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Diffuse measures and nonlinear parabolic equations

FRANCESCO PETITTA, AUGUSTO C. PONCE AND ALESSIO PORRETTA

Abstract. Given a parabolic cylinder Q = (0, T) x 2, where 2 C RY is a bounded domain, we prove
new properties of solutions of

ur — Apu=p in Q

with Dirichlet boundary conditions, where p is a finite Radon measure in Q. We first prove a priori
estimates on the p-parabolic capacity of level sets of u. We then show that diffuse measures (i.e., mea-
sures which do not charge sets of zero parabolic p-capacity) can be strongly approximated by the measures
i = (T (u))s — A p (Ti (u)), and we introduce a new notion of renormalized solution based on this property.
‘We finally apply our new approach to prove the existence of solutions of

ur — Apu~+h()=pn inQ,
for any function A such that i(s)s > 0 and for any diffuse measure p; when /4 is nondecreasing, we

also prove uniqueness in the renormalized formulation. Extensions are given to the case of more general
nonlinear operators in divergence form.

1. Introduction and main results

Given a bounded domain & C R¥Y and T > 0, let Q = (0, T) x 2. We denote
by M(Q) the vector space of all finite Radon measures in Q equipped with the norm
lell M) = ||(Q). This paper is motivated by the study of the evolution problem

uy — Apu+h(u) =p in Q,

"= o on {0} x Q. (1.1)
u=2~0 on (0,7T) x 012,
where —A,u = —div (|Vu[P=>Vu) is the p-Laplace operator, p > 1,pu €

M(Q), up € LY (), and i : R — R is a continuous function such that 4 (s)s > 0 for
large |s|. It is well known (see e.g., [1]) that problem (1.1) may not have a solution
for every measure p (unless some growth restriction is imposed on /). As suggested
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by the stationary case (see [9]), if one looks for a “general solvability” result (i.e.,
existence of solutions of (1.1) for any function h), then it is necessary to restrict the
attention to the class of measures © which do not charge sets of zero capacity. Here,
the notion of capacity which is relevant is the so-called parabolic p-capacity.

To be precise, we recall that for every p > 1 and every open subset U C Q, the
p-parabolic capacity of U is given by (see [13,21])

cap,(U) = inf {[lullw :u € W, u > xy ae.in 0}, (1.2)
where

W= {u € LP(0,T: V) :u, € LP (0, T: v/)}, (1.3)

being V = W(;’p(SZ) N L2(2) and V' its dual space. As usual, W is endowed with the
norm

lullw = llulizro.7:vy + el Lo 0. 7:v7)- (1.4)
The p-parabolic capacity cap,, is then extended to arbitrary Borel subsets B C Q as
cap,,(B) = inf {cap,(U) : B C U and U C Q is open}.

Henceforth, we call a finite measure u diffuse if it does not charge sets of zero p-
parabolic capacity, i.e.,if u(E) = Oforevery Borel set E C Q suchthatcap ,(E) = 0.
The subspace of all diffuse measures in Q will be denoted by Mo (Q).

One of our goals is to prove that (1.1) admits a solution for every diffuse measure
and every h satisfying the sign condition. In the elliptic case, such result can be proved
using the representation of diffuse measures as elements in L' () + W_l’p/(Q) (see
[8]). Moreover, if 4 is increasing, then (entropy or renormalized) solutions are unique.

In the parabolic case, the situation is more delicate. According to a representa-
tion theorem for diffuse measures proved in [13], for every u € Mo(Q), there exist
feLY(Q),geLPO,T;V)yand x € LP (0, T; W17 (Q)) such that

w=f+g+x inD(Q). (1.5

In the same paper, in order to deal with nonlinear equations where the source term is
a diffuse measure, the authors introduced a renormalized formulation that is based on
this representation. However, in contrast with the elliptic case, such representation,
as well as the formulation suggested in [13], is not suitable to handle the case of
absorption terms as in (1.1). The main reason is that a solution of

up—Apu=p=f+x+g inQ
is meant in the sense that v = u — g satisfies

v—Ap(v+g =f+x inQ.
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The same approach for problem (1.1) would transform the absorption term 4 (u) into
h(v + g). However, since no growth restriction is made on #, this term can not be
easily handled if g is not bounded.

Since the decomposition (1.5) is not uniquely determined, a natural question would
be whether every diffuse measure can be written as (1.5) for some g € L*°(Q).
Unfortunately, the answer is no, as we show in Example 3.1.

In this paper, we overcome this obstruction by developing a different approach
to deal with diffuse measures. In this way, we establish new properties of diffuse
measures (related to different types of approximations) and new results for parabolic
equations (including (1.1)). Both issues are closely related as we will see later.

As far as diffuse measures are concerned, one of the results that we prove is that
every u € Mo(Q) can be strongly approximated by measures which admit decom-
position (1.5) with g € L*°(Q).

THEOREM 1.1. Let u € Mo(Q). Then, for every ¢ > 0 there exists v € Mo(Q)
such that

Il —vime) <€ and v=w,—Apw inD'(Q), (1.6)

where w € LP(0, T; W, 'P(2)) N L®(Q).

Not only is this density result interesting in itself, but also the construction and the
properties of the approximation v are important. Indeed, the function w is constructed
as the truncation of a nonlinear potential of © (we call in this way a function u such
that u; — A,u = p). As a consequence, the approximation property for the measure
w is linked to a property of its nonlinear potential.

The main ingredient in the proof of Theorem 1.1 is a capacitary estimate on the
level sets of u. Such estimates for solutions of parabolic equations have an independent
interest and read as follows.

THEOREM 1.2. Given u € M(Q) N LP (0, T; WP (Q)) and ug € L*(Q), let
u € W be the (unique) weak solution of

up—Apu=p inQ,

u = ug on {0} x Q, .7
u=~0 on (0, T) x 022.
Then,
1 1
cap ,({|ul >k})§CmaX[—l,—1] Vk > 1, (1.8)
kv k»

where C > 0 is a constant depending on || 1| M) Iuoll 11 (@) and p.

In (1.8), we have identified u with its cap-quasi continuous representative, which
exists since u € W (see [13]). In particular, the quantity capp({|u| > k}) is well-
defined.
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Given a diffuse measure (1, we apply Theorem 1.2 to construct a measurable function
u : QO — R such that the truncations T (u) satisfy

(Txe @) — Ap(Ti(u)) =+ Ax in Q (1.9)
for a sequence of measures (A;) such that

Al M) — 0. (1.10)

We deduce in particular the strong approximation property given in Theorem 1.1. On
the other hand, this result also motivates an alternative formulation of the concept of
renormalized solution of

uy — Apu=p in Q,
U = ug on {0} x 2, (1.11)
u=0 on (0, T) x 0Q2.

in terms of properties (1.9)—(1.10). Such a formulation, no more based on the decom-
position (1.5), can be extended to problem (1.1) straightforwardly and turns out to be
suitable to tackle the absorption problem.

We prove that this formulation extends the one given in [4] for L'-data and, in
case of problem (1.11), is equivalent with the definition for diffuse measures given in
[13] (and therefore equivalent with the entropic formulation in [14]). This formulation
we use is largely inspired by (and it is very close to) other versions of renormalized
formulations in the literature as, for example, in [12] for elliptic equations and [3] for
conservation laws.

We obtain in this way a new approach to solve nonlinear problems involving diffuse
measures:

THEOREM 1.3. Let € Mo(Q) andug € L' (). Leth : R — R be a continuous
function satisfying

h(s)s >0 forevery|s| > L,

for some L > 0. Then, (1.1) admits a renormalized solution (which is, in particular,
a distributional solution). If in addition h is nondecreasing, then the renormalized
solution is unique.

The proof of Theorem 1.3 strongly relies on the new ingredients developed so far.
The existence of a solution u is obtained as limit of solutions u,, corresponding to a
smooth approximation w, of the measure . In this procedure, the difficult point is
to prove the L'-convergence of the lower order term % (u,,). When the sequence (i,,)
is strongly (or even weakly) converging in L'(Q), this is usually deduced (see e.g.,
[16]) from the estimate

/ )| 5/ nl, (1.12)
{lun|>k} {lun|>k}
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using the equi-integrability of (u,). In our case, we extend this idea in the follow-
ing sense: the level sets {|u,| > k} are proved to have uniformly small capacity
(Theorem 1.2) and the sequence (i,) is chosen to be equidiffuse (see Definition 3.2
below), a concept introduced in [10]; see also [18]. An example of such sequence is
given by the convolution wu, = p, * u, where the measure p is diffuse (see Prop-
osition 3.3 below). Equidiffuse sequences play the same role for the capacity, as do
equi-integrable sequences for the Lebesgue measure. Therefore, coupling the capac-
itary estimates with the equidiffuse property of (u,), the right-hand side of (1.12) is
uniformly small, implying the L'-convergence of (% (u,)). Finally, when % is nonde-
creasing, we obtain uniqueness by proving that the L'-contraction property holds for
renormalized solutions.

The article is organized in the following way. In Sect. 2, we prove Theorem 1.2. In
Sect. 3, we discuss some properties of diffuse measures related to the representation
(1.5) and we prove Theorem 1.1. In Sect. 4, we discuss our new renormalized formu-
lation of problem (1.11): definition, existence and uniqueness, and some properties of
renormalized solutions, including a generalized version of the capacitary estimates of
Theorem 1.2 (see Proposition 4.8). In Sect. 5, we turn our attention to problem (1.1)
and we prove Theorem 1.3. These results will be actually proved in the context of
nonlinear monotone operators in divergence form. We will briefly sketch in Sect. 6
some extension to the case of nonmonotone operators.

Part of the results of Sects. 2 and 3 was announced (and proved for the case of
positive measures) in [20]; nevertheless, we include here all the details and give a self
contained exposition for the sake of clarity.

2. Capacitary estimates: proof of Theorem 1.2

Let us first recall the following fact that will be used later. A set E C Q is called
cap-quasi open if for every ¢ > 0 there exists an open set A, C Q such that E C A,
and cap,(A:\E) < e. The interest in such sets arises since, if a function z has a
cap-quasi continuous representative, then its level sets {(x,7) € Q : z(x,t) > a}
are cap-quasi open. It is well known that the capacity of cap-quasi open sets can be
estimated as follows

LEMMA 2.1. Let E be a cap-quasi open subset in Q. Then
cap,(E) <inf {|[vlw :ve W, v> xg ae. in O}

Proof. Let ¢ > 0 and A, be an open set such that E C A, and cap,(A:\E) < ¢.
By definition of capacity, there exists another open set U, such that A,\E C U, and
cap,(Ug) < €. Then, let we € W such that we > xy, a.e. and ||we||lw < e. Consider
the open set A, U Ug; for any v > xf a.e., we have v+ we > xp,ua, a.e.in Q, hence
by (1.2)

cap,(Us U Ag) < |lvllw + l[wellw < lvlw +e.
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We deduce that
cap,(E) < cap,(As UUy) < [vllw +&,
and letting ¢ — 0 we get
cap,(E) < [vllw.

Since v is arbitrary we conclude. g

Throughout this paper, we consider a sequence of mollifiers (p, ) such that for every
n>1,

pn € CXRN) suppp, € B1(0), p, >0, and / =1 (2.1)

RN+

Given i € M(Q), we define the convolution p, * u for every (¢, x) € R x RN by
(Pn*M)(Iax)Z/Qpn(t—sax_)’)dﬂ(say)-

Before proving Theorem 1.2, we recall that if u € W, then u is a weak solution of
(1.7 if

T T
/ (uy, v) de +/ |Vu|p72Vqu dx dr =/ (u,vydtr YVve W, 2.2)
0 0 0

where (-, -) denotes the duality between V and V'.
If o € M(Q)NLP (0, T; W= ()), then (2.2) holds for every v € LP(0, T; V),
and actually for every r € [0, T'] we have

r r r
/ (ug, v) dt +/ / |Vu|p_2Vqu dxdr = / (m, v)dr, 2.3)
0 0 JQ 0

foreveryv € LP(0,T; V).
A useful identity we shall use is the following: if u € W, then

t
/(um/f’(u))dt=/Qlﬂ(u(t))dx—/91/f(u(S))dx, 2.4

forevery s, t € [0, T]and every function ¥ : R — R such that v is Lipschitz contin-
uous and ¥'(0) = 0. Indeed, since V = " (Q) N L2(RQ), we have L” (0, T; V') =
LP'(0,T; W=1P (Q)) + LP (0, T; L*(2)). Using the density of C2°([0, T] x ) in
W (see e.g., [13, Theorem 2.11]) and the embedding W < C°([0, T']; L*(R2)), one
obtains (2.4).

Proof of Theorem 1.2. We define, for any positive k,

Ti(s) = max {—k, min{k, s}} Vs € R.
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We divide the proof into a few steps.
Step 1. Estimates of Ty () in the space L*°(0, T'; L2(Q)NLPO, T; Wol"’(Q)).
For every T € R, let

Or(t) = /0t Ty (o) do.

Take r € [0, T']. Applying (2.3) with v = T (u) and (2.4) with ¢y = O, s = 0 and
t = r, we have

/®k<u)<r)dx+// |VTk(M)|dedtSk||M||M(Q)+/ O (i) dx,
Q 0JQ Q

2
Observing that @ < Ok(s) < kl|s|, Vs € R, we have

T, 2 r
/QMdH/O/QWTk(uW’dxd:sk(||u||M<Q>+||uo||u(g))

2
(2.5)
for any r € [0, T']. In particular, we deduce
IGO0 71200 = 2KM and NTLGONY, oy KM 26)
where
M = |lullrmco) + lluollLig)- 2.7

Step 2. Estimates in W.

In order to deduce some estimate in W, we use an idea from [21]. By standard results
(see [17]), there exists a unique solution z € L*°(0, T'; L2 Q) NLPO,T; Wé’p(Q))
of the backward problem

—z — Apz = —2A,Ti(u) in Q,
z = Ti(u) on{T} x Q, 2.8)
z=0 on (0, 7T) x 0%2.

Let us multiply (2.8) by z and integrate between t and 7. Using Young’s inequality,

we obtain
2 T 2
/—[Z(T)] dx—}—l/ / |Vz|pdxdt§/ —[Tk(u)(T)] dx
Q 2 2 T Q Q 2

T
+c/ /|VTk(u)|pdxdt
T Q

for every t € [0, T]. Using (2.5) with r = T, we deduce

[z(D)]? 1T p
dx + = IVz|? dx dt < Ck (el meg) + luoliLigy) = CkM
Q 2 2 ) Ja
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for every t € [0, T']. This implies

2 p
||Z||L°°(0,T;L2(Q)) + ”Z”L”(O,T;WOLP(Q)) = CkM. (29)

Recall that V = W, " (Q) N L2(R); thus,

p p p
”Z”L/’(O,T;V) S C (”Z”LP(O,T;W&’p(Q)) + ”Z”LP(O,T;LZ(Q))) .

We deduce from (2.9) that
1 1
lzlLro.rv) < € [kM)P + kM2 ). (2.10)

Moreover, the equation in (2.8) implies

—1 —1
/ R <C p T P .
Wzl @ im0y = (”Z”Ll’(O,T;WO"p(Q)) + k(”)"LP(o,T;W(}"’m)))

Hence, using (2.6) and (2.9), we deduce

1
Wzell o 0.7 w1r ) = € KM .11

Combining (2.10) and (2.11), we conclude that
1 1
lzllw < Cmax{(kM)7, (kM)""}, (2.12)

where M is defined in (2.7).
Step 3. Proof completed for nonnegative data.

Let us assume that > 0 and ug > 0; hence, we have u; — Apu > 0,and u > 0
in Q. We claim that

(Tk(u))y — ApTi(u) = 0. (2.13)

To prove (2.13), we consider the following smooth approximation of 7j (u): let us fix
8 > 0 and define Sx s : R — R by

1 if |s| < k,
Ses(s)=10 if |s| > k 46, (2.14)

affine otherwise,

and finally, let us denote by 7} s : R — R the primitive function of Sk s, that is

Tis(s) = /0 S.5(0) do 2.15)

notice that 7y 5(s) converges pointwise to T (s) as § goes to zero.
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Let ¢ € C2°(Q) be a nonnegative function and take Tk/ s (g as test function in
(2.2). We obtain, using that ; > 0 and that Ty s(s) is concave for s > 0,

T
- / @i Tes () di + / IVulP=2Vu - Vi 5 (u) dx di = 0,
0 o

which yields (2.13) as § goes to 0.
Combining (2.8) and (2.13), we obtain

— 2z — Apz = —(Tk(u))r — ApTi(u). (2.16)

Since both z and T («) belongto L7 (0, T'; WO1 "7 (Q)), astandard comparison argument
(multiply both sides of (2.16) by (z — T (u)) ™) allows us to conclude that z > Ty (u)
a.e. in Q. In particular, z > k a.e. on {u > k}. On the other hand, since u belongs
to W, it has a unique cap-quasi continuous representative (still denoted by u); hence,
the set {u# > k} is cap-quasi open, and its capacity can be estimated with Lemma 2.1.
Therefore, we get

cap, ({u > k)) < Hg”w

Using (2.12) we obtain (1.8).
Step 4. Comparison with ™ and u~ when p is a smooth function.

Let us consider the case where u € C*(Q). Then, u* € M(Q) N LP (0, T;
W_l*”,(Q)) and we can consider the unique solution v € W of the problem

Uy — Apv = /*’L+ in Qe
v:ug' on {0} x 2,
v=20 on (0, T) x 0L2.

By comparison principle, we have v > u. Using Step 3, we deduce that there exists a
nonnegative function z € W such that

7> Ti(v) = Ty (u)
and

1 1
lzllw < C max [kp,kp’ }

where C = C(||llmc0)s luollL1(q), p)- Similarly, using the solution of (1.7) with
data —p~ and —u, , we deduce that there exists a nonnegative function w € W such
that

Ti(u) = —w

and

"s\‘ —_

1
lwllw < C max Ikp,k

|
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We have thus proved that there exist two nonnegative functions z, w € W such that
1 L
—w=Ti(w) =z and |zlw + lwllw < Cmax k7, k7",

where C depends on ||l am(@), luollp1(g) and p.
Step 5. Proof completed.

Letus fix 0 € C°(Q) and set ft = 6. By standard properties of convolutions (see
e.g.,[13,Lemma 2.25]), given a sequence of mollifiers (p, ), we have p, i € C2°(Q),

on * L = i strongly in Lp/(O, T; W_l’p/(Q))
and

lon * il rmc) < Nitllamco) < il rmco)-

Take now (6;) to be a sequence of CZ°(Q) functions such that 6; 1 1 and consider
the solutions u ; ,, of the problem

(”j,n)t — Apljy = P * (le"«) in Q,
Ujn = UQ on {0} x 2, (2.17)
ujn, =0 on (0, 7) x 0R2.

As n — oo, the sequence (u ,) converges in L” (0, T; Wol‘p(Q)) to the solution u ;
of (1.7) with 0; u as datum. Next, as j — +00,

uj — u in L0, T; L'(Q)).

This is a consequence of a standard L'-contraction argument. Indeed, subtracting
equations (1.7) and (2.17), and taking T7(u , — u) as test function, we get (note that
both u; , and u belong to W),

/ [, — ul(t)dx
Q

< Cllpn * Ojpn) — GjMHLp’(O’T;W—I,p/(Q))”Tl (wjn— u)”Lp(O’T;W(;vP(Q))
+C/ Ti (g — w)(0; — D dp,
Q
which yields

@jn— W)l q
+CI = 0p)ulrmco)-

Since for j fixed u , is bounded in L? (0, T'; Wé’p(Q)), as n — o0, the first term
in the right-hand side tends to 0, hence

[(uj =)Dl = CIMT =0)nlrmg)-
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Since the latter term tends to zero as j — oo by dominated convergence, we deduce
the convergence of u jtou.
By Step 4, there exist nonnegative functions z; , and w; , such that

—Wjn = Tk(”j,n) =Zjn
and

11
lzjnllw + lwjnllw < Cmax [kl’,k/’/ ]

where C = C([lpn * (0;0)| M(0)- luoll 11 (- p)- Since

lon % Ol M) = Illrco)s

the constant C can be chosen independently of n and j. The sequences (z;,) and
(w;,») being bounded in W, they converge weakly up to subsequences to nonnegative
functions z, w € W and almost everywhere in Q. Thus,

—w < Ti(u) <z ae.in Q

and
IR
lzllw + lw|lw < C max [kl’,kl” ] ,

where C = C(l|nllm(g)s luollpi(q), p)- Since u € W, it admits a uniquely defined
cap-quasi continuous representative; hence, the sets {u > k} and {u < —k} are cap-
quasi open. Using Lemma 2.1, we get

cap, ({ul > K)) = cap, (lu > k) +cap, (u < —k) = 2]+ | %]
which yields (1.8). O

The same argument as above still holds for more general nonlinear operators.
Consider, for example, the problem

u; —div(a(t, x, Vu)) = n in Q,
U = ug on {0} x , (2.18)
u=20 on (0, 7T) x 0€2,

where a : Q x RN — R¥ is a Carathéodory function (i.e., a(-, -, £) is measurable on
Q forevery £ in RV, and a(t, x, -) is continuous on R for almost every (¢, x) in Q),
such that the following holds:

a(t,x, &) - £ > alt|”, (2.19)
la(t, x, &) < BIb(t, x) + |17, (2.20)
la(t, x,&) —a(t,x,M]- (€ —n) >0, (2.21)

for almost every (¢, x) in Q, for every £, n € RY, with & # 1, where p > 1, @ and B
are two positive constants, and b is a nonnegative function in L? (Q).
We obtain in a similar way the following capacitary estimate:
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THEOREM 2.2. Assume that (2.19)-(2.21) hold. Given ug € LZ(Q) and n €
M(Q)NLP (0, T; WP (Q)), let u € W be the (unique) weak solution of (2.18).
Then,

1 1
cap,({lul > k}) < Cmax{—l, _1} VK = 1,
kv kv

where C > 0is a constant depending on || (t|| m(0)» lluoll L1 () ||b||Lp/(Q), o, Band p.

The proof runs exactly as before, replacing A, with div(a(x, t, V(-))) and using
in the standard way the coercivity condition (2.19) (e.g., in Step 1) and the growth
condition (2.20) (e.g., to estimate the right-hand side in Step 2).

Let us stress that both Theorems 1.2 and 2.2 are meant to provide estimates for
usual weak solutions, this is why we asked that € LY o, T, W_l"’/(Q)) and that
uy € LZ(SZ) in the statements. However, the estimate only depends on the norm of u
as a measure and of ug in L!($2). Indeed, in Section 4, we will extend this result, in a
suitable generalized form (see Proposition 4.8), by considering the larger framework
of renormalized solutions.

3. Properties of diffuse measures and the approximation result

The representation result proved in [13] states the following: if p is a diffuse mea-
sure, then there exist f € LI(Q), g e LP,T;V)and x € LP/(O, T; W‘l'f’/(ﬂ))
such that

nw=f+g+x inD(Q). (3.1)

The possibility that the above decomposition holds for some g € L°°(Q) has a special
interest, as it was also pointed out in [19]. In particular, one has the following coun-
terpart.

PROPOSITION 3.1. Assume that w € M(Q) satisfies (3.1), where f €
L'(Q),g € LP(0,T; V) and x € LP(0,T; WP (Q)). If g € L®(Q), then p
is diffuse.

Proof. Because of the inner regularity of u, it suffices to prove that for any compact
set K C Q such that capp(K) = 0, u(K) = 0. Now, if capp(K) = 0, then by
[13, Proposition 2.14] there exists a sequence of functions v, € C°(Q) such that
VY = xk and || llw — 0.

Take a smooth function ® : R — R such that ®(0) = 0,0 < &(s) <1, d(s) =1
if s > 1 and @', ®” are bounded in R. If we set &, = ® (), then (&,) is a sequence
of smooth functions such that§, = 1 on K and 0 < &, < 1 in Q. Moreover, we have

£, — 0 inLP(0,T;V). (3.2)
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Since (&) = ' (Yn) (W), for every ¢ € L®(Q) N LP(0, T; V) with compact
support in O, we have

‘/Q(En)t‘f’dx dr| < ”(Iﬂn)t”Lp/(o)T;v/)”q)/(wn)¢||LP(O,T;V)

=< ” (Wn)t ”Ll”(O,T;V’) (||¢||L°O(Q) ” cb//”L”(R) ” wn ”LI’(O,T; V)
HI1D' || Loy @l Lr 0,73 v))-

By the strong convergence of () in L?(0, T; V) and of ((,),) in LY 0,T; V",
lim &) pdxdr =0. 3.3)
n—o0 Q

Given ¢ > 0, let  C Q be an open set such that
K Cw and |ul(w\K) <e¢,

and let ¢ be a cut-off function for K whose support is contained in w. We have

/du=/<p$ndu—/ @&n dp
K 0 o\K

T
/f(ﬂéndxdt—/g(<pén)tdxdt+/ (x> ©&n)
0 0 0

so that

ln(K)| = dr +e.

It is easy to check, using (3.2), that both

T
/ f@é,dxdr and / (X, &) dt,
0 0

go to zero as n goes to infinity. Moreover, thanks to (3.3) and since g € L?(0, T, V)N
L*°(Q), we deduce that

/ 8(9&n): :/ 8(®)ién +/ gp(&x): — 0.
0 Q0 0

Therefore, as n — 0o, we get |u(K)| < €, and since ¢ is arbitrary, this concludes the
proof. g

There exist diffuse measures whose time derivative part g is essentially unbounded.
The following example provides a typical case.

EXAMPLE 3.1. Given0 <ty < T, let
n = (Sto ® ha

where h € L'(). By [13, Theorem 2.151, u is diffuse. We claim that if (3.1) holds
for some g € L®°(Q), then h € L*(R2).
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For simplicity, let p = 2 (the case p # 2 can be handled in a similar way by using
the p-Laplacian) and let u € Lz(to, T; HO1 () N C([ty, T1; LY (R)) be a solution of
(see [22]),

Uy — Au+|Vul> =0 in (1, T) x 2,
u=nh on {ty} x Q,
u=20 on (tg, T) x 0L2.

Denoting by u the extension of u in Q as identically zero on (0,1ty) X R, then
ii € L?(0, T; H} (Q)) and

iy — Al + |Vi|> = pn in Q. (3.4)
Let f € LY(Q), g € LP(0,T; V), and x € L? (0, T; W~'-P(Q)) be such that
w=f+g+x inD(Q).
Since (3.4) also provides a decomposition of u, by [13, Lemma 2.29], we have
ii —geC(0,T]; LY(Q)).

Set w = ii — g. Since w € C([0, T1; L'(Q)), we have for every ¢ € C(RQ),

lim/ |w(t,x)g0(x)|dx=/ |w(tg, x)p(x)|dx.
/10 JQ Q

Since we have, for almost every t € (0, tp),
/Q w(t, ©)(x)] dx = /Q 18(t, V)] dx dt < ligll=(o el
it follows that
[ 1wt 50wl ds < lglix@ el
Therefore, w(ty, -) € L*°(R2) and

lw(to, L) < llgllLe(o)-

On the other hand, since i = w + g on Q,

/QIIZ(I,X)w(X)IdxS/Qlw(t,X)w(X)IderIIgIILOC(Q)IIQOIILl(Q),

Sforall ¢ € CX°(R2). Hence, using the fact that u = u x|, Ty converges to h as t \ to,

/ lho| dx S/ lw(t0, X)) dx + gl el = 218l lelL -
Q Q

which implies that h € L*°(Q2). O
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In view of Example 3.1, Theorem 1.1 is actually the best one can expect, since it
shows that the class of measures written as in (3.1) with g bounded is dense (in the
strong topology) in M (Q).

Before giving the proof of this result, we point out a few more things. First, it is
often useful to work with measures compactly supported on the parabolic cylinder.
The next lemma provides a tool for such situations. The proof of this result can be
obtained as a straightforward modification of [13, Lemma 2.25].

LEMMA 3.1. Let u € My(Q). Then, for every 6 € CX°(Q) suchthat 0 <6 <1,
p=~0u
is a diffuse measure with compact support on Q such that

Illamco) = llllro)-

Moreover, if u = f + g+ + x is a decomposition of w as in (3.1) with x = div(H),
H e LP(Q), then

i=f+&+%
with
f=0f—H-Vo—6gelL(Q),
g=0gelLl0,T;V),
5 =div(OH) e LP (0, T; w17 (Q)).

In particular, if g € L*°(Q), then g € L*°(Q).

We will also need an important property enjoyed by the convolution of diffuse
measures. We first recall the following definition (see [10] and also [18]):

DEFINITION 3.2. A sequence of measures () in Q is equidiffuse if for every
& > 0 there exists n > 0 such that for every Borel measurable set E C Q,

cap,(E) <n = |ual(E) <& Vn =1

PROPOSITION 3.3. If u € My (Q), then the sequence (p, * |L) is equidiffuse.

Proof. 1t suffices to establish the result when > 0; in the general case, we can apply
the conclusion to the positive and the negative parts of .

Assume by contradiction that (p, * 1) is not equidiffuse. Passing to a subsequence
if necessary, there exist ¢ > 0 and a sequence (E;) of Borel subsets of Q such that

1
Capp(En)SZ and /Epn*uzs
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for every n > 1. By definition of capacity, there exists an open subset w, C Q such
that

2
E, Cw, and capp(a),,) < -.
n
Let (&,) be a sequence in W such that
3
{n = Xw, a-€. and [[Gnllw < =

Let A € Q be an open set such that u(Q\A) < %, and let ¢ € C2°(Q) be such that
0<¢p<1inQ and ¢ =1 on A.
Since ¢ and ¢,, are nonnegative and 7T} is concave on R™,

T1(¢n) = Ti(pgn) + Ti (1 — @)En).

Given a sequence (p,,) of mollifiers satisfying (2.1), for every n > 1, we have
o< [ purudrar < /Q T30 (n # 1) dx di
wp
< /Q T1(9) (o * 1) dx dt+/Q T (1= )5) (pn 1) dx dr
< / Pn * Tl(cpé“n)du+/ on * pdx d.
o 0\A

Since A is open, we have (see e.g., [15, Sect. 1.9, Theorem 1])

lim sup/ o * wdxdt < u(Q\A). 3.5)
n—o0o JQ\A
‘We now show that
lim [ p,* T1(pgy)du — 0. (3.6)
n—oo Q

Indeed, we have ||, ||lw — 0, and since ¢ has compact support,

160 * (@En) lw — 0.
Passing to a subsequence, there exists a Borel set ' C Q such that cap () = 0 and
Pn * (@Ln)(x) > 0 Vx € Q\F.

Since the measure p is diffuse, we deduce that (0, * (¢,)) converges a.e. with respect
to w. Since ¢¢, is nonnegative,

0 < pn * T1(98n) < Pn * PLn.



Vol. 11 (2011) Diffuse measures and nonlinear parabolic equations 877

Thus,

Pn * Ti(pgn) — 0 -ae.

Assertion (3.6) is now a consequence of the dominated convergence theorem.
By (3.5)—(3.6), we deduce that

e = u(Q\A).
This contradicts our choice of A. Therefore, the sequence (p,, * p) is equidiffuse. [
We now present the

Proof of Theorem 1.1. Let u,, = p, * u, where (p,) is a sequence of mollifiers
satisfying (2.1). We denote by u,, the solution of (1.7) with data w, and up = 0.
For k > 0 and § > 0, consider the functions Si s and Ty s given by (2.14) and (2.15),
respectively. Recall that Ty s converges pointwise to Ty as § — 0.

Given ¢ € C2°(Q), multiply the equation solved by u,, by Sk s (1, )¢. We then have

T @n)y = div (ks () Vitn |2 Vi, )
1 . .
= Sk.s(un)ptn + g|Vun|p51gn(un)X{k§|u,,|<k+5} in D'(Q). 3.7

Using (1 — Sk, 5(uy,))sign(u,) as test function in the Eq. (1.7) for u,,, we obtain

1
—/ |Vunl? 5/ |1 = S,5Gun)| |12l 5/ Il (3.8)
8 Jtk=lun| <k+3) 0 {uen| >k}

Let us set

1),]: = (Ti(un)): — Ap(Tk(”n))-

Thanks to (3.8), the right-hand side of (3.7) remains bounded in LI(Q) asé — 0,
then we deduce that v¥ is a finite measure in Q and

. 1
/ IVr]fI < liminf [/ [Sk,s (tn) pn| + —/ |Vu,,|P}
0 -0 |Jo 8 Jik<iuy | <k-+8)

5/ |un|+/ al = ltnl i) < Il aco)-
{luy <k} {lun|>k}

In particular, (v,];) remains uniformly bounded in M(Q) as n — oo.
We now show that

v,li Zpk weakly* in M(Q), (3.9)
where

vE = (Te)) — Ap(Ti(w)).
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To this purpose, we recall that by classical results on parabolic equations with measure
data (see Proposition 4.6 below), there exists a function u € L'(Q) such that (taking
a subsequence if necessary) u,, — u and Vu, — Vu a.e. on Q. In particular, since
IV Ty () |P~2V Ty (uy,) is bounded in L”/(Q) and almost everywhere converges to
IV Ty ()P~ 2V Tj (1), then it weakly converges to the same limit in LY (Q). Therefore,
we have

Ti(uy) — Ti(u) weakly in LP(0, T} W(;’p(Q))
and
ApTi(uy) — ApTi(u) weakly in LP (0, T; W~ 7/(Q))

as n — oo. Together with the fact that (v,’j) is uniformly bounded in M (Q), this
implies (3.9). Moreover, since Ty (1) € L?(0, T, Wol’p(Q)) N L% (Q), it follows from
Proposition 3.1 that v* is a diffuse measure.

By (3.7)—(3.8), we also have

/ W — .| < liminf/
Q 8—)0 Q
Vunl? _

5/ |un|+hmsup/ _2/ .
{lun|>k} 8—0  J{k<|up|<k+3} 8 {lun|>k}
(3.10)

[Vu,|?

S,s (Un) pn + sign(up) X{k<|up| <k-+8) — Mn

Recall that by Proposition 3.3, the sequence () is equidiffuse. Applying Theorem 1.2,
we can fix k > 0 sufficiently large (depending only on & > 0) so that the right-hand
side of (3.10) is < &, Vn > 1. From (3.10) and the lower semicontinuity of the norm
with respect to the weak* convergence, we obtain

W = llwoy < timinf [ k= el < 2timinf [yl <
n—00 0 {lun|>k}

n—oQo

This concludes the proof of Theorem 1.1. O

4. Renormalized formulation

In this section, we come back to the construction of the approximation in the proof of
Theorem 1.1, and we develop that idea in connection with a renormalized formulation
for solutions of (1.11) when wu is a diffuse measure. Because of the intrinsic interest
of renormalized formulations with measure data, we deal with the more general initial
boundary value problem

u; —div(a(t, x, Vu)) = pn in Q,
U = uo on {0} x 2, 4.1
u=>0 on (0, 7T) x 0L2.
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In all the following, we assume that a : Q x RY — R satisfies (2.19)-(2.21), that
up € L'(Q)
and that p is a diffuse measure, i.e.,

n € Mo(Q).

A notion of renormalized solution for problem (4.1) when p is a diffuse measure was
introduced in [13], and in the same paper, the existence and uniqueness of such a
solution are proved. In [14], a similar notion of entropy solution is also defined and
proved to be equivalent to that of renormalized solution. Our goal is to give here a
new definition which, in contrast with the previous ones, is not formulated in terms
of a decomposition of u like in (1.5). The next definition is certainly closer to the one
used for conservation laws in [3] and to one of the existing formulations in the elliptic
case (see [11,12]).

DEFINITION 4.1. Let u € Mo(Q). A function u € LI(Q) is a renormalized
solution of problem (4.1) if Ty(u) € LP(0, T Wé’p(Q))for every k > 0 and if there
exists a sequence (M) in M(Q) such that

lim |[Axll M) =0, 4.2)
k—o00
and

—/ Tk(u)(p,dxdt+/ a(t,x, VT (u))Ve dx dt
Q 0
:/ (pd/L—I—/ (pd)»k+/ Ty ()0, x) dx 4.3)
0 0 Q

foreveryk > 0and ¢ € C°([0,T) x Q).

REMARK4.1. Itis straightforward to check that, by approximation, one can take as
test function in (4.3) any ¢ € WH°(Q) such that o = 0 on ({T} x Q)U((0, T) x 3).

Some considerations are in order concerning Definition 4.1. First of all, observe
that (4.3) implies that (7 (v)); — div(a(z, x, VT (u))) is a finite measure and

(Tx(u)); — div(a(t, x, VT () = u+r  in M(Q).

This provides a decomposition of the measure pu + Ax of the form (3.1) with
g € L°°(Q). In view of Proposition 3.1, the left hand side is a diffuse measure. Since
w itself is diffuse, the consequence is that the measures Ay are diffuse. Moreover,
condition (4.2) implies that the right-hand side is a strong approximation of w. In
particular, the existence of a renormalized solution in the sense of Definition 4.1
implies as a corollary the statement of Theorem 1.1.
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Finally, since Ty (1) € L?(0, T; V), wehave (T (u)); € W1 and, due to assumption
(2.20), a(t, x, VI (u)) € L”/(Q). Therefore, we conclude that

(Tx(w)), — div(a(t, x, VTr(u))) € W' N M(Q).

Another important fact is that we can recover from Eq. (4.3) the standard estimates
known for nonlinear potentials. In order to prove such estimates and further properties
of the renormalized formulation, we will need a few technical ingredients.

First of all, recall that any z € W admits a unique cap-quasi continuous repre-
sentative; henceforth, by identifying z with its cap-quasi continuous representative,
the integral |, 0% du is well defined for every diffuse measure p and every z € W.
Unfortunately, given z € W, a smooth truncation of z need not belong to W. In this
case, one is led to consider the larger space

S={zeLP0,T;V):z € LV (0, T;: W (Q)) + L' (0)}

endowed with its norm

”Z”S = ”Z”LV(O,T;V) + ”Zt”Lpl(O,T;W_lv/’/(Q))-l-Ll(Q)'
Indeed,

LEMMA 4.1. For every v € W and every function ® € C*(R) such that ®' and
®" are bounded, we have ®(v) € S and the application v +— ®(v) is continuous
from W to S. Moreover; if v, = div(G) + g with G € Ll’/(Q), g€ Lf’/(O, T:; L3(Q)),
then we have

(@), = div(®' (1)G) + @' (v)g — D" (V)G - Vv in D'(Q). 4.4)

Proof. 1t follows from [13, Theorem 2.11] that C2°([0, T'] x 2) is dense in W. Then,
there exists a sequence of smooth functions (v,) converging to v in W. Let v; =
div(G) + g with G € L” (Q), g € LY (0, T; L*()); the convergence of (v,) to
v in W implies that v, — v in L?(0,T; V), and there exist G, € L”/(Q) and
gn € LY (0, T; L*(Q)) such that (v,); = div(Gy,) + g, and G, — G in L”' (Q) and
gn — g in L? (0, T; L3(2)). Since the equality (4.4) is true for v,, passing to the
limit (which is possible thanks to the properties of ®), we recover (4.4) for v. The
continuity of 7 is established in a similar way using identity (4.4). O

1Indeed, for every v € LP(0, T; V), we have v; € W’ in the following sense:

T
(e, @Y w, wy = —/0 (v, @)y yrydt  foreveryp e W

and since

< ||U||LI’(O,T;V)||¢I||Lp’(0’T:V/) < lwlizr,r;v)llellw

T
/0 (W, @)y, yryde

we have vy € W and |lve|ly < llvllLeo,7:v)-
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Bounded functions in S satisfy a capacitary estimate for the parabolic capacity; we
refer the reader to [19, Theorem 3 and Lemma 2] for a proof of the following

LEMMA 4.2. Ifz € S N L*®(Q), then z admits a unique cap-quasi continuous
representative. Moreover, we have

C 1 1
capp({lz > k}) < -~ max [[z] 7, [2]7 ]
where

+lzorll?

_ P
[z] = inf 1 ]| ! LY (0.7;W-17' ()

LP(0.T:Wy'" ()

Hlzlloo @2l + 128 72120 )

and the infimum is taken over all decompositions of z; = (z;)1 + (2¢)2 with (z;)1 €
LY, T; WP (Q)) and ()2 € L' (Q).

We obtain in particular the following corollary that allows one to pass from an
inequality almost everywhere to an inequality cap-quasi everywhere.

COROLLARY 4.3. If v e W and v < M almost everywhere in Q, thenv < M
cap-quasi everywhere in Q.

Proof. Let us take a bounded, nondecreasing function ® € C*(R) such that &, "
are bounded, ®(s) = 0if s < 0and ®(s) > Oifs > 0. By Lemma4.1, we deduce that
d(v—M) e SNL>®(Q). Since v — M < 0 almost everywhere, then ®(v — M) =0
almost everywhere. It follows from Lemma 4.2 that the unique cap-quasi continuous
representative of ® (v — M) is the function identically zero, that is &(v — M) = 0
cap-quasi everywhere. Therefore v < M cap-quasi everywhere. 0

We now study the pointwise convergence of sequences in S:

LEMMA 4.4. For every bounded sequence (z,) in S N L*°(Q), if z, — z in S,
then there exists a subsequence (z,,) converging to z cap-quasi everywhere.

Proof. This is a classical argument; we present it here for the convenience of the
reader. Since (z,,) is bounded in L*°(Q) and z,, — z in S, we have (with the notations
of Lemma 4.2)

[z. —z] = 0.
Take a subsequence (z,, ) such that
1

o

1
ZkaaX[[an —z]?, [zn, — 2] | < 00.
k=1
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Define the sets
o0 o
Ec={.0e 0oy —2>27"), Fu=J B Fo=)Fn
k=m m=0

By the subadditivity of the parabolic capacity and by the capacitary estimate from
Lemma 4.2, we have

) 0 1 N

cap, (Fn) < D cap,(Ex) < C D 2" max [[znk — 207, [zn, — 217 }
k=m k=m

Hence, cap ,(Fin) — 0, which implies cap,(Feo) = 0. Since z,,, (x) — z(x) for every

x € Q\ Fso, the conclusion follows. O

We can now show how to extend the class of test functions in (4.3).

PROPOSITION 4.2. Ifu is a renormalized solution of (4.1), then

T
—/ (T (u), vy) dr +/ a(t,x, VT (u))Vvdx dr
0 0

=/ vdu—}-/ vd)\k—i-/ T (uo)v(0, x) dx “.5)
0 0 Q

for everyv € W N L*®(Q) such thatv =0on {T} x Q.

Proof. Since CZ°([0, T] x €2) is dense in W, there exists a sequence (v,) in
C°([0, T1 x Q) converging to v in W. Let M such that |[v||z~g) < M, and take a
function ® : R — R which is C* and such that ®(s) = s when |s| < 2M and ®’ has
compact support. By Lemma 4.1, we have that ®(v,) - ®(v) = vin S. Let us then
call w, = ®(v,). Note that w,, is not an admissible function since it need not vanish
on {T'} x Q. For this purpose, choose ¢ = w,§ in (4.3) where § € W10, T) and is
compactly supported in [0, T); ¢ can be used as a test function in view of Remark 4.1.
We get

—/ Tk(u)wnétdxdt—/ Tk(u)“g‘(wn),dxdt—i—/ a(t,x, VT (u))Vw,& dx dt
0 0 0

_ / Wt dut + / W dig + / T (o) wn (0, 1) (0) dx.
0] ) Q

Since w,, — v in S and (w,) is uniformly bounded, we can pass to the limit in the left
hand side. Moreover, since v, — v in W, there exists a subsequence such that v, — v
cap-quasi everywhere, hence u-a.e. and Ag-a.e., since the two measures are diffuse.
Being ® smooth, we have w,, — ®(v) = vu-a.e. and Ag-a.e. Since (wy,) is uniformly
bounded, we can pass to the limit in the right-hand side by dominated convergence,
obtaining

T
—/ Tk(u)v“g‘tdxdt—/ (Tr (n)&, vt)dt—}—/ a(t,x, VI (u))Vv & dx dr
0 0 0

:/ védu—i-/ védkk+/ Ty (ug)v(0, x)&(0) dx.
0 0 Q
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Given ¢ € (0, T), we now apply this identity with the function &, : [0, T] — R given
by £:(t) =1 — @; in particular, & = 1in (0, T — &), £&(T) = 0, and & — 1.
Since v € CY([0, T]; L*>(2)) and v(T) = 0, we have

1T I
< —/ / | T (w)v|dx dt < k—/ lv@llL1(q)dr — 0.
T—eJQ €

& T—¢

‘ / Te()v(E); dx di
0

By dominated convergence we can pass to the limit in all other terms; hence, we
deduce (4.5). O

One of the main roles of Proposition 4.2 is to give us a way to use test functions of
the form v (u). A difficulty arises from the fact that u (and also T (1)) may not have
a cap-quasi continuous representative. In order to overcome this point, our strategy
will be to use approximations through so-called Steklov time-averages for functions
z:(0,T) x Q — R. More precisely, given ¢ € (0, T'), define for every h € (0, ¢) the
functions z;, : (0,7 —e) x Q > Rand z_j, : [¢, T] x 2 — R by

1 t+h 1 t
zp(t, x) = E/ z(s,x)ds and z_j(t,x) = Z/ hz(s,x) ds. 4.6)
1 r—

In the context of parabolic equations, we can deal with Steklov averages as follows.
Given w : Q — R, if ¢ is a function with compact support in [0, T') x €2, then wy ¢
has a meaning in Q, even though the function wy, is not defined on [T — h, T'] x Q.
Concerning w_j @, one can consider this function on the parabolic cylinder (e, T') x Q2
forevery h € (0, €). Once we get the desired estimates independently of the parameter
h, we can let h — 0 and then € — 0. Another approach consists in taking a sequence
of smooth functions (wo, ;) converging in LY () to w(0, -), and for each j, we take
an extension of w(z, -) as wo,j if < 0; once we get uniform estimates with respect
to j, we can let j — oo.

Observe that, for every z € LP(0,T; V), we have z; € W; hence, z;, admits a
cap-quasi continuous representative. In addition, whenever z € L°°(Q), we have
lznl < llzlloo g-e. (i-e., except of a set of zero capacity). Indeed, for any M such
that |z] < M a.e., we also have |z;| < M a.e., and since z;, € W, we deduce from
Corollary 4.3 that |z,| < M q.e. as well. Some further property of the Steklov averages
with respect to capacity will be useful. For instance,

LEMMA 4.5. Let z € S. Then, for every ¥ € C°(0,T),
ZM” — ZI// insS.

Ifinaddition z € L*(Q), then for every sequence (hy) of positive numbers converging
to 0, there exists a subsequence (hy,) such that

Zn, — 2 q.e.in Q.

i
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Proof. If ¥ € C2°(0,T), then zp € S. In particular, if z; = div(G) + g, with
G e LP/(Q), g € L'(Q), since ¥ has compact support in (0, 7'), we have

@) = div(Gry) + gn¥ + 2

where G, and gj, are Steklov averages of G and g, respectively. Since G, — G
in Lp/(Q), gn — gin L'(Q), and z;, — z in L'(Q), we have that (z;v); con-
verges to (zy); in L?' (0, T; W=7 (Q)) + L' (Q); on the other hand, z, converges
tozin LP(0,T; V) so that zy — zy in LP(0, T; V). Therefore, we conclude that
zn¥ — ziy in S. Ifinaddition z € L>°(Q), then (z;,v) is bounded in SN L (Q) and,
from Lemma 4.4, we conclude that zj,, ¥ admits a subsequence converging cap-quasi
everywhere. We now take v, € C2°(0, T) such that ; = 1in (1, T — 1); there
exists a subsequence (h,;) and a set Fj C Q such that cap, (Fj) = 0 and Ly, 2

in ((%, — %) x )\ F;. Using a diagonal argument, we can construct a subsequence
(hp,) such that Zh,, —> 2 in Q\ F, where F = U;’il F; and cap,(F) =0. O

The idea of using Steklov averages in connection with the renormalized formulation
is developed in [5]. Following this latter paper, we deduce in particular the following
result:

LEMMA 4.6. Ifu is a renormalized solution of (4.1), then
- /Q W (Tr(w))g dx dr — /Q W (T (10))§ (0, x) dx
+/Q“(f’x’ VT )V (T ))§) dx d
= /Q (W (T dp+ 1V loolI€ lloo 2] + 0 (D @7
and
- /Q W (T () dx dr — /g2 (T (u0))§(0, x) dx
* /Q"(W VT @)V (T (u)§) dx d

> /Q (W (T () -n& die = [V oo € loo 12k | — 0(D)ns (4.8)

for every nondecreasing y € W (R) and every nonnegative £ € C([0,T) x Q)
such that ¥(0)é = 0on (0, T) x 02, where V(r) = for Y(s)ds and o(1), — 0 as
h— 0.

Proof. We choose in (4.5)

1 t+h
v(t,x) =& (W (Tm)n = Eﬁ/ Y (T (w)) (s, x) ds,
t
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where &, ¥ have the properties stated above. Using [5, Lemma 2.1], we have
.. 1
timint |~ [ (0 - Tewo) (&5

h—0 0 h t ‘

Tie (u) Ty (uo)
> —/ Et/ W(r)drdxdt—/ S(O,x)/ ¥ (r)drdx.
o 0 Q 0

Therefore, we get from (4.5)

Ty (u) Ti (uo)
—/ St/ W(r)drdxdt—/ S(O,x)/ Y(r)drdx
9] 0 Q 0

+/Qa(t,x, VT )V W (Ti(w)))n) dx dr

t+h

Y (Tr (1)) (s, x) ds) dx dt]

< /QE W (T @) dp + /Q E(W (T (u))p drr + o(Lp.

In the energy term, we can let & go to zero since the averages are continuous in
LP(0, T, Wol‘p(Q)). We also use that [(¥ (T (1))n| < ||V ]leo cap-quasi everywhere
in the term with A, and we obtain (4.7). The proof of (4.8) is identical using now
[5, Lemma 2.3] for the time derivative. O

We immediately deduce the following

COROLLARY 4.7. If u is a renormalized solution of (4.1), then

u(t) -
/ w(l’) dr dx +/ / a(l"x7 Vu)vuw/(u) dx dr
270 0 Ja
uo
= /52/0 Y(r)drdx + [V llecllnllmeo) forae t € (0,T),

for every nondecreasing ¥ € W (R) such that ¥ (0) = 0 and ' has compact
SUppOort.

Proof. We use (4.7), where we take & = &£(¢), with 0 < & < 1. First we estimate in
an obvious way the term with w. Then, we let & — 0. Finally, since ¥' has compact
support, it is also possible to let k — oo, using (4.2). With a standard choice of € (e.g.,
a smooth approximation of x(,r)) we conclude. O

REMARK 4.2. When i € L'(Q), one can pass to the limit in (4.7) and (4.8) when
h — 0 using the continuity of Steklov approximations in L' and the fact that  is
bounded. Choosing V' with compact support also allows one to let k — oo and obtain

—/ \I/(u)étdxdt—/ lI/(uo)é(O,x)dx—i—/ a(t,x, Vu)V(yr(u)€) dx dr
) Q 1)

= / Y (u)épdxde.
o
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Of course, one can replace here  with —r and § with —&; hence, the equality will be
true for any Lipschitz function v and any &. We then recover the usual renormalized
formulation in case of L'-data. The asymptotic estimate for the energy will also be
proved later (see (4.26) in Proposition 4.9 below), and this proves that this formulation
is equivalent to the one given in [4] for L'-data.

We are now able to show that any renormalized solution satisfies the usual estimates
and is, in particular, a distributional solution. To this purpose, we only need to precise
what we mean by Vu when u need not belong to any Sobolev space. We follow the
definition of generalized gradient introduced in [2] for functions u whose truncations
belong to a Sobolev space:

DEFINITION 4.3. Letu : Q — R be a measurable function which is almost
everywhere finite and such that Ty(u) € LP(0, T; Wé’p(Q)) for every k > 0. Then
(see [2, Lemma 2.1]) there exists a unique vector-valued function U such that

U = VT () x{u<ky a.e in Q, Yk >O0.

This function U will be called the gradient of u, hereafter denoted by Vu. When
uel'0,T; Wol’1 (R2)), it coincides with the usual distributional gradient.

We recall the definition of a distributional solution of (4.1). Notice that such a def-
inition makes sense for any measure w, not necessarily diffuse, even if in our context,
we are always dealing with diffuse measures.

DEFINITION 4.4. A function u € L'(Q) is a distributional solution of problem
4.1) if Ty () € LP(0, T; W(}’f’(sz))for everyk > 0, if [Vu|P~! € LY(Q), and if
—/ up; dx dt +/ a(t,x,Vu) - Vo dx dt :/ odu —i—/ upp (0, x) dx,
Q 0 0 Q
4.9
forany ¢ € CX([0, T) x Q).
We then have
PROPOSITION 4.5. If u is a renormalized solution of (4.1), then for every k > 0
andt < T,
T
[ o as+ [ [ vl acar < ck (e + lolzia).
(4.10)
where Ok (s) = [ Ti(t) dt. Therefore,
ueL®0,T; LY(Q)
and

|VulP~' € L"(Q) and a(t,x,Vu) € L"(Q)

N+p'

NI Moreover, u is a distributional solution.

foranyr <



Vol. 11 (2011) Diffuse measures and nonlinear parabolic equations 887

Proof. Estimate (4.10) immediately follows from Corollary 4.7 taking ¥ = T} and
using assumption (2.19). When k = 1 one deduces that u € L*°(0, T; L'(Q)).
Following the results in [6,7], one also deduces the regularity for |Vu|p_1, hence
for a(t, x, Vu) in view of (2.20). In particular, we have a(z, x, Vu) € L'(Q), and
letting k — 400 in (4.3), we obtain (4.9), i.e., u is a distributional solution. O

REMARK 4.3. When i € M(Q)NLP (0, T; WP (Q)) and ug € L*(Q), there
exists a solution of (4.1) in the usual weak sense (see [17]). Such a solution is also a
renormalized solution. Indeed, in this case u € W and satisfies the capacitary esti-
mates of Theorem 2.2. Proceeding like in the proof of Theorem 1.1, one obtains the
renormalized formulation for u.

We will now prove that the problem (4.1) is well-posed in the class of renormalized
solutions. Thanks to the robustness of the formulation, the easiest part here is the
uniqueness, which comes from the following comparison principle.

THEOREM 4.8. Let uy, us be two renormalized solutions of problem (4.1) with
data (uo1, 1) and (ue2, o) respectively. Then we have

/Q(”l —u) () dx < o1 — uo2) Tl + 11 = u2) Tl @.11)

for almost every t € (0, T). In particular, if ugr < ug and 1 < [y (in the sense
of measures), we have u; < us a.e. in Q. As a consequence, there exists at most one
renormalized solution of problem (4.1).

Proof. Let A 1, Ak 2 be the measures given by Definition 4.1 corresponding to u1, u>.
Proposition 4.2 implies

—/ (T (u1) — T (un))vy dx dt +/ (a(t,x,VTr(uy)) —a(t, x, VI (uz)))Vvdx dr
9] 9]

=/ vd(ug —u2)+/ vdig, —/ vd)»k,2+/ (Txe (wo1) — Ty (u02))v(0, x) dx
o 9] J 0 Q

for every v € W N L°°(Q) such that v(T) = 0. Consider the function

1 t+h 1
wp(t, x) = Z/ STe (Tilun) — T (u2)) " (s, x)ds,
t

Given § € C°([0,T)),& > 0, take v = wp& as test function. Observe that both
wy, and (wy), belong to LP(0, T; V) N L*°(Q) for h > 0 sufficiently small, hence
wp € W N L%(Q). Moreover, we have

1
wp = =T, (T (uy) — Te(ua))™ strongly in L? (0, T'; Wé’p(Q)).
I3
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Using that 0 < wy, < I almost everywhere, hence 0 < w;, < 1 cap-quasi everywhere,
we have

—/Q [(Tk(u1) — Tk (u2)) — (Tx(uo1) — Tk (uo2))] (wp§); dx dt

+/ (a(t,x, VT (uy)) —a(t,x, VT (u2))) Vwyé& dx dt
0

< I&lloo (1 — w2 o) + 1Ak 1llaco) + 12l me).  (4.12)

Using the monotonicity of 7 (s), we have (see [5, Lemma 2.1])
1i;lliigf ’—/Q [(Tk(u1) — Ti(u2)) — (T (uo1) — Tk (uo2))] (wp §), dx dl]
> —/Q O (Ti(u1) — Te(u2))é dx dt — /Q O (Tx (uo1) — Ti(1p2))&(0) dx
where ©,(s) = [ 17.(r)* dr. Therefore, letting 1 — 0 in (4.12), we obtain
- /Q O (Tr(u1) — Tr(u2))% dx di
+§ /Q(a(t, X, VTi(u1)) — alt, x, VIi(u2)) VT (Tr(u1) — Tr(uz))TE dx dr
< [ 6u(Tituon = Titunne© x

HE oo (w1 = w2 ¥ llamco) + Ak 1At + IAe2llmco))-

Using (2.21) and letting ¢ — 0, we deduce
- [ T = T drdr < [ (o) = T e O dx
0 Q
HE oo (et — ) Fllamco) + A1 lmco) + 1Ak 2llamco))
and letting k — oo, we obtain, thanks to (4.2),

—/Q(ul —u2) g dxdr < [|lloo (1ot — u02) Tl 1) + (k1 = 12) T M)

for every nonnegative § € CZ°[0, T'). Of course, the same inequality holds for any
£ € Who°(0, T) with compact support in [0, 7). Take then £(¢) = 1 — é T.(t —1)F,
where T € (0, T); since uy, up € L*°(0, T; LI(Q)), by letting ¢ — 0, we have

T+¢&
—/ (uy —ur)Tg dx dr = l/ /(u1 —up) T dx dr —>/(u1 —up) T (r)dx
9] & Jr Q Q

for almost every T € (0, T'). Using in the right-hand side that ||§] < 1, we get
4.11). O
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REMARK 4.4. The above result continues to hold if we replace condition (2.21)
with the more general
la(t, x,§) —a(t,x,)]-(E = =0 V& neRN

REMARK 4.5. Ifin € M(Q)NLP (0, T; W=1P(Q)), then ™ is a diffuse measure
(since w is diffuse) but we can not infer that 1 belongs to LY o, T; W_I’P/(Q)).
However, if u is a standard weak solution corresponding to ., and v is a renormalized
solution corresponding to 1™, one can deduce that u < v. It is enough to proceed as
in the above proof using

t+h
(t,x) —> &(1) E/ ng (u — Tk(v))Jr (s,x)ds
t

as test function.
We immediately deduce the L'-contraction estimate.

COROLLARY 4.9. Letuy, up be two renormalized solutions of problem (4.1) with
data (uo1, 1) and (ue2, o) respectively. Then we have

/Iul—uzl(l)dxf||u01—M02||L1(9)+||M1—M2||M(Q) @.13)
Q

for almost every t € (0, T).

As usual for nonlinear equations with measure data, we will prove the existence
of solutions through approximation of the data u, up with smooth functions. We will
need the following proposition that collects some known results in the literature.

PROPOSITION 4.6. Let (u,) be a sequence of solutions of problem

(up); — div(a(t, x, Vuy)) =, in Q,
U = Uon on {0} x , (4.14)
U, =0 on (0, T) x 0€2,

where (up,) strongly converges to ug in L (Q) and () is a bounded sequence in
LY(Q). Then,

lunllposo,7:01 @) = C, (4.15)
and

/ |VTi(un)|? dxdt < Ck  Vk > 0. (4.16)
0

Moreover, there exists a measurable function u such that Ty, (u) € LP(0, T W(}’P(Q))
foranyk > 0,u € L*®(0, T; L' (R)), and, up to a subsequence, we have

U, > u a.e. in Q and strongly in Ll(Q),
Ti(uy) — Tp(u)  weakly in LP(0, T} W(;’p(Q)) and a.e. in Q,
Vu, - Vu ae. in Q.

|Vun|P~>Vu, — |Vul?">Vu  in L'(Q).

4.17)
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Proof. Estimates (4.15)—(4.16) are classical since the work [7]. The a.e. convergence
of (u,) can be proved by using properties of truncations and the Marcinkiewicz esti-
mates, see e.g., [4] or [22]. The a.e. convergence of (Vu,) is proved in [6] when
uo, = 0; however, their proof extends to the case of sequences (uq,) converging
in L', the only difference being to include the initial condition u(, in the so-called
Landes approximation. This latter technical point can be found e.g., in [22]. g

In order to prove the existence of a renormalized solution, we consider the convo-
lution

Mn = Pn * W,

where p, is a sequence of standard mollifiers. In this way, we can use the equi-diffu-
sion property (see Proposition 3.3) that plays a crucial role in our approach. We will
state the convergence result in a slightly more general form which can be applied in
case of lower order terms as well.

PROPOSITION 4.7. Let (uoy) be a sequence converging strongly to ug in L' (),
let (f,) be a sequence of bounded functions converging to f strongly in L' (Q), and
let i, = 1 * py. Let u,, be the solution of

(up); —div(a(t, x, Vu,)) = fu +un in Q,
Up = UQOn on {0} x Q, (4.18)
u, =0 on (0, T) x 99.

Then there exists a function u such that (4.17) holds true up to subsequences and u is
a renormalized solution, in the sense of Definition 4.1, corresponding to f + .

Proof. We split the proof in four steps:
Step 1. Basic estimates.

Both sequences (i) and (f,;) are bounded in L'(Q). Therefore, the solutions u,,
satisfy the estimates recalled in Proposition 4.6 and up to a subsequence (4.17) holds.
Moreover, Theorem 1.2 applies and gives the estimate

1
capp{|un| > k} < C max [kp,k P’I Vk>1, Vn>1. 4.19)

Finally, for § > 0, consider the function As(s) = %(TH(; (s) — Tx(s)), which is a
piecewise linear odd function vanishing for |s| < k and constant for |s| > k + . Let
E)=1-— é T.(t — T +2¢)*, where ¢ > 0; this function belongs to w0, T)
and has compact support in [0, T'). By using hs(u,)&. as test function in (4.18) and
letting ¢ — 0, we have

1

—/ a(t,x, Vu,)Vu, dx dt
) {k<|uy|<k+8}

S/ hs(up) pn dth+/ fnhS(”n)dxdt+/ [ton| dx,
9] 0 {luon| >k}
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which implies, in particular,

1
—/ a(t,x, Vu,)Vu, dx dt
{k<|up|<k+8}

5
5/ Iun|dxdt+/ |fn|dxdt~|—/ lugn| dx. (4.20)
{Juta| >k} {Jutn|>K} {Iuon] >k}

Step 2. Equation satisfied by truncations.

For § > 0 small, consider the functions Sk s and T} s given by (2.14) and (2.15),
respectively. Recall that T} 5 converges pointwise to 7y as § — 0.

Given ¢ € C2°(Q), multiply the equation solved by u,, by S s(u,)¢. We then have

Tic.s(un); — div (Sk.s(ua)a(t, x, Vuy))
= fn + tn + Sk,s(un) — D(fn + pn)

1 . .
+ga(t,x,Vun)VunSIgn(Mn)X{k<|un|<k+8} inD'(Q).

Let

1 .
AIZ,(; = (Sk,s(un) — D(fu + pn) + Ea(t’ X, Vi) Vi, sign(un) Xk <|u, | <k-+8)
With this notation, we have
(T () — div (Sk.sun)a(t, x, Vuy)) = fou + pn + A’,L; inD'(Q). (421

Thanks to estimate (4.20), and since |Sk 5| < 1, the functions Aﬁ, s are bounded in
LI(Q) uniformly with respect to § and n. Indeed, to be more precise, (4.20) and the
definition of Sy s imply the estimate

1A% sl < /

{lun|>k}

52/ |un|dxdt+2/ |f,,|dxdt+/ lupn| dx.
{lun|>k} {lun]>k} {luon|>k}

(4.22)

1
|fn+un|dxdt+—/ a(t,x, Vu,)Vu, dx dt
8 J k<l | <k+5)

Step 3. Limit as n goes to infinity.
Applying Proposition 4.6 to the sequence (), there exists a function u € L'(Q)
such that Ty (u) € L?(0, T, Wol’p(Q)) for all k > 0 and, up to a subsequence,

u, — u, Vu, — Vu ae.in Q.

Let now (4,,) be a sequence of positive numbers converging to 0, as n — oo. Using
the definition of S 5(¢) (see (2.14)), the fact that Vu = 0 a.e. in {|u| = k} and
a(t, x,0) = 0 (a consequence of (2.19)), we deduce that

Sk,5, wn)a(t, x, Vu,) — a(t, x, VI (u)) ae.in Q.
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Since Sk s, (un)a(t, x, Vu,) is bounded in L”/(Q), it also follows that

Sk,5, up)a(t, x, Vu,) = a(t,x, VT (1)) weakly in LP/(Q).

By properties of convolution, clearly we have w, A u in the weak™® topology of
measures. Finally, since the sequence (Aﬁ’ 8,1)" is bounded in L1(), there exists a
bounded measure A; such that, up to a subsequence, (A’;’ 8n)" converges to Ay in the
weak™ topology of C (@)’ . We deduce from (4.21) that u satisfies

—/ Ty (u) @y dxdt+/ a(t,x, VT (u))Ve dx dt
0 0

=/ ¢.fdxdt+/ <pdu+/ §0d)\k+/ Te(uo)p (0, x) dx,
Q 0 0 Q

forevery ¢ € C°([0, T) x Q).
Step 4. Estimate on .
By weak* lower semicontinuity of the norm, we have

.. k
2 llmco) = liminf [[A; 5 Imc0)-

Since, by Proposition 3.3, the sequence (u,) is equidiffuse, thanks to the uniform
estimate (4.19), we deduce that

lim sup/ || dx dr = 0.
k=00 0 Jluy|>k)

By the equi-integrability of (u¢,) and (f;), the last two terms in (4.22) satisfy a similar

property. Then, by (4.22), we have

I2lla) < liminf AL, llao) < ek,

where ¢y is some quantity which tends to zero as k — oo. Letting k — o0, we
conclude that Aj satisfies (4.2), and hence, u is a renormalized solution. O

We immediately deduce by the previous results the following

THEOREM 4.10. Let j1 be a diffuse measure, andug € L' (S2). Assume that (2.19)—
(2.21) hold true. Then there exists a unique renormalized solution of (4.1) in the sense
of Definition 4.1.

Let us point out that the same arguments used in the construction of a renormalized
solution could also be employed for a stability result of renormalized solutions cor-
responding to data p which are weakly converging and equidiffuse. However, to this
purpose, one would need the capacitary estimate of Theorem 1.2 to hold for renor-
malized solutions as well. A major problem here is that solutions with measure data
may not possess a cap-quasi continuous representative; hence, cap, ({|u| > k}) is not
well defined for all renormalized solutions u. To overcome this obstacle, the following
weak form of Theorem 1.2 can be proved.



Vol. 11 (2011) Diffuse measures and nonlinear parabolic equations 893

PROPOSITION 4.8. Let u be a renormalized solution of (4.1). Then, for every
m > 1 there exist positive functions z,,, w,, € W such that:

() —wm < Ty(u) < 7y ae in Q.
1
) llzmllw + llwnllw < € max [mp,mp/]

where C = C(lllamcy- luolliLigy, ps o B, 1Dl ())- In particular,

cap ,({zm > m}) + cap,({wy > m}) < Cmax[L], LI} .
mpr mv

Proof. The proof is done following that of Theorem 1.2. Let us only precise a few
technical modifications. First of all, we start by considering the case where © > 0
and up > 0, which implies that # > 0 by Theorem 4.8. The estimate in Step 1 of
Theorem 1.2 follows from Proposition 4.5. Next, we construct the function z,, in the
same way as in Step 2 of Theorem 1.2 (replacing —A ,(-) with —div(a(t, x, V(-)))):
here, we assume that 7;,, (u (7)) is well defined (there is however no loss of generality,
otherwise one can use some sequence t, 1 T such that T, (u)(z,) is well defined,
recall that u € L°°(0; T; L'(Q)) and such a sequence of Lebesgue points certainly
exists). Using assumptions (2.19) and (2.20), one obtains the estimate on z,,:

1
7

1
lzmllw < Cmax{m?r,mr}  where C = C(||ull, lluoll, p, . B, bl L1 ())-
Finally, to conclude that z,,, > T,,(«), we show that
T (u); — div(a(t, x, VT,,(u))) > 0. (4.23)

To this purpose, we use (4.7) with ¥ = —S,, s(rT), where S,, 5 is defined in (2.14).
Since > 0, we have, for every nonnegative £ € C2°([0, T') x ),

/Qéxlf(Tk(u))h dis + € lloo 1Y lloo 1Akl < 11§ oo 1Akl — O.

Then, we let h — 0, k — oo and we obtain

—/ & /u Sm,(s(r+)drdxdt—/ £, x) /uo Sm,(s(r"’)drdx
0o 0 Q 0

+/ a(t,x, Vu)V(Sy.s@E)dx dr > 0.
0

Recalling thatu > 0, dropping the term with Sr/n’ s Whichis negative, and letting 6 — 0,
we deduce (4.23). Therefore, we complete Step 3 of Theorem 1.2 and the conclusion
in case that # > 0 and ug > 0. Since —pu~ < u < pt and —uy < up < ua', the
general case can be obtained comparing u with the solutions corresponding to ™, uar
and —u ™, —u, , which is possible thanks to the comparison principle for renormalized

solutions (Theorem 4.8). O
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Let us notice that, in the previous proof, we do not need anymore the regulariz-
ing procedure of Step 5 of Theorem 1.2 since we can compare directly renormalized
solutions which are defined even if data do not belong to LY 0, T; W‘l’p/(Q)).

We deduce now an energy estimate for the renormalized solutions which extends
the classical one known in case of L' data.

PROPOSITION 4.9. Let u be a renormalized solution of (4.1). Then, for every
m > 1 there exists a cap-quasi open set E,, C Q such that

1 1
cap ,(Ep) < C max I—I, —1] (4.24)

mF m?

where C = C(lull mco)- uoll 1 (0. P+, B 1Bl )): and. for every s € (0, 11,

1
—/ a(t,x, Vu)Vu dx dr 5/ lug|dx + || (Ep) . (4.25)
8 Jim<|u|<m+6} {lug|>m}
In particular, we have
lim a(t,x, Vu)Vudx dr = 0. (4.26)
m—>00 {m<|u|<m+1}
Moreover, we have the estimate
IAmll M) = / luoldx + 2 |u|(Em) (4.27)
{lug|>m}

where A, is the measure associated to the renormalized equation of u.

Proof. Let Y, 5(s) be a C 2(R) function which is nondecreasing, odd and such that
Yms(s) = 0if |s| < m and ¥, s(s) = 1if s > m 4+ 5. We use (4.7) with § €
C>([0,T)) and ¥ = v, 5. Assuming k > m + 1, we obtain

T
_/ gt/ wm,s(r)drdxdwr/ a(t, x, ViyVu i), 5 (w)E dx dt
o 0 {m

<|u|<m+38}

S/Q%‘(!ﬁm,a(Tk(u)))hdqu 1§ oo lIAell (o) + ||$||oo/ luol dx + o(Dp

{lug|>m}

where o(1);, tends to zero as h — 0. Taking & € C2°([0, T')) such that (§.); < 0 and
& /' 1 pointwise in (0, T'), we get

/ at, x, VuyVu i), 5(u) dx dr
{m

<|u|<m+36}

< /Q W (Te)il dlae] + 2l tco) + /{ ol dx + o(1)y. (4.28)

ug|>m}

Since k > m + 1, we have ¥, s(Tx(u)) = Ym.s(Tm+1(u)); hence, using
Proposition 4.8, we have

Y s (Te @)™ < Y s@m+1) and Yo 5 (Te @)™ < Yom s (Wpt1),  (429)
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and since the inequalities are preserved taking the average and the cap-quasi continu-
ous representatives we deduce from (4.28):

/ a(t, x, Vu)Vu i, s(u) dx dr
{m

<|u|<m+36}

< /Q [ ot )+ G s )] dlial + 2 latco)

+/ lugl dx 4+ o(1)p,.
{I

ug|>m}

Applying Lemma 4.1, for any z € W, we have ¥, 5(z) € S N L*(Q); hence,
it follows from Lemma 4.5 that, up to subsequences, (V,;.5(2))n — Ym.s(z) cap-
quasi everywhere. We deduce, by dominated convergence, that (¥, s (zm+1))r and
(¥m.s(Wm+1))n both converge in L'(d|p]). Then, passing to the limit as 4 — 0 and
then kK — oo, we obtain

/ a(t,x,Vu)Vu 1//,/7[.5(14) dx dr
{m :

<|u|<m+3§}

S/Q[(I/fm,a(zm+1))+(¢fm,5(wm+1))]dlﬂl +/{| |uol dx.

ug|>m}

Setting E,,, = {(¢, x) : zm+1 > m} U {(t, x) : w41 > m}, we have, by definition of
I/Im,(s, that

A [(wm,é(zm—kl)) + (I/Im,é(wm+1))] dlpl < |ul (En);

hence, we get

/ a(t,x,Vu)Vu 1//,;1’5(u) dxdt < || (Ep) +/ lugldx, (4.30)
{m {l

<|u|<m+3§8} ug|>m}

for every nondecreasing, odd function i € C?%(R) such that Ym.s = 01if |s| < m and
Vm.s = 1if s > m + 8. By approximations with C? functions, the same inequality
will be satisfied by the piecewise linear function ¥, s = %Tg (s — T,,(s)); hence, we
get (4.25). Since

lzmrilw  lwast lw
cap (Ey) < oy ST

the estimate (4.24) follows from Proposition 4.8. Then, since u is diffuse, (4.25)
implies (4.26).

Finally, we want to estimate |[A; || r1(p). To this aim, we use Lemma 4.6 and in
particular (4.7) with ¥ = ¥, s(—s~) and (4.8) with ¥ = v, s(sT), again with
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Yms €C 2(R) (and with the same properties as above). We subtract the two inequal-
ities, and we find

T (u)
- / :, / Wy (=) — Y () () dr
o Jr

k(o)

+/Qa(lsx,VTk(u))V[E(Iﬁm,a(—Tk(u)) — Yo (Te(w) ")) dx dt
S/Qélﬁm,a(—Tk(u))h dM—/Q§¢m,5(Tk(M)+)—h du

2/ o Akl M) + 0D

We add (4.3) (with ¢ = &) to the above inequality, and we set &, 5(5) = Y s(—5~) —
Iﬂm,g(s—’_) + 1. Note that g, 5(s) = —sign(s)¥y,,s(s) + 1 and that £, 5 — X|s<m as
§ — 0. We obtain

Ty (u)
—/ Er/ Em,s(r)dr
o Ty (uo)
+/ a(t,x,VTk(u))V[S(im,a(Tk(M)))]dxdf—/ Edu—/ & dr
0 0 0
S/Qélﬁm,s(—Tk(u))hdM—/Q$¢;n,s(Tk(u)+)—h du
+2(E oAkl M) + 0(Dn-
Using (4.29) and since &, s (Tx (1)) = &5 (u) for k > m 4 1, we deduce
—/ éz/ ;“m,s(r)dr+/ a(t, x, Vu)VI§(&m,s(u))] dx dt—/ Edu
0 uo 0 0

< £l /Q [Wns Gt )+ s 1] el
+3ME oo Xkl Moy + 0(D)p,

The right-hand side can be estimated as before, letting 7 — 0, obtaining
u
[ & [ asmrar+ [ atxVuveg s - [ sau
Qo uo Q Q
<- /Q a(t, x, Vu)Vu &, s () dx dt + 1§ llool il (Em) + 31 lloo Ak M)

Now, let k — oo using (4.2). Since ;;1’5 = —sign(s)x/f,;lyé(s), thanks to (4.30), we end
up with

_/ ét/ é'm,s(”)dr+/ a(t,x,Vu)VE{m,g(u)dxdt—/ Edu
0 uo o 0

=< IIElloo/ ol dx + 21§ [loo [1t| (Em)-
{luo|>m}
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Letting § — 0, we find in the left hand side the term 7}, (), —div(a(¢, x, VT, (u))) —
which, using (4.3), coincides with 1, hence

/dem < ||s||oo/ o] dx + 211 ool | En).
[} {lug|>m}

The same inequality can be obtained for —A,, using now (4.7) with ¥ = ¥, 5(s™")
and (4.8) with ¢ = ¥, s(—s 7). Finally, we conclude

‘/ Edhn snsuoo[/ Iuoldx+2|M|(Em)}
0 {lug|>m}
which implies (4.27). 0

REMARK 4.6. Thanks to Proposition 4.9, it is possible to prove the stability of
renormalized solutions with respect to a sequence of data (u,,) which are weakly con-
verging (in the sense of measures) and equidiffuse. In particular, the estimate (4.27)
implies that the condition (4.2) on the sequence (Ar) holds uniformly (hence it is
stable) when the measures |, are equidiffuse.

Finally, we conclude this section by showing that Definition 4.1 implies that u is a
renormalized solution in the sense of [13]. Since both solutions have been proved to
be unique, in particular, this proves that the formulations are actually equivalent.

THEOREM 4.11. Let u be a renormalized solution according to Definition 4.1,
and let u be split as in (1.5), namely

p=f—div(G) + g, felL'(Q),GeL’(Q),geLlO,T;V).
Then u satisfies:
u—geL®0,T: LY (Q), Ti(u—g)eLPO,T; W(}”’(Q)) Vk >0, (4.31)

lim |Vu|P dxdr = 0, (4.32)
h=00 J{h<|u—g|<h+1}

—/ S(u — g)o; dx dt +/ a(t,x, Vi)V(S' (u — g)¢) dx dt
0 0

=/ 8 (u—g)pdxdt —l—/ GV(S'(u — g)p) dx dt +/ S(ug)e(0, x) dx
Q 0 Q
(4.33)

for every S € W>®(R) such that ' has compact support, for every ¢ € C>([0,T)
x ).

Proof. We split the proof in two steps.
Step 1. Setv = Ty (u) —g. Thenv € LP(0, T; V). Moreover, using the decomposition
of 1 in (4.3), and integrating by parts the term with g;, we see that v satisfies

—/ v(p,dxdt—i—/ a(t,x, VT (u))Ve dxdt
0 )

=/ f(pdxdt+/ GV(pdxdt—i—/ (pd)»k—i—/ T (up)e(0, x) dx
0 0 Qo Q
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for every ¢ € C2°([0, T) x ). It is easy to see that the above equality remains true
for every ¢ € W*°(Q). Take then

1 t+h
QD(XJ):E(XJ)E/ Y (v(s, x))ds,
t

where £ € C2°([0, T') x Q),£>0,E9(0)=00n (0, T) x 3, and ¥ is a Lipschitz
nondecreasing function. Since ¥ is nondecreasing, we have (using [5, Lemma 2.1])

1 t+h
lim inf —/ (v — T (up)) 5—/ Y(v)ds ) dxdr
h—0 0 h J, ‘
v Ty (o)
—/ (/ W(r)dr) S,dxdt—/ (/ lp(r)dr)s(o,x)dx.
o \Jo Q\Jo

Moreover, since i is bounded, we have

o
0

and since v is Lipschitz, we have ¥ (v) € LP(0,T; W(;’p(SZ)); hence, (Y (v))y
converges to ¥ (v) strongly in L7 (0, T'; W(}’p(Q)) and weakly* in L°°(Q). There-
fore, we deduce, as h — 0,

= Il ¥ lloolAxll M0

—/ (/v W(r)dr) & dxdr +/ a(t,x, VI (w)V((v)€) dx dr
0 \Jo 0

5/ fw(v)gdxdt+/ GV (¥ (v)€) dx dt
0 0

Tic (uo)
+/Q(/O lﬁ<’><1r)~f<0~c>ci)c+||s||oo||¢||oo||xk||M<Q), (4.34)

for every ¥ Lipschitz and nondecreasing. In order to obtain the reverse inequality, one
can take

1 1
oz, ) =s(x,r)ﬁ/ ¥ (D(s, x) ds
t—h

where 0(x, 1) = v(x,#) whent > O and 0 = U; when ¢t < 0, being U; € C°(R)
such that U; — T (up) strongly in L Q). Using this time [5, Lemma 2.3], we obtain

t
hm 1nf ’ / (v — Tx(ug)) (éj I//(U)ds)

t—h t

Uj
—/ (/ I/f(r)dr)stdxdt—/(/ I/I(F)dr)’;‘(O,x)dx
0 \JO Q \Jo

—/Q(Tk(uo)—Uj)lﬂ(Uj)E(O,X)dX~

dx dt]
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Since it is still true that v € L?(0, T; W(}’p(Q)) N L*°(Q), when h — 0, we can pass
to the limit in the other terms as above, and we obtain now

—/ (/v 1//(r)dr) é;’,dxdt+/ a(t,x, VI (u))V(y(v)§)dx dt
0 \Jo Q

Uj
z/ f¢(v)$dxdt+/ GV(W(v)é)dxdt+/ (/ w(r)dr)E(O,x)dx
9] 0 Q \Jo

+/Q(Tk(“0) —UpvUHEQO, x)dx — [[§llcc 1V oo Ax I M 0) »

which implies, as U; — Ty (uo), that

—/ (/UI//(r)dr) & dxdt+/ a(t,x, VT (w)V(¢¥(v)§) dx dr
2 \Jo Q

Ty (uo)
z/ fw(v)gdxdt+/ GV(w(v)g)dxdt+/(/k ’ lp(r)dr)g(o,x)dx
o 0 Q\Jo

—lIE ool lloo 1Ak 1 M (@) - (4.35)

Let S € W2®(R); we use (4.34) with ¢ = [;(S"(t))*dr and (4.35) with

Y = [;(S" ()" dt. Since S'(s) = [y (S"()" — §”(1)7)dt, subtracting the two
inequalities, we obtain

—/ S(v)é& dxdt+/ a(t,x, VT (u)V (S (v)€) dx dt
o 0]
5/ fS’(v)édxdt—i—/ GV(S'(v)€)dx dt
o 0

+/Q S(Tic(0))& (0, x) dx + 2[€ oo 1" lloc 2k M 0)» (4.36)

for every § € W>%(R) and for every nonnegative &.

Step 2. Take in (4.36) S" = 0,(s), where 0, = T (s — T, (s)) and & = £(r). We obtain,
denoting Ry (s) = [y On(&) d§,

- / R (T () — 9)& dx di + / a(t, x, VI@)V (T () — g) dx dr
[ {h<|lu—g|<h+1}
< / fOn(Ti(u) — g)é dx dt ~|—/ GV (T (u) — g)§ dx dr
0 {(h<|u—g|<h+1}

+/QRh(Tk(uo))E(0, x) dx +2[|8 [loo [ Ax I M(0) s
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which implies, using (2.19), (2.20), and Young’s inequality,

- / Ry (T () — g)&, dx dr + / VT )\PE dxdt
Q {h<|lu—g|<h+1}
5/ feh(Tk(u)—g>sdxdt+C/ (IGI” + |g|” + b|”)& dx d
] {h<|u—g|<h+1}

+/QRh(Tk(u0))§(0’x)dx+2||§||oo||}\k||M(Q)'

Now, let k — o0, thanks to (4.2) and Fatou’s lemma, we deduce

—/ Rh(u—g)g,dxdz+/ |Vu|Pg dx dt
0] {h<|u—g|<h+1}
5/ feh<u—g>sdxdt+c/ (IGI” + |gI? + |b|”)& dx dt
Q {h<|lu—g|<h+1}

+ / Ry (up)&(0, x) dx.
Q

Choosing § = 1 — %Tg(t —1)*, for € (0,T), and letting ¢ — 0 lead to the
estimate of u — g in L*°(0, T’; LY(Q)). Similarly, the usual choice of nonincreasing
& € C°([0, T)) such that & — 1 allows to get

/ |Vul|P dx dr
{h<|lu—g|<h+1}

5/ |f|dxdt+C/ (IGIP/+|g|p+|b|p/)§dxdt +/ lug| dx,
{l { {

u—g|>h} h<|lu—g|<h+1} |ug|>h}

which implies (4.32). Now, let S € W2>>°(R) such that S’ has compact support and
take a nonnegative & € C°([0, T') x ). Using now the regularity (4.31), we can pass
to the limit in (4.36) as k — o0, and thanks to (4.2), we obtain (4.33). O

5. Equation with absorption

In this section, we turn to the study of equations with absorption. Let # : R — R
be a continuous function such that

h(s)s >0 forevery|s| > L, ;.1
for some L > 0, and let us consider the evolution problem

u; —div(a(t, x, Vu)) + h(u) = n in Q,
U= ugy on {0} x 2, 5.2)
u=~0 on (0, T) x 0€2,

where © € Moy(Q),uo € L'(2) and where a : Q x RV — RV satisfies (2.19)—
(2.21).
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As far as the notion of solution of (5.2) is concerned, we follow the definitions
introduced in the above section. Namely, a renormalized solution of (5.2) is a function
u such that h(u) € L'(Q) and u satisfies Definition 4.1 replacing  with i — h(u).
Correspondingly, u is a distributional solution if 2(u) € L'(Q) and u is a distributional
solution with u — h(u) as right-hand side.

First of all, observe that a straightforward modification of Theorem 4.8 implies the
following

THEOREM 5.1. Let uy, us be two renormalized solutions of problem (5.2) with
data (uo1, 1) and (ue2, o) respectively. Then,

T
/(ul —up)*(r)dx +/ / (h(u1) — h(uz)) sign™ (uy — uz) dx dz
Q 0 Jo
< llGor — uo2) Tl + (1 — 12) o) (5.3)
for almost every t € (0, T).

When & is monotone, the above L !-contraction principle plays a crucial role in such
type of problems. We are now able to prove our main result concerning (5.2).

THEOREM 5.2. Let u € My(Q) and ug € LY(Q) and let h be a continuous func-
tion satisfying (5.1). Then, problem (5.2) admits a renormalized solution (in particular,
a distributional solution). If, in addition, h is nondecreasing, then the renormalized
solution is unique.

Proof. As in the proof of Proposition 4.7, we take u, = @ * p,, where (p,) is a
sequence of mollifiers. We then consider the solutions u,, of

() — div(a(t, x, Vuy)) + h(uy) = p, in Q,
Uy = Uy on {0} x 2, 5.4)
u, =0 on (0, 7T) x 0L2.

Since || unll M) = Il M), using assumption (5.1), one easily gets that (h(u,)) is
bounded in L' (Q) and A1y < Ikl rm(o)- Hence, the sequence (u,) satisfies
the estimates of Proposition 4.6 and the compactness properties. In particular, there
exists u € L'(Q) such that (4.17) holds up to a subsequence. Moreover, Theorem 1.2
implies that

lim supcap,{|u,| > k} = 0. 5.5)
k—00 p
Multiplying the equation in (5.4) by T1(u, — Ty (u,)), we obtain

/ ()| 5/ .
{lun|>k+1} {lup|>k}

By Proposition 3.3, the sequence (u,) is equidiffuse, so that we get

lim sup/ |h(u,)| =0
k=00 n J{juy|>k+1)
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We now prove the equi-integrability of the sequence (4 (u,)). Indeed, since for any
subset E C O, we have

sup/ [h(uy)| < SUP/ [A(Ty1(up))] +sup/ | (un)l,
n JE n JE n J{lup|>k+1}

and since, for fixed k, the sequence (h(Ty4+1(u,)) is equi-integrable, we deduce that

lim sup/ |h(uy)| < sup/ |7 (un)l.
EI=0 »n JE n J{lup|>k+1}

Hence, letting k — o0, we get the equi-integrability of (h(u,)). Since (h(uy))
converges pointwise to & (u), by Vitali’s theorem,

h(up) — h(u) strongly in L'(Q).

We can apply now Proposition 4.7 to deduce that u is a renormalized solution of (5.2).
When % is nondecreasing, we obtain uniqueness of the renormalized solution from
Theorem 5.1. O

In the case where % is nondecreasing, the existence of a solution can also be proved
in a slightly different way, which consists in proving first the result for a dense subset of
measures /., then using the L '-contraction principle (Theorem 5.1) to obtain the result
for any diffuse measure ©. We can take for instance the subset of measures satisfying
the decomposition (1.5) with g € L°°(Q); this set is dense in view of Theorem 1.1.
For such measures, the existence of solutions of (5.2) can be proved in the lines of the
elliptic case.

6. Extension to the nonmonotone case

The approach developed in this paper is not limited to the case that the divergence
form operator is monotone. Let for example @ : Q xR xRN — R¥ be a Carathéodory
function (i.e.,a(-, -, s, ) is measurable on Q forevery (s, £) in R x RN, anda(t, x, -, -)
is continuous on R x RY for almost every (7, x) in Q) such that the following holds:

a(t,x,s,€) - & > a|&|”, (6.1)
la(t, x, s, &)| < BIb(t, x) + |s|P~" + |g|P7 1, (6.2)
la(t, x,5,&) —a(t, x,s,m]- (€ —n) >0, (6.3)

for almost every (¢, x) in Q, for every s € R, and for every &, n in RV, with & # 7,
where, as before, p > 1, o and 8 are two positive constants, and b is a nonnegative
function in Lp/(Q). From (6.1), we can deduce that a(x,t,s,0) = 0 for any s € R
and a.e. (¢, x) € Q. Consider the problem

u; —div(a(t, x,u, Vu)) + h(u) = n in Q,
U = uo on {0} x €, (6.4)
u=>0 on (0, T) x 022,
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where u is a diffuse measure, ug € L (), and A satisfies (5.1). The method developed
to find existence of solutions relies on the possibility to find capacitary estimates. The
proof we have given of such estimates in Theorem 1.2 (and Theorem 2.2) used the
monotone character of the second order term, but we can generalize these estimates
in the following

THEOREM 6.1. Assume that (6.1)—(6.3) hold. Given uy € L*(Q) and n e
M@Q)N L/’,(O, T; W_l’p/(S'Z)), let u € W be a (weak) solution of

u; —div(a(t, x,u, Vu)) = u in Q,

u = ug on {0} x Q, (6.5)
u=0 on (0, T) x 022.
Then,
1 1
cap,({lu| > k}) <= C max [—1, —1] Yk > 1,
kv kv

where C > 0 is a constant depending on ||l m(0)s luollp1 o), ||b||L,,/(Q), o, B, p
and Q.

Proof. The strategy is the same of the proof of Theorem 1.2 so we only sketch the main
technical changes. Let us define the auxiliary functiona(z, x, £) = a(z, x, ut, £).Note
that, due to (6.2),

la(t, x, &)| < BIb(t, x) + P~ 4 |g1P~ 1

and sinceu € L?(0, T; Wol’p(Q)), we have that a(z, x, &) satisfies (2.20) (and clearly
also (2.19) and (2.21)). Since p is diffuse then T is diffuse as well; we then consider
the unique renormalized solution v of the following problem

v; —div(a(t, x, Vv)) = uT in Q,
v=ug on {0} x €, (6.6)
v=20 on (0, 7) x 0R2.

It follows by Theorem 4.8 (see Remark 4.5) that ut < v. Now, as in Proposition 4.8,
we can prove that

T (v); — div(a(t, x, VT (v))) > 0 in D'(Q).

Without loss of generality, assume that Ty (v(7)) is well defined (otherwise use a
sequence t, 1 T such that Ty (v(#,)) is so). We define the function z € W as the
solution of

—z; —div(a(t, x, Vz)) = —2div(a(t, x, VI (v))) in Q,

7=Ti(v) on{T} x €,
z=0 on (0,7) x 02,
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and we apply a comparison argument (since —div(a(z, x, Vz)) is monotone) to deduce
7> Ti(v) > Te(w") ae.in Q.
Now, Ty (v) satisfies the usual estimates (2.6) (e.g., by Proposition 4.5) and since
@, x, VDI = € [bt. )" + @ + V@)1 | xo=t
< CIb(t, 0P + (@) + IVTr(W)I],
using Poincaré inequality, we have
18t %, VT gy = CUIBILLy @) + IVT )5 igy) < CA+E).

Therefore, z satisfies the estimate in W as in Step 2 of Theorem 1.2, and we conclude
that

1
cap,(fu > k}) < Cmax{—,— Vk=>1
kv kv
The estimate for {u < —k} follows in the same way using ™~ and u™. U

Finally, once we have the capacitary estimates in hand, we can follow the proof of
Theorem 5.2 and, through approximation, we can find the existence of at least one
renormalized (in particular, weak) solution of (6.4).
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