation formulas for the conditional expectation in terms
of non conditional ones, the following steps have to be performed.

1.1 Malliavin calculus in the jump noise direction

This section is inspired to the paper by Bally, Bavouzet and Messaoud [3] (see
also [5]), where all proofs and generalizations can be found. The aim is to
deal with a stochastic variational calculus corresponding to Poisson processes,
to be used to the context of our interest: jump-diffusions and applications to
Finance. Many other references should be added (see the exhaustive citations
in [3]). In particular, a special look to financial problems has been given by
El-Khatib and Privault [14], Privault and Wei [27], [28] and by Vives, León,
Utzet and Solé [29].

Let (Ω,F ,P) denote the underlying probability space, i.e. the space such that
all the further random instruments are suppose to be defined on.

Let us consider a sequence {∆i}i≥1 of i.i.d. r.v.’s on R (the jump-amplitudes)
such that there exists the probability density function (pdf) g of ∆i. We
assume that

Assumption 1.1.1. There exist some points −∞ ≤ a1 < b1 < a2 · · · < bk ≤
+∞ such that the density g of ∆i is strictly positive on

I =
k⋃

j=1

(aj, bj).

Moreover, the function log g is continuously differentiable on I and both ∆i

and log g(∆i) belong to Lp for any p.
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Take now a sequence {Ti}i≥1 of positive r.v.’s (the jump-times) such that
T1, T2−T1, T3−T2, . . . are i.i.d. r.v.’s exponentially distributed with parameter
λ > 0. Let us set T0 = 0. We denote by Jt the associated counting process,
i.e. Jt =

∑
i≥1 1{Ti≤t}, and Jt = σ{Js ; s ≤ t}. It is well known (see e.g.

Bertoin [8]) that for a fixed t > 0, the conditional law of T1, . . . , Tn given that
{Jt = n} is absolutely continuous w.r.t. the Lebesgue measure on Rn and has
the following probability density function:

p(ω, t1, . . . , tn) =
n!

tn
1{0<t1<···<tn<t}(t1, . . . , tn) for ω ∈ {Jt = n}.

Moreover, as i = 1, . . . , n, the marginal conditional law of Ti given that {Jt =
n} is uniformly distributed, with probability density function given by

pi(ω, r) =
1

Ti+1(ω)− Ti−1(ω)
1{Ti−1(ω)<r<Ti+1(ω)} for ω ∈ {Jt = n}, (1.1)

in which we have set T0 = 0 and for i = n, (1.1) has to be intended with
Tn+1 = t, i.e.

pn(ω, r) =
1

t− Tn(ω)
1{Tn(ω)<r<t} for ω ∈ {Jt = n}, (1.2)

From now on, we assume the following:

Assumption 1.1.2. {Ti}i≥1 and {∆i}i≥1 are independent.

The pair {Ti}i≥1 and {∆i}i≥1 defines the compound Poisson process

Nt =
Jt∑

i=1

∆i.

Our aim is here to study a Malliavin type derivative D and a Skorohod type
integral δ in order to achieve a duality relationship of the type

E(〈DF, u〉π1{Jt=n}) = E(Fδ(u)1{Jt=n})

or something of similar, for a random variable F and a random process u,
suitably depending on the jump times and amplitudes, and for some inner
product 〈·, ·〉π.
To our purposes, let us add a standard Brownian motion W , independent of
{Ti}i≥1 and {∆i}i≥1. Set moreover Ws as the associated filtration augmented
by the P-null sets.

Let us first introduce the functional spaces we are going to work with.
Fix t > 0 and n ≥ 1. We denote by Ck

n,t(∆) the set of the Wt×B(Rn)×B(Rn
+)

measurable functions f : Ω × Rn × Rn
+ → R such that for any i = 1, . . . , n,
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Ti(f)(ω, ·) ∈ Ck(Ii) a.s., where

Ii = I and

Ti(f)(ω, y) = f
(
ω, ∆1(ω), . . . , ∆i−1(ω), y, ∆i+1(ω), . . . , ∆n(ω),

T1(ω), . . . , Tn(ω)
) (1.3)

Recall that I is defined in Assumption 1.1.1.
Similarly, we denote by Ck

n,t(T ) the set of the Wt×B(Rn)×B(Rn
+) measurable

functions f : Ω×Rn×Rn
+ → R such that for any i = 1, . . . , n, Ti+n(f)(ω, ·) ∈

Ck(Ii+n) a.s.,where

Ii+n = (Ti−1(ω), Ti+1(ω)) as i = 1, ..., n and

Ti+n(f)(ω, r) = f
(
ω, ∆1(ω), . . . , ∆n(ω),

T1(ω), . . . , Ti−1(ω), r, Ti+1(ω), . . . , Tn(ω)
) (1.4)

Again, we have set Tn+1 = t in the above expression.
We also set

Ck
n,t = Ck

n,t(∆) ∩ Ck
n,t(T ).

For a multi index α ∈ {1, . . . , 2n}k, set ∂k
αf = ∂k

xα1 ...xαk
f . Now we can define

C k
n,t(∆) and C k

n,t(T ) as the set of the function f ∈ Ck
n,t(∆) and f ∈ Ck

n,t(T )

respectively such that ∂j
αf(ω, ∆1, . . . , ∆n, T1, . . . , Tn)1{Jt=n} ∈ Lp(Ω), for any

p, 0 ≤ j ≤ k and α = (α1, . . . , αj) ∈ {1, . . . , 2n}j. We also set

C k
n,t = C k

n,t(∆) ∩ C k
n,t(T ).

Let us now define some further functions, whose meaning is the following: they
are weights allowing to set up the proper scalar product.

Definition 1.1.3. [Weights for the scalar product]

• As i = 1, . . . , n, set

Gi = Wt ∨ σ({1{Jt=n}, ∆1, . . . , ∆n, T1, . . . , Tn} \ {∆i}).
Let

πi : Ω× R→ R+

be a Gi ×B(R)-measurable function such that

πi(ω, y) = 0 when y /∈ I and I 3 y 7→ πi(ω, y) ∈ C1(I).

• Similarly, set

Gi+n = Wt ∨ σ({1{Jt=n}, ∆1, . . . , ∆n, T1, . . . , Tn} \ {Ti}),
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i = 1, . . . , n. Let

πi+n : Ω× R+ → R+

be a Gi+n ×B(R+)-measurable function such that

πi+n(ω, r) = 0 when r /∈ Ii and Ii 3 r 7→ πi+n(ω, r) ∈ C1(Ii).

Assume that

Assumption 1.1.4. As i = 1, . . . , n, πi(ω, ∆i), πi+n(ω, Ti) ∈ Lp(Ω) for any p
and there exists δ > 0 such that ∂yπi(ω, ∆i), ∂rπi(ω, Ti) ∈ L1+δ(Ω).

We can now define the set of the simple functionals and of the simple processes.

Definition 1.1.5. [Simple functionals] The set S k
n,t(∆) of the simple func-

tionals of length n up to time t w.r.t. the jump amplitudes is given by the r.v.’s
on R of the form

F = f(ω, ∆1, . . . , ∆n, T1, . . . , Tn) for some f ∈ Ck
n,t(∆).

Similarly, the set S k
n,t(T ) of the simple functionals of length n up to time t

w.r.t. the jump times is given by the r.v.’s on R of the form

F = f(ω, ∆1, . . . , ∆n, T1, . . . , Tn) for some f ∈ Ck
n,t(T )

We set S k
n,t = S k

n,t(∆) ∩S k
n,t(T ) to denote the simple functionals of length n

up to time t. Whenever f ∈ C k
n,t({Jt = n}), we will write S k

n,t({Jt = n}).

Definition 1.1.6. [Simple processes] The set Pk
n,t(∆) of the simple pro-

cesses of length n up to time t w.r.t. the jump amplitudes is given by the r.v.’s
on Rn of the form U = (U1, . . . , Un), with

Ui = ui(ω, ∆1, . . . , ∆n, T1, . . . , Tn) for some ui ∈ Ck
n,t(∆), i = 1, . . . , n.

Similarly, the set Pk
n,t(T ) of the simple processes of length n up to time t w.r.t.

the jump times is given by the r.v.’s on Rn of the form U = (Un+1, . . . , U2n),
with

Ui+n = ui+n(ω, ∆1, . . . , ∆n, T1, . . . , Tn) for some ui+n ∈ Ck
n,t(T ),

as i = 1, . . . , n. Finally, the set Pk
n,t of the simple processes of length n up

to time t is given by the r.v.’s on R2n of the form U = (U1, . . . , U2n), with
U∆ = (U1, . . . , Un) ∈ Pk

n,t(∆) and UT = (Un+1, . . . , U2n) ∈ Pk
n,t(T ).

The set Pk
n,t({Jt = n}) denotes the simple processes corresponding to functions

ui ∈ C k
n,t({Jt = n}), i = 1, . . . , 2n.
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As U, V ∈ Pk
n,t(∆) and U, V ∈ Pk

n,t(T ) we define

〈U, V 〉∆π =
n∑

i=1

πiUiVi and 〈U, V 〉Tπ =
n∑

i=1

πi+nUi+nVi+n.

respectively; if U, V ∈ Pk
n,t, we set

〈U, V 〉π = 〈U∆, V ∆〉∆π + 〈UT , V T 〉Tπ =
2n∑
i=1

πiUiVi.

Notice that 〈U∆, V ∆〉∆π , 〈UT , V T 〉Tπ and 〈U, V 〉π are all (random) scalar prod-
ucts (on the proper space) when ω ∈ {Jt = n}, whenever the involved weights
πi’s are all non null.

We are now ready to define the differential operator.

Definition 1.1.7. [Malliavin derivative] For F ∈ S 1
n,t, F = f(ω, ∆1,

. . . , ∆n, T1, . . . , Tn), the Malliavin derivative Df = (D1F, . . . , D2nF ) is defined
by

DiF = ∂xi
f(ω, ∆1, . . . , ∆n, T1, . . . , Tn)1∆i∈I

Di+nF = ∂tif(ω, ∆1, . . . , ∆n, T1, . . . , Tn)1Ti∈Ii
,

as i = 1, . . . , n. Therefore,

D : S 1
n,t → P0

n,t.

Remark 1.1.8. The operator Di has to be intended as the Malliavin derivative
in the direction of the jump amplitudes if i ≤ n and in the direction of the
jump times whenever i ≥ n+1. In fact, D = (D1, . . . , D2n) can be defined also
separately on the jump amplitudes or times only. In fact, D = (D∆, DT ), with

D∆ ≡ (D1, . . . , Dn) : S 1
n,t(∆) → P0

n,t(∆)

DT ≡ (Dn+1, . . . , D2n) : S 1
n,t(T ) → P0

n,t(T )

Definition 1.1.9. [Skorohod integral] For U = (U1, . . . U2n) with Ui =
ui(ω, ∆1, . . . , ∆n, T1, . . . , Tn), i = 1, . . . 2n, the Skorohod integral δ(U) is de-
fined by

δ(U) =
2n∑

j=1

δj(Uj)

where, as i=1,. . . ,n (recall that g is the pdf of the jump amplitudes)

δi(Ui) = −
(
∂xi

(πiui) + (πiui)∂y ln g
)
(ω, ∆1, . . . , ∆n, T1, . . . , Tn)

δi+n(Ui+n) = −
(
∂ti(πi+nui+n)

)
(ω, ∆1, . . . , ∆n, T1, . . . , Tn)

Therefore,
δ : P1

n,t → S 0
n,t.
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Remark 1.1.10. The operator δj has to be intended as the Skorohod integral
in the direction of the jump amplitudes if j ≤ n and in the direction of the
jump times whenever j ≥ n + 1. Also, the operator δ can be defined separately
on the jump amplitudes or times only. In fact, δ = δ∆ + δT with

δ∆ : P1
n,t(∆) → S 0

n,t(∆), δ∆(U) =
n∑

i=1

δi(Ui)

δT : P1
n,t(T ) → S 0

n,t(T ), δT (U) =
n∑

i=1

δi+n(Ui+n)

Let us finally generalize the definition of Malliavin derivative and Skorohod
integral.

Definition 1.1.11. Fix n ≥ 1 and t > 0.

[Malliavin derivable r.v.’s on the set {Jt = n}]
The class Dk

n,t (Dk
n,t(∆), Dk

n,t(T ) resp.) is given by the r.v.’s F such that

F1{Jt=n} = Fn,t1{Jt=n} for some Fn,t ∈ S k
n,t (S k

n,t(∆), S k
n,t(T ) resp.). For

F ∈ Dk
n,t we write

DiF1{Jt=n} = DiFn,t1{Jt=n}

[Skorohod integrable processes on the set {Jt = n}]
The class I k

n,t (I k
n,t(∆), I k

n,t(T ) resp.) is given by the r.v.’s U such that

U1{Jt=n} = Un,t1{Jt=n} for some Un,t ∈ Pk
n,t (Pk

n,t(∆), Pk
n,t(T ) resp.). For

U ∈ I k
n,t we write

δi(U)1{Jt=n} = δi(Un,t)1{Jt=n}

The denomination “Malliavin derivative” and “Skorohod integral” is justified
by a duality relationship, stated in next Proposition 1.1.15. In order to do this,
let us introduce the border term operator, allowing to set up the integration
by parts formula.
For our purposes, we will need only the border term operator with respect to
the jump times, which is defined as follows.

Definition 1.1.12. [The border term operator] For F ∈ S 0
n,t and U ∈

P0
n,t, the border term operator is defined as

[F,U ]π = [F,U ]∆π + [F, U ]Tπ

where (recall that g, defined on I =
⋃k−1

j=1(aj, bj) as in Assumption 1.1.1, is
the pdf of the jump amplitudes ∆i and pi is the conditional pdf of Ti given that
{Jt = n} as in (1.1))

[F, U ]∆π =
n∑

i=1

k∑
j=1

[(
Ti(fui) · πig

)
(ω, b−j )−

(
Ti(fui) · πig

)
(ω, a+

j )
]

(1.5)
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[F, U ]Tπ =
n∑

i=1

[(
Ti+n(fui+n) · πi+npi

)
(ω, T−

i+1)+

−
(
Ti+n(fui+n) · πi+npi

)
(ω, T+

i−1)
] (1.6)

where f and ui, i = 1, . . . , 2n, denote as usual the functions representing F
and Ui, i = 1, . . . , 2n, respectively, and the Ti’s being defined in (1.3) and
(1.4).

Remark 1.1.13. Obviously, the operators [·, ·]∆π and [·, ·]Tπ can be defined sep-
arately on S 0

n,t(∆)×P0
n,t(∆) and S 0

n,t(T )×P0
n,t(T ) respectively.

There are cases in which the border term operators are null, for example if, for
any i = 1, . . . , n, πi(ω, y) = 0 on ∂I and πi+n(ω, y) = 0 on ∂Ii. The property
[·, ·]π ≡ 0 turns out to be important, because it gives a duality formula similar
to the classical one (see the following Proposition 1.1.15). Such a case is
widely studied in Bally, Bavouzet and Messaoud [3] (see also [5]). For practical
purposes, they assume g ≡ 0 on ∂I and take πi = 1 for any i = 1, . . . , n, which
give [·, ·]∆π ≡ 0. Moreover, they set

πi+n(ω, r) = (Ti+1(ω)−r)λ(r−Ti−1(ω))λ1r∈(Ti−1(ω),Ti+1(ω)), i = 1, ..., n, (1.7)

for suitable values of λ giving [·, ·]Tπ ≡ 0.

As it will be clear later on, we will always set πi ≡ 1 for any i = 1, . . . , 2n and
take g ≡ 0 on ∂I. Therefore, we will have [·, ·]∆π ≡ 0, but [·, ·]Tπ will not be
equal to zero. In fact, let us consider the following example.

Example 1.1.14. Let us write down the border term operators in the case we
are going to study, that is: g is a lognormal type density and πi = 1 for any i.

In fact, we will take 1 + ∆i
L
= eZ, with Z ∼ N(m, %2), so that

g(y) =
1

(1 + y)
√

2π%2
exp

(
− (log(1 + y)−m)2

2%2

)
1y>−1

which gives I = (−1, +∞), i.e. k = 1, a1 = −1, b1 = +∞. Since g(−1+) =
0 = g(+∞), and assuming πi = 1, one immediately has [F,U ]∆π = 0 for any F
and U . Concerning the border term operator w.r.t. the jump times, its formula
simplifies as follows:

[F,U ]Tπ =
n∑

i=1

Ti+n(f)(ω, T−
i+1)− Ti+n(f)(ω, T+

i−1)

Ti+1 − Ti−1

.

Let us add here also another useful observation. The Skorohod integral δi,
i = 1, . . . , n, contains the quantity ∂y ln g(∆i). For our choice of g, we obtain

∂y ln g(∆i) =
m− %2 − ln(1 + ∆i)

(1 + ∆i)%2

L
=

m− %2 − Z

%2
e−Z .

Notice that ∆i, ∂y ln g(∆i) ∈ Lp for any p ≥ 1.
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By elementary arguments one has that (recall Remarks 1.1.8, 1.1.10 and 1.1.13)

Proposition 1.1.15. For any F ∈ D1
n,t and U ∈ I 1

n,t, such that

E
([
|DiFUiπi|+ |Fδi(Ui)|

]
1{Jt=n}

)
< ∞ for any i = 1, . . . , 2n,

one has

E(〈DF,U〉π1{Jt=n}) = E(Fδ(U)1{Jt=n}) + E([F, U ]π1{Jt=n}). (1.8)

Moreover, (1.8) holds also if one is interested to work with the jump amplitudes
or the jump times only, i.e. with D1

n,t, I 1
n,t, D, δ, [·, ·]π replaced by D1

n,t(∆),

I 1
n,t(∆), D∆, δ∆, [·, ·]∆π respectively or by D1

n,t(T ), I 1
n,t(T ), DT , δT , [·, ·]Tπ

respectively.

Let us here recall some of the main properties of D and δ we are going to use.

Property 1.1.16. [Chain rule] For any continuously differentiable φ :
Rd → R and F1, . . . , Fd ∈ D1

n,t, φ(F1, . . . , Fd) ∈ D1
n,t and

Dφ(F1, . . . , Fd)1{Jt=n} =
d∑

k=1

∂xk
φ(F1, . . . , Fd)DFk1{Jt=n}.

Moreover, the above statement holds also with D1
n,t, D replaced by D1

n,t(∆), D∆

respectively or by D1
n,t(T ), DT respectively.

Property 1.1.17. [Skorohod integral of a (special) product] If F ∈ D1
n,t

and U ∈ I 1
n,t then FU ∈ I 1

n,t and

δ(FU)1{Jt=n} = Fδ(U)1{Jt=n} − 〈DF1{Jt=n}, U〉π.

Moreover, the above statement holds also with D1
n,t, I 1

n,t, D, δ replaced by

D1
n,t(∆), I 1

n,t(∆), D∆, δ∆ respectively or by D1
n,t(T ), I 1

n,t(T ), DT , δT respec-
tively.

In the following, we will need the existence of Malliavin derivatives of higher
order. We define the associated space in the natural way: we say that F ∈ D2

n,t

if F ∈ D1
n,t and DiF ∈ D1

n,t. Similarly, we can define D `
n,t for any ` ≥ 1.

Property 1.1.18. [Integration by parts formula] Let n ≥ 1 and t > 0 be
fixed. Let d ≥ 1, F = (F 1, ..., F d) and v = (v1, . . . , vd), with F j ∈ D2

n,t and

vj ∈ I 1
n,t, j = 1, . . . , d. Define γDF,v as the following d× d random matrix:

γi,j
DF,v = 〈DF j1{Jt=n}, v

i〉π, i, j = 1, . . . , d. (1.9)

11



Suppose that on the set {Jt = n} there exists the inverse matrix γ̂DF,v of

γDF,v and that each entry γ̂ij
DF,v belongs to D1

n,t. Let φ ∈ C1
p(Rd) and G =

(G1, . . . , Gd), with Gj ∈ S 1
n,t for any j, be such that

E
(
|Diφ(F )(Gγ̂DF,v)

iπi|1{Jt=n}
)

< ∞ i = 1, . . . , 2n

E
(
|φ(F )δi((Gγ̂DF,v)

i)|1{Jt=n}
)

< ∞ i = 1, . . . , 2n
(1.10)

Then, one has

E
( d∑

i=1

∂xi
φ(F )Gi1{Jt=n}

)
= E

(
φ(F )δ

( d∑
i=1

(Gγ̂DF,v)
ivi

)
1{Jt=n}

)
+

+E
(
[φ(F ),

d∑
i=1

(Gγ̂DF,v)
ivi]π

)
.

Moreover, the above statements holds also with D `
n,t, I 1

n,t, D, δ, [·, ·]π re-

placed by D `
n,t(∆), I 1

n,t(∆), D∆, δ∆, [·, ·]∆π respectively ((1.10) holding for

i = 1, . . . , n) or by D `
n,t(T ), I 1

n,t(T ), DT , δT , [·, ·]Tπ respectively ((1.10) holding
for i = n + 1, . . . , 2n).

The (non-symmetric) matrix γDF,v defined in (1.9) is a generalization of the
well famous Malliavin covariance matrix σF , that is

σF = γF,DF =
(
〈DF i1{Jt=n}, DF j1{Jt=n}〉π

)
i,j=1,...,d

. (1.11)

The proof of Property 1.1.18, to be seen in Appendix 1.4, is straightforward.

Remark 1.1.19. Let us briefly discuss how the assumptions in (1.10) will
work in our special context. As observed, we will take πi = 1 for any i and
g as a lognormal type density (see Example 1.1.14). Assuming that F, G and
all the involved Malliavin derivatives belong to Lp for any p, and if we take
similarly the vj

i ’s, a sufficient condition allowing to get (1.10) is that all entries
of γ̂DF,v belong to Lp for any p. Now, this holds if

| det γDF,v|−1 ∈ Lp, for any p ≥ 1.

In the case v = DF , it reduces to ask for the p-integrability condition of the
inverse of the determinant of the Malliavin covariance matrix, which is a quite
standard request in Malliavin calculus.

Let us now consider the case of a pure jump diffusion:

Xt = x +

∫ t

0

b(r,Xr)dr +
Jt∑

i=1

c(Ti, ∆i, XTi−). (1.12)
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Assumption 1.1.20. Suppose that (t, x) 7→ c(t, a, x) and x 7→ b(t, x) are
twice differentiable, with bounded derivatives of first and second order, and
having linear growth with respect to x, uniformly with respect to t and a (that
is |c(t, a, x)|+ |b(t, x)| ≤ K(1 + |x|)).
Assumption 1.1.20 guarantees the existence of the solution X to the pure-jump
sde (1.12). Moreover, also its first variation process ξ is well defined (ξ = ∂xX)
and is given by

ξt = 1 +

∫ t

0

∂xb(r,Xr)ξrdr +
Jt∑

i=1

∂xc(Ti, ∆i, XTi−)ξTi−. (1.13)

Let us recall that, by Assumption 1.1.20, both Xt and ξt belong to Lp for any
t and the same holds for ξ̂t = ξ−1

t , being the solution to

ξ̂t = 1−
∫ t

0

ξ̂r

(
∂xb(r,Xr)− (∂xσ(r,Xr))

2
)
dr −

Jt∑
i=1

ξ̂Ti−
∂xc(Ti, ∆i, XTi−)

1 + ∂xc(Ti, ∆i, XTi−)
.

(1.14)
In order to study the Malliavin derivatives, we have to add the following

Assumption 1.1.21. There exists η > 0 such that, for any r, a, x,

|∂ac(r, a, x)|+ |1 + ∂xc(r, a, x)| ≥ η.

Assumption 1.1.22. There exists η > 0 such that, for any r, a, x,

|q(r, a, x)|+ |1 + ∂xc(r, a, x)| ≥ η

where

q(r, a, x) =
(
∂rc + b(1 + ∂xc)

)
(r, a, x)− b(r, x + c(r, a, x)). (1.15)

Then, one has

Property 1.1.23. [Malliavin derivative of a pure jump diffusion] Sup-
pose Assumption 1.1.20 holds and let X and ξ be the solution to (1.12) and
(1.13) respectively. Under Assumption 1.1.21 and 1.1.22, for any t > 0 and
n ≥ 1, the r.v.’s XT−p , XTp , Xr1Tp<r<Tp+1, with p = 1, . . . , n (with Tn+1 ≡ t),

and
∫ t

0
Xrdr all belong to D2

n,t. Moreover, on the set {Jt = n} one has, as
i = 1, . . . , n,

DiXTp = 1{Ti≤Tp} ξTpξ
−1
Ti

∂ac(Ti, ∆i, XT−i
)

DiXr = 1{Ti<r} ξrξ
−1
Ti

∂ac(Ti, ∆i, XT−i
)

Di+nXr = 1{Ti<r} ξrξ
−1
Ti

q(Ti, ∆i, XT−i
)
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and

Di+nXTp =





0 if p < i
q(Ti, ∆i, XT−i

) + b(Ti, XT−i
+ c(Ti, ∆i, XT−i

)) if p = i

ξTpξ
−1
Ti

q(Ti, ∆i, XT−i
) if p > i

with q defined in (1.15), the formulas for XT−p being immediate to derive from

XT−p = XTp − c(Tp, ∆p, XT−p )). Moreover, one has

Di

∫ t

0

Xrdr = 1{Ti<t} ξ−1
Ti

∂ac(Ti, ∆i, XTi−)

∫ t

Ti

ξrdr

Di+n

∫ t

0

Xrdr = 1{Ti<t} ξ−1
Ti

q(Ti, ∆i, XTi−)

∫ t

Ti

ξrdr

Finally, the above statement holds also with Assumption 1.1.21 plus Assump-
tion 1.1.22, D2

n,t, D replaced by Assumption 1.1.21, D2
n,t(∆), D∆ respectively

or by Assumption 1.1.22, D2
n,t(T ), DT respectively.

Remark 1.1.24. The conditions of Assumption 1.1.22

|∂ac(r, a, x)| ≥ η |q(r, a, x, )| ≥ η

are asked in the paper of Bally, Bavouzet and Messaoud [3] and assure that the
non degeneracy condition, that allows to use the integration by parts formula,
holds true, when one considers the jump amplitudes and times direction of
calculus respectively. We can ask a weaker condition on q(r, a, x) that is the
following:

qi ≡ q(Ti, ∆i, XTi−) ∈ Lp ∀p.
Notice that in the Ornstein-Uhlenbeck model, for which we will consider the
jump times direction of calculus (see Section 2.5.2), we have q(r, a, x) = −ba.
Therefore the condition |q(r, a, x)| > η does not hold true. By the way qi ∈
Lp ∀p, being ∆i log-normal distributed.

In conclusion we will always ask the condition |1 + ∂xc(r, a, x)| ≥ η whenever
we will consider the jumps (amplitudes or times) direction, that assures the
existence of the inverse of the first variation process ξ−1

The writing of Property 1.1.23 is new and its proof is postponed to Appendix
1.4.
Let us now consider the case of a jump diffusion:

Xt = x +

∫ t

0

b(r,Xr)dr +

∫ t

0

σ(r,Xr)dWr +
Jt∑

i=1

c(Ti, ∆i, XTi−). (1.16)

When dealing with Malliavin derivatives, no general formulas can be stated in
the direction of the jump times, as it follows from next simple
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Example 1.1.25. The r.v. WT1 is not derivable in the Malliavin sense in
the direction of the jump times. In fact, one has WT1 = f(ω, T1), in which
f(ω, t) = Wt(ω). Since ∂tf(ω, t) does not exist, the Malliavin derivative in
the direction of the jump times cannot be done, that is WT1 /∈ D1

n,t(T ) for any
n ≥ 1 and t > 0. Nevertheless, as observed in Remark 1.2.2, the (generalized)
Gaussian Malliavin derivative exists for any t.

Therefore, we concentrate our attention on the Malliavin derivatives w.r.t. the
jump amplitudes.

Assumption 1.1.26. In addition to what required in Assumption 1.1.20, one
requires that (t, x) 7→ σ(t, x) is continuous and x 7→ σ(t, x) is twice differ-
entiable, with bounded derivatives of first and second order, and having lin-
ear growth with respect to x, uniformly with respect to t (that is |σ(t, x)| ≤
K(1 + |x|)).
Under Assumption 1.1.26 also the first variation process ξ is well defined and
given by

ξt = 1 +

∫ t

0

∂xb(r,Xr)ξrdr +

∫ t

0

∂xσ(r,Xr)ξrdWr

+
Jt∑

i=1

∂xc(Ti, ∆i, XTi−)ξTi−.

(1.17)

Again, Assumption 1.1.20 ensures that both Xt and ξt belong to Lp for any t
and the same holds for ξ̂t = ξ−1

t , being the solution to

ξ̂t = 1−
∫ t

0

ξ̂r

(
∂xb(r,Xr)− (∂xσ(r,Xr))

2
)
dr −

∫ t

0

ξ̂r∂xσ(r,Xr)dWr

−
Jt∑

i=1

ξ̂Ti−
∂xc(Ti, ∆i, XTi−)

1 + ∂xc(Ti, ∆i, XTi−)
.

(1.18)
Then, one has

Property 1.1.27. [Malliavin derivative of a jump diffusion] Suppose
Assumption 1.1.26 holds and let X and ξ be the solution to (1.16) and (1.17)
respectively. Under Assumption 1.1.21, for any t > 0 and n ≥ 1, the r.v.’s
XT−p , XTp , Xr1Tp<r<Tp+1, with p = 1, . . . , n (with Tn+1 ≡ t), and

∫ t

0
Xrdr all

belong to D2
n,t(∆). Moreover, on the set {Jt = n} one has, as i = 1, . . . , n,

DiXTp = 1{Ti≤Tp} ξTpξ
−1
Ti

∂ac(Ti, ∆i, XT−i
)

DiXr = 1{Ti<r} ξrξ
−1
Ti

∂ac(Ti, ∆i, XT−i
)

the formulas for XT−p being immediate from XT−p = XTp − c(Tp, ∆p, XT−p ).

Moreover, one has

Di

∫ t

0

Xrdr = 1{Ti<t} ξ−1
Ti

∂ac(Ti, ∆i, XTi−)

∫ t

Ti

ξrdr
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Remark 1.1.28. It is worth to observe that, due to Assumption 1.1.20 and
1.1.26, all the above Malliavin derivatives, also of the second order, belong to
Lp for any p ≥ 1.

1.2 Malliavin calculus in the Gaussian direction

Let Wt denote a Brownian motion on (Ω,F ,P) and le Wt be the augmentation
w.r.t. P of the filtration generated by W . Let us briefly recall how the standard
Gaussian Malliavin calculus works. The most used and well known reference
for this framework is given by Nualart [25]. Here, we follow the approach of
Bally as in [2]. Set T as the time horizon and for N ∈ N, set

∆NW = (∆N
0 W, . . . , ∆N

b2NT c−1W )

where

∆N
k W = W k+1

2N
−W k

2N
, k = 0, 1, . . . , b2NT c − 1.

Set now SN the set of the simple functionals of order N : F ∈ SN if there
exists fF ∈ C∞

b (Rb2NT c,R) such that

F = fF (∆NW ).

It is easy to see that SN ⊂ SN+1 and we set S = ∪N≥1SN . Finally, notice
that S ⊂ Lp(Ω) for any p.
Now, we can define the class PN of the simple processes of order N : u ∈ PN

if there exists U0, . . . , Ub2NT c−1 ∈ SN such that

us =

b2NT c−1∑

k=0

Uk1
s∈

[
k

b2N Tc , k+1

b2N Tc

).

Again, PN ⊂ PN+1 and we set P = ∪N≥1PN . Notice that a simple process
u ∈ P is not necessarily adapted and if it is, one has that each Uk depends on
∆N

i W up to i = k − 1.
Le us also observe that P ⊂ Lp(H) for any p, where

H = {progressively measurable processes u : u ∈ L2([0, T ]) a.s.}

and

Lp(H) = {u ∈ H : E(‖u‖p
L2([0,T ])) < ∞}

Therefore, for u ∈ Lp(H) we set

‖u‖p
Lp(H) = E

(
‖u‖p

L2[0,T ]

)
= E

(∣∣∣
∫ T

0

|us|2ds
∣∣∣
p/2)
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which makes Lp(H) a Banach space. Moreover, since L2(H) = L2(Ω× [0, T ]),
in the special case p = 2, one obtains that L2(H) is a Hilbert space, with inner
product given by

〈u, v〉L2(H) = E(〈u, v〉L2[0,T ]) = E
( ∫ T

0

usvsds
)
.

We can pass now to define the Malliavin derivative and the Skorohod integral.

For F ∈ S , the Malliavin derivative is defined as

DsF =

b2NT c−1∑

k=0

∂xk
fF (∆NW )1

s∈
[

k

b2N Tc ,
k+1

b2N Tc

)

and for u ∈ P, the Skorohod integral is given by

δ(u) =

b2NT c−1∑

k=0

(
Uk∆

N
k W − ∂xk

fUk(∆NW )
1

2b2NT c

)

being N the one such that F ∈ SN and u ∈ PN (recall that fUk is the
C∞

b function representing Uk ∈ SN). It easily follows that both D and δ
are really independent of N , so that they are both well defined. Notice that

δ(u) =
∫ T

0
usdWs (the standard Ito integral) whenever u is adapted.

Therefore, for any p,

D : S ⊂ Lp(Ω) → P ⊂ Lp(H) and δ : P ⊂ Lp(H) → S ⊂ Lp(Ω) (1.19)

Thinking to (1.19) in the special case p = 2, the following duality property is
immediate to check:

for any F ∈ S and u ∈ P then E(〈DF, u〉L2[0,T ]) = E(Fδ(u)) (1.20)

which allows to extend the (unbounded, linear) operators in (1.19). In fact,
when the case p = 2 is considered, by using (1.20) one can show that both D
and δ are closable: if Fn → 0 in L2(Ω) and DFn → u in L2(H) then u = 0,
as well as if un → 0 in L2(H) and δ(un) → G in L2(H) then G = 0. So, by
setting

‖F‖1,2 = ‖F‖L2(Ω) + ‖DF‖L2(H), F ∈ S , (1.21)

‖u‖δ,2 = ‖u‖L2(H) + ‖δ(u)‖L2(Ω), u ∈ P (1.22)

one can define the set of the Malliavin derivable r.v.’s as

D1,2 = S
‖·‖1,2

(1.23)

and the set of the Skorohod integrable processes as

Dom2(δ) = P
‖·‖δ,2

(1.24)
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Such spaces are both Hilbert ones, with inner product given by

〈F,G〉1,2 = 〈F,G〉L2(Ω) + 〈DF,DG〉L2(H), F, G ∈ D1,2

〈u, v〉δ,2 = 〈u, v〉L2(H) + 〈δ(u), δ(v)〉L2(Ω), u, v ∈ Dom2(δ)

respectively. Now, by construction the duality relationship continues to hold
between D1,2 and Dom2(δ):

for any F ∈ D1,2 and u ∈ Dom2(δ) then E(〈DF, u〉) = E(Fδ(u)) (1.25)

Unfortunately, both D1,2 and Dom2(δ) are not algebras. So, it comes natural
to consider the forthcoming spaces. For a generical p, set

‖F‖1,p = ‖F‖Lp(Ω) + ‖DF‖Lp(H), F ∈ S , (1.26)

‖u‖δ,p = ‖u‖Lp(H) + ‖δ(u)‖Lp(Ω), u ∈ P (1.27)

and

D1,p = S
‖·‖1,p

(1.28)

Domp(δ) = P
‖·‖δ,p

(1.29)

By using standard arguments for Lp spaces, for p ≥ p̄, one has D1,p ⊂ D1,p̄

and Domp(δ) ⊂ Domp̄(δ). Moreover, if 1
p

+ 1
q

= 1, one has that if F ∈ D1,rp

and G ∈ D1,rq then FG ∈ D1,r, as well as if F ∈ D1,rp and u ∈ Domrq(δ) then
Fu ∈ Domr(δ). So, one sets

D1,∞ =
⋂
p

D1,p and Dom∞(δ) =
⋂
p

Domp(δ). (1.30)

Now the algebra properties hold. For example, FG ∈ D1,∞ when F, G ∈ D1,∞,
as well as Fu ∈ Dom∞(δ) if F ∈ D1,∞ and u ∈ Dom∞(δ). A lot of further in-
teresting and useful facts turn out to be true, and we will soon refer to some of
them specialized in our context. The forthcoming ideas to generalize the Gaus-
sian Malliavin calculus to objects depending on other variables independent
of the Brownian motion have been already used e.g. by Davis and Johansson
[13] or by Forster, Lütkebohmert and Teichman [15].

Let {Ti}i≥1 and {∆i}i≥1 denote the jump times and amplitudes respectively,
as before, and suppose they are both independent from the Brownian motion.
Let us also set, as s ≥ 0,

Gs = σ(Ju ; u ≤ s) ∨ σ(∆j1{j≤Js} ; j ≥ 1)

(recall that Js =
∑

j≥1 1{Tj≤s}). Therefore, Gs gives all the information coming
out from the jump times and amplitudes noise up to time s.
For n ≥ 1 and t > 0 fixed, let us consider the notation

zn,t = (y1, . . . , yn, t1, . . . , tn) ∈ Rn × [0, t]n

and Zn,t = (∆1, . . . , ∆n, T1, . . . , Tn).
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Definition 1.2.1. [Generalized Gaussian Malliavin derivative] Fix n ≥
1 and t > 0. Let f : Ω×Rn×[0, t]n → R be Wt×B(Rn)×B([0, t]n)-measurable
such that ω 7→ f(ω, zn,t) ∈ D1,p for any zn,t ∈ Rn× [0, t]n. On the set {Jt = n},
set

F = f(·, zn,t)
∣∣∣
zn,t=Zn,t

and D0F = Df(·, zn,t)
∣∣∣
zn,t=Zn,t

The class D1,p
n,t is defined as the random variables F as above and such that

F1{Jt=n} ∈ Lp(Ω) and D0F1{Jt=n} ∈ Lp(H)

For F ∈ D1,p
n,t, D0F1{Jt=n} will stand for the Malliavin derivative in the Gaus-

sian direction on the set {Jt = n}.
We similarly define Dk,p

n,t and set Dk,∞
n,t =

⋂
pD

k,p
n,t .

Example 1.2.2. As an example, WT1 ∈ D1,∞
n,t for any n ≥ 1 and t > 0. In fact,

WT1 = f(ω, T1), in which f(ω, t) = Wt(ω). The Gaussian Malliavin derivative
D = (Du)u of f(ω, t) exists for any t: Duf(ω, t) = 1{u≤t}, so that one has

D0,uWT1 = DuWt

∣∣∣
t=T1

= 1{u<T1}

Similarly we can extend the definition of the Skorohod integral.

Definition 1.2.3. [Generalized Gaussian Skorohod integral] Fix n ≥ 1
and t > 0. Let u : [0, t] × Ω × Rn × [0, t]n → R be B([0, t]) ×Wt ×B(Rn) ×
B([0, t]n)-measurable such that (r, ω) 7→ ur(ω, zn,t) ∈ Domp(δ) for any zn,t ∈
Rn × Rn

+. On the set {Jt = n}, set

u = u(·, zn,t)
∣∣∣
zn,t=Zn,t

and δ0(u) = δ
(
u(·, zn,t)

)∣∣∣
zn,t=Zn,t

The class Domn,t,p(δ0) is defined as the random processes u as above and such
that

u1{Jt=n} ∈ Lp(H) and δ0(u)1{Jt=n} ∈ Lp(Ω)

For u ∈ Domn,t,p(δ0), δ0(u)1{Jt=n} will stand for the Skorohod integral in the
Gaussian direction on {Jt = n}. We set Domn,t,∞(δ0) =

⋂
p Domn,t,p(δ0).

The duality relationship between D0 and δ0 holds as well if restricted to the
set {Jt = n}. In fact

Proposition 1.2.4. Fix n ≥ 1 and t > 0. For any F ∈ D1,2
n,t and u ∈

Domn,t,2(δ0) one has

E(〈D0F, u〉L2[0,T ]1{Jt=n}) = E(Fδ0(u)1{Jt=n}).
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Proof. Let us use the following notation: F zn,t = f(·, zn,t) and uzn,t = u(·, zn,t).
Recalling that a Wt-measurable r.v. is independent of Gt = σ(Ju ; u ≤ t) ∨
σ(∆j1{j≤Jt} ; j ≥ 1), we can write

E
(
〈D0F, u〉1{Jt=n}

)
= E

(
E(〈D0F, u〉L2[0,T ]1{Jt=n} |Gt

)

= E
(
E(〈D0F

zn,t , uzn,t〉L2[0,T ]) |zn,t=Zn,t1{Jt=n}
)

= E
(
E(〈DF zn,t , uzn,t〉L2[0,T ]) |zn,t=Zn,t1{Jt=n}

)

= E
(
E(F zn,tδ(uzn,t)) |zn,t=Zn,t1{Jt=n}

)

= E
(
E(F zn,tδ0(u

zn,t)) |zn,t=Zn,t1{Jt=n}
)

= E
(
E(Fδ0(u) |Gt)1{Jt=n}

)

= E
(
Fδ0(u)1{Jt=n}

)

and the statement holds. 2

By using similar arguments, one can extend the classical properties of the
Malliavin derivative and the Skorohod integral. In fact, the following proper-
ties easily follow.

Property 1.2.5. [Chain rule] For any φ ∈ C1
b (Rd,R) and F1, . . . , Fd ∈ D1,2

n,t,
one has

D0φ(F1, . . . , Fn)1{Jt=n} =
d∑

i=1

∂xi
φ(F1, . . . , Fn)D0Fi1{Jt=n}.

Moreover, the statement holds if F1, . . . , Fd ∈ D1,∞
n,t and φ ∈ C1

p(Rd,R).

Property 1.2.6. [Skorohod integral of a (special) product] If F ∈ D1,2
n,t

and u ∈ Domn,t,2(δ0) are such that Fu ∈ Domn,t,2(δ0) then

δ0(Fu)1{Jt=n} = Fδ0(u)1{Jt=n} −
∫ t

0

D0,sF1{Jt=n}usds.

Remark 1.2.7. As in the classical case, one has Fu ∈ Domn,t,r(δ0) whenever

F ∈ D1,rp
n,t and u ∈ Domn,t,rq(δ0), with p, q ≥ 1 and 1

p
+ 1

q
= 1.

Property 1.2.8. [Integration by parts formula] Let d ≥ 1, F = (F 1, ...,
F d) and v = (v1, . . . , vd), with F j ∈ D1,2

n,t and vj ∈ Domn,t,2(δ0), j = 1, . . . , d.
On the set {Jt = n}, define γD0F,v as the following d× d random matrix:

γi,j
D0F,v = 〈D0F

j, vi〉, i, j = 1, . . . , d. (1.31)

Suppose there exists the inverse matrix γ̂DF,v of γD0F,v on the set {Jt = n}
and that each entry γ̂ij

D0F,v belongs to D1,2
n,t. Then for any φ ∈ C1

b (Rd), G =
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(G1, . . . , Gd) such that (Gγ̂DF,v)
ivi ∈ Domn,t,2(δ0) for any i = 1, . . . , d, one

has

E
( d∑

i=1

∂xi
φ(F )Gi1{Jt=n}

)
= E

(
φ(F )δ0

( d∑
i=1

(Gγ̂DF,v)
ivi

)
1{Jt=n}

)
.

The case v = D0F gives the Malliavin covariance matrix σF on {Jt = n}, that
is

σF = γD0F,D0F =
(
〈D0F

j, D0F
i〉L2([0,T ])

)
i,j=1,...,d

, on {Jt = n}. (1.32)

The proof of Property 1.2.8 is straightforward (see Appendix 1.4).

Remark 1.2.9. The proof of the above integration by parts formula reduces
to the application of the duality formula between D0F and

∑
i(Gγ̂D0F,v)

ivi.
Therefore, one should have (Gγ̂D0F,v)

ivi ∈ Domn,t,2(δ0) for any i = 1, . . . , d.

In view of Remark 1.2.7, it would be sufficient that F ∈ D1,2p
n,t and (Gγ̂D0F,v)

ivi

∈ Domn,t,2q(δ0), with p, q ≥ 1 and 1
p

+ 1
q

= 1. Again, one needs (Gγ̂D0F,v)
i ∈

D1,2pp̄
n,t and vi ∈ Domn,t,2qq̄(δ0), with p̄, q̄ ≥ 1 and 1

p̄
+ 1

q̄
= 1. As for the first

requirement, it holds if Gi ∈ D1,2pp̄p̂
n,t and γ̂ij

D0F,v ∈ D1,2pp̄q̂
n,t , 1

p̂
+ 1

q̂
= 1. And

notice that γ̂D0F,v is an inverse matrix, so that in its entries also (det γ̂D0F,v)
−1

and D0F has to be taken into account. Therefore, the only reasonable general
assumptions giving the integration by parts formula are the following: F i ∈
D2,∞

n,t , vi ∈ Domn,t,∞(δ0) and Gi ∈ D1,∞
n,t for all i = 1, . . . , i, and finally

E
(| det γ̂D0F,v|−p

)
< ∞ for any p.

The only good news are that one can require φ ∈ C1
p instead of φ ∈ C1

b (see
Property 1.2.5).

Let us now consider the case of a diffusion with jumps:

Xt = x +

∫ t

0

b(r,Xr)dr +

∫ t

0

σ(r,Xr)dWr +
Jt∑

i=1

c(Ti, ∆i, XTi−) (1.33)

under the following

Assumption 1.2.10. Suppose that (t, x) 7→ c(t, a, x), σ(t, x), b(t, x) are con-
tinuous and x 7→ c(t, a, x), σ(t, x), b(t, x) are twice differentiable, with bounded
derivatives of first and second order, and having linear growth with respect to
x, uniformly with respect to t and a.

Assumption 1.2.10 guarantees the existence of the solution X to (1.33). More-
over, also its first variation process ξ is well defined (ξ = ∂xX) and solves the
sde with jumps as in (1.17). Let us also recall that, by Assumption 1.2.10,

both Xt and ξt belong to Lp for any t and the same holds for ξ̂t = ξ−1
t , being
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the solution to Equation (1.18). Roughly speaking, the assumptions on the
first and second order derivative of the diffusion coefficients allow to handle
the first order and the second order Malliavin derivative respectively. In fact,
one has (see e.g. Forster, Lütkebohmert and Teichman [15])

Property 1.2.11. [Gaussian Malliavin derivative of a jump diffusion]
If Assumption (1.2.10) holds then for any n ≥ 1 and t > 0, Xr and

∫ r

0
Xudu,

as r ≤ t, and XTi
, as i ≤ n, all belong to D2,∞

n,t and on the set {Jt = n} one
has

D0,sXr = ξrξ
−1
s σ(s,Xs)1{s≤r},

D0,s

∫ r

0

Xudu =

∫ r

0

D0,sXudu =

∫ r

s

ξudu ξ−1
s σ(s,Xs).

D0,sXTi
= ξTi

ξ−1
s σ(s,Xs)1{s≤Ti},

Moreover, if in addition and there exists η > 0 such that, for any r, a, x,

|1 + ∂xc(r, a, x)| ≥ η.

then XTi−, as i ≤ n, belongs to D2,∞
n,t and on the set {Jt = n} one has

D0,sXTi− =
ξTi

ξ−1
s σ(s,Xs)

1 + ∂xc(Ti, ∆i, XTi−)
1{s≤Ti}

1.3 Jump diffusions: unifying Malliavin calculus

In this section we develop a unifying Malliavin calculus, which takes into ac-
count all the randomness involved. In particular, we consider Malliavin deriva-
tives and Skorohod integrals in the direction of the Brownian motion, of the
jump times and the jump amplitudes, and we get a duality relationship allow-
ing to set up a stochastic calculus of variation in the context of jump-diffusion
processes.
It has to be said that the joint Malliavin derivatives in the Brownian direc-
tion and the jump times cannot be stated in general for jump diffusions (see
Example 1.1.25).
Now, in the first two sections we have seen the Malliavin derivative for processes
depending on the Brownian motion and on the jump amplitudes and times,
in all directions of randomness. Now, in order to unifying the notations, we
consider the following definitions. Let n ≥ 1 and t > 0 be fixed.

Definition 1.3.1. [Unified Malliavin derivative on the set {Jt = n}]
Given a random variable F we define a Malliavin operator on the set {Jt = n}
as

D̃F = (D̃0F, D̃1F, ..., D̃nF, D̃n+1F, ..., D̃2nF )

where:
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• if F ∈ D1,2
n,t,

D̃0F = D0F,

being D0 as in Definition 1.2.1, otherwise we set D̃0F = 0;

• if F ∈ D1
n,t(∆),

D̃iF1{Jt=n} = DiF1{Jt=n}, i = 1, ..., n,

being Di as in Definition 1.1.11, otherwise we set D̃iF = 0 for i = 1, ..., n.

• if F ∈ D1
n,t(T ),

D̃i+nF1{Jt=n} = Di+nF1{Jt=n}, i = 1, ..., n,

being Di+n as in Definition 1.1.11, otherwise we set D̃i+nF = 0 for i =
1, ..., n.

Example 1.3.2. Consider for example the r.v. F = WT1 +
∑Jt

j=1 ∆j. As
remarked in Example 1.1.25, F is not Malliavin differentiable in the direction
of jump times but D̃F can be written, having that on {Jt = n}

D̃F = (D0,sF, D1F, ..., DnF, 0, ..., 0)

= (1s≤T1 , 1, ..., 1, 0, ..., 0)

Definition 1.3.3. [Unified Skorohod operator on the set {Jt = n}]
Given a process u = (u0, U1, ..., U2n) made by a random process u0 = (U0(t))t≥0

and a r.v. (U1, ..., U2n) taking values on R2n, we define the unified Skorohod
operator on the set {Jt = n} as

δ̃(u) = δ̃0(u0) +
2n∑

j=1

δ̃j(Uj)

where:

• if u0 ∈ Domn,t,2(δ0),

δ̃0(u0) = δ0(u0)

being δ0 as in Definition 1.2.3, otherwise we set δ̃0(u0) = 0;

• if U∆ = (U1, . . . , Un) ∈ I 0
n,t(∆),

δ̃i(Ui)1{Jt=n} = δi(Ui)1{Jt=n}, i = 1, ..., n,

being δi as in Definition 1.1.11, otherwise we set δ̃i(Ui) = 0 for i =
1, ..., n;
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• if UT = (U1+n, . . . , U2n) ∈ I 0
n,t(T ),

δ̃i+n(Ui+n)1{Jt=n} = δi+n(Ui+n)1{Jt=n} i = 1, ..., n,

being δi+n as in Definition 1.1.11, otherwise we set δ̃i(Ui) = 0 for i =
1, ..., n.

Definition 1.3.4. [Compatibility in the Malliavin sense] Fix n ≥ 1
and t > 0. Let F and u be a random variable and a random process as in
Definition 1.3.1 and 1.3.3 respectively. We say that F and u are “compatible
in the Malliavin sense on {Jt = n}” (shortly: (n, t)-compatible) if

F ∈ D1,2
n,t ⇐⇒ u0 ∈ Domn,t,2(δ0)

F ∈ D1
n,t(∆) ⇐⇒ U∆ = (U1, ..., Un) ∈ I 1

n,t(∆)

F ∈ D1
n,t(T ) ⇐⇒ UT = (Un+1, ..., U2n) ∈ I 1

n,t(T )

If F and U are (n, t)-compatible, on the set {Jt = n} we put

〈D̃F, U〉 =

∫ t

0

D̃0,sFu0(s)ds +
2n∑
i=1

D̃iFUiπi.

The compatibility in the Malliavin sense relation means, roughly speaking,
that we can perform the Malliavin calculus in the same direction for both F
and U . In fact, it is immediate to check that

Proposition 1.3.5. For any (n, t)-compatible F and u such that

E
([
|D̃iFUiπi|+ |F δ̃i(Ui)|

]
1{Jt=n}

)
< ∞ for any i = 1, . . . , 2n,

the following duality relation holds

E(〈D̃F, u〉1{Jt=n}) = E(F δ̃(u)1{Jt=n}) + E([F, u]π1{Jt=n}).

Let us give a brief discussion in order to avoid confusion. Here, on the set
on {Jt = n}, the process u = (u0, U1, . . . , U2n) has 2n + 1 coordinates, being
made by a stochastic process (its 0th coordinate) and a simple process (the
remaining 2n coordinates) in the sense of the jump noise. Now, with [F, u]π we
intend the border term operator applied to (U1, . . . , U2n), which is effectively
given by formulas (1.5) and (1.6).

Remark 1.3.6. Let us stress that if the compatibility Property does not hold,
the duality can fail. For example, take n ≥ 2, t > 0, F = W 2

T1
and , u0 =

0, Ui = 0 for any i except for the case i = n + 1: Un+1 = T1. One has
then 〈D̃F, u〉 = 0 and F δ̃(u) = −W 2

T1
because δ̃1+n(T1) = −1. Therefore,

E(〈D̃F, u〉1{Jt=n}) = 0. But, here
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E
(
F δ̃(u)1{Jt=1}

)
+ E

(
[F,U ]π1{Jt=1}

)
= −E

(
W 2

T1
1{Jt=1}

)
+ E

(W 2
T2

T2

1{Jt=1}
)

= E
(
− E(

W 2
T1

1{Jt=1}|Jt

))

+ E
(
E

(W 2
T2

T2

1{Jt=1}|Jt

))

= E
(
(−T1 +

T2

T2

)1{Jt=1}
)

= P(Jt = 1)E
(
1− T1|Jt = 1

)

= P(Jt = 1)(1− t

2
) 6= 0

where T1 is uniformly distributed on (0, t)
Then, the duality fails and in fact, F and U are not (n, t)-compatible.

Property 1.3.7. [Properties of the Unified operators] The properties
of the Malliavin derivative and the Skorohod integral stated in the previous
sections, can be extended to the unified differential operators. More precisely,

• [Chain rule] for every continuously differentiable function φ ∈ Cb(Rd,R)
and d r.v.’s F1, ..., Fn one has

D̃φ(F1, ..., Fn)1{Jt=n} =
n∑

i=1

∂xi
φ(F1, ..., Fn)D̃Fi1{Jt=n};

• [Skorohod integral of a (special) product] given F and U (n, t)-
compatible, and such that Fu ∈ Domn,t,2(δ0) if u ∈ Domn,t,2(δ0), then

δ̃(Fu)1{Jt=n} = F δ̃(u)1{Jt=n} − 〈D̃F1{Jt=n}, u〉;

Moreover,

Property 1.3.8. [Integration by parts formula] Let d ≥ 1, F = (F 1, ...,
F d) and v = (v1, ..., vd) such that F i and vi are (n, t)-compatible for any i =
1, . . . , d. On the set {Jt = n}, let us define the matrix

γi,j

D̃F,v
= 〈D̃F j1{Jt=n}, v

i〉, i, j = 1, . . . , d

and suppose it is invertible and let γ̂D̃F,v denote the inverse. Suppose moreover

that (1.10) holds with Di replaced by D̃i, i = 1, . . . , 2n, and that the hypothesis
in Remark 1.2.9 are true with D0 replaced by D̃0.
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Let G = (G1, . . . , Gd) and φ ∈ C1
p be such that

∑d
i=1(Gγ̂D̃F,v)

ivi and φ(F ) are
(n, t)-compatible. Then,

E
( d∑

i=1

∂xi
φ(F )Gi1{Jt=n}

)
= E

(
φ(F )δ̃

( d∑
i=1

(Gγ̂D̃F,v)
ivi

)
1{Jt=n}

)

+ E
(
[φ(F ),

d∑
i=1

(Gγ̂D̃F,v)
ivi]π

)

In conclusion, consider the s.d.e. (1.12) and (1.33)

Xt = x +

∫ t

0

b(r, Yr)dr +
Jt∑

i=1

c(Ti, ∆i, XTi−)

X̂t = x +

∫ t

0

b(r, X̂r)dr +

∫ t

0

σ(r, X̂r)dWr +
Jt∑

i=1

c(Ti, ∆i, X̂Ti−)

For both the solutions of the equations, we can apply the definition of the
unified Malliavin and Skorohod operators on the set {Jt = n}. For X we have

D̃ = (0, D1, ..., D2n), missing the Brownian part. For the process X̂, to avoid
non differentiable problems in the jump time direction (see Example 1.1.25),
we can in general consider D̃ = (D̃0, D̃1, ..., D̃n, 0, ..., 0).

1.4 Appendix

Proof of Property 1.1.18, 1.2.8

We prove here Property (1.1.18), the proof of Property (1.2.8) being identical
with the appropriate notations (mainly, the scalar product 〈·, ·〉π has to be
replaced by 〈·, ·〉L2([0,T ])).
By using the chain rule (cfr. Property 1.1.16), on the set {Jt = n} we can
write, as j = 1, . . . , d,

〈Dφ(F ), vj〉π =
d∑

`=1

∂x`
φ(F )〈DF `, vj〉π =

d∑

`=1

∂x`
φ(F )γ`j

F,v,

so that one obtains

d∑
i=1

∂xi
φ(F )Gi =

d∑
i=1

d∑
j=1

〈Dφ(F ), vj〉πγ̂ji
F,vG

i = 〈Dφ(F ),
d∑

j=1

(Gγ̂F,v)
jvj〉π

Notice that φ(F ) ∈ D1
n,t, v ∈ I 1

n,t and Gi ∈ D1
n,t satisfy (1.10), so that

we can apply the duality formula as in Proposition 1.1.15 and the statement
immediately follows.
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Proof of Property 1.1.23

First we fix some useful notations for the proof of the Property (1.1.23), fol-
lowing mainly the paper of Bally, Bavouzet and Messaoud [3]. Consider the
pure jump process solution of the equation (1.12)

Xt = x +

∫ t

0

b(r, Yr)dr +
Jt∑

i=1

c(Ti, ∆i, XTi−).

We can associate to this equation a deterministic one: fix 0 = u0 < u1 < ... <
un, u = (u1, ..., un) ∈ Rn and a = (a1, ..., an) ∈ Rn. Therefore we have

xt = x +

∫ t

0

b(r, xr)dr +

jt(u)∑
i=1

c(ui, ai, xui−). (1.34)

where jt(u) = k for uk ≤ t < uk+1. As a consequence the solution xt of (1.34)
is such that we have

Xt = xt(∆1, ..., ∆n, T1, ..., Tn) (1.35)

where Xt is the solution of 1.12.
We introduce the flow Φ = Φu(t, x), 0 ≤ u ≤ t, x ∈ R, solution of the integral
equation

Φu(t, x) = x +

∫ t

u

b(r, Φu(r, x))dr, t ≥ u.

Let us introduce moreover

eu,t(x) := exp
( ∫ t

u

∂xb(r, Φu(r, x))dr
)

for which the following relation holds

eu,t(x) = ∂xΦu(t, x)

exploiting that

∂xΦu(t, x) = 1 +

∫ t

u

∂xb(r, Φu(r, x))∂xΦu(r, x)dr. (1.36)

(For the details see Bally, Bavouzet and Messaoud [3]). Finally remember the
definition of q(r, a, x) given by (1.15) that is

q(r, a, x) =
(
∂rc + b(1 + ∂xc)

)
(r, a, x)− b(r, x + c(r, a, x)).

We are ready to prove the Property (1.1.23).
Consider first the relation in the jump amplitudes direction, that is
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DiXr1{Tp<r<Tp+1} = 1{Ti≤r} ξrξ
−1
Ti

∂ac(Ti, ∆i, XTi−). (1.37)

First of all notice that, as a consequence of (1.35), the following relation holds

∂aj
xt(T1, ..., Tn, ∆1, ..., ∆n) = DjXt. (1.38)

Moreover, for t ≤ uj, ∂aj
xt(u, a) = 0 and for t ≥ uj, ∂aj

xt(u, a) satisfies the
equation

∂aj
xt = ∂ac(uj, aj, xuj−) +

jt(u)∑
i=j+1

∂xc(ui, ai, xui−)∂aj
xui−+

+

∫ t

uj

∂xb(r, xr)∂aj
xrdr.

(1.39)

Now consider the first variation process ξt. We have that this process satisfies
the stochastic equation

ξt = 1 +

∫ t

0

∂xb(r,Xr)ξrdr +
Jt∑

i=1

∂xc(∆i, Ti, XTi−)ξTi−.

Therefore, remembering the relations (1.38) and (1.39), we can conclude that
ξrξ

−1
Ti

∂ac(Ti, ∆i, XTi−) on {Ti ≤ r} and DiXr on {Tp < r < Tp+1} are solution
of the same stochastic differential equation and so we can end the proof of
((1.37)).

Consider now the relation in the jump times direction:

Di+nXt = ξtξ
−1
Ti

q(Ti, ∆i, Xti−). (1.40)

Let Tj < t < Tj+1. The first variation process can be written as

ξt = ξTj
+

∫ t

Tj

∂xb(r,Xr)ξrdr

because between Tj and t there are no jumps. Let us denote ηt = ξtξ
−1
Ti

.
Therefore we have that

ηt = 1 +

∫ t

uj

∂xg · ηrdr.

As in jump amplitudes case, as a consequence of the property (1.35), the pro-
cess x, solution of the associated deterministic equation, satisfies the following
relations for uj ≤ t

∂uj
xt(T1, ..., Tn, ∆1, ..., ∆n) = Dj+nXt (1.41)

and
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∂uj
xt = q(uj, aj, xuj−)euj ,t(xuj

). (1.42)

But we have that euj ,t(xuj
) = ∂xΦuj

(t, xuj
) and, by (1.36), ηt and ∂xΦuj

(t, xuj
)

are solution of the same equation. Finally, remembering the relation (1.42),
we have that

Di+nXt = ∂ui
xt(T1, ..., Tn, ∆1, ..., ∆n)

and

ξtξ
−1
Ti

q(Ti, ∆i, Xti−)

satisfy the same equation and therefore the relation (1.40) holds.
The proof of the relation between the first variation process and the integral
process follows trivially by the stated properties for the process X.
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Chapter 2

Sensitivity analysis

The aim of this chapter is to find representation formulas for sensitivities, in
particular for the Delta, i.e. the derivative of the price function with respect
to the initial data. The same problem can be found in other contexts, as in
the insurance ones, whenever one has to find the variation with respect to
parameters of interest.
In general, looking at the option hedging problem, given the price of the con-
sidered option, expressed as E[payoff ], the Greeks analysis is the study of
sensitivity of w.r.t. some typical parameters (initial condition, diffusion coef-
ficient, drift coefficient...). The so called “Greeks” can be expressed as

∂

∂λ
(Price) = E[payoff × weight]

using the Malliavin integration by parts formula, previously developed and
stated in Property 1.3.8.
The computation of the Delta has been developed in many papers: Fournié
Lasry, Lebuchoux and Lions [17], Fournié Lasry, Lebuchoux, Lions and Touzi
[18], Davis and Johansson [13], Benhamou [6], El-Khatib and Privault [14],
Chen and Glasserman [12], Bally, Bavouzet-Morel and Messaoud [3], [5].
Here, we consider mainly payoff functions depending on the pair Zt = (Xt, Yt),
in which Xt stands for a jump diffusion and Yt is integral (w.r.t. the Lebesgue
measure) up to time t (see below) and not only the two components separately.
In financial terms, we are going to study complex or floating Asian options.
To our knowledge, in the literature there are few results for this case, mainly
Benhamou [6], and only the Brownian noise is considered. Here, we extend
this case by discussing several weights, turning out also by handling the jump
noise.

2.1 Delta for payoffs depending on the pair

We are able to focus on the following case: consider the process

Zt = (Xt, Yt)
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where

• Xt is a n-dimensional process. Given a d-dimensional Brownian mo-
tion Wt = (W 1

t , ..., W d
t ) and an m-dimensional Poisson process Jt =

(J1
t , ..., Jm

t ) we have

X i
t = xi +

∫ T

0

bi(r,Xr)dr +
d∑

j=1

∫ T

0

σij(r,Xr)dW j
r +

+
m∑

j=1

Jj
t∑

k=1

cij(Tk, ∆k, XTk−)

• given f : Rn → R, Yt is defined as

Yt =

∫ t

0

f(Xr)dr.

In this general framework Xt can be thought as a pure diffusion or as a pure
jump process, respectively of the form (1.33), if cij = 0 for all i = 1, ..., n,
j = 1, ...,m, or like (1.12), if σij = 0 for all i = 1, ..., n, j = 1, ..., d. In the
following we consider f(y) = y, but the same machinery can be thought for a
general smooth function.
Now, fix a time T > 0, standing for the maturity of the option, and let

φ(XT , YT ) (2.1)

denote the payoff function. In order to find representation formulas for the
Delta, we are interested to the computation of the following derivative

∂

∂x
E(φ(XT , YT )) (2.2)

that is the initial data sensitivity.
To avoid complex and misleading notations, we suppose in the following that
X is one-dimensional and Yt =

∫ t

0
Xrdr. The forthcoming results extend what

developed by Fournié, Lasry, Lebuchoux and Lions [17], Davis and Johansson
[13], Benhamou [6] to our general framework.
First, let us state the following

Definition 2.1.1. We say that a jump diffusion X in satisfies the standard
hypothesis if Assumption

• 1.1.20, 1.1.21 and 1.1.22 hold in the pure jump case (i.e. σ ≡ 0)

• 1.2.10 and 1.1.21 hold in the jump diffusion case

are satisfied.
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Roughly speaking, we will see that things are slightly different according to
the case that a pure jump diffusion or a jump diffusion is taken into account
(for example, we have already seen that a Malliavin calculus in the direction
of the jump times cannot be performed if a jump diffusion is considered, i.e.
if the Brownian motion is present). Therefore, Definition 2.1.1 ensures the
hypothesis on the jump diffusion coefficients allowing to get the Malliavin
derivative in the right direction.

Proposition 2.1.2. [Sensitivity w.r.t. the initial condition] Let X sat-

isfy the standard hypothesis and Zt = (Xt, Yt), with Yt =
∫ t

0
Xudu. Let the

payoff function φ have polynomial growth and let ξ be the first variation pro-
cess related to the process X. Let v a process such that F = ZT = (XT , YT ),

v and G = (ξT ,
∫ T

0
ξudu) satisfy the hypothesis in Property 1.3.8, with n ≥ 1

and t = T . Then, with the convention 1{JT =n} = 1 in the pure diffusion case
(i.e. when c ≡ 0),

∂

∂x
E(φ(XT , YT )1{JT =n}) = E(φ(XT , YT )δ̃(w1{JT =n}))

+E([φ(XT , YT ), w1{JT =n}]π)
(2.3)

where

w = ξT

2∑
j=1

γ̂1j
ZT ,vv

j +

∫ T

0

ξrdr

2∑
j=1

γ̂2j
ZT ,vv

j (2.4)

and γ̂ZT ,v = γ−1
ZT ,v on the set {JT = n}, being

γij
ZT ,v = 〈D̃Zj1{Jt=n}, v

i〉, i, j = 1, 2.

Proof. of the Theorem 2.1.2
The proof is straightforward, as a consequence of the Integration by parts
formula. As a matter of fact, we can suppose that φ ∈ C1

b , because the general
case can be handled by standard density arguments using mollifiers. Then,
one has

∂
∂x
E(φ(XT , YT )1JT =n)) = E

(
∂xφ(XT , YT ))ξT1JT =n

)

+E
(
∂yφ(XT , YT ))

∫ T

0

ξrdr · 1JT =n

)
.

Therefore, taking G = (ξT ,
∫ T

0
ξrdr) in the Integration by Parts formula, the

statement holds. 2

Remark 2.1.3. Let us discuss the hypothesis allowing to get the result in

Proposition 2.1.2. First, let us recall that ξT and
∫ T

0
ξrdr are both Malliavin

differentiable (except in the jump times direction in the strict jump-diffusion
case) and that their Malliavin derivatives belong to the desired Lp spaces for
any p. Then, one can resume the conditions to require case by case in the
following way: if w denotes the process as in (2.4),
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• (wk)k=1,...,2n ∈ I 1
n,T for i, j = 1, 2 in the pure jump case (i.e. σ ≡ 0);

• w0 ∈ Domn,T,2(δ) and (wk)k=1,...,n ∈ I 1
n,T (∆) i, j = 1, 2 in the jump

diffusion case;

• w0 ∈ Domn,T,2(δ) for i, j = 1, 2 in the pure diffusion case (i.e. c ≡ 0).

Moreover the border term written operator appearing in the weight given by
2.3 is non null only when we are considering the jump times direction of the
differential calculus (see Definition 1.1.12 and Remark 1.1.13). Therefore in
the direction of the Brownian motion and the jump amplitudes we can state
the following formula:

∂

∂x
E(φ(XT , YT )1JT =n) = E(φ(XT , YT )δ̃(w1JT =n)) (2.5)

For practical purposes, Proposition 2.1.2 gives the Delta, since

∂xE(φ(XT , YT )) = ∂xE(φ(XT , YT )1{JT =0}) + ∂xE(φ(XT , YT )1{JT≥1})

= ∂xE(φ(XT , YT )1{JT =0}) +
∑
n≥1

∂xE(φ(XT , YT )1{JT =n})

Thanks to Proposition 2.1.2, the last term of the above expression is equal to
∑
n≥1

E(φ(XT , YT )δ̃(w1JT =n)).

Concerning the first term, i.e. ∂xE(φ(XT , YT )1{JT =0}), we have to consider sep-
arately the pure jump diffusion and the jump-diffusion case. Let us summarize
all in the following remarks.

Remark 2.1.4. [The case n = 0 for pure jump diffusions] In the pure
jump case, on the set {JT = 0}, the process Zt follows a deterministic equation,
having no jumps and therefore stochastic noises. We have that (Xt, Yt)t≤T =
(xt, yt)t≤T , where

ẋt = b(r, xr) x0 = x

ẏt = xt y0 = 0.

Therefore
∂xE(φ(XT , YT )1{JT =0}) = ∂xφ(xT , yT )P(JT = 0)

Remark 2.1.5. [The case n = 0 for jump diffusions] In the jump-diffusion
case (i.e. σ non null), on the set {JT = 0}, the process Zt is a pure diffusion
and coincides with (X̄, Ȳ ) over [0, T ], where

dX̄t = b(t, X̄t)dt + σ(t, X̄t)dWt X̄0 = x

dȲt = X̄tdt Ȳ0 = 0

Let w̄ be the B([0, T ]) × WT -measurable process given by Proposition 2.1.2
when the pure diffusion (X̄, Ȳ ) is considered. Notice that w = w̄1{JT =0} is
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measurable w.r.t. B([0, T ])×WT×JT . By recalling that the Brownian motion
and the Poisson process are independent, we can write

∂

∂x
E(φ(XT , YT )1JT =0) =

∂

∂x
E(φ(XT , YT )|JT = 0) · P(JT = 0)

=
∂

∂x
E(φ(X̄T , ȲT )) · P(JT = 0)

= E(φ(X̄T , ȲT )δ̃(w̄)) · P(JT = 0)

= E(φ(XT , YT )δ̃(w)|JT = 0) · P(JT = 0)

= E(φ(XT , YT )δ̃(w)1JT =0)

and a representation formula holds as well, by using the Gaussian Malliavin
calculus.

Let us focus on the case n = 1, that is on the set {JT = 1}. Here, some
degenerate facts may happen, as summarized in the next

Remark 2.1.6. [The case n = 1] On the set {JT = 1}, the process X has
performed only one jump in the time interval [0, T ]. Suppose that one wants to
find the weight for the Delta, using the Malliavin calculus only in the direction
of the jump amplitude ∆1 or only in the direction of the jump time T1 (the two
cases are similar, and so we will consider only the first one). Therefore the
differential operators are the following:

D̃ = (0, D̃1, 0) and δ̃ = (0, δ̃1, 0)

Thus the n-dimensional scalar product degenerates in a one-dimensional one,
that is, 〈U, V 〉π = U1 ·V1, U, V simple processes, and the matrix γD̃ZT ,v becomes

γD̃ZT ,v =

(
D̃XT · v1 D̃YT · v1

D̃XT · v2 D̃YT · v2

)
.

So det γD̃ZT ,v = 0 for every choice of the process v = (v1
1, v

2
1) and the inverse

matrix γ̂D̃ZT ,v does not exist. As a consequence the machinery described by
the Proposition 2.1.2 cannot be applied. Therefore, in order to find a weight,
when the jump amplitudes or jump times noise is considered, one is forced
to add a noise in order to get a non-degenerate Malliavin covariance matrix.
Or, obviously, the lonely Gaussian noise direction can be considered. By the
way, it can happen that only one direction of noise must be considered (see
for example the Merton model, where there is not an explicit dependence on
the jump times). In this cases, the pair (Xt, Yt) has to be considered as a
one-dimensional process, when there is only one jump on [0, T ].
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The above Remarks 2.1.4, 2.1.5 and 2.1.6, giving relations when no jumps or
at least one jump are observed, will be used later, for numerical applications.

The Proposition 2.1.2 gives an expression for the Delta depending on the pro-
cess v. In the next sections we will suggest some possible choices for v, in order
to simplify the weight given by (2.5).

Remark 2.1.7. For a 2-dimensional process v = (v1, v2), let vα,β be a the
following transformation of v:

vα,β = (αv1, βv2)

α and β being non null and possibly random constants. The associated matrix
γD̃Z,vα,β is therefore defined as

γD̃ZT ,vα,β =




α〈D̃X, v1〉 α〈D̃Y, v1〉

β〈D̃X, v2〉 β〈D̃Y, v2〉




Now, it is immediate to see that the corresponding process wα,β defined in (2.4),
coincides with the process w turning out from v. In conclusion, the weight
δ̃(w1{JT =n}), defined by (2.5), does not change by considering the process vα,β.

Remark 2.1.8. Notation
We will use the notations:

∂aci = ∂ac(Ti, ∆i, XTi−)

∂xci = ∂xc(Ti, ∆i, XTi−)

qi = q(Ti, ∆i, XTi−)

where q is defined by (1.15).
Moreover let us define the following process, which we need in the following

βt =

∫ t

0

ξrdr

From now on, when is not specified, we refer to X as a one dimensional process,
in order to simplify the notations. It is clear that the multidimensional case
follows straightforwardly by the one 1-dimensional one.

2.2 Malliavin covariance matrix

The first natural choice of the 2-dimensional process v is the Malliavin deriva-
tive D̃Z, so that γD̃Z,v becomes the standard Malliavin covariance matrix (see
Bally, Bavouzet, Messaud [3] for more details), usually denoted through σD̃Z :
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σD̃Z = γD̃Z,D̃Z . In this case the weight is not simple to be used for numerical
purposes, due to a complicated structure of the covariance matrix. Actually,
we have introduced the process v and defined the generalized covariance ma-
trix γD̃Z,v for the sake of generalization and mainly, to reduce the complicated
structure of the covariance matrix.
For example, in the pure diffusion case, the Malliavin covariance matrix is
less complicated than in other cases, although difficult to use in practice. As
a matter of fact, remembering the relations between the Malliavin derivative
and the first variation process, stated by Property 1.2.11, we have

σD̃ZT
=




∫ T

0
(ξtξ

−1
u σ(Xu))

2du
∫ T

0
(ξ−1

u σ(Xu))
2ξt(βT − βu)du

∫ T

0
(ξ−1

u σ(Xu))
2ξt(βT − βu)du

∫ T

0
(ξ−1

u σ(Xu)(βT − βu))
2du




In fact, to our knowledge, the only result appearing in the literature, due to
Benhamou [7] does not use such an instrument. In that paper it is shown that
the weight is given by δ0(w), with

wu =

∫ T

0
Y 2

r dr − Yu

∫ T

0
Yrdr

σx
(
T

∫ T

0
Y 2

r dr − (
∫ T

0
Y 2

r dr)2
)

The technique allowing to prove such a result are different from ours but we will
see that such a weight can be reproduced by our approach, that is by using the
generalized Malliavin covariance matrix, as it is shown in next Remark 2.3.3.

Before to consider the jump diffusion case, we stress the fact that the process
Z = (X,Y ) does not satisfy the ellipticity condition in every point of the
space (the ellepticity condition assures that the Malliavin covariance matrix is
invertible and non degenerate). In fact

σ =

(
σ(r,Xr)

0

)

and

σσ∗ =

(
σ(r,Xr) 0

0 0

)

that is a degenerate matrix (much more than non elliptic). By the way it
can be shown that the Hörmander condition (see Nualart [25] Section 2.3)
holds true (with the notations of Nualart A0 and [A0, A] span R2). By this
condition it can be proved that the standard covariance matrix is invertible and
has finite moments of every order, but there are not references in literature,
also if it is a widely accepted statement. Notice moreover that for practical
implementations, to check Hörmander condition is not useful.

In order to stress the fact that the use of the Malliavin covariance matrix is
unfeasible in practice for our problem, let us write down it in the case of the
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jump diffusion process Zt = (Xt, Yt) (the pure jump one is similar), which
solves

Xt = x +

∫ t

0

b(r,Xr)dr +

∫ t

0

σ(r,Xr)dWr +
Jt∑

i=1

c(Ti, ∆i, XTi−)

Yt =

∫ t

0

Xrdr

As remarked, in this case we can consider (at least in the general case) the
Malliavin derivative only in the Gaussian and jump amplitudes directions. So
we have that D̃ = (D̃0, D̃1, ..., D̃n, 0..., 0). Using the formulas for the Malliavin
derivatives involving the first variation process ξ (w.r.t. the Gaussian and the
jump amplitude noise, see (1.2.11) and (1.1.23) respectively), the standard
Malliavin covariance matrix σD̃Z is given by




[ ∫ T

0

(ξu)−2(σ(Xu))2du+
[ ∫ T

0

(ξu)−2(σ(Xu))2(βT − βu)du+

+
n∑

i=1

(ξTi)
−2(∂aci)2

]
(ξT )2 +

n∑

i=1

(ξTi)
−2(∂aci)2(βT − βTi)

]
ξT

[ ∫ T

0

(ξu)−2(σ(Xu))2(βT − βu)du+
∫ T

0

(ξu)−2(σ(Xu))2(βT − βu)2du+

+
n∑

i=1

(ξTi)
−2(∂aci)2(βT − βTi)

]
ξT +

n∑

i=1

(ξTi)
−2(∂aci)2(βT − βTi)

2




It appears clear that the inverse matrix σ̂D̃Z and, as a consequence, the weight
for the Delta given by (2.5), are too complicated to be used in practice. So in
the next section we will see more suitable choices for the process v, differently
constructed according to the direction along which the Malliavin calculus is
considered.
It is worth to be observed that in the one-dimensional case, the choice of v
giving the standard Malliavin covariance matrix, does not produce the same
difficulties as in the multidimensional case (see for example Bally, Bavouzet
and Messaud [3] or Fournié, Lasry, Lebuchoux, Lions and Touzi [18]).

2.3 Generalized Malliavin covariance matrix

In this section we consider the different directions of the Malliavin calculus
separately, in order to define the process v in each case. We stress that by using
the generalized covariance matrix, the calculus of the weight for the Delta is
considerably simplified and the writing of the resulting weight is really plain.
From now on, suppose to have fixed the maturity time T , at which n jumps
have been observed, i.e. we work on the set {JT = n}. In the following, we
will consider the jump diffusion process
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Xt = x +

∫ t

0

b(r,Xr)dr +

∫ t

0

σ(r,Xr)dWr +
Jt∑

i=1

c(Ti, ∆i, XTi−)

Yt =

∫ t

0

Xrdr

We will speak about a “pure diffusion” if c ≡ 0; we will say that a “the pure
jump diffusion” is considered when σ ≡ 0.
Let us define the following classes of deterministic processes, widely used later
on:

A W =
{

a : [0, T ] → R such that

∫ T

0

audu = 0
}

(2.6)

and for a ∈ A W , we set A(t) =
∫ t

0
audu;

A J =
{

a ∈ Rn such that
n∑

i=1

ai = 0
}

(2.7)

As we will see, A W and A J are constructed in order to simplify the structure
of the matrix γD̃Z,v.
Finally we refer to U and V as simple processes, whose general form is U =
((U0

u)u∈[0,T ], U
1, ..., U2n) and V = ((V 0

u )u∈[0,T ], V
1, ..., V 2n).

2.3.1 Gaussian direction

Let us first consider the classical Gaussian direction for the Malliavin calculus.
This means that

D̃ = D0 and D̃i ≡ 0 for i = 1, ..., 2n

δ̃ = δ0 and δ̃i ≡ 0 for i = 1, ..., 2n.

Moreover, the underlying scalar product is the standard one in L2([0, T ]), that
is

〈U, V 〉π =

∫ T

0

U0
uV 0

u du.

We can consider the Brownian Malliavin derivative for general jump diffusions,
whenever the right hypothesis on the coefficients are taken into account (see
Assumption 1.2.10 and 1.1.21).
Following Property 1.2.11 giving the relation between the first variation process
ξ and the process X, we have

D̃0,uXT = ξT ξ−1
u σ(Xu)

D̃0,uYT = (βT − βu)ξ
−1
u σ(Xu)
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where from now on we set

βt =

∫ t

0

ξu du = ∂xYt.

Thus we define the process v = (v1, v2) as follows: for some a ∈ A W ,

v1 : v1
0,u = ξuσ

−1(Xu)au v1
i ≡ 0 i = 1, . . . , 2n

v2 : v2
0,u = ξuσ

−1(Xu) v2
i ≡ 0 i = 1, . . . , 2n

So the matrix γD̃ZT ,v is

γD̃ZT ,v =




0 − ∫ T

0
βuaudu

TξT TβT −
∫ T

0
βudu


 .

Finally, the process w as in (2.4) is then given by

w0,u =
ξuσ

−1(Xu)

T

(
1−

∫ T

0
βrdr∫ T

0
βrardr

au

)

wi ≡ 0 i = 1, . . . , 2n

In order to show that the machinery runs, it remains to show that, on the set
{JT = n}, (det γD̃ZT ,v)

−1 ∈ Lp for any p. One has,

1{JT =n}| det γD̃ZT ,v|−1 = 1{JT =n} Tξ−1
T · |

∫ T

0

βuau du|−1.

Now, ξ−1
T = ξ̂T ∈ Lq for any q. Concerning the latter term, one has

Proposition 2.3.1. Suppose that Au =
∫ u

0
as ds ≥ 0. Then,

1{JT =n}
∣∣∣
∫ T

0

βuau du
∣∣∣
−1

∈ Lp for any p.

Proof. One has
∫ T

0

√
Au du ≤

( ∫ T

0

Auξu du
)1/2( ∫ T

0

ξ−1
u du

)1/2

so that, setting ξ̂ = ξ−1,

( ∫ T

0

Auξu du
)−1

≤ c−2
A ·

∫ T

0

ξ̂u du

being cA =
∫ T

0

√
Au du > 0. Therefore,

( ∫ T

0

Auξu du
)−p

≤ c−2p
A ·

( ∫ T

0

ξ̂u du)p ≤ dA,p ·
∫ T

0

ξ̂p
u du
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for a suitable positive constant dA,p. Now, since (X, ξ̂) is a diffusion process

with (very) good coefficients, supu∈[0,T ] ξ̂u ∈ Lp for any p ≥ 1, and the state-
ment holds. 2

Remark 2.3.2. In practice, we will take, for s ∈ [0, T ], either

as =
T

2
− s or as = sin

(
2π

s

T

)

Notice that, in each case, As =
∫ s

0
au du ≥ 0 for any s ∈ [0, T ].

Remark 2.3.3. In literature Benhamou has considered the floating Asian op-
tions (see [7]), giving an expression of a weight using the Gaussian direction of
the Malliavin calculus, obtained using some considerations on the conditional
expectation. As a process w, he has considered the following one

wBen
u = ξuσ

−1(Xu)
(β2

T + 2ξu(
∫ T

0
rξrdr − TβT )

βT (2
∫ T

0
rξrdr − TβT )

)

where we have used our standard notation. We can find this particular process
w, choosing in our machinery the process v as

v1 : v1
0,u = ξ2

uσ
−1(Xu) v1

i ≡ 0 i = 1, . . . , 2n

v2 : v2
0,u = ξuσ

−1(Xu) v1
i ≡ 0 i = 1, . . . , 2n

Notice that this choice of the process v, makes more complicated the calculus of
the weight, instead of an easy one given by the choice introduced in the Section
2.3.1. As a mattter of fact the matrix γD̃ZT ,v is

γD̃ZT ,v =




ξT βT β2
T −

∫ T

0
βrdr

TξT TβT −
∫ T

0
βrdr




and we have that det(γD̃ZT ,v) = ξT

∫ T

0
βrdr(T − βT ). By straightforward com-

putations, one can verify that the following equality actually holds:

wBen = ξT

2∑
j=1

γ1j

D̃ZT ,v
vj + βT

2∑
j=1

γ2j

D̃ZT ,v
vj

2.3.2 Jump amplitudes direction

We consider now the jump amplitudes direction, that is

D̃0 ≡ 0, D̃i = ∂∆i
for i = 1, ..., n, D̃i ≡ 0 for i = n + 1, ..., 2n

δ̃0 ≡ 0, δ̃i = δ∆
i for i = 1, ..., n, δ̃i ≡ 0 for i = n + 1, ..., 2n.
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The scalar product is now defined as

〈U, V 〉π = 〈U∆, V ∆〉∆π =
n∑

i=1

U iV iπi.

Again, we can think to handle a general jump diffusion, on which the right
hypothesis have to be set in order to get the differentiability (see Definition
2.1.1)
Here, we will always assume that πi = 1 and that the jump amplitudes have
a smooth density g, which is null outside I = ∪k

j=1(aj, bj) and such that g ≡ 0
on ∂I. This means that the border term operator is null:

[·, ·]∆π = 0 on Sn,t(∆)×Pn,t(∆)

(see Remark 1.1.13 for details). We recall that for our numerical applications
we will consider g as a log-normal pdf.
Following Property 1.1.23 on the first variation process ξ and the process X,
we have

D̃iXT = ξT ξ−1
Ti

∂aci

D̃iYT = (βT − βTi
)ξ−1

Ti
∂aci.

Thus we define the process v = (v1, v2) as follows: for some a ∈ A J ,

v1 : v1
i = ξTi

(∂aci)
−1ai i = 1, . . . , n, v1

i ≡ 0 i = 0, n + 1, . . . , 2n

v2 : v2
i = ξTi

(∂aci)
−1 i = 1, . . . , n, v2

i ≡ 0 i = 0, n + 1, . . . , 2n

The matrix γD̃ZT ,v is then

γD̃ZT ,v =




0 −∑n
i=1 βTi

ai

nξT nβT −
∑n

i=1 βTi


 .

It is easy to verify that the process v and the matrix γ̂D̃ZT ,v verify the hypoth-

esis of the Theorem 2.1.2, that is γ̂ij

D̃ZT ,v
vj ∈ I 1

n,T (∆) for i, j = 1, 2. We have

supposed the smoothness of the p.d.f. g of the jump amplitudes and therefore
we have that the exists

−(∂∆k
Uk + Uk∂∆k

log g(∆k))

where U = (U1, ..., Un) and Uk = γij

D̃ZT ,v
vj

k. This means that γ̂ij

D̃ZT ,v
vj ∈

I 1
n,T (∆).

Finally, the process w as in (2.4) is then given by

wi =
ξTi

(∂aci)
−1

n

(
1−

∑n
j=1 βTj∑n

j=1 βTj
aj

ai

)
i = 1, . . . , n

wi ≡ 0 otherwise
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Let us discuss the integrability properties for | det γD̃ZT ,v|−p on the set {JT =
n}. One has,

1{JT =n}| det γD̃ZT ,v|−1 = 1{JT =n} nξ−1
T · |

n∑
i=1

βTi
ai|−1.

Now, ξ−1
T = ξ̂T ∈ Lq for any q. Concerning the latter term, one has

Proposition 2.3.4. Suppose that Ak =
∑k

i=1 ai > 0 for any k = 1, . . . , n− 1.
Then, 1{JT =n}|

∑n
i=1 βTi

ai|−1 ∈ Lp if there exists δ > 0 such that p < n−1− δ.

Let us give a discussion before to prove Proposition 2.3.4.

The real important fact is that (1.10) holds in the direction of the jump am-
plitudes. Now, it is simple to see that it reduces to ask for the following fact:
one needs that 1{JT =n}| det γD̃ZT ,v|−1 ∈ Lp for some p > 2. Now, this holds

if 1{JT =n}|
∑n

i=1 βTi
ai|−1 ∈ L2+δ for some δ > 0. By Proposition 2.3.4, this

happens whenever n ≥ 4. However, it is worth to say that the above formulas
will be implemented for any n, and we will see how they work from a practical
point of view.
In order to prove Proposition 2.3.4, let us give the following simple

Lemma 2.3.5. Let V be a r.v. Then, |V |−1 ∈ Lp if and only if
∫ 1

0

P(|V | < ξ)

ξp+1
dξ < +∞.

Proof. The statement easily follows from the fact that

E(|V |−p) =

∫ ∞

0

P(|V |−p > v)dv =

∫ ∞

0

p
P(|V | < ξ)

ξp+1
dξ

in which we have performed the change of variable ξ = v−1/p. Now, the above
integral if finite, i.e. |V |−1 ∈ Lp, if and only if integral in a neighborhood of
the origin is finite.

2

We can now pass to the

Proof of Proposition 2.3.4. First, notice that

n∑
i=1

βTi
ai =

n∑
i=1

∫ Ti

0

ξsdsai =

∫ T

0

ξs

n∑
i=1

ai1s<Ti
ds

=

∫ T

0

ξs

n∑
i=Js+1

aids = −
∫ T

0

ξsAJsds

where AJs =
∑Js

i=1 ai ≥ 0. Therefore,

∫ T

0

√
AJsds =

∫ T

0

√
AJsξs

√
ξ−1
s ds ≤

( ∫ T

0

AJsξsds
)1/2( ∫ T

0

ξ̂sds
)1/2
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in which we have set again ξ̂ = ξ−1. Then,

|
n∑

i=1

βTi
ai|−1 =

∣∣∣
∫ T

0

AJsξsds
∣∣∣
−1

≤
∫ T

0

ξ̂sds ·
( ∫ T

0

√
AJsds

)−2

Then, since 1{JT =n}
∫ T

0
ξ̂sds ∈ Lq for any q, one has that, on the set {JT = n},

|∑n
i=1 βTi

ai|−1 ∈ Lp if
( ∫ T

0

√
AJsds

)−1

∈ Lp+δ, for some δ > 0. Let us then

discuss whenever this happens.
First, notice that

∫ T

0

√
AJsds =

∫ T

0

√
AJs

n∑
i=0

1{Js=i}ds =
n−1∑
i=1

∫ Ti+1

Ti

√
Ai ds

=
n−1∑
i=1

√
Ai(Ti+1 − Ti) ≥ cA

n−1∑
i=1

(Ti+1 − Ti) = cA(Tn − T1)

where cA = inf{Ai ; i = 1, . . . , n − 1} > 0. Therefore, the problem reduces to
study when 1{JT =n}(Tn− T1)

−1 ∈ Lp+δ. To this purpose, we use Lemma 2.3.5.
Recall that, conditional to {JT = n}, the probability density function of
(T1, . . . , Tn) is given by

pn(ω, t1, . . . , tn) =
n!

T n
10<t1<...<tn<T

as ω ∈ {JT = n}, so that the marginal law of (T1, Tn) is

pT1,Tn(ω, t1, tn) =
n(n− 1)

T n
(tn − t1)

n10<t1<tn<T

Simple but straightforward computations allow to give that

P(Tn − T1 ≤ ξ | JT = n) =
ξn−1

T n
(nT − ξ)

for any ξ ∈ (0, T ). By using Lemma 2.3.5, (Tn − T1)
−(p+δ) is integrable con-

ditional to {JT = n} if and only if n − 1 − p − δ > 0. Now, by recalling that
E(V 1A) = E(V |A)P(A), the statement follows.

2

Remark 2.3.6. In practice, we will do the following choice: ai = 1 for any
i < n and an = 1− n, so that Ak = k > 0 for any k = 1, . . . n− 1.

2.3.3 Jump times direction

We consider now the jump times direction, that is

D̃i ≡ 0 for i = 0, 1, ..., n and D̃i = ∂Ti
for i = n + 1, ..., 2n

δ̃i ≡ 0 for i = 0, 1, ..., n and δ̃i = δi for i = n + 1, ..., 2n.
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Recall that in this case we can perform a Malliavin differential calculus only
for pure jump processes (see Example 1.1.25). Obviously, the right hypothesis
on the coefficients have to be set (see Definition 2.1.1).
The scalar product reduces to

〈U, V 〉π = 〈UT , V T 〉Tπ =
n∑

i=1

Ui+nVi+nπi+n.

Again, we always consider the case πi+n ≡ 1, i = n+1, ..., 2n. But, as observed
in Remark 1.1.13, the border term operator appearing in the integration by
parts formula is now non null, as already seen in Formula (2.3). Let us write
down how the border term operator applies on the elements in Sn,t(T ) of the
form

F = f(XT , YT ) ≡ f̄(T1, . . . , Tn, ω) on the set {JT = n}
in which f denotes a quite general function, in which ω denotes generically the
dependence on the jump amplitudes. By recalling Formula 1.1 for the pi’s, for
U ∈ Pn,t(T ) by (1.6) one has

[f(XT , YT ), U ]π =
n∑

i=1

f+
i (XT , YT ) · U+

i − f−i (XT , YT )U−
i

Ti+1 − Ti−1

(2.8)

in which we have set

f±i (XT , YT ) = lim
t→Ti±1

f̄(T1, ..., Ti−1, t, Ti+1, ..., Tn, ω)

U±
i = lim

t→Ti±1

gU
i (T1, ..., Ti−1, t, Ti+1, ..., Tn, ω)

(recall that T0 = 0 and Tn+1 = T ), where we have denoted through gU
i the

function such that Ui = gU
i (T1, ..., Tn, T, ω), again ω gives generically the de-

pendence on the jump amplitudes on the set {JT = n}.
Remark 2.3.7. Let us observe that we are performing a choice for the πi’s
differently from Bally, Bavouzet and Messaud [3], whose πi’s are set in order to
keep a null border term operator. Our main purpose is to handle a (generalized)
Malliavin covariance matrix γZ̃,v as simpler as possible (recall that we are in
a multidimensional framework and γZ̃,v has to be inverted), and in fact, we
obtain a triangular matrix γZ̃,v. In other words, our choice πi ≡ 1 turns out
to be fundamental to simplify in practice the calculus of the Greeks.

Recalling Property 1.1.23 on the first variation process ξ and the process X,
we have

D̃iXT = ξT ξ−1
Ti

qi

D̃iYT = (βT − βTi
)ξ−1

Ti
qi.
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Thus we define the process v = (v1, v2) as follows: for some a ∈ A J ,

v1 : v1
i = ξTi

(qi)
−1ai i = n + 1, . . . , n, v1

i ≡ 0 i = 0, 1, . . . , n

v2 : v2
i = ξTi

(qi)
−1 i = n + 1, . . . , 2n, v2

i ≡ 0 i = 0, 1, . . . , n

Therefore the matrix γD̃ZT ,v is

γD̃ZT ,v =




0 −∑n
i=1 βTi

ai

nξT nβT −
∑n

i=1 βTi


 .

Notice that in this way we have the same generalized covariance matrix that
in the jump amplitudes case.
In order to verify the hypothesis of the Theorem 2.1.2, we have to verify that
γ̂ij

D̃ZT ,v
vj ∈ I I1

n,T (T ). By the definition of the Skorohod integral in the jump

times direction 1.1.10 it easy to check that

−(∂Tk
Uk+n)

exists. We have denoted Uk+n = γ̂ij

D̃ZT ,v
vj

k.

Finally, the process w as in (2.4) is then given by

wi =
ξTi

(qi)
−1

n

(
1−

∑n
j=1 βTj∑n

j=1 βTj
aj

ai

)
i = n + 1, . . . , 2n

wi ≡ 0 otherwise

Concerning the p-integrability properties for | det γD̃ZT ,v|−1 on the set {JT =
n}, the same arguments as in Section 2.3.2 (see page 42) can be performed.
Again, The real important fact is that (1.10) holds in the direction of the
jump times, which reduces to require that 1{JT =n}| det γD̃ZT ,v|−1 ∈ Lp for some
p > 2. Now, this holds if

1{JT =n}|
n∑

i=1

βTi
ai|−1 ∈ L2+δ for some δ > 0.

By Proposition 2.3.4, if Ak =
∑k

i=1 > 0 for any k = 1, . . . , n− 1, this happens
whenever n ≥ 4.

Remark 2.3.8. For our numerical purposes, we will take ai = 1 for i < n and
an = 1− n. Therefore, Ak > 0 for any k = 1, . . . , n− 1.

2.3.4 Joint Gaussian and jump amplitudes direction

Once considered separately the three directions of noises, we can take into
account the joint differential calculus with respect to the Brownian motion
and the amplitudes of the jumps. Then, differential operators are

D̃0 = D0, D̃i = ∂∆i
for i = 0, 1, ..., n, D̃i ≡ 0 for i = n + 1, ..., 2n

δ̃0 = δ0, δ̃i = δi for i = 0, 1, ..., n, δ̃i ≡ 0 for i = n + 1, ..., 2n
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and the underlying scalar product is the defined as

〈U, V 〉π =

∫ T

0

U0
uV 0

u du +
n∑

i=1

UiViπi.

As remarked in the previous section, we will define πi ≡ 1 for i = 1, ..., n.
We define the process v = (v1, v2) as a mixture, in some sense, of the v’s seen
in Section 2.3.1 and 2.3.2: for some a ∈ A W

v1 : v1
0,u = ξuσ

−1(Xu)au v1
i ≡ 0 i = 1, . . . , 2n

v2 : v2
i = ξTi

(∂aci)
−1i = 1, . . . , n, v2

i ≡ 0 i = 0, n + 1, . . . , n

Therefore the matrix γD̃ZT ,v is

γD̃ZT ,v =




0 − ∫ T

0
βuaudu

nξT nβT −
∑n

i=1 βTi


 .

Finally, the process w as in (2.4) is then given by

w0,u = − −
∑n

i=1 βTi

n
∫ T

0
βrardr

· ξuσ
−1(Xu)au

wi =
1

n
· ξTi

(∂aci)
−1 i = 1, . . . , n

wi ≡ 0 i = n + 1, . . . , 2n

Obviously, the functions v1 and v2 can be chosen also by a different mixtue
involving a process a in AJ . In fact, we can also take, for some a ∈ A J ,

v1 : v1
0,u = ξuσ

−1(Xu) v1
i ≡ 0 i = 1, . . . , 2n

v2 : v2
i = ξTi

(∂aci)
−1ai i = 1, . . . , n, v2

i ≡ 0 i = 0, n + 1, . . . , n

Then, in this case we have

γD̃ZT ,v =




TξT TβT −
∫ T

0
βudu

0 −∑n
i=1 βTi

ai


 .

and the process w as in (2.4) is given by

w0,u =
1

T
ξuσ

−1(Xu)

wi = −
∫ T

0
βudu

T
∑n

j=1 βTj
aj

· ξTi
(∂aci)

−1ai i = 1, . . . , n

wi ≡ 0 i = n + 1, . . . , 2n

As for the p-integrability properties, we refer to Section 2.3.1 (page 39) and
Section 2.3.2 (page 42).
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2.3.5 Joint jump amplitudes and times direction

We conclude this analysis with the joint differential calculus with respect to
the jump amplitudes and times. The differential operators are in this case
defined as

D̃0 ≡ 0, D̃i = ∂∆i
for i = 1, ..., n, D̃i = ∂Ti

for i = n + 1, ..., 2n

δ̃0 ≡ 0, δ̃i = δ∆
i for i = 1, ..., n, δ̃i = δT

i for i = n + 1, ..., 2n

The scalar product is

〈U, V 〉π =
2n∑
i=1

UiViπi

and again we put πi ≡ 1 for i = 1, ..., 2n.
The process v is defined as a mixture of the v’s seen in Section 2.3.2 and 2.3.3:
for some a ∈ A J ,

v1 : v1
i = ξTi

(∂aci)
−1ai i = 1, . . . , n, v1

i ≡ 0 i = 0, n + 1, . . . , 2n

v2 : v2
i = ξTi

q−1
i i = n + 1, . . . , 2n, v2

i ≡ 0 i = 0, 1, . . . , n

so that the matrix γD̃ZT ,v is

γD̃ZT ,v =




0 −∑n
i=1 βTi

ai

nξT nβT −
∑n

i=1 βTi


 .

Therefore, the process w as in (2.4) is given by

w0 ≡ 0

wi = − −∑n
j=1 βTj

n
∑n

j=1 βTj
aj

· ξTi
(∂aci)

−1ai i = 1, . . . , n

wi =
1

n
· ξTi

(qi)
−1 i = n + 1, . . . , 2n

Again, we can also choose v1 and v2 in order to have a super-triangular gen-
eralized covariance matrix. In fact, for some a ∈ A J , set

v1 : v1
i = ξTi

(∂aci)
−1 i = 1, . . . , n, v1

i ≡ 0 i = 0, n + 1, . . . , 2n

v2 : v2
i = ξTi

q−1
i ai i = n + 1, . . . , 2n, v2

i ≡ 0 i = 0, 1, . . . , n

Then, γD̃ZT ,v is

γD̃ZT ,v =




nξT nβT −
∑n

i=1 βTi

0 −∑n
i=1 βTi

ai


 .
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and the process w as in (2.4) is given by

w0 ≡ 0

wi =
1

n
· ξTi

(∂aci)
−1 i = 1, . . . , n

wi = −
∑n

j=1 βTj

n
∑n

j=1 βTj
aj

· ξTi
(qi)

−1ai i = n + 1, . . . , 2n

Recall that in this case also the border term operator has to be considered,
and the formula we will use is given by (2.8).
Finally, concerning the p-integrability properties of the inverse of the deter-
minant of the Malliavin covariance matrix, we refer to Section 2.3.2 (page 42)
and Section 2.3.3 (page 45).

2.4 Payoffs depending on each single component

The arguments previously developed for the 2-dimensional framework, can be
applied in the one-dimensional case. Obviously, the generalized covariance ma-
trix is now simply a scalar, the structure of the weight becoming significantly
simpler. By the way, the introduction of the process v gives better results than
considering the standard Malliavin derivative.
In financial terms, we are now going to consider a payoff function φ of the
type φ(XT ) or φ(YT ), i.e. depending on each single component: underlying
asset price at maturity time T or the mean of the underlying asset price over
[0, T ]. The result given in next Proposition 2.4.1, is simply a particular case
of Proposition 2.1.2 and for this reason we omit the proof.

Proposition 2.4.1. . Suppose that X satisfies the standard hypothesis. Let φ
be the payoff function with polynomial growth and let ξ denote the first variation
process related to the process X. Let F and G denote either XT and ξT or YT

and βT =
∫ T

0
ξu du.

Let vF be a process such that F , vF , and G satisfy the hypothesis in Property
1.3.8, with n ≥ 1 and t = T . Then,

∂

∂x
E(φ(F )1JT =n) = E(φ(F )δ̃(wF1JT =n))

+E([φ(F ), wF1JT =n]π) (2.9)

with

if F = XT : wF = wX = ξT (γDXT ,v)
−1 · vX (2.10)

if F = YT : wF = wY = βT (γDYT ,v)
−1 · vY (2.11)

The above result holds in the pure jump diffusion case (i.e. c ≡ 0) with the
convention 1{JT =n} ≡ 1.
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For the sake of clearness, we can write the hypothesis on wF , with F = XT

and F = YT , case by case as follows:

• (wF
k )k=1,...,2n ∈ I 1

n,T for i, j = 1, 2 in the pure jump case (i.e. σ ≡ 0);

• wF
0 ∈ Domn,T,2(δ) and (wF

k )k=1,...,n ∈ I 1
n,T (∆) i, j = 1, 2 in the jump

diffusion case;

• wF
0 ∈ Domn,T,2(δ) for i, j = 1, 2 in the pure diffusion case (i.e. c ≡ 0).

Moreover we recall that in our choice πi = 1, in the direction of the Brownian
motion and of the jump amplitudes we have not a border term (see Definition
1.1.12 and Remark 1.1.13) and therefore we can write Formula 2.9 as

∂

∂x
E(φ(XT )1JT =n) = E(φ(XT )δ̃(wX1JT =n))

∂

∂x
E(φ(YT )1JT =n) = E(φ(YT )δ̃(wY 1JT =n)) (2.12)

In the following, without entering in details but referring to the section pre-
viously developed, we consider different directions of the Malliavin calculus.
We follow the notation of Proposition 2.4.1 and we write explicitely only the
process w whose Skorohod integral gives the final weight.

• The Gaussian Direction [Section 2.3.1]

We define vX
u = vY

u = ξuσ(Xu)
−1. For simplicity we do not consider the

components of v related to the jump noises, to be thought all equal to
zero. Thus we have

wX
u =

1

T
ξuσ(Xu)

−1 and wY
u =

βT ξuσ(Xu)
−1

TβT −
∫ T

0
βudu

• The jump amplitudes direction [Section 2.3.2]

We define vX
i = vY

i = ξTi
(∂∆i

ci)
−1, for i = 1, ..., n and vX

i = vY
i = 0 for

i = 0, n + 1, ..., 2n. Therefore wX
i = vY

i = 0 for i = 0, n + 1, ..., 2n and for
i = 1, ..., n we have

wX
i =

1

n
ξTi

(∂∆i
ci)

−1 and wY
i =

βT ξTi
(∂∆i

ci)
−1

nβT −
∑n

i=1 βTi
du

• The jump times direction [Section 2.3.3]

Let vX
i = vY

i = ξTi
q−1
i , for i = n + 1, ..., 2n and vX

i = vY
i = 0 for

i = 0, 1, ..., n. Therefore wX
i = vY

i = 0 for i = 0, 1, ..., n and for i =
n + 1, ..., 2n we have
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wX
i =

1

n
ξTi

q−1
i and wY

i =
βT ξTi

q−1
i

nβT −
∑n

i=1 βTi

Notice that we have defined πi = 1 and therefore the border term operator
has to be taken into account. The formula is given again by (2.3).

• The joint Gaussian and jump amplitudes direction [Section 2.3.4]

In this case we define

vX : vX
0,u =

ξuσ(Xu)
−1

T
vX

i =
ξTi

(∂∆i
ci)

−1

n
i = 1, . . . , n

vY : vY
0,u =

ξuσ(Xu)
−1

T
vY

i = −ξTi
∂∆i

c−1

n
i = 1, . . . , n

and vX
i = vY

i = 0 for i = n + 1, . . . , 2n. Thus the processes wX and wY

become: wX
i = wY

i = 0 for i = n + 1, . . . , 2n and

wX : wX
0,u =

1

2T
ξuσ(Xu)

−1 wX
i =

1

2n
ξTi

∂∆i
c−1 i = 1, . . . , n

and

wY : wY
0,u =

βT ξuσ(Xu)
−1

1
nT

∑n
i=1 βTi

− ∫ T

0
βudu

wY
i = − βT ξTi

∂∆i
c−1

∑n
i=1 βTi

− 1
nT

∫ T

0
βudu

i = 1, . . . , n

• The joint jump times and amplitudes direction [Section 2.3.5]

We define in this case vX = vY = v, that is in the same way for payoffs
depending on X or on Y only. We have

vi = ξTi
(∂∆i

ci)
−1 i = 1, . . . , n, vi = ξTi

q−1
i i = n + 1, . . . , 2n

and v0 ≡ 0. This gives

wX : wX
i =

1

2n
ξTi

(∂∆i
ci)

−1 i = 1, . . . , n

wX
i =

1

2n
ξTi

q−1
i i = n + 1, . . . , 2n

wY : wY
i =

βT ξTi
(∂∆i

ci)
−1

2(nβT −
∑n

i=1 βTi
)

i = 1, . . . , n

wY
i =

βT ξTi
q−1
i

2(nβT −
∑n

i=1 βTi
)

i = n + 1, . . . , 2n

and wX
0 = wY

0 ≡ 0.

Again, since πi = 1, the border term operator as in (2.3) has to be taken
into account.
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2.5 Examples

Here, we consider some examples of financial interest, seeing in details what
developed up to now. In some examples, we will prefer to use some specifical
choice of the process v, according to the considered model, instead of the
general definition previously given. In this way we can further simplify the
Malliavin Delta weight.
The models are singularly discussed, analyzing the different directions for the
differential calculus.

2.5.1 Black-Scholes-Merton model

We consider the process Zt = (Xt, Yt) under the dynamics

Xt = x +

∫ t

0

bXrdr +

∫ t

0

σXrdWr +
Jt∑

i=1

∆iXTi−

Yt =

∫ t

0

Xrdr

where b ∈ R and σ > 0.
When considering only the diffusion part of the process X, one has the classic
Black-Scholes model; keeping the jump part, one obtains the Merton model.
Notice moreover that Zt satisfies all the standard hypothesis. We can write
the solution process Xt explicitly:

Xt = x exp
(
(b− 1

2
σ2)t + σWt

) Jt∏
i=1

(1 + ∆i).

As a consequence, the first variation process ξt and βt =
∫ t

0
ξrdr are given by

ξt =
Xt

x
βt =

Yt

x
.

Now, fix the maturity time T and the set {JT = n}. Suppose moreover that
the jump times are as usual (that is, T1, T2 − T1, . . . are i.i.d exponentially
distributed r.v.’s) and that the density g associated to the jump amplitudes is
smooth, non null only on I = ∪k(ak, bk) and g ≡ 0 on ∂I. In the numerical
simulations we will take the jump amplitudes as log-normal distributed.

Remark 2.5.1. Notice that X (and as a consequence Y ) does not depend on
the jump times Ti explicitly, the dependence being on Jt only. Therefore we
cannot apply the differentia calculus in the jump times direction (see Bally,
Bavouzet, Messaoud, [3])
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Gaussian direction

We apply here the results in Section 2.3.1. Then, the process w whose Skorohod
integral gives the final weight has only the first component non null and given
by

w0,u =
1

σxT

(
1−

∫ T

0
Yrdr∫ T

0
Yrardr

· au

)
, u ∈ [0, T ]

where a ∈ A W (i.e. a is a deterministic function such that
∫ T

0
audu = 0). So,

by recalling Property 1.2.6 on the Skorohod integral of a special product, we
can write

δ̃0(w0) =
1

σxT

[
WT −

∫ T

0
Yrdr∫ T

0
Yrardr

∫ T

0

audWu+

+

∫ T

0

D̃0,u

( ∫ T

0
Yrdr∫ T

0
Yrardr

)
audu

]

Now,

D̃0,u

( ∫ T

0
Yrdr∫ T

0
Yrardr

)
=

D̃0,u(
∫ T

0
Yrdr)∫ T

0
Yrardr

−
∫ T

0

Yrdr · D̃0,u(
∫ T

0
Yrardr)

(
∫ T

0
Yrardr)2

=
σ

∫ T

u
(Yr − Yu)dr∫ T

0
Yrardr

−
∫ T

0

Yrdr · σ
∫ T

u
(Yr − Yu)ardr

(
∫ T

0
Yrardr)2

in which we have used that, here, D̃0,uYr = σ(Yr − Yu)1u≤r. Therefore, the
weight has the final form

δ̃(w) =
1

σxT

[
WT −

∫ T

0
Yrdr∫ T

0
Yrardr

∫ T

0

audWu+

+
σ∫ T

0
Yrardr

∫ T

0

( ∫ T

u

(Yr − Yu)dr
)
audu

− σ
∫ T

0
Yrdr

(
∫ T

0
Yrardr)2

∫ T

0

( ∫ T

u

(Yr − Yu)ardr
)
audu

]
(2.13)

Remark 2.5.2. Consider for the Black-Scholes model the weight of Ben-
hamou considered in Remark 2.3.3. The weight of Benhamou can be written
as δ̃(wBen

u ) where

wBen
u =

1

σx

(Y 2
T + 2(

∫ T

0
rXrdr − TYT )Xu

YT (2
∫ T

0
rXrdr − TYT )

)

Therefore in order to handle the Skorohod integral δ̃(wBen
u ), we apply Property
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1.2.6 and we obtain

δ̃(wBen
u ) =

1

σx

{ YT WT

2
∫ T

0
rXrdr − TYT

−
∫ T

0

σ(YT − Yu)

2
∫ T

0
rXrdr − TYT

du

−
∫ T

0

σYT

(
2
∫ T

u
rXrdr − T (YT − Yu)

)

(2
∫ T

0
rXrdr − TYT )2

du

+
2(

∫ T

0
rXrdr − TYT )

YT (2
∫ T

0
rXrdr − TYT )

∫ T

0

XudWu − 2σ

∫ T

0

∫ T

u
rXrdr − T (YT − Yu)

YT (2
∫ T

0
rXrdr − TYT )

Xudu

+2σ(

∫ T

0

rXrdr − TYT )×

×
∫ T

0

((YT − Yu)(2
∫ T

0
rXrdr − TYT )) + YT (2

∫ T

u
−T (YT − Yu))

(2
∫ T

0
rXrdr − TYT ))2

)
Xudu

}

(2.14)
A comparison with Formula (2.13) shows that (2.14) has a much more com-
plicated structure, which in turn suggests the importance of the introduction of
suitable processes-directions v’s for practical purposes.

Jump amplitudes direction

Following Section 2.3.2, the proces w is non null only along the direction of
the jump amplitudes. Here, by using the fact that

ξTi
=

XTi

x
, ∂aci = XTi

and
XTi

XT−i

= 1 + ∆i.

it follows that

wi =
1

nx

(
1−

∑n
j=1 YTj∑n

j=1 YTj
aj

ai

)
(1 + ∆i), i = 1, . . . , n

where a ∈ A J (i.e. a ∈ Rn with
∑n

i=1 ai = 0). By recalling Property 1.1.17
on the Skorohod integral of a special product, we can write for i = 1, . . . , n,

δ̃i(wi) =
1

nx

[(
1−

∑n
j=1 YTj∑n

j=1 YTj
aj

ai

)
δ̃i(1 + ∆i) + D̃i

( ∑n
j=1 YTj∑n

j=1 YTj
aj

ai

)
(1 + ∆i)

]

Now, it is easy to see that

D̃iXu =
Xu

1 + ∆i

1Ti≤u
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so that

D̃iYTj
=

YTj
− YTi

1 + ∆i

1Ti≤Tj

By using the chain rule, the term in which the derivative D̃i appears can be
written, and the final formula for the weight is

δ̃(w) =
1

nx

[(
1−

∑n
j=1 YTj∑n

j=1 YTj
aj

ai

) n∑
i=1

δ̃i(1 + ∆i)+

+
1∑n

j=1 YTj
aj

n∑
i=1

n∑
j=i+1

(YTj
− YTi

)+

−
∑n

j=1 YTj

(
∑n

j=1 YTj
aj)2

n∑
i=1

ai

n∑
j=i+1

(YTj
− YTi

)aj

]
(2.15)

where, recalling Definition 1.1.9 for the Skorohod integral,

δ̃i(1 + ∆i) = −
n∑

i=1

(1 + (1 + ∆i)∂ log g(∆i)).

For practical purposes, we will consider 1 + ∆1 as a log-normal r.v., that is
1 + ∆1 = exp Γ, with Γ ∼ N(m, %2). Then, I = (−1, +∞) and

g(x) = φ
( log(1 + x)−m

%

) 1

%(1 + x)
1{x>−1}

where φ denotes the standard Gaussian probability density function and notice
that g ≡ 0 on ∂I. In this case, we obtain for x > −1

∂ log g(x) =
m− log(1 + x)− %2

%2(1 + x)
.

so that

δ̃i(1 + ∆i) = −
n∑

i=1

m− log(1 + ∆i)

%2
, i = 1, . . . , n. (2.16)

Joint Gaussian and jump amplitudes direction

In Section 2.3.4, we suggested two possible choices for the process v = (v1, v2),
giving two different processes w. Let us write down the associated weights in
this context. In both cases, w is non null along the directions 0 and 1, . . . , n.
In the first case, w is is given by

w0,u = − 1

nσx
·

∑n
j=1 YTj∫ T

0
Yrardr

· au and wi =
1

nx
· (1 + ∆i), 1 ≤ i ≤ n
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where a ∈ A W . The associated weight is then δ̃(w) = δ̃0(w0) +
∑n

i=1 δ̃i(wi).

Let us write more explicitely δ̃(w). First, the i-th Skorohod integral in the
direction of the jump amplitudes is simple to write: using directly Definition
1.1.10,

δ̃i(wi) =
1

nx
(1 + (1 + ∆i)∂ log g(∆i)) (2.17)

where g is the density of ∆i. Moreover, by applying Property 1.2.6 for handling
the Skorohod integral δ̃0(w0), we obtain

δ̃0(w0) =
1

nσx

[
−

∑n
j=1 YTj∫ T

0
Yrardr

∫ T

0

audWu+

+
σ∫ T

0
Yrardr

∫ T

0

au

n∑
j=1

(YTj
− Yu)1Tj>u du+

− σ
∑n

j=1 YTj( ∫ T

0
Yrardr

)2 ·
∫ T

0

au

∫ T

u

(Yr − Yu)dr du
]

(2.18)

By resuming, the Delta weight is given by

δ̃(w) = δ̃0(w0) +
n∑

i=1

δ̃i(wi)

with δ̃0(w0) given by (2.18) and for i ≥ 1, δ̃i(wi) given by (2.17).

(2.19)

Let us now consider the second possible weight, as discussed in Section 2.3.4.
In this case, again w is null along the direction of the jump times and

w0,u =
1

σTx
and wi = −

∫ T

0
Yudu

Tx
∑n

j=1 YTj
aj

ai(1 + ∆i), 1 ≤ i ≤ n

so that one immediately obtains that

δ̃0(w0) =
WT

σTx
(2.20)

Moreover, by using the chain rule and Property 1.1.17, we have

δ̃i(wi) = − 1

Tx

[ ∫ T

0
Yudu∑n

j=1 YTj
aj

(1 + (1 + ∆i)∂ log g(∆i))+

−
∫ T

Ti
(Yu − YTi

)du∑n
j=1 YTj

aj

+

+

∑n
j=i+1(YTj

− YTi
)aj

(
∑n

j=1 YTj
aj)2

∫ T

0

Yudu
]
ai

(2.21)
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By resuming, the second possible Delta weight is given by

δ̃(w) = δ̃0(w0) +
n∑

i=1

δ̃i(wi)

with δ̃0(w0) given by (2.20) and for i ≥ 1, δ̃i(wi) given by (2.21).

(2.22)

2.5.2 Ornstein-Uhlenbeck model

Consider now the jump version of the Ornstein-Uhlenbeck process. Our process
of interest Zt = (Xt, Yt) is then the solution to the following equation

Xt = x−
∫ t

0

b · (Xr − θ)dr +

∫ t

0

σdWr +
Jt∑

i=1

α∆i

Yt =

∫ t

0

Xrdr (2.23)

In other words, one has b(r, x) = b · (x− θ), σ(r, x) = σ and c(r, a, x) = α · a,
with b, θ, α ∈ R and σ > 0. Notice that X satisfies the standard hypothesis.
The process Xt has a closed form solution:

Xt = xe−bt + θ(1− e−bt) + σe−bt

∫ t

0

ebrdWr + α

Jt∑
i=1

e−b(t−Ti)∆i. (2.24)

Therefore, the first variation processes ξt and βt =
∫ t

0
ξrdr are simply deter-

ministic and given by

ξt = e−bt and βt =
1− e−bt

b

respectively.
Let a maturity T > 0 and a number n of jumps be fixed, so that we are going
to implicitly work on the set {Jt = n}.
Remark 2.5.3. By the closed form solution 2.24, we can observe that there is
not dependence between the Gaussian and the jump times parts. Therefore we
can consider the jump time direction of the calculus also in the presence of the
Ito integrals. Thus the condition σ = 0 does not hold anymore. Moreover we
can consider a joint Gaussian-jump times direction and even a joint Gaussian-
jump amplitudes and times direction.

Gaussian direction

We follow now what developed in Section 2.3.1. First, notice that the following
useful equalities hold:

D̃0,uXr = σe−b(r−u)1u≤r D̃0,uYr =
σ

b
(1− e−b(r−u))1u≤r.
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The process w is sensible only in the 0-th direction and

w0,u =
e−bu

σT

(
1− 1− Tb− e−bT

b
∫ T

0
e−brardr

au

)

for some a ∈ A W . The associated Skorohod integral agrees with the Ito one
and the final weight is

δ̃(w) ≡ δ̃0(w0) =
1

σT

( ∫ T

0

e−budWu − 1− Tb− e−bT

b
∫ T

0
e−brardr

∫ T

0

e−bu audWu

)
(2.25)

Jump amplitudes direction

Let us now consider the differential calculus with respect the jump amplitudes,
as in Section 2.3.2. First notice that for i = 1, .., n,

D̃iXT = α e−b(T−Ti)1Ti≤T and D̃iYT =
α

b
(1− e−b(T−Ti))1Ti≤T .

Since here ∂aci = α, we have, for some a ∈ A J ,

wi =
e−bTi

αn

(
1− n−∑n

j=1 e−bTj

∑n
j=1 e−bTjaj

ai

)

for i = 1, . . . , n, and wi = 0 otherwise. Notice that in this case w depends on
the jump times but not on the jump amplitudes. By recalling that, for any
constant c and i = 1, . . . , n, δ̃i(c) = cδ̃i(1) = −c∂ log g(∆i), the final weight is

δ̃(w) = − 1

αn

n∑
i=1

e−bTi

((
1− n−∑n

j=1 e−bTj

∑n
j=1 e−bTjaj

ai

)
∂ log g(∆i) (2.26)

Jump times direction

In general, when considering the jump times direction, one has to deal with
a pure jump diffusion. In this particular case, we do not have to set σ = 0
in (2.23) (see Remark 2.5.3). Moreover, following Section 2.3.3, in the final
weight also the border term operator has to be taken into account.
First, notice that we have the following formulas for the Malliavin derivatives
hold for i = n + 1, ..., 2n:

D̃iXT = αb e−b(T−Ti)∆i1Ti≤T and D̃iYT = α∆i (1− e−b(T−Ti))1Ti≤T .

Moreover, here we have qi = αb∆i, because ∂xci = ∂tci = 0.
Here, form Section 2.3.3, we obtain for a ∈ A J ,

wi =
e−bTi

bαn∆i

(
1−

∑n
j=1 e−bTj − n∑n

j=1 e−bTjaj

ai

)
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for i = n + 1, . . . , 2n, and wi ≡ 0 otherwise. By recalling that, for i =
n+1, . . . , 2n, δ̃i(ce

−bTi) = −cbe−bTi for any possibly random but not dependent
on Ti (see Definition 1.1.9) and by using Property 1.1.17, we can write

δ̃(w) =
1

αn

n∑
i=1

e−bTi

∆i

(
1−

∑n
j=1 e−bTj

∑n
j=1 e−bTjaj

ai+

− 1∑n
j=1 e−bTjaj

aie
−bTi+

+

∑n
j=1 e−bTj

(
∑n

j=1 e−bTjaj)2
a2

i e
−bTi

)
(2.27)

Now, in this special case the above δ̃(w) does give the weight but the final
formula for the delta involves also the border term operator, given in Formula
(2.8). In oder to use it, first let us use the notation XT1,...,Tn

T (ω) and Y T1,...,Tn

T (ω)
to denote the functions giving the dependence of XT and YT respectively on
the jump times (the other noises being contempled in the “generical” ω). Now,
for any i = 1, . . . , n, notice that

lim
t→Ti±1

X
T1,...,Ti−1,t,Ti+1,...,Tn

T = XT + αe−bT (ebTi±1 − ebTi)∆i and

lim
t→Ti±1

Y
T1,...,Ti−1,t,Ti+1,...,Tn

T = YT − α

b
(e−bT − e−bTi) (ebTi±1 − ebTi)∆i

(recall that T0 = 0 and Tn+1 = T ).

Let us briefly see how the border term operator will work to handle an option
with payoff f(XT , YT ). Using the notations of (2.8), we have, for a continuous
function f ,

f±i = f
(
XT + αe−bT (ebTi±1 − ebTi)∆i, YT − α

b
(e−bT − e−bTi) (ebTi±1 − ebTi)∆i

)

(2.28)
Moreover,

w±
i = limt→Ti±1 wi(T1, ..., Ti−1, t, Ti+1, ..., Tn, T, ω) =

=
e−bTi±1ai

α b n ∆i

(
1−

∑n
j=1,j 6=i e

−bTj + e−bTi±1 − n∑n
j=1,j 6=i e

−bTjaj + e−bTi±1ai

)
.

(2.29)

We are now ready to write the border term operator:

[f(XT , YT ), w]π =
n∑

i=1

f+
i w+

i − f−i w−
i

Ti+1 − Ti−1

with f±i and w±
i given in (2.28) and (2.29) respectively

(2.30)
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Joint Gaussian and jump amplitudes direction

Following Section 2.3.4 (recall that we are going here to write two different
weights), the first process w here becomes

w0,u =
1

nσ
·
∑n

j=1 e−bTj − n
∫ T

0
e−brardr

· e−buau and wi =
1

nα
· e−bTi , 1 ≤ i ≤ n

for some a ∈ A W , and wi = 0 otherwise. The finaly weight is immediate to
write down:

δ̃(w) =

∑n
j=1 e−bTj − n

nσ
∫ T

0
e−brardr

·
∫ T

0

e−buaudWu − 1

nα
·

n∑
i=1

e−bTi∂ log g(∆i). (2.31)

As for the second case, we have

w0,u =
1

Tσ
e−bu and wi =

1

Tσ
· T − ∫ T

0
e−brdr∑n

j=1 e−bTjaj

· e−bTi , 1 ≤ i ≤ n

for some a ∈ A J , with wi = 0 otherwise, and we obtain

δ̃(w) =
1

Tσ

∫ T

0

e−budWu − 1

Tσ

n∑
i=1

T − ∫ T

0
e−brdr∑n

j=1 e−bTjaj

· e−bTi∂ log g(∆i). (2.32)

Joint jump amplitudes and times direction

We have set two choice of the process v for this direction of Calculus (see 2.3.5.
In the first one, for a fixed a ∈ A J , we have w0 ≡ 0 and

wi =

∑n
j=1 e−bTj − n

nα
∑n

j=1 e−bTjaj

· e−bTiai 1 ≤ i ≤ n

wi =
e−bTi

nαb ∆i

n + 1 ≤ i ≤ 2n

Therefore the Skorohod integral is given by

δ̃(w) =
n−∑n

j=1 e−bTj

nα
∑n

j=1 e−bTjaj

n∑
i=1

e−bTiai∂ log g(∆i) +
1

nαb

n∑
i=1

be−bTi

∆i

. (2.33)

As for the border term in the integration by parts, in the jump times direction
(see (2.3)), in this case we have that

w±
i+n =

1

αbn

e−bTi±1

∆i

(2.34)
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and for f±i we can look at Formula (2.28). We can summarize the border term
as follows:

[f(XT , YT ), w]π =
n∑

i=1

f+
i w+

i − f−i w−
i

Ti+1 − Ti−1

with f±i and w±
i given in (2.28) and (2.34) respectively

(2.35)

Let us final discuss the second w introduced in Section 2.3.5: here, one has,
for a fixed a ∈ A J , w0 ≡ 0 and

wi =
e−bTi

nα
1 ≤ i ≤ n

wi+n =
n−∑n

j=1 e−bTj

nαb
∑n

j=1 e−bTjaj

· e−bTiai

∆i

1 ≤ i ≤ n

and the Skorohod integral is given by

δ̃(w) = −e−bTi

nα

n∑
i=1

∂ log g(∆i)+

+
n∑

i=1

e−bTiai

nα∆i

(
− n−∑n

j=1 e−bTj

∑n
j=1 e−bTjaj

+

+
e−bTi

∑n
j=1 e−bTjaj

+

+
n−∑n

j=1 e−bTj

(
∑n

j=1 e−bTjaj)2
e−bTiai

)

(2.36)

As for the border term in the integration by parts, in the jump times direction
(see (2.3)), in this case we have that

w±
i+n =

n−∑n
j=1,j 6=i e

−bTj − e−bTi±1

nαb
∑n

j=1,j 6=i e
−bTjaj + e−bTi±1ai

· e−bTi±1ai

∆i

(2.37)

We can summarize the border term as follows:

[f(XT , YT ), w]π =
n∑

i=1

f+
i w+

i − f−i w−
i

Ti+1 − Ti−1

with f±i and w±
i given in (2.28) and (2.37) respectively

(2.38)

Joint Gaussian and jump times direction

We consider in this Section the Joint Gaussian and jump times direction of
the Malliavin calculus, that can be taken in account in this particular case (see
Remark 2.5.3. Let introduce the process v as

v1 : v1
0,u = ξuσ

−1(Xu)au = e−buau

σ
v1

i ≡ 0 i = 1, . . . , 2n

v2 : v2
i = ξTi

(qi)
−1 = e−bTi

αb∆i
i = n + 1, . . . , 2n, v2

i ≡ 0 i = 0, 1, . . . , n
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We follow the same machinery as in previous joint direction of calculus. There-
fore the process w = (w0,u, w1, ..., w2n) is defined as

w0,u =
(

n−∑n
j=1 e−bTj

nσ
∫ T
0 e−brardr

)
e−buau

wi = 0 i = 1, .., n

wi = e−bTi

αbn∆i
i = n + 1, .., 2n

Thus the integral Skorohod of w is given by

δ̃(w) = δ0(w0) +
∑n

i=1 δn+i(wn+i)

=
(

n−∑n
j=1 e−bTj

nσ
∫ T
0 e−brardr

) ∫ T

0
e−buaudWu − 1

αn

∑n
i=1

e−bTi

∆i

Notice that the process w has the same n + 1, .., 2n components than in the
joint jump amplitudes and times direction of calculus case. Than we have that
the border term, that has to be considered, is the same one (see (2.37) and
(2.38)).

Joint Gaussian and jump amplitudes and times direction

All the the direction of noises are considered in this Section. Thus we have
for this special case that the process involved in the calculus have all the
components different to zero.

Thus let define in a suitable way the process v.

v1 : v1
0,u = ξuσ

−1(Xu)au = e−buau

σ
v1

i ≡ 0 i = 1, . . . , 2n

v2 : v2
i = 1

2
ξTi

(∂aci)
−1 = e−bTi

2α
i = 1, . . . , n

v2
i = 1

2
ξTi

(qi)
−1 = e−bTi

2αb∆i
i = n + 1, . . . , 2n.

Then the process w is

w0,u =
(

n−∑n
j=1 e−bTj

nσ
∫ T
0 e−brardr

)
e−buau

wi = e−bTi

2αn
i = 1, .., n

wi = e−bTi

2αbn∆i
i = n + 1, .., 2n

We remark that the w0,u is the same as in the joint Gaussian and jump times
direction, wi, i = 1, ..., n is the same (multiplied for one half) as in the joint
Gaussian and jump amplitudes direction and, wi, i = n + 1, ..., 2n is the same
(multiplied for one half) as in the joint Gaussian and jump times direction. So

the Skorohod integral δ̃(w) can be easily deduced. The same can be done for
the border term operator.
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2.5.3 CIR Model

We study in this Section the following model

Xt = x +

∫ t

0

(ν − ηXr)dr +

∫ t

0

σ
√

XrdWr + α

Jt∑
i=1

∆i

Yt =

∫ t

0

Xrdr (2.39)

where Xt is a C.I.R. model with a jump part.
Let us resume some important facts concerning the pure diffusion version of
this process.

Proposition 2.5.4. Suppose here that X is a pure diffusion:

Xt = x +

∫ t

0

(ν − ηXr)dr +

∫ t

0

σ
√

XrdWr.

Then the following holds.

(i) Set τ the first time at which the process X hits 0. If 2ν ≥ σ2 > 0 then
P(τ = +∞) = 1 and Xt ∈ Lp for any p.

(ii) If 2ν > pσ2 then X−1
t ∈ Lp and moreover

E
(( 1

Xt

)p)
≤ Cp

L(t)

( eηt

√
v0

)p−1

where Cp denotes a suitable positive constant and L(t) = σ2

4η
(1− e−ηt).

(iii) If 2ν > σ2 > 0 then Xt ∈ D1,∞.

(iv) If 4ν > 3pσ2 > 0 then Xt ∈ D2,p

Proof. (i) is a well known result (see e.g. Lamberton and Lapeyre [22] and the
references quoted therein). (ii) is proved in Lemma 4.1 in Alos and Ewald in
[1]. As for (ii) and (iii), they can be easily proved as an immediate consequence
of what developed by Alos and Ewald in [1]. 2

As for the jump diffusion case, we always assume that

2ν ≥ σ2 > 0 and ∆i > 0

(in particular, ∆i lognormal distributed), which imply that the solution to
(2.39) never hits 0.

Here, we have not a closed form solution for the process Xt and therefore we
can refer to the first variation process ξt as the solution process of the stochastic
differential equation

62



ξt = 1−
∫ t

0

ηξrdr +

∫ t

0

σξr

2
√

Xr

dWr (2.40)

in which the dependence on the jumps is implicit in Xt. As for the existence
and uniqueness of the solution to above Equation 2.40 see again Alos and
Ewald in [1].

Now we can consider the different directions of the differential calculus, having
fixed the set {JT = n}.

Gaussian direction

Following the definition in Section 2.3.1 we have that

w0,u =
ξu

σT
√

Xu

(
1−

∫ T

0
βrdr∫ T

0
βrardr

au

)

where a ∈ A W . As remarked we have not an explicit expression for the
processes ξt and βt. For simplicity of notation, we write

Υ =

∫ T

0
βrdr∫ T

0
βrardr

.

Thus using Property 1.2.6 we can handle the Skorohod integral having

δ̃0(w0,u) =
1

σT

{ ∫ T

0

ξu√
Xu

dWu −Υ

∫ T

0

ξuau√
Xu

dWu

+

∫ T

0

ξuau√
Xu

· (D̃0,uΥ)du.
}

Consider now the term D̃0,uΥ. In view of numerical applications, it is sufficient
to think of the Malliavin derivative of the first variation process ξt, being
βt =

∫ t

0
ξrdr. We have that D̃0,uξt := χu

t is the solution process of the following
equation

χu
t =

σξu

2
√

Xu

−
∫ t

0

ηχu
rdr

+
1

2

∫ t

0

σ
( χu

r√
Xr

− ξr(D̃0,uXr)

2(Xr)3/2

)
dWr
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Jump amplitudes direction

As developed in Section 2.3.2, we have that for i = 1, ..., n

wi =
ξTi

n

(
1−

∑n
j=1 βTj∑n

j=1 βTj
aj

)

where a = (a1, ..., an) ∈ A ∆. For simplicity of notation, we write

Υ =

∑n
j=1 βTj∑n

j=1 βTj
aj

.

Using Property (1.1.17) we have

δ̃i(wi) =
1

n

{ n∑
i=1

δ̃i(ξTi
)−Υ

n∑
i=1

δ̃i(ξTi
ai)

+
n∑

i=1

ξTi
ai · D̃iΥ

}

We can handle the Malliavin derivative of Υ as in the previous Section, using
the same Properties of the calculus.

Joint Gaussian and jump amplitudes direction

In this last case, we consider the joint direction of differential calculus, remem-
bering the definitions of Section 2.3.4.
We have

w0,u = −
∑n

i=1 βTi

n
∫ T

0
βrardr

ξuau

σ
√

Xu

wi =
ξTi

n
, for i = 1, ..., n

Also in this case, for simplicity let us denote

Υ =
n∑

i=1

βTi

n
∫ T

0
βrardr

.

In conclusion we have

δ̃0(w0,u) = − 1

n

{
Υ

∫ T

0

ξuau

σ
√

Xu

dWu −
∫ T

0

ξuau

σ
√

Xu

· (D̃0,uΥ)du.
}

n∑
i=1

δ̃i(wi) =
1

n

n∑
i=1

δ̃i(ξTi
)
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2.5.4 A jump-diffusion stochastic volatility model

We consider in this section a stochastic volatility model, in which the underly-
ing process Xt is a Merton model and the volatility is an Ornstein-Uhlenbeck
one, written on a correlated Brownian motion. As usual Yt denotes the integral
of X over [0, T ].
Without loss of generality, for a fixed ρ ∈ (−1, 1) (giving the correlation process
for the two correlated Brownian motions), let us consider the following 3-
dimensional process

Xt = x +

∫ t

0

µXrdr +

∫ t

0

σrXr

(√
1− ρ2dW 1

r + ρ dW 2
r

)
+

Jt∑
i=1

∆iXTi−

σt = y +

∫ t

0

k(θ − σr)dr +

∫ t

0

βdW 2
r

Yt =

∫ t

0

Xrdr (2.41)

where µ, k, θ, β ∈ R and W = (W 1,W 2) is a standard 2-dimensional Brownian
motion.
We are interested in computing the sensitivity of an option price with respect
to x, the initial value of the process X. In other words, we have to deal with

∂xE
(
f(XT , YT )

)

and we consider also in this case the 2-dimensional process Zt = (Xt, Yt).
Notice that the dependence on the volatility process σ is inside the process Xt.
First, notice that both X and σ can be written more explicitely as

Xt = xe
∫ t
0 (µ− 1

2
σ2

r)dr+
∫ t
0 σr(

√
1−ρ2 dW 1

r +ρdW 2
r )

Jt∏
i=1

(1 + ∆i)

σt = y + kθ

∫ t

0

e−k(t−r)dr + β

∫ t

0

e−k(t−r)dW 2
r

Moreover, the first variation process of X (w.r.t. x) and its integral are

ξt =
Xt

x
βt =

Yt

x
.

Notice that if one is interested in ∂xE(φ(Xt, Yt)), then the first variation process
of the volatility process does not need to be taken into account. Moreover, σ
satisfies an autonomous stochastic differential equation, in which X and then
its starting point does not appear.
Moreover, as in the Black-Scholes and Merton models, there is not an ex-
plicit dependence on the jump times Ti and therefore we can consider only the
Gaussian or/and the jump amplitudes direction for the Malliavin calculus.
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The Malliavin derivatives of the process X are given by

D̃0,uXT =
√

1− ρ2σuXT1u≤T

D̃iXT =
XT

1 + ∆i

1Ti≤T for i = 1, ..., n.

Now fix the maturity time T and the set {JT = n}. We briefly consider the
Malliavin calculus with respect to the Brownian motion W 1, the amplitudes of
the jumps and joint direction, remarking that this case can be easily deduced
by the Merton model Section 2.5.1.

Gaussian direction

We apply here the results in Section 2.3.1, considering the Malliavin calculus
with respect to W 1. We take into account that in this case σ is not constant,
but is a process governed by an independent stochastic differential equation
(independent of W 1). Then, the process w whose Skorohod integral gives the
final weight has only the first component non null and given by

w0,u =
1

σuxT
√

1− ρ2

(
1−

∫ T

0
Yrdr∫ T

0
Yrardr

· au

)
, u ∈ [0, T ]

where a ∈ A W (i.e. a is a deterministic function such that
∫ T

0
audu = 0).

Notice that w0,u is the same as in the Merton model, and σu, not depending
on W 1, is not involved in the differential calculus. Thus we can follow the
same steps of Section 2.5.1 in order to compute the Skorohod integral, that is

δ̃(w) =
1

xT
√

1− ρ2

[ ∫ T

0

1

σu

dW 1
u −

∫ T

0
Yrdr∫ T

0
Yrardr

∫ T

0

au

σu

dW 1
u+

+
1∫ T

0
Yrardr

∫ T

0

( ∫ T

u

(Yr − Yu)dr
)au

σu

du

−
∫ T

0
Yrdr

(
∫ T

0
Yrardr)2

∫ T

0

( ∫ T

u

(Yr − Yu)ardr
)au

σu

du
]

(2.42)

Jump amplitudes direction

The process X does not depend on σt in the jump part. Then the Malliavin
derivative of X with respect to the jump amplitudes is the same as in the
Merton case.
As a matter of fact, the i-th coordinate of the process w is given by
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wi =
1

nx

(
1−

∑n
j=1 YTj∑n

j=1 YTj
aj

ai

)
(1 + ∆i), i = 1, . . . , n

where a ∈ A J (i.e. a ∈ Rn with
∑n

i=1 ai = 0).
Finally we have

δ̃(w) =
1

nx

[(
1−

∑n
j=1 YTj∑n

j=1 YTj
aj

ai

) n∑
i=1

δ̃i(1 + ∆i)+

+
1∑n

j=1 YTj
aj

n∑
i=1

n∑
j=i+1

(YTj
− YTi

)+

−
∑n

j=1 YTj

(
∑n

j=1 YTj
aj)2

n∑
i=1

ai

n∑
j=i+1

(YTj
− YTi

)aj

]
(2.43)

where, recalling Definition 1.1.9 for the Skorohod integral,

δ̃i(1 + ∆i) = −
n∑

i=1

(1 + (1 + ∆i)∂ log g(∆i)).

As for the Merton model, we will consider 1 + ∆1 as a log-normal r.v., that is
1 + ∆1 = exp Γ, with Γ ∼ N(m, %2). Then, as seen in (2.16), one has

δ̃i(1 + ∆i) = −
n∑

i=1

m− log(1 + ∆i)

%2
, i = 1, . . . , n.

Joint Gaussian and jump amplitudes direction

We conclude this Section with the joint direction. We can follow exactly what
done in Section 2.5.1 having two possible choices for the process v that lead
to the following two processes w. In the first one we have

w0,u = − 1

nx
√

1− ρ2
·

∑n
j=1 YTj∫ T

0
Yrardr

· au

σu

and wi =
1

nx
· (1 + ∆i), 1 ≤ i ≤ n

where a ∈ A W . The associated weight is then δ̃(w) = δ̃0(w0) +
∑n

i=1 δ̃i(wi).

In the second case we have

w0,u =
1

Tx
√

1− ρ2σu

and wi = −
∫ T

0
Yudu

Tx
∑n

j=1 YTj
aj

ai(1 + ∆i), 1 ≤ i ≤ n.

In Section 2.5.1 an explicit expression of the Skorohod integrals of the process
w is given in both cases.
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Joint Gaussian direction

In this case we use the Malliavin calculus considering both the directions of
the Brownian motions W 1 and W 2. Then the definitions of the differential
operators and, in particular, of the process v are slightly different with respect
to the definitions of Section 2.3.1, having one more component. By the way, we
will follow the same idea to have a triangular Malliavin generalized covariance
matrix.
So we have to consider the derivative as D̃ = (D̃1

0, D̃
2
0, ..., 0, ..., 0) where D̃i

0

is the derivative in the W i direction, i = 1, 2. For simplicity let write D̃0 =
(D̃1

0, D̃
2
0), leaving out the components related on the jump amplitudes and

times. We have that

D̃1
0,uXt =

√
1− ρ2σuXt1u≤t

D2
0,uXt = Xt1u≤t

(
−

∫ t

u

σrD̃
2
0,uσrdr +

√
1− ρ2

∫ t

u

D2
0,uσrdW 1

r

+ ρσu + ρ

∫ t

u

D2
0,uσrdW 2

r

)

D̃1
0,uσt = 0 D̃2

0,uσt = βe−k(t−u)1u≤t

D̃1
0,uYt =

√
1− ρ2σu(Yt − Yu)1u≤t D̃2

0,uYt = ρσu(Yt − Yu)1u≤t

Now let us define the process v, that have 2n + 2 components, the first two
related to the Brownian motions W 1 and W 2. Also in this case we consider
only the pair of the non null components. We set

v1 = (
au

σu

√
1− ρ2

,
au

σuρ
) (2.44)

v2 = (
1

σu

√
1− ρ2

,
1

σuρ
)

Therefore the matrix γD̃ZT ,v is

γD̃ZT ,v =




0 −2
∫ T

0
Yrardr

2TXT 2(TYT −
∫ T

0
Yrdr)




Thus the process w is such that the first component related to the Brownian
motion W 1, is

68



w1
0,u =

1

2xT
√

1− ρ2

( 1

σu

−
∫ T

0
Yrdr∫ T

0
Yrardr

au

σu

)

and the second one, related to the Brownian motion W 2, is given by

w2
0,u =

1

2xTρ

( 1

σu

−
∫ T

0
Yrdr∫ T

0
Yrardr

au

σu

)
.

Notice that w1
0,u and w2

0,u are, unless the constant of correlation ρ, identical.
Moreover σu is adapted and therefore we do not have to use Property 1.2.6 of
the Skorohod integral. Thus, the weight for the Delta is given by

δ̃(w) =
2∑

i=1

1

2xTχi

{
−

∫ T

0
Yrdr∫ T

0
Yrardr

∫ T

0

au

σu

dW i
u +

∫ T

0

1

σu

dW i
u

+
χi∫ T

0
Yrardr

∫ T

0

( ∫ T

u

(Yr − Yu)dr
)
audu

− χi

∫ T

0
Yrdr( ∫ T

0
Yrardr

)2

∫ T

0

( ∫ T

u

(Yr − Yu)ardr
)
audu

}

where we have denoted δi
0 the Skorohod integral with respect to the Brownian

motion W i and with χ1 =
√

1− ρ2 and χ2 = ρ.

2.6 Numerical experiments

We present here several numerical experiments in order to compare the differ-
ent Malliavin approaches (in the direction of the Brownian motion or the jump
amplitudes and times) and the finite difference method for the Delta hedging.
We consider the models analyzed in Section 2.5 and we look at different types
of options: floating Asian call/put options, standard and Asian call/put op-
tions, standard and Asian digital options. For the sake of clearness, let us
write down the above mentioned payoffs f(XT , YT ):

• floating Asian call and put option:

f(XT , YT ) = (XT − YT /T )+ and f(XT , YT ) = (YT /T −XT )+

• standard call and put option:

f(XT , YT ) = (XT −K)+ and f(XT , YT ) = (K −XT )+

• Asian call and put option:

f(XT , YT ) = (YT /T −K)+ and f(XT , YT ) = (K − YT /T )+
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• standard digital option:

f(XT , YT ) = 1XT >K

• Asian digital option:
f(XT , YT ) = 1YT /T>K

Let us summarize some facts concerning the forthcoming numerical experi-
ments.

• In our simulations, we have to deal with n = 0 and n = 1. We have
already observed how to handle these cases in Remark 2.1.5, 2.1.4 and
2.1.6.

• In the following experiments, we will always consider a benchmark value,
obtained using the finite difference method with 250, 000 simulations.

• When a discretization of the time interval is needed (e.g. for the simula-
tion of the process Y , as well as for the simulation of the CIR process),
we consider the time interval split in 100 subintervals.

• Some parameters are set once for all. More precisely,

– as for the jump amplitudes, se always set ∆i
L
= em+%N , with m = 0,

% = 0.05 and N denoting a standard Gaussian r.v.;

– as for the intensity λ, we generally set λ = 5, unless specified (some-
where we test the weights also for a small value of λ);

– as for the maturity time, we set T = 5.

– as for the starting underlying asset price value, we set x = 100.

The parameters strictly connected to the chosen model will be declared
case by case.

• The functions a ∈ A W and a ∈ A J are set as in Remark 2.3.2, 2.3.6 and
2.3.8.

We consider separately the different models and for each model, we look at
some of the above options.
But, let us first open a brief discussion on a localization method we are going
to use in practice.

2.6.1 Localization methods

Here, we present a variance reduction technique based on a localization me-
thod. For European and Asian call/put options, we follow the localization
function used by Bavouzet-Morel and Messaud [5]. For Floating Asian call/put
options, we introduce here a natural generalization.
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Call options

Roughly speaking, we are interested in the evaluation of the derivative

∂x[(XT − YT /T )+]

where x denotes the initial value of the process X. For a fixed ε > 0, let us
define the following functions:

B1
ε (s, t) =





0 for s ≤ t− ε

s− (t− ε)

2ε
for s ∈ [t− ε, t + ε]

1 for s ≥ t + ε

B2
ε (s, t) =





0 for s ≤ t− ε

−s− (t− ε)

2εT
for s ∈ [t− ε, t + ε]

− 1
T

for s ≥ t + ε

Gε(s, t) =





0 for s ≤ t− ε

(s− (t− ε))2

4ε
for s ∈ [t− ε, t + ε]

s− t for s ≥ t + ε

Fε(s, t) =





0 for s ≤ t− ε

(s− (t− ε))2

4ε
for s ∈ [t− ε, t]

s− t− (s− (t− ε))2

4ε
for s ∈ [t, t + ε]

0 for s ≥ t + ε

Notice that the following relations hold:

B1
ε (s, t) = ∂sGε(s, t), B2

ε (s, t) = ∂tGε(s, t) and

Fε(s, t) = (s− t)+ −Gε(s, t)

so that, on the set {Jt = n}, we have

∂xE
((

XT − YT

T

)
+

)
= ∂xE

(
Gε

(
XT , YT

T

))
+ ∂xE

(
Fε

(
XT , YT

T

))

= E
(
∂xGε

(
XT , YT

T

))
+ E

(
Fε

(
XT , YT

T

)
δ̃(w)

)

where we have used Proposition 2.1.2 and in particular (2.5). Looking at the
first term we have

E
(
∂xGε

(
XT , YT

T

))
=E

(
∂sGε

(
XT , YT

T

)
∂xXT + ∂tGε

(
XT , YT

T

)
∂x

YT

T

)

=E
(
B1

ε

(
XT , YT

T

)
· ξT + B2

ε

(
XT , YT

T

)
· βT

)
.
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Digital options

We can use the same idea of the previous section with digital options with
payoff

1XT >K or 1YT /T>K .

Thus, given ε > 0, we can introduce the following functions:

Bε(s) =





0 for s ≤ K − ε

3

2ε

(s−K + ε

ε

)2

for s ∈ [K − ε,K]

3

2ε

(s−K − ε

ε

)2

for s ∈ [K,K + ε]

0 for s ≥ K + ε

Gε(s) =





0 for s ≤ K − ε

1

2

(s−K + ε

ε

)3

for s ≤ K − ε

1

2ε

(s−K − ε

ε

)3

+ 1 for s ∈ [K, K + ε]

1 for s ≥ K + ε

Fε(s) =





0 for s ≤ K − ε

−1

2

(s−K + ε

ε

)3

for s ∈ [K − ε,K]

1

2ε

(s−K − ε

ε

)3

for s ∈ [K,K + ε]

0 for s ≥ K + ε

Notice that
G′

ε(s) = Bε(s) and Fε(s) = 1s>K −Gε(s).

Fix the set {JT = n}. Therefore we have:

∂xE[1XT >K ] = ∂xE[Gε(XT )] + ∂xE[Fε(XT )]

= E[∂xGε(XT )] + E[Fε(XT )δ̃(w)]

where we have used Proposition 2.1.2 and in particular (2.5). Finally the first
term is

E[∂xGε(XT )] = E[Bε(XT )ξT ].

When we will consider the payoff 1YT /T>K , we will use the same localization,
replacing XT with YT /T and ξT with βT .
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2.6.2 Merton Model

Let Zt the Merton model considered in the Section 2.5.1. In this case we
compare the three different Malliavin direction of calculus of the Section 2.5.1.
Moreover we compare these results with the localized methods and the finite
difference method.

We take the following values for the constants of the model: σ = 0.2, b = 0.1.

Floating Asian options

Figure 2.1 and 2.2 show a comparison among different Malliavin weights, using
the different directions of calculus, and the finite difference method, for the
Delta of a Floating Asian Call and Put options. In general, as shown in the
figures, to consider the weight obtained using the joint direction of Malliavin
calculus gives better results than to consider the weight obtained using sep-
arately the Gaussian and jump amplitudes calculus, perhaps because in this
case both noises give a similar contribution in the Malliavin weight.
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Figure 2.1: Merton model

Using the localization method introduced in Section 2.6.1 we obtain sensible
better results. We have results very similar to the exact Monte Carlo Delta,
as shown in the Table 2.1. Let us explain better what we are speaking about.
In the Merton model we have an explicit expression for the Delta, that is

delta =
price

x
.
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Figure 2.2: Merton model

This is due to the special form of the payoff. In fact,

∂xE
((

XT − 1

T
YT

)
+

)
= E

(
∂x

(
XT − 1

T
YT

)
+

)

= E
(
1XT− 1

T
YT >0

1

x

(
XT − 1

T
YT

))
=

1

x
E

((
XT − 1

T
YT

)
+

)

Therefore with “exact Monte Carlo Delta value” we mean the Monte Carlo
price divided by the initial value x.

MC sim. exact MC DF JA W JA and W

20000 0.862895 0.863427 0.862905 0.863654 0.864142
40000 0.839891 0.840280 0.840981 0.840961 0.840279
60000 0.858012 0.857856 0.857685 0.856851 0.856760
80000 0.866198 0.866429 0.866416 0.866496 0.866236

100000 0.846873 0.846675 0.845960 0.847124 0.847096
120000 0.848036 0.848036 0.847720 0.848024 0.848097

Table 2.1: Comparison of the Localized Malliavin Delta with the finite difference method
and the exact Monte Carlo.

Figure 2.3 shows the result for a Floating Call Option. In order to look at the
improved results using the localization methods, in Figure 2.4 we compare the
localized and the non localized Malliavin delta in the joint direction Gaussian
and jump amplitudes, for the Floating Asian call.
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Figure 2.3: Merton model with localization
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Figure 2.4: Merton model. Comparison between localized and non localized weights
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The choice λ = 5 and T = 5 assures that we have a (quite) large number of the
jumps (in mean 25). The numerical experiments shows that for a too small
number of the jumps the weight obtained considering the jump amplitudes
direction of the calculus does not give good results (see also Bavouzet and
Messaoud [5]). As a matter of fact, we expect that a small number of jumps
does not assure sufficient noise to perform Malliavin methods in the direction
of jumps.

In the Merton model, we tested also a small value for λ. When λ = 0.5,
the jump amplitudes contribution is too small and the Malliavin weight com-
ing from taking into account the jump amplitudes direction (both lonely and
jointly with the Gaussian one) lose accuracy, as it follows from Figure 2.5. It is
worth to say that in such a case one presumably has not the desired Lp proper-
ties for the inverse of the determinant of the generalized Malliavin covariance
matrix (see the discussion in Section 2.3.2, at page 42).

In other models, the lack of contribution given by a direction of calculus is due
to the process structure and does not depend on the parameters choice, as we
will see in the Ornstein-Ulhenbeck and Cox-Ingersoll-Ross models.
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Figure 2.5: Merton model with a small value for λ (λ = 0.5).

Figure 2.5 shows that the results of the Gaussian direction and of the jumps
amplitudes directions are not comparable: all the graphs practically overlap
except for the case of the single jump amplitudes (by the way, the joint direc-
tion give a good result, due to the presence of the Brownian noise).

Also considering the localization method for the Floating Asian Call option
introduced in the Section 2.6.1 we do not have nice results using only the jump
amplitudes direction of the calculus. In Figure 2.6 we compare the localized
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and the non localized Delta using only the jump amplitudes direction of the
Malliavin calculus. In Figure 2.7 we show the result using the localized method
in the other directions of the calculus, not considering the jump amplitudes
direction.
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Figure 2.6: Merton model with localization and a small value for λ (λ = 0.5).
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Figure 2.7: Merton model with localization and a small value for λ (λ = 0.5). All
weights except for the lonely jump amplitudes one.
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Floating Asian Call for the Black-Scholes Model. Comparison with the
Benhamou weight

Fix α = 0, that means that we consider the pure diffusion Black-Scholes model.
We compare now our Malliavin weight with the Benhamou one (see Benhamou
[7]). We have already remarked that from a theoretical point of view, our
approach is less complicated, due to a simpler process w (see Remark 2.3.3).
The comparison is shown in Figure 2.8.
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Figure 2.8: Black-Scholes model. Floating option.

To consider the localization method gives very nice results, for both weights.
In the next Figure 2.9 we compare both the localized Delta with the finite
difference and the Benchmark value.
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Figure 2.9: Black-Scholes model. Floating option.
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Standard call option

Consider now a standard call option, with payoff

f(XT , YT ) = (XT −K)+

with K = 100. In this case we consider only the joint direction of the Malliavin
calculus in order to compare the finite difference method with the one dimen-
sional weight of Proposition 2.4.1, the two dimensional weight of Proposition
2.1.2 and the weight coming from the standard Malliavin covariance matrx
(that is, choosing v as the Malliavin derivative of XT ). This last case is the
one considered by Bally, Bavouzet and Messaud [3]. Figure 2.10 shows that
also by a numerical point of view, to choose v in a suitable way and then
consider the generalized covariance matrix, give better results.
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Figure 2.10: Merton model.
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Digital options

In the case of digital options we have the following payoffs:

f(XT , YT ) = 1YT /T>K and f(XT , YT ) = 1XT >K

for the Asian digital option and the Standard digital one, again with K = 100.
Being the payoff a non smooth function, we have that the finite difference does
not give nice results. In this case, the Malliavin methods give better ones.
In Figure 2.11 and 2.12 we consider respectively a Standard digital and an
Asian digital option. These graphics show that the Malliavin methods, in all
directions, give sensible better results than the finite difference method.
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Figure 2.11: Merton model.

Moreover we consider for the Digital options the localized methods introduced
in Section 2.6.1. Figure 2.13 and 2.14 show a Standard digital option using
the localization. In the latter we have not included in the graphic the Finite
Difference. The first figure shows that the other methods give comparable
results.
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Figure 2.12: Merton model.
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Figure 2.13: Merton model with localization.
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Figure 2.14: Merton model with localization, without the finite difference method.
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2.6.3 Ornstein-Ulhenbeck Model

We consider here a jump-diffusion Ornstein-Ulhenbeck process. As remarked,
for this process we can consider all directions of noises, the Gaussian one and
both related to the jumps amplitudes and times (see Section 2.5.2). For this
model to use only the jump times direction of the differential calculus give the
best results.

We choose the following parameters: r = 0.4, θ = 5, α = 10, σ = 5.

Floating Asian Options

In this Section, as remarked, we consider a Floating Asian Option, noticing
that we obtain the best results using the jump times direction of the calculus.
Figure 2.15 shows the outcome of the numerical simulations, considering the
three different directions of the Malliavin calculus.
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Figure 2.15: OU model. Floating Asian option.

In Figure (2.16) we have considered the joint direction of calculus. Remember
that the Ornstein-Ulhenbeck model allows to consider also the joint Gaussian
and jump times, and the Joint Gaussian, jump amplitudes and times directions
(see Section 2.5.2)
To avoid confusion we have not considered the Benchmark value in the previous
two Figures.

We stress that the jump times direction of calculus gives the best result (see
Figure (2.15)). Figure (2.17) compares the jump times direction with localized
joint Gaussian and jump amplitudes. The results are very similar, proving the
high accuracy of the jump times direction.

84



-0.04

-0.035

-0.03

-0.025

-0.02

-0.015

-0.01

 20000  40000  60000  80000  100000  120000

MC simulations

Joint AW direction
Joint WT direction
Joint AT direction

Joint AWT direction
Finite difference

Figure 2.16: OU model. Floating Asian option.
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Figure 2.17: OU model. Floating Asian option.

Introducing the localization method, we obtain nice results, as shown in Figure
(2.18)
In order to give a general comparison between the different direction of calcu-
lus, we show the numerical results in the Table 2.2

Remark 2.6.1. The first variation process of the Ornstein-Ulhenbeck process
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Figure 2.18: OU model. Floating Asian option.

MC sim. DF W A T Wloc

10000 -0.023498 -0.010911 -0.028231 -0.023294 -0.023232
20000 -0.023679 -0.017034 -0.024909 -0.023707 -0.023712
30000 -0.023865 -0.025125 -0.035790 -0.023958 -0.023957
40000 -0.023887 -0.024354 -0.022254 -0.023810 -0.023905
50000 -0.023939 -0.029813 -0.029413 -0.023947 -0.023854
60000 -0.023770 -0.013654 -0.028609 -0.023751 -0.023755
70000 -0.023845 -0.018955 -0.025972 -0.023857 -0.023837
80000 -0.023827 -0.016633 -0.023818 -0.023636 -0.023886
90000 -0.023906 -0.024866 -0.028164 -0.023835 -0.023961

100000 -0.023853 -0.027804 -0.024888 -0.023763 -0.023888
110000 -0.023806 -0.024226 -0.020025 -0.023897 -0.023815
120000 -0.023782 -0.024233 -0.025865 -0.023700 -0.023752

Table 2.2: Comparison of the Malliavin Delta with the finite difference Method

is ξt = e−bt (see 2.5.2) and does not depend on the jump amplitudes or Gaus-
sian noise. In particular ξTi

gives instead a dependence on the jump times.
Therefore in the Malliavin weight for the Delta there is a little dependence on
the Gaussian noise and jump amplitudes, while there is a strong dependence on
the jump times(see (2.26), (2.36)). This can explain why the numerical results
using only the jump times direction of calculus are more performing than the
other, independently by the parameters choice.

Digital Options

We consider in this Section a standard Digital option with payoff 1XT >K .
It is a non smooth payoff, and therefore the Malliavin methods give better
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results than the finite difference one. We remark that the jump times direction
gives the best result.
Figure (2.19) shows the comparison between the different direction of Malliavin
calculus and the finite difference.
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Figure 2.19: OU model. Digital option.

The high variance of the finite difference, does not allows to compare the
different direction of the Malliavin calculus. Thus in the next Figure (2.20) we
have taken off the finite difference.
In Figure (2.21) we compare the jump times direction of the calculus with the
localized joint Gaussian and jump amplitudes as in the Floating Call Section,
showing the high accuracy of the T -direction.
Figures (2.22) and (2.23) show the joint directions of calculus and the localized
ones.

Standard Call Options

We consider now the pure jump Ornstein-Ulhenbeck Model, taking σ = 0, in
order to compare our results with Bally, Bavouzet and Messaoud (see [3]) ones.
Next Figure 2.24 confirms that the use the jump Times direction gives nice
results, similar to the Finite Difference, and in the case of the Call Options
the result are really very precise.
The Variance of our Malliavin weight is much less than the one coming from
the weight by Bally, Bavouzet and Messaoud in [3]. Table 2.3 gives such a
comparison, as σ varies.
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Figure 2.20: OU model. Digital option.
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Figure 2.21: OU model. Digital option.

88



 0.002

 0.004

 0.006

 0.008

 0.01

 0.012

 0.014

 20000  40000  60000  80000  100000  120000

MC simulations

Joint AW direction
Joint WT direction
Joint AT direction

Joint AWT direction
Finite difference

Benchmark

Figure 2.22: OU model. Digital option.

 0.002

 0.004

 0.006

 0.008

 0.01

 0.012

 0.014

 20000  40000  60000  80000  100000  120000

MC simulations

Loc. W direction
Loc. Joint AW direction

Loc. Joint AWT direction
Finite difference

Benchmark

Figure 2.23: OU model. Digital option.
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Figure 2.24: OU model. Standard call option

σ Var weight BBM Var weight
15.8114 0.000180 0.028512
16.6667 0.000222 0.041721
17.6777 0.000277 0.040069
18.8982 0.000341 0.041013
20.4124 0.000422 0.043306
22.3607 0.000535 0.040048
25.0000 0.000685 0.040713
28.8675 0.000902 0.036272
35.3553 0.001224 0.034315
50.0000 0.001749 0.033329

Table 2.3: Comparison between the variances of our weight and the weight by Bally,
Bavouzet and Messaoud.
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2.6.4 Cox Ingersoll Ross Model

We study now the C.I.R. process, as it has been considered in Section 2.5.3.

The parameters of the model are: σ = 0.2, ν = 0.6, η = 0.6, α = 0.6.

Floating Asian Call Option

As remarked in Section 2.5.3, we cannot write the C.I.R. process in a closed
form solution. From a numerical point of view, we have to simulate all the pro-
cesses, included Xt and Yt. Moreover, being a square root process, the C.I.R.
process has an high variance that makes the numerical results less performing
than the other models.
In the next figures we consider a Floating Asian Call Option. We have not
included the benchmark value, because we obtained a value overlapping the
finite difference ones.
Figure 2.25 shows the non localized results. As remarked, the values are not
so close to the finite difference ones.
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Figure 2.25: CIR model.

Following the ideas in Remark 2.6.1, we can notice that we have obtained the
best numerical results using the Gaussian direction of the Malliavin calculus.
In this case, the Malliavin weights do not depends explicitly on the jump
amplitudes (see Section 2.5.3) and therefore, we expect a less performing weight
when the jump amplitudes are taken into account.
The introduction of the localization considerably improves the results, as
shown in Figure2.26.
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Figure 2.26: CIR model.

Last Figure 2.27 shows a comparison between the localized and the non local-
ized weight found using the Gaussian direction of the Malliavin calculus.
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Figure 2.27: CIR model. Floating Asian call option
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2.6.5 Stochastic Volatility Model

Consider now the Stochastic Volatility Model as in Section 2.5.4. We have
chosen the parameters as follows: σ0 = 0.5, r = 0.1, k = 0.6, θ = 0.6,
β = 0.05. The correlation between the two Brownian motions is ρ = 0.5.

Floating Asian Call Option

Figure 2.28 shows that, for a Floating Asian Call Option, the Malliavin meth-
ods, in all directions (a for the Gaussian one, w.r.t. the Brownian motion W 1)
give result comparable with the Finite Difference.
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Figure 2.28: SVM model. The “W” direction is w.r.t. W 1.

Digital options

As noticed in the Merton model, the Finite Difference methods do not give
good results, due to the non smoothness of the payoff. Figure 2.29 and 2.30
are related to a Standard Digital Option and an Asian Digital one respectively.
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Figure 2.29: SVM model.
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Figure 2.30: SVM model.
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Chapter 3

Representation formulas for the
conditional expectation

We consider here the problem of the representation of the conditional expec-
tation in terms of non conditional ones. This problem appears in the recent
literature, e.g. in Lions and Regnier [23], Bally, Caramellino and Zanette [4],
Bouchard, Ekeland and Touzi [11].
More precisely, our aim is to give a representation formula for the conditional
expectation

E(F (Xt, Yt) |Xs = α1, Ys = α2) (3.1)

in terms of non conditional ones, as t > s > 0, where (Xt, Yt) is the two-
dimensional stochastic process already considered, i.e.

Xt = x +

∫ t

0

b(r,Xr)dr +

∫ t

0

σ(r,Xr)dWr +
Jt∑

i=1

c(Ti, ∆i, XTi−)

Yt =

∫ t

0

Xrdr

This problem has an important relevance in finance, being related with the
pricing of American Asian options. In fact, if Φ(t,Xt, Yt) denote the payoff
function, the associated American price is usually approximated by means
of a Dynamic Programming Principle, which can be roughly summarized as
follows. Set ∆t = T/n ∈ (0, 1) and let (X̄k∆t, Ȳk∆t)k=0,1,...,n be a discretization
for (Xt, Yt)t∈[0,T ]. Since the pair (Xt, Yt) is Markovian, the American price
P0 is approximated by P̄0(x, 0), where P̄k∆t(X̄k∆t, Ȳk∆t) solves the following
backward problem:

P̄n∆t(X̄n∆t, Ȳn∆t) = f(n∆t, X̄n∆t, Ȳn∆t) and for any k = n− 1, . . . , 1, 0

P̄k∆t(X̄k∆t, Ȳk∆t) = max
(
f(k∆t, X̄k∆t, Ȳk∆t) , e−r∆t T[P̄(k+1)∆t](X̄k∆t, Ȳk∆t)

)
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where the operator T is defined as

T[P̄(k+1)∆t](X̄k∆t, Ȳk∆t) = E∗
(
P̄(k+1)∆t(X̄(k+1)∆t, Ȳ(k+1)∆t)

∣∣∣ X̄k∆t, Ȳk∆t

)
,

in which r stands for the (constant, for the sake of simplicity) spot rate and E∗
for the expectation under the risk neutral measure. Therefore, a representa-
tion formula for the conditional expectation in terms of non conditional ones is
really helpful in order to set up Monte Carlo methods for the pricing of Amer-
ican options, as already observed and done in the literature. Moreover, in the
case of American Asian options, it is worth to stress that even if the option
is a non floating one, that is written on only on Yt (for example, a standard
Asian put option), the Markov property, holding for the pair and not for Yt

only, obliges to work with conditional expectation written on the pair (X, Y ).
In the pure diffusion case (i.e. c ≡ 0), representation formulas have been
developed by Bouchard, Ekeland and Touzi in [11] for general d-dimensional
diffusion processes, but they cannot be used in our context. In fact, one of the
starting point of their work is that the diffusion coefficient in non degenerate,
an hypotheses which seems to be impossible to relax and, obviously, fails in
our case.
Therefore, we try to study what can be done in our degenerate case. We
theoretically solve the problem using the approximation of the Dirac Delta as
the derivative of the Heavyside function, by using all the different directions
of the Malliavin Calculus. However, we will see that this approach lead to
weights which are difficult to implement in practice, and this is due mainly to
the fact that the integration by parts formula has to be applied twice. As an
example, we discuss the Black-Scholes-Merton model, to give an idea of the
practical application of the Theory.
Then, we briefly recall an alternative approach introduced by Malliavin and
Thalmaier in [24], based on the use of the Poisson kernel.This is important
because, roughly speaking, one has to use the integration by parts formula
only once and in practice, one obtains simpler weights. The problem is that,
at the present time, it is not clear how the resulting weights work in practice,
because there are problems of high variance, as it results from some private
numerical experiments of ours and recently studied in an interesting work on
this subject by Kohatsu-Higa and Yasuda [19].

3.1 Classical Heavyside approach

The idea of this section is to write the conditional expectation (3.1) as a ratio,
using the Dirac delta, which we consider as the derivative of the Heavyside
function, in some sense. Therefore we will use similar arguments as in the
chapter on Sensitivity Analysis, exploiting the integration by parts Formula in
order to have suitable representation formulas.

Consider the process Zt = (Xt, Yt), fix 0 < s < t < T and the number of the
jumps by fixing the sets A = {Js = n}⋂{Jt = m}, with m ≥ n.
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Notice that we can write the conditional expectation (3.1) as

E(f(Xt, Yt)Λ
0(Xs − α1)Λ

0(Ys − α2))

E(Λ0(Xs − α1)Λ0(Ys − α2))
(3.2)

where Λ0 is the 1-dimensional Dirac delta in zero. Λ0 can be thought as the
derivative of the 1-dimensional Heavyside function, that is, setting H̃(ξ) =
1{ξ>0},

2∏
i=1

Λ0(xi) = ∂2
x1,x2

H̃2(x) ≡ ∂2
x1,x2

2∏
i=1

H̃(xi).

Now the ratio (3.2) cannot be handled directly. So we first consider the fol-
lowing problem.
Let φ : R2 → R and f : R2 → R denote infinitely differentiable functions with
bounded derivatives. The problem is to find a suitable weight, that we denote
with H(Z; s, t), independent of φ and f , such that for any 0 < s < t < T , for
i, j = 1, 2, i 6= j,

E
(
∂2

xi,xj
φ(Zs)f(Zt)1A

)
= E

(
φ(Zs)f(Zt) ·H(Z; s, t)1A

)
. (3.3)

In Formula (3.3), looking at (3.2), we think φ(Zs) = H̃2(Zs − α). We asked
smoothness properties for φ that of course are not satisfied by the Heavyside
function. However, by using density arguments, allowing to approximate H̃2

through smooth functions, one can deal with the problem in (3.3). This is a
standard way to proceed, for details see Bally, Caramellino and Zanette [4] or
Bouchard, Ekeland and Touzi [11].

3.1.1 Notations

Now, let us start by fixing the notations and definitions. The main difference
between this problem and the problem of sensitivities is that in the latter
there is only one time of interest, the maturity T . Therefore we have used
one time the integration by parts formula, and we have defined the process v
and the matrix γD̃ZT ,v only on the time interval [0, T ], fixing moreover the set
{JT = n}. Here, we have to deal with two time intervals [0, s] and [s, t], using
twice the properties of the differential calculus. We will use in particular the
following notations.
From now on we consider 0 < s < t < T and fix the sets {Js = n} and
{Jt = m}, with m ≥ n ≥ 1. Let us denote

A = {Js = n}
⋂
{Jt = m}.

We split our calculus over the time intervals [0, s] and [s, t].
Up to time t, on the set A we have always ordered the random sources related
to the jump noise as

∆1, . . . , ∆n, ∆n+1, . . . , ∆m, T1, . . . , Tn, Tn+1, . . . , Tm

97



and we will continue to do that. Moreover, on A, in each time interval of
interest, the noises from the jump part are given by by:

• ∆1, . . . , ∆n, T1, . . . , Tn on the time interval [0, s];

• ∆n+1, . . . , ∆m, Tn+1, . . . , Tm on the time interval [s, t].

We can now pass to the Malliavin derivative operator and Skorohod integral
one over the two time interval [0, s] and [s, t]. Roughly speaking, we consider
only the random sources related to each interval and, in some sense, we freeze
the others.

Malliavin derivatives on [0, s] and [s, t]

On the set {Js = n}⋂{Jt = m}, the r.v.’s of interest depend on the evolution
of the Brownian and the jump one up to t. As for the latter, one has 2m noise
sources, which we have written as:

• components 1, . . . ,m: ∆1, . . . , ∆n, ∆n+1, . . . , ∆m;

• components m + 1, . . . , 2m: T1, . . . , Tn, Tn+1, . . . , Tm.

Notice that components 1, . . . , n,m + 1, . . . , n + m refer to what happens in
the time interval [0, s], while components n+1, . . . , m, n+m+1, . . . , 2m refer
to what happens in the time interval [s, t].
We then define the following generalized Malliavin derivatives:

D̃s,n = (D̃0,s
0 , D̃n

1 , ..., D̃n
n, 0, ...0, D̃n

m+1, ..., D̃
n
m+n, 0, ..., 0)

D̃t,m = (D̃s,t
0 , 0, ..., 0, D̃m

n+1, ..., D̃
m
m, 0, ..., 0, D̃m

m+n+1, ..., D̃
m
2m)

in which

• D̃0,s
0 and D̃s,t

0 denote the Gaussian Malliavin derivative over the time
interval [0, s] and [s, t] respectively;

• the superscripts n and m means that we are considering the first n jumps
and the remaining m − n jumps in the generalized Malliavin derivative
w.r.t. the jump noise over the time interval [0, s] and [s, t] respectively.

Therefore, we will use D̃0,s
0 and D̃s,t

0 to handle the Malliavin calculus over [0, s]
and over [s, t] respectively.

Skorohod integrals on [0, s] and [s, t]

On the set {Js = n}⋂{Jt = m}, the processes of interest depend on the
evolution of the Brownian and the jump noise up to t: u = (u0, U1, . . . , U2m).
In particular, they are made by 2m + 1 components. The Skorohod integral
acts on the first component, identified by the subscript 0, as the Gaussian one.
As for the the remaining 2m components, the Skorohod integral acts
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• w.r.t. ∆i on component i, as i = 1, . . . , m;

• w.r.t. Ti on component i + m, as i = 1, . . . , m;

Let us recall again that components 1, . . . , n, m + 1, . . . , n + m refer to what
happens in the time interval [0, s], while components n + 1, . . . , m, n + m +
1, . . . , 2m refer to what happens in the time interval [s, t].
We then define the following generalized Skorohod integrals:

δ̃s,n(u) = δ̃0,s
0 (u0) +

n∑
i=1

δ̃n
i (Ui) +

m+n∑
i=m+1

δ̃n
i (Ui)

δ̃t,m(u) = δ̃s,t
0 (u0) +

m∑
i=n+1

δ̃m
i (Ui) +

2m∑
i=n+m+1

δ̃m
i (Ui)

in which

• δ̃0,s
0 and δ̃s,t

0 denote the Gaussian Skorohod integral over the time interval
[0, s] and [s, t] respectively;

• the superscripts n and m means that we are considering the first n jumps
and the remaining m−n jumps in the generalized Skorohod integral w.r.t.
the jump noise over the time interval [0, s] and [s, t] respectively.

Therefore, we will use δ̃s,n and δ̃t,m to handle the Malliavin calculus over [0, s]
and over [s, t] respectively.

Generalized Malliavin covariance matrixes on [0, s] and [s, t]

Fix a 2-dimensional process v = (v1, v2). On the set A, we set the 2 × 2
generalized Malliavin covariance matrixes on [0, s] and [s, t] as γD̃s,nZs,v and
γD̃t,mZt,v

respectively. This means that, as i, j = 1, 2

(
γD̃s,nZs,v

)ij
= 〈D̃s,nZ

j
s , v

i〉 and
(
γD̃t,mZt,v

)ij
= 〈D̃t,mZj

t , v
i〉

in which, as usual, Z1 = X and Z2 = Y .

3.1.2 Representation of the conditional expectation

We start by finding a formula of the type

E(∂xi
φ(Zs)G1A) = E(φ(Zs) ·Hi(Zs; G)1A).

We will see soon that

Hi(Zs; G) = δ̃s,n

( 2∑
j=1

γ̂i,j

D̃Zs,v
vjG

)
(3.4)
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holding when πi = 1 for any i and considering the case σ non null (giving a
null border term operator). Now, for our purposes G = f(Xt), so that (3.4)
gives

E(∂xi
φ(Zs)f(Zt)) = E

(
φ(Zs)δ̃s,n(

2∑
j=1

γ̂ij

D̃Zs,v
vjf(Zt))

)
.

It is clear that the problem is the presence of f(Zt) in the argument of the
Skorohod integral. Now, f(Zt) can be put outside by using the Skorohod
integral of a special product property but this will make the derivatives of f
appearing. So, in order to handle them, the idea is to perform a Malliavin
calculus over the time interval [s, t].
As already remarked, we use here essentially the same arguments previously
used. So, we will choose πi = 1 for i = 1, ..., 2m.

Remark 3.1.1. We have fixed the sets {Js = n} and {Jt = m} with m ≥ n. If
m = n, that means that the process X has no jumps on the time interval (s, t],
the Malliavin calculus in the jump direction cannot be applied. Also if n = 1 or
m = n+1, that means that X has only one jump on [0, s] or (s, t] respectively,
the generalized Malliavin covariance matrix method cannot be applied because
it has null determinant. We refer to Remark 2.1.4, 2.1.5 and 2.1.6, where we
have discussed this topic.

We can state now a first important result.

Lemma 3.1.2. Let 0 < s < t < T be fixed and let φ, f : R2 → R differen-
tiable functions with bounded derivatives. Suppose that X satisfies the standard
hypothesis. Let v a process such that the generalized Malliavin covariance ma-
trixes γD̃s,nZs,v and γD̃t,mZt,v

are invertible on A, and let γ̂D̃s,nZs,v and γ̂D̃t,mZt,v

denote the inverses. Let F denote a r.v. Fix now i = 1, 2 and assume that:

• φ(Zs) and f(Zt)
∑2

j=1 γ̂ij

D̃s,nZs,v
vjF are (n, s)-compatible on [0, s];

• f(Zt) and
∑2

j=1 γ̂ij

D̃s,nZs,v
vj are (n, s)-compatible and moreover, suppose

that

if
2∑

j=1

γ̂ij

D̃s,nZs,v
vj

0(u)1u∈[0,s]F ∈ Domn,s,2(δ0)

then f(Zt)
2∑

j=1

γ̂ij

D̃s,nZs,v
vj

0(u)1u∈[0,s]F ∈ Domn,s,2(δ0);

• f(Zt) and
∑2

j,k,l=1 Bkj
i vl are (m, t)-compatible over [s, t], where

Bk,j
i = 〈D̃s,nZk

t , γ̂i,j

D̃s,nZs,v
vjF 〉

.
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Then,

E
(
∂xi

φ(Zs)f(Zt)F1A

)
= E

(
φ(Zs)f(Zt)Ĥ

F
i (Z; s, t)1A

)

+ E
(
[φ(Zs); f(Zt); Ĥ

F
i (Z; s, t)1A]π

)
(3.5)

where

ĤF
i (Z; s, t) =

2∑
j=1

δ̃s,n(γ̂i,j

D̃s,nZs,v
vjF )−

2∑

j,k,l=1

δ̃t,m(Bk,j
i γ̂k,l

D̃t,mZt,v
vl) (3.6)

and the border term is given by

[φ(Zs); f(Zt); Ĥ
F
i (Z; s, t)1A]π =

= [φ(Zs),
2∑

j=1

γ̂i,j

D̃s,nZs,v
vjF ]π − [f(Zt), φ(Zs)

2∑

j,k,l=1

Bk,j
i γk,l

D̃t,mZt,v
vl]π.

We recall that since πi = 1, the border term is null considering the Gaussian
or jump amplitudes directions of the Malliavin calculus.

Proof of Lemma 3.1.2
We prove the Lemma assuming that σ 6= 0, that is, in the direction of the
Brownian motion or jump amplitudes. The proof in the jump times direction
follows straightforwardly by considering also the border term.
We first consider the Malliavin calculus over [0, s]. By the integration by parts
formula as in Property 1.3.8, one has

E
(
∂xi

φ(Zs)f(Zt)F1A

)
= E

(
φ(Zs)Hi(Zs; f(Zt)F )1A

)
,

where

Hi(Zs; f(Zt)F ) = δ̃s,n

( 2∑
j=1

γ̂i,j

D̃Zs,v
vjf(Zt)F

)
.

Exploiting the Skorohod integral of a (special) product Property 1.3.7, we can
write:

E
[
φ(Zs)

2∑
j=1

δ̃s,n

(
γ̂i,j

D̃s,nZs,v
vjf(Zt)F

)
1A

]

= E
[
φ(Zs)f(Zt)

2∑
j=1

δ̃s,n

(
γ̂i,j

D̃Zs,v
vjF

)
1A

]

−E
[
φ(Zs)

2∑
j=1

〈D̃s,nf(Zt), γ̂
i,j

D̃s,nZs,v
vjF 〉1A

]
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The first term of the r.h.s. contains exactly the first term of the weight
ĤF

i (Z; s, t) given by (3.6). So consider the second one. By the chain rule,
stated in Properties 1.3.7,

D̃s,nf(Zt) =
2∑

k=1

∂xk
f(Zt)Ds,nZt.

Therefore we have

E
[
φ(Zs)

2∑
j=1

〈D̃s,nf(Zt), γ̂
i,j

D̃s,nZs,v
vjF 〉1A

]
= E

[ 2∑

j,k=1

φ(Zs)∂xk
f(Zt)B

k,j
i 1A

]
.

Now, by performing the Malliavin calculus over [s, t] and by using the chain
rule, one has

∂xk
f(Zt) =

2∑

l=1

γ̂k,l

D̃t,mZt,v
〈D̃t,mf(Zt), v

l〉

Thus, again by the integration by parts formula as in Property 1.3.8 we obtain

E
[ 2∑

j,k=1

φ(Zs)∂xk
f(Zt)B

k,j
i 1A

]
=

= E
[
f(Zt)

2∑

j,k=1

2∑

l=1

δ̃t,m(φ(Zs)B
k,j
i γ̂k,l

D̃t,mZt,v
vn)1A

]
.

Now
δ̃t,m(φ(Zs)B

k,j
i γ̂k,l

D̃t,mZt,v
vn) = φ(Zs)δ̃t,m(Bk,j

i γ̂k,l

D̃t,mZt,v
vn)

because φ(Zs) does not depend on Wr, as r ∈ [s, t], and on (Tn+1, ..., Tm, ∆n+1,
..., ∆m) (or, in an equivalent way: D̃t,mφ(Zs) = 0 in the Skorohod integral of
a (special) product Property 1.3.7). Finally we have

E
[
φ(Zs)

2∑
j=1

〈D̃s,nf(Zt), γ̂
i,j

D̃s,nZs,v
vjF 〉1A

]

= E
[
φ(Zs)f(Zt)

2∑

j,k,l=1

δ̃t,m(Bk,j
i γk,l

D̃t,mZt,v
vl)1A

]

that ends the proof. ¤

As a consequence of the Lemma 3.1.2 we can solve the problem to finding the
weight H(Z; s, t) stated by (3.3) that is the core of this Chapter. Thus we
have the following
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Theorem 3.1.3. Suppose the hypothesis of Lemma 3.1.2 holds under one of
the two following cases:

(i) i = 1 and F = Ĥ1
2 (Z; s, t);

(ii) i = 2 and F = Ĥ1
1 (Z; s, t).

Then,

E
(
∂2

xixj
φ(Zs)f(Zt)1A

)
= E

(
φ(Zs)f(Zt) ·H(Z; s, t)1A

)

+ E
(
[φ(Zs); f(Zt); H(Z; s, t)]π1A

)

+ E
(
[∂xj

φ(Zs); f(Zt); Ĥ
1
i (Z; s, t)]π1A

)
. (3.7)

where

H(Z; s, t) =

{
Ĥ

Ĥ1
2 (Z;s,t)

1 (Z; s, t) in case (i)

Ĥ
Ĥ1

1 (Z;s,t)
2 (Z; s, t) in case (ii)

and the border terms are defined in Lemma 3.1.2.

Proof.
Using Lemma 3.1.2, one has

E
(
∂2

xixj
φ(Zs)f(Zt)1A

)
= E

(
∂xi

(∂xj
φ(Zs))f(Zt)1A

)

= E
(
∂xj

φ(Zs)f(Zt)H
1
i (Z; s, t)1A

)

+ E
(
[∂xj

φ(Zs); f(Zt); H
1
i (Z; s, t)]π1A

)
(3.8)

Again by Lemma 3.1.2, setting H(Z; s, t) = H
H1

i (Z;s,t)
j (Z; s, t), one has

E
(
∂xj

φ(Zs)f(Zt)H
1
i (Z; s, t)1A

)
= E

(
φ(Zs)f(Zt)H(Z; s, t)1A

)

+E
(
[φ(Zs); f(Zt); H(Z; s, t)]π1A

)
(3.9)

and the statement holds. 2

3.1.3 Poisson kernel approach

We discuss here an alternative approximation of the Dirac delta, using the
Poisson kernel, which allows to represent the solution of the heat equation. In
the last years the first approach based on the Heavyside function was widely
applied, studying also variance reduction techniques, localization and opti-
mization methods (see again example Bally, Caramellino and Zanette [4]or
Bouchard, Ekeland and Touzi [11]). On the other side, recently also a sec-
ond approach has been introduced, by Malliavin and Thalmaier in [24], which
allows to simplify the writing of the weights.
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Let us come back to the relation (3.2), i.e.

E(f(Zt)Λ
0
2(Zs − α))

E(Λ0
2(Zs − α)

where, in general, Λ0
d(x), x ∈ Rd, denotes the Dirac mass in the origin. Then,

one can write
Λ0

d = ∆Qd

∆ denotes the Laplace operator on Rd and Qd stands for the Poisson kernel,
that Qd is such that the convolution Qd ∗ f gives the solution to ∆u = f in
Rd, for any f ∈ C2

0 . Qd has an explicit form:

Q2(x) =
1

2π
ln |x| (3.10)

Qd(x) = −c−1
d |x|−(d−2) (3.11)

in which cd denotes the area of the unit sphere in Rd. Then,

∂iQd(x) = Cd
xi

|x|2 (3.12)

with C2 = 1/(2π) and Cd = c−1
d (d− 2) for d ≥ 3.

Then, the idea is the following. Assuming σ 6= 0 (and then, a null border term
operator), the result in Lemma 3.1.2 would give

E(f(Zt)Λ
0
2(Zs − α)) =

2∑
i=1

E(f(Zt)∂
2
xixi

Q2(Zs − α))

= E
(
f(Zt)

2∑
i=1

∂xi
Q2(Zs − α)H1

i (Z; s, t)
)

By using such an equality also for f ≡ 1, one would obtain

E(f(Zt)|Zs = α) =

∑2
i=1 E(f(Zt)∂xi

Q2(Zs − α)H1
i (Z; s, t))∑2

i=1 E(∂xi
Q2(Zs − α)H1

i (Z; s, t))
(3.13)

where ∂xi
Q2 is given in (3.12).

Obviously, the above mentioned ideas should be formalized with the right
hypothesis, and this could be actually done. Let us give here a discussion
comparing with the previous results.
The main difference between formula (3.13) and the formula stated by Theorem
3.1.3 is that in the first we need only one integration by parts, instead of two.
Therefore this approach brings to less complicated weights. Nevertheless, there
are numerical problems in using (3.13). In fact, private numerical experiments
of ours show that the variance of the Monte Carlo estimators is too high. But
recent studies by Kohatsu-Higa and Yasuda [19]. could be helpful to go deep
in the development of such an approach.
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3.2 Examples

Propose here two examples, to give an idea of the structure of the weights
defined by (3.6). The same machinery can be applied to the other models
considered in the Sensitivity Analysis Chapter. But the calculus of the weights
is very complicated.

3.2.1 The Black-Scholes-Merton model

Let Zt = (Xt, Yt) defined by

Xt = x +

∫ t

0

bXrdr +

∫ t

0

σXrdWr +
Jt∑

i=1

∆iXTi−

Yt =

∫ t

0

Xrdr.

with σ 6= 0. For the properties of this process and of its first variation one,
see Section 2.5.1. We analyze the different directions of calculus, namely the
Gaussian, jump amplitudes and the joint Gaussian and jump amplitudes di-
rection.

Gaussian direction

We define the process v = (v1, v2). Both v1 and v2 has only the first component
non null and equal to

v1
0,u =

au

σx
and v2

0,u =
1

σx

respectively, in which a is deterministic and such that

∫ s

0

au du =

∫ t

s

au du = 0

Straightforward computations allow to write

ĤF
1 (Z; s, t) =

1

σs

∫ s

0

F

Xs

(sYs −
∫ s

0
Yrdr∫ s

0
Yrardr

au + 1
)
dWu

− 1

σ(t− s)

∫ t

s

F

Xs

((t− s)Yt −
∫ t

s
Yrdr∫ t

s
Yrardr

au + 1
)
dWu

+
1

σ

∫ t

s

F

Xs

( Yt − Ys∫ t

s
Yrardr

)
audWu

and
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ĤF
2 (Z; s, t) = − 1

σ

∫ s

0

F∫ s

0
Yrardr

audWu

+
1

σ

∫ t

s

F∫ t

s
Yrardr

audWu

Jump Amplitudes direction

We choose here v = (v1, v2) as follows: v1
0 = v2

0 ≡ 0 and

v1 : v1
i = 1+∆i

x
ai i = 1, . . . , m, v1

i ≡ 0 otherwise

v2 : v2
i = 1+∆i

x
i = 1, . . . , m, v2

i ≡ 0 otherwise

where a1, . . . , an are deterministic and such that

n∑
i=1

ai =
m∑

i=n+1

ai = 0.

Straightforward computations give

ĤF
1 (Z; s, t) =

n∑
i=1

δ̃n
i

(F (1 + ∆i)

nXs

(nYs −
∑n

j=1 YTj∑n
j=1 YTj

aj

ai + 1
))

−
m∑

i=n+1

δ̃m
i

( F (1 + ∆i)

(m− n)Xs

((m− n)Yt −
∑m

j=n+1 YTj∑m
j=n+1 YTj

aj

ai + 1
))

+
m∑

i=n+1

δ̃m
i

( F (1 + ∆i)

Xs

∑m
j=n+1 YTj

aj

(
Yt − Ys

)
ai

)

and

ĤF
2 (Z; s, t) = −

n∑
i=1

δ̃n
i

( F (1 + ∆i)∑n
j=1 YTj

aj

ai

)

+
n∑

i=1

δ̃m
i

( F (1 + ∆i)∑m
j=n+1 YTj

aj

ai

)

Joint Gaussian and Jump Amplitudes direction

We take here the process v = (v1, v2) as

v1 : v1
0 = 1

σx
au v1

i ≡ 0 otherwise

v2 : v2
i = 1+∆i

x
i = 1, . . . ,m, v2

i ≡ 0 otherwise
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in which again we ask that

∫ s

0

au du =

∫ t

s

au du = 0.

Straightforward computations give

ĤF
1 (Z; s, t) =

∫ s

0

(F (nYs −
∑n

j=1 YTj

nσXs

∫ s

0
Yrardr

au

)
dWu

+
n∑

i=1

δ̃n
i

(F (1 + ∆i)

nXs

)

−
∫ t

s

(F ((m− n)Yt −
∑m

j=n+1 YTj

(m− n)σXs

∫ t

s
Yrardr

au

)
dWu

−
m∑

i=n+1

δ̃m
i

( F (1 + ∆i)

(m− n)Xs

)

+

∫ t

s

( F (Yt − Ys)au

σXs

∫ t

s
Yrardr

)
dWu

and

ĤF
2 (Z; s, t) = −

∫ s

0

( F

σ
∫ s

0
Yrardr

)
audWu

+

∫ t

s

( F

σ
∫ t

s
Yrardr

)
audWu

3.2.2 Brownian motion with jumps

Consider now the following easy model

Xt = x + Wt +
Jt∑

i=1

∆i

Yt =

∫ t

0

Xrdr. (3.14)

where Wt is a standard Brownian Motion. Such a model is studied with the
purpose of writing explicitly the weight H(Z; s, t) and really testing it in prac-
tice.
Obviously, here the first variation process is constant: ξt = 1. As a conse-
quence, βt =

∫ t

0
ξrdr = t. Moreover, one has c(t, a, x) = a, so that ∂ici = 1.

107



Gaussian direction

Let v = (v1, v2) be such that v1
i and v2

i are all null except for the component
i = 0, and we set

v1
0,u = au and v2

0,u = 1

with
∫ s

0

au du =

∫ t

s

au du = 0

In such a case, one has

ĤF
1 (Z; s, t) =

1

s

( s2

2
∫ s

0
rardr

∫ s

0

FaudWu +

∫ s

0

FdWu

)

− 1

(t− s)

( (t− s)2

2
∫ t

s
rardr

∫ t

s

FaudWu +

∫ t

s

FdWu

)

and

ĤF
2 (Z; s, t) = − 1∫ s

0
ardr

∫ s

0

FaudWu

+
1∫ t

s
ardr

∫ t

s

FaudWu.

By Theorem 3.1.3, the final weight for the conditional expectation is given by

H(Z; s, t) = Ĥ
Ĥ1

2 (Zs)
1 (Zs).

Let us now compute it.

First of all, notice that in the weight Ĥ1
2 (Zs), defined by (3.6) with F = 1, the

Skorohod integrals are Ito ones. As a matter of fact the arguments of these
integrals are or au or 1. Therefore the only difficult is to handle the Skorohod

integrals in the weight Ĥ
Ĥ1

2 (Zs)
1 (Zs). Thus, we can conclude giving an explicit

expression, as follows
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Ĥ(Z; s, t) =
s

2
∫ s

0
rardr

(∫ s

0
a2

udu− ( ∫ s

0
ardWr

)2

∫ s

0
rardr

+

∫ s

0
ardWr

∫ t

s
ardWr∫ t

s
rardr

)

− Ws

∫ s

0
ardWr

s
∫ s

0
rardr

+
Ws

∫ t

s
ardWr

s
∫ s

0
rardr

− t− s

2
∫ t

s
rardr

(∫ t

s
a2

udu− ( ∫ t

s
ardWr

)2

∫ t

s
rardr

+

∫ s

0
ardWr

∫ t

s
ardWr∫ s

0
rardr

)

+
1

t− s

((Wt −Ws)
∫ s

0
audwu∫ s

0
rardr

− (Wt −Ws)
∫ t

s
audwu∫ r

s
ardr

)

(3.15)

Jump amplitudes direction

We consider now the jump amplitudes direction of the Malliavin calculus.
Firstly, we define the process v = (v1, v2) as

v1 : v1
i = ai i = 1, . . . ,m, v1

i ≡ 0 otherwise

v2 : v2
i = 1 i = 1, . . . ,m, v2

i ≡ 0 otherwise

with
n∑

i=1

ai =
m∑

i=n+1

ai = 0.

The final version for the weights HF
1 (Z; s, t) and HF

2 (Z; s, t) is the following:

ĤF
1 (Z; s, t) =

ns−∑n
j=1 Tj

n
∑n

j=1 Tjaj

n∑
i=1

δ̃n
i

(
Fai

)
+

1

n

n∑
i=1

δ̃n
i

(
F

)

− (m− n)t−∑m
j=n+1 Tj

n
∑

j=1 Tjaj

m∑
i=n+1

δ̃m
i

(
Fai

)
+

1

n

m∑
i=n+1

δ̃m
i

(
F

)

+
t− s∑
j=1 Tjaj

δ̃m
i

(
Fai

)

and

ĤF
2 (Z; s, t) = −

∑n
i=1 δ̃n

i

(
Fai

)
∑n

j=1 Tjaj

+

∑m
n+i=1 δ̃m

i

(
Fai

)
∑m

j=n+1 Tjaj

By considering F = 1, and using the definition of the Skorohod integral (see
1.1.9), in the weight H1

2 (Z; s, t) we quantities of the type

n∑
i=1

δ̃n
i

(
ai

)
= −

n∑
i=1

ai∂∆i
log g(∆)
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where g(∆i) is the density of ∆i (see Definition 1.1.1). The same holds in the
time interval [s, t], considering the jumps between n+1 and m. Therefore, pro-
ceeding similarly as in the Gaussian direction, we obtain the following explicit
expression

Ĥ(Z; s, t) = Ĥ
Ĥ1

2 (Z;s,t)
1 (Z; s, t)

=
Cn

n

(−(Saχ
n

)2 −∑n
k=1 D̃n

k

(Saχ
n

)
ak∑n

k=1 Tkak

+

(Saχ
m − Saχ

n

)Saχ
n∑m

k=n+1 Tkak

)

+
1

n

(−Saχ
n Sχ

n −
∑n

k=1 D̃n
k

(Saχ
n

)
∑n

k=1 Tkak

+

(Saχ
m − Saχ

n

)Sχ
n∑m

k=n+1 Tkak

)

+
Ct

n

(−Saχ
n

(Saχ
m − Saχ

n

)
∑n

k=1 Tkak

+

(Saχ
m − Saχ

n

)2
+

∑m
k=n+1 D̃n

k

(Saχ
m − Saχ

n

)
ak∑m

k=n+1 Tkak

)

+
1

n

(−Saχ
n

(Sχ
m − Sχ

n

)
∑n

k=1 Tkak

+

(Saχ
m − Saχ

n

)(Sχ
m − Sχ

n

)
+
∑m

k=n+1 D̃n
k

(Saχ
m − Saχ

n

)
∑m

k=n+1 Tkak

)

where, for simplicity, we have used the following notations:

Cs =
ns−∑n

i=1 Ti∑n
i=1 Tiai

Ct =
(2n−m)t− ns−∑m

i=n+1 Ti∑n
i=1 Tiai

χi = ∂∆i
log g(∆) for i = 1, ..., m

Sχ
n =

n∑

k=1

χk

Saχ
n =

n∑

k=1

akχk (3.16)

Joint Gaussian and jump amplitudes direction

We define here the process v as

v1 : v1
0 = au v1

i ≡ 0 otherwise

v2 : v2
i = 1 i = 1, . . . ,m, v2

i ≡ 0 otherwise

again with ∫ s

0

au du =

∫ T

s

au du = 0.
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The weights HF
1 (Z; s, t) and HF

2 (Z; s, t) are as follows

ĤF
1 (Z; s, t) =

ns−∑n
j=1 Tj

n
∫ s

0
rardr

∫ s

0

FaudWu +
1

n

n∑
i=1

δ̃n
i

(
F

)

− (m− n)s−∑m
k=n+1 Tj

(m− n)
∫ t

s
rardr

∫ t

s

FaudWu +
1

m− n

m∑
i=n+1

δ̃m
i

(
F

)

and

ĤF
2 (Z; s, t) = − 1∫ s

0
rardr

∫ s

0

FaudWu +
1∫ t

s
rardr

∫ t

s

FaudWu.

Notice that in this particular case, ĤF
2 (Z; s, t) does not depend on ∆i as i =

1, .., m, simplifying the differential calculus in the jump amplitudes direction.
Thus, we have that

Ĥ(Z; s, t) =

∑n
k=1 χk

n

(∫ s

0
ardWr∫ s

0
rardr

−
∫ t

s
ardWr∫ t

s
rardr

)

+
ns−∑n

j=1 Tj

n
∫ s

0
rardr

(∫ s

0
a2

rdr − ( ∫ s

0
ardWr

)2

∫ s

0
rardr

+

∫ s

0
ardWr

∫ t

s
ardWr∫ t

s
rardr

)

+

∑m
k=n+1 χk

m− n

(∫ s

0
ardWr∫ s

0
rardr

−
∫ t

s
ardWr∫ t

s
rardr

)

− (m− n)s−∑m
j=n+1 Tj

(m− n)
∫ t

s
rardr

(( ∫ t

s
ardWr

)2 − ∫ t

s
a2

rdr∫ t

s
rardr

−
∫ s

0
ardWr

∫ t

s
ardWr∫ s

0
rardr

)

(3.17)

where χi = ∂∆i
log g(∆) for i = 1, ...,m.

3.3 Numerical experiments

We present in this Section some numerical experiments related to the The-
ory developed in the Representation formulas of the Conditional expectation
Chapter. We consider the Brownian motion with jumps, that is the simple
model (3.14), which has been introduced actually with the purpose of numer-
ical applications.
This Chapter is divided into two parts. In the first one we present a Malliavin
localization method, based on the idea to reduce the variance of the Heavyside
function with an exponential function (see Bally, Caramellino and Zanette
[4]). In the second, we show the numeric results, comparing the Malliavin
method with the localized one and the explicit simulation of the trajectory of
the process Z.
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3.3.1 Localization methods

We consider a variance reduction method introduced in Bally, Caramellino and
Zanette [4] in a one-dimensional framework for the pricing of the American
option.
Let Λ0(y1, y2) = 1y1>01y2>0 be the Heavyside function on R2. Remembering
Formula 3.2, we have to deal with he following expectation

E
(
ϕ(Zt)Λ

0(Zs − α)
)

(3.18)

where ϕ(Zt) = f(Zt) or ϕ(Zt) = 1. Consider the following function:

ψ(z) = ψ(x, y) =
µ2

4
e−µ(|x|+|y|)

which a probability density function on R2, and we denote with Ψ the associ-
ated distribution function, i.e.

Ψ(z) = Ψ(x, y) =
λ2

4

∫ x

−∞
e−µ|u|du ·

∫ y

−∞
e−µ|v|dv.

(3.18) can be then written as

E
(
ϕ(Zt)ψ(Zs − α)

)
+ E

(
ϕ(Zt)

(
H̃ −Ψ

)
(Zs − α)H(Z; s, t)

)
(3.19)

where H̃ is the Heavyside function and H(Z; s, t) is the weight given by the
Theorem 3.1.3. Therefore in the first term of (3.19) the Heavyside function
does not appear, whilst in the second, the presence of Ψ allows to get a con-
siderable reduction of variance of the Heavyside function, as we will show in
the next numerical applications.
In the numerical experiments we have chosen µ = t − s, how suggested by
Bally, Caramellino and Zanette [4], which we refer for more details.

3.3.2 Brownian motion with jumps

We consider now the Brownian motion with jumps model as in (3.14), with
the following choice of parameters: s = 1, t = 2 and we have supposed the

jump amplitudes to be normal distributed, that is, ∆i

=

L N , with N standard
normal r.v. The intensity parameter is set as λ = 25, meaning that we have
in mean 25 jumps both on [0, s] and [s, t]. Moreover we have set X0 = 100.
We have considered a grid for some possible values of Xs and Ys, built from
numerical simulation of the process in the time interval [0, s]. In particular the
grid considers values for Xs and Ys in [99, 101], with step of 0.1.
We have performed 10, 000 simulations for each point in the grid, dividing
the time intervals [0, s] and [s, t] in 100 steps in order to simulate the integral
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component Y . In fact, we have tested the conditional expectation in (3.1) with
the function

F (Zt) = (Xt − 1

t
Yt)+

In order to have an exact result with which comparison with the Malliavin
method can be done, we consider first the model with no jumps, that is

Xt = x + Wt

Yt =

∫ t

0

Xrdr. (3.20)

Here, we can write the following exact formula:

E
(
(Xt − Yt

t
)+|Xs = α1, Ys = α2

)
= mΦ(

m

v
) +

1

2π
e−

m2

2v2

being Φ the distribution function of a standard normal distribution, and

m =
sα1 − α2

t
, v2 =

t− s

3t

(
3s + (t− s)2

)
.

Figure 3.1 shows a comparison of localized Malliavin method in the Gaus-
sian direction with the exact value and the “trajectory simulated” method on
the grid, that is, the standard computation of the conditional expectation by
Monte Carlo through the simulation of the process starting at time s.
For the sake of clearness, we fix Xs = 100 and Ys = 100 to obtain the 2-
dimensional sections of the surfaces in Figure 3.1, as shown in Figure 3.2 and
3.3. There, we can see how the localized Malliavin method gives results much
better than the trajectory simulated.
Notice that without localization, the Malliavin technique are really not sat-
isfactory, as well known in the literature on this topic. As an example, we
propose Figure 3.4, which clearly shows this fact.
Let us consider now also the jump part, i.e. the model (3.14). Here, there is not
a closed form solution, because the presence of the jumps makes impossible
to calculate explicitly the conditional expectation. Thus, we can compare
the (localized) Malliavin method with the trajectory simulated. We do not
consider the simple Malliavin method, for the reason already explained.
Next Figure 3.5 summarize the results in all the directions of the Malliavin
calculus (i.e. with respect to the Brownian motion, to the jump amplitudes
and the joint one).
As in the previous case, the numerical experiments show that all the directions
of the differential calculus give good results. In order to point out the numerical
result for each direction of the calculus, we consider them separately. In Figure
3.3.2 and 3.7 we present the sections of the surfaces given in Figure 3.5, fixing
Xs = 100 and Ys = 100 respectively. As a consequence, it has to be stressed
that the Malliavin approach with localization gives a sensible stability to the
results.
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Figure 3.1: Conditional expectation for a Brownian motion without jumps.
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Figure 3.2: Brownian motion without jumps. Conditional expectation as a function
of Xs [with Ys = 100].
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Figure 3.3: Brownian motion without jumps. Conditional expectation as a function
of Ys [with Xs = 100].
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Figure 3.4: Brownian motion without jumps. Conditional expectation as a function
of Xs [with Ys = 100]. Comparison between the localized and the non localized
formulas.
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Figure 3.5: Conditional expectation for a Brownian motion with jumps. All direc-
tions.
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Figure 3.6: Conditional expectation for a Brownian motion with jumps as a function
of Xs [with Ys = 100].
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Figure 3.7: Conditional expectation for a Brownian motion with jumps as a function
of Ys [with Xs = 100].
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